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ABSTRACT

This dissertation is mainly concerned with a general purpcse
algorithm for computing a solution to the consistent system of linear

equations
Aw = £

where A is a real matrix of order n, with rank n - 1, and £ is a real
n-dimensional vector. The algorithm, called the Rank Modification
Method, is based upon the transformation of A into a nonsingular matrix
by a rank one modification, followed by the solution of an associated
nonsingular system of linear equations. When the Rank Modification
Method is applied to the consistent system of linear equations

Aw = f, it results in a solution w such that va = 1, where v is an
n-dimensional vector and T is a real number. The vector v is any
vector such that yTv # 0, where y is a right null vector of A. The
value of T may be specified arbitrarily. Therefore the proposed
method can be used to compute a solution to the constrained system of
linear equations Aw = f such that va = 1, if a solution exists.

The primary application of this research is the computation of a
solution w to the homogeneous system of linear equations Aw = 0, where
A is a singular irreducible M-matrix. This vector w is unique up to
scalar multiples and it is important in many areas of the mathematical
sciences, including queueing networks, input-output economic models,
and in compartmental analysis tracer models,

The Rank Modification Method is developed and a complete error

analysis is also given. Also developed is a special algorithm, called
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iv
the Partition Factorization Method, which involves a simple direct
LU-decomposition of an n - 1 dimensional submatrix of A. It is shown
that the Partition Factorization Method can be considered a variation
of the Rank Modification Method. A simple updating method is developed
for the Partition Factorization Method. Also investigated are
tridiagonal irreducible M-matrices.

These methods are applied to the problem of computing the
stationary distribution vector p of an ergodic finite Markov chain C
with associated rate transition matrix Q. Computational results for
several test problems are reported, they show that the Partition
Factorization Method should be considered the preferred direct method

for computing p.
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CHAPTER I

INTRODUCTION

This dissertation is concerned with a method for computing a

sclution to the consistent system of linear equations
Aw = £ (1.1)

where A is a real matrix of order n, with rank n - 1, and f is a real
n-dimensional vector.

The computation of a vector w satisfying (1.1) is important in
many areas of the mathematical sciences, including queueing networks
(e.g., Kaufman [1982]), input-output economic models (e.g., Befman and
Plemmons [1979], Chapter 9), compartmental analysis tracer models (e.g.,
Funderlic and Mankin [1981]), and in the discrete Neumann problem (e.g.,
Plemmons [1976a]).

The proposed method is based upon the transformation of A into a
nonsingular matrix by a rank one modification followed by the solution
of an associated nonsingular system of linear equations. This method
is an extension of methods proposed in two recent papers.

In a paper by Hunter [1982], a method was proposed for computing
the stationary distribution vector w of an ergodic finite Markov chain
with rate transition matrix Q. Here Q is an irreducible nonnegative
matrix, The vector w is a probability vector that satisfies the

following equation

(1 - QhHw = 0



where "T" denotes the transpose. This method is based upon the trans-
formation of I - QT into a nonsingular matrix. In a paper by Kemeny
[1981], a similar method was proposed for solving the nonhomogeneous
system of linear equations Aw = f, where A is a matrix of order n, with
rank n - 1. This method requires the use of the right null vector
associated with the zero eigenvalue of A. The method that is proposed
in this dissertation does not explicitly use this right null vector.

It should be noted that in most applications of the stated problem,
one usually requires a solution with minimal norm. When the proposed
method is applied to the consistent system of linear equations Aw = f,
it results in a solution w such that va = 1, where v is an n-dimensional
vector and T is a real number. The vector v is any vector such that
yTV # 0, where y is a right null vector of A. The value of T may be
specified arbitrarily. Therefore the proposed method will compute a
solution to the constrained system of linear equations Aw = f such
that va = 1, if it exists.

The primary concern of this dissertation is the compution of the
solution to the homogeneous system of linear equations Aw = O, where A

is a singular irreducible M-matrix.

Definition 1.1. A real matrix A = (aij) of order n, with aij <0

for all i1 # j, and whose eigenvalues all have nonnegative real parts,

is called an M-matrix.

M-matrices can be characterized in a large variety of ways (see
Berman and Plemmons, Chapter 6). It is well known that if A is a

singular irreducible M-matrix, then A has rank n - 1.



The proposed method can involve the theory of generalized

inverses.

Definition 1.2. A (1)-inverse of the matrix A is any matrix A

such that

AATA = A,

It is well known that any real matrix has a (l)-inverse. (e.g.,
Ben-Israel and Greville [1974], p. 10). The (l)-inverse of a matrix is
not unique unless the matrix is nonsingular. The set of all (l)-inverses

of the matrix A will be denoted by A{1l}.

Definition 1.3. Let A be a matrix of order n. Then the group

inverse of A, if it exists, is defined to be the unique matrix A# such

that

(1) AAA = A,
(2) A'AA" = A7,

(3) AA" = A"A.

Clearly, the group inverse of a matrix A#, is a (1)-inverse

for A.

Definition 1.4. Let A be a matrix of order n. The smallest non-

negative integer k such that the rank of Ak is equal to the rank of

ATl §s called the index of A and is denoted by Ind(A).

The following theorem provides a necessary and sufficient condition

for the existence of the group inverse of a matrix.
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Theorem 1.1. (e.g., Campbell and Meyer [1979], p. 124). Let A be a

matrix of order n. Then the group inverse of A exists if and only if

Ind(A) < 1.

If A is a singular irreducible M-matrix, then the group inverse of

A exists (see Plemmons [1976b]).

Definition 1.5. Let A be a matrix of order n. The LU-decomposition

of A is the factorization of A into triangular factors such that A = LU,

where L is a lower triangular matrix with unit diagonal and U is an

upper triangular matrix.

In general, the LU-decomposition of a matrix may not exist, but
for any matrix A there exists a permutation matrix P such that PA has
an LU-decomposition. It is well known that if A is a nonsingular M-
matrix, then A has an LU—decoﬁposition (see Fiedler and Ptdk [1962]).
Singular M-matrices in general do not possess LU-decompositions. Recently
Funderlic and Plemmons [1981] established the following condition for an

M-matrix to possess an LU-decomposition.

Theorem 1.2. Let A be an M-matrix of order n. If there exists

. T
a vector x with all positive entries such that x A > O, then A has an

LU-decomposition where L and U are M-matrices.

In a recent paper by Varga and Cai [1981] the converse was proved.
The proposed method will be developed in Chapter II and a complete
error analysis will be given, including a backward error analysis. In

Chapter III the problem of computing a right null vector of a
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singular irreducible M-matrix will be investigated. Chapter IV contains
an application of the proposed method to computing the stationary
distribution vector of an ergodic finite Markov chain.

Throughout the dissertation the following notation will be used:
R" denotes the n-dimensional real space.
I denotes the identity matrix of order n.

e denotes the n-dimensional vector whose entries are all equal

For x EﬁRn, X = (Xk)’
Hx[h denotes the norm of x defined by

Ixll, =z |x

I
k=1 £

{|xH2 denotes the norm of x defined by

= n 2 1/2
il = (2 wF)"

\
|
to one.
. . . th .
ej denotes the n-dimensional j unit vector.
|]xHq} denotes the norm of x defined by

Ixll,, = max|x |,
S

x > 0 means X > 0 for each i,

x > 0 means x > 0 and X # 0 for some i,

x >> 0 means X > 0 for each i, and

<x> means the set of scalar multiples of x.
If A is a matrix of order n, A = (aij), aij €ER,

AT denotes the transpose of A,

R(A) denotes the range of A,



o

N(A) denotes the null space of A,

adj(A) denotes the adjoint of A,

0(A) denotes the set of all eigenvalues of A, }

p(A) denotes the absolute value of the eigenvalue of
A with maximum modulus,

det(A) denotes the determinant of A,

IIAH]_ denotes the norm of A, defined by

I ’ |

A = max -
lally = mex T 1y

[|AH2 denotes the norm of A, defined by
1
- “Allz = Q(ATA)/E’

(A)i . denotes the entry in the i,j position of A, and
Ind(A) denotes the index of A,
rank(A) denotes the rank of A.

It will be assumed throughout this dissertation that all matrices

and vectors have real components.



CHAPTER 1II

RANK MODIFICATION METHOD FOR CERTAIN MATRICES

1. Introduction

Let A be a real matrix of order n, such that the rank of A is n - 1.
This chapter concerns the computation of a solution to the following

consistent linear system of equations
Aw = £,

The proposed method is an extension of an algorithm that was
presented in a recent paper by Kemeny [1981]. The method is based upon
the transformation of A into a nonsingular matrix by a rank one modifi-
cation, followed by the solution of an associated nonsingular system of
linear equations.

Let x and y denote nonzero n-dimensional vectors. such that XTA =Q
and Ay = 0. It follows from the fact that A has rank n - 1, that the
vectors x and y are unique up to scalar multiples., Also, x and y can
be chosen so that yTx = 1, if zero is a simple eigenvalue of A. Unless
otherwise stated the letters x and y will denote the left and right

null vectors of A corresponding to the zero eigenvalue of A, and w will

denote any solution to the consistent system of linear equations Aw = f.

The following theorem states necessary and sufficient conditions

for the system of linear equations Aw = f to be comnsistent.

Theorem 2.1. (e.g., Stewart 1973 , p. 66). Let A be a matrix of

order n. The equation Aw = f has a solution if and only if zTA = 0 implies

T . . .
that z £ = 0, where z is an n-dimensional vector.

7




1f zTA = 0, then there exists a scalar o such that z = ax.
Therefore the equation Aw = f, where A has rank n - 1, is consistent
. . T
if and only if x"f = 0.

If the equation Aw = f is consistent, then the set of all

solutions, S, is precisely the following set
S={ATf + (I -AA)hheRr")

where A is any matrix in A{l1}. (see, Penrose [1955]).

If A has rank n - 1, then I - A A has rank one. Using the
definition of A, it follows that I - AA = be, for some n-dimensional
vector b. Hence, if h is an n-dimensional vector, then

(I - A A)h = (bTh)y. Using this fact the following lemma is obvious.

Lemma 2.1. Let A be a matrix of order n, with rank n - 1. If
the system of linear equations Aw = f is consistent, then the solution

set S can be characterized as follows
S = {ATf + ay|a ER},
where A 1is any matrix in A{l1}, and y is a right null vector of A.
The proposed method will be called the Rank Modification Method.
The Rank Modification Method and the Kemeny Method will be developed in

Section 2 and a complete error analysis is given in Section 3. Finally,

the special case when f = 0, will be investigated in Section 4.

2. Rank Modification Method

In this section the Rank Modification Method and the Kemeny Method
are developed. Some problems associated with these methods are discussed

in this section.



Theorem 2.2. Let A be a square matrix and let x and y be left and

right null vectors of A. If xTu # 0 and yTv # 0, then

rank (A + uvT) = rank (A) + 1.

Proof: Let r = —%— x and s = —%r-y. Then (A + uvT)s = u,
X vy

H e

(A + uvT)s

rT(A + uvT) = VT, and r 1. Thus, by applying the
Wedderburn-Householder Theorem (see, Householder [1964], p. 33, Ex. 34),

it follows that rank (A + uVT) = rank (A) + 1. a

The converse of the previous theorem does not necessarily hold

true as the following example illustrates.

Example 2.1.
Let
0 0 0
A= 0 1
0 0 0

Clearly, the rank of A is equal to 1. Let

v = (1,0,0)7,
and

u = (1,0,0)T,

Then it follows that
10 0

T

A+ uv = 0 0 1
0 0 0

So that rank (A + uvT) = 2 and hence

rank (A + uvi) = rank (A) + 1.
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If x = then xTA = 0 and Ay = 0. C(Clearly, it follows that

]

and y e

2’
0.

€3

xTu = 0 and yTv

The following corollary provides a necessary and sufficient
condition for a matrix with rank n - 1, to be transformed into a non-

singular matrix by a certain rank one modification.

Corollary 2.1. Let A be a matrix of order n, with rank n - 1.

Assume that x and y are left and right null vectors of A. Then

xTu # 0 and yTv # 0 if and only if G = (A + uvT)_l.

Proof: If xTu # 0 and yTv # 0, then, by applying Theorem 2.2, it
follows that (A + uvT)-l exists.

If rank (A + uvT) = n, then by applying the Wedderburn-Householder
Theorem (see, Householder [1964], p. 33, Ex. 34) it follows that there

u, rT(A + uvT) = vT, and

exist vectors r and s, such (A + uvT) s
rT(A + uVT)s = 1, Then STV = 1 and uTr = 1, hence As = 0 and
T

r A =0, Since rank (A) = n - 1, there exists a real number o such

that s = ay, thus va # 0. Similarly it can be shown that ulx 0., N

Unless otherwise stated, the letter G will denote the inverse of
A+ uvT throughout this dissertation. Also u and v will denote two

arbitrary vectors such that xTu # 0 and yTv # 0.

Definition 2.1. Let A be a matrix of order n, with rank n - 1.

Let x and y be left and right null vectors of A. Define

nxn

G= {GER [G = (A + uvT)_l, where u, v e:m“,

xTu # 0 and yTv # 0}.



Since the vectors x and y are unique up to scalar multiples, it
follows that the conditions XTu # 0 and yTv # 0, are independent of

which null vectors are used. Therefore the set G is well defined.

Assume that G € G. Then since (A + uvT)G = I, it follows that

AG + u(viG) = T

Multiplying equation (2.1) on the left by xT leads to the equation

T

%TAG + (xTu) (vIG) = xL

Using the fact that xTA = 0, one obtains

T

v'G = T

S
T .
X'u

Solving equation (2.1) for I - AG yields the equation

I - AG-= u(VTG).

Substituting (2.2) into (2.3) it follows that

1 T
I- AG = T ux’.
X u

Using the same approach, it follows that
1
Gu=Ty,
vy
and

I -CA=— yul.
T
vy

11

(2.1)

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

Equations (2.2), (2.4), (2.5), and (2.6) will be used throughout

Chapter II. The following theorem which follows from Rao and Mitra

[1971, p. 31] will be used to derive the Rank Modification Method.

Theorem 2.3. Let A be a matrix of order n, with rank n - 1.

G C A{1}l.

Then
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The following lemma provides an alternate characterization for

the set A{1l}.

Lemma 2.2. (e.g., Campbell and Meyer [1979], p. 97) Let A be a

matrix of order n. Then the set A{l} can be written as
A{1} = {A" + E(I - AA) + (I - A"A)F|E,F € ™)
where A~ is any {1}-inverse of A.

The next theorem provides a more useful characterization of A{1l},

when A has rank n - 1.

Theorem 2.4, Let A be a matrix of order n, with rank n - 1. Then

A{l} = {G + er + sxT[r,s € r"},

where x and y are left and right null vectors of A, and G € G.
Proof. Let H = {G + er + sxT[r,s € R"}.

Assume that G, € H." Then G, =G+ er + sx’ for some r,s €ER".

Hence

AGlA = A(G + er + sxT)A

or

AG A = AGA + (Ay)TTA + As(x'A).

Using the facts that xTA =0, Ay = 0, and AGA = A it follows that

= €
AGlA A. So Gl A{1}.
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Assume that Gl € A{1}. Then using Lemma 2.2, there exist

matrices E,F € R™°™ such that G, = G + (I - AG)E + F(I - GA).

1

Substituting equations (2.4) and (2.6) into this equation for Gl

leads to the following equation

_ 1 T 1 T
Gl—G+y(——T VE> +<-———-T Fu>x.
vy u'x

Setting rT =-—%— VTE and s = —%— Fu leads to the following equation
vy u'x
Gl =G + er + SXT,
hence G, € H.
1
Therefore, it follows that H = A{l}. |

The following theorem provides an alternate characterization for

the solution set of a consistent system of linear equations Aw = f.

Theorem 2.5. Let A be a matrix of order n with rank n - 1. Assume

that the system of linear equations Aw = f is consistent. Then the

set of all solutions S can be written as
S = {Gf + 1Gu|r €ER}

where G € G with G = (A + uvT)—l. Furthermore if w = Gf + tGu, then

Proof. Let R = {Gf + 1Gu|T € R}.
Assume that w is a solution to Aw = f. Then using the definition

of the solution set it follows that

w=ATf+ (I - A A
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where h € R®. Let A” = G, where G € G. Thus
w = Gf + (I - GA)h.

Substituting equation (2.6) into the above equation leads to

1

w = Gf + (vIh) <-—f— > : (2.7

vy
Next, substituting equation (2.5) into (2.7) yvields
T v
w = Gf + (v h)Gu. (2.8)

The vector h was arbitrary, so the term vTh can be replaced in

equation (2.8) by the term T, where T is any real number. Hence

£y
N

Gf + 1Gu,

and thus w € R.

Assume that w € R, Then

Gf + TGu (2.9)

£
1]

where 1 is any real number.

Multiplying equation (2.9) on the left by A yields

Aw = AGf + TAGu. (2.10)

Using equation (2.4) it follows that AG = I - —%— uxT. Substituting

X u

this equation into (2.10) it follows that

Aw = (I - —%— uxT)f + (I - —%r-uxT)u
X u X u

or



Thus Aw = f and hence w € S,

Therefore, it follows that S = {Gf + tGu|t € R}.

Let w = Gf + tGu. Then va = VTGf + tGu. When equations (2.2)
and (2.5) are substituted into this equation for va, this leads to the

, T
equation viw=1. B

If w = Gf + tGu, then (A + uVT)w = f + tu. This system of linear
equations suggests the following method for computing a solution of

the consistent system of linear equations Aw = f.

Rank Modification Method

Let A be a matrix of order n, with rank n - 1. The following
method can be used to compute a solution w to the consistent system of
linear equations Aw = f.

1) Find nonzero vectors u and v such that xTu # 0 and yTv # 0,
where x and y are left and right null vectors of A,
respectively.

2) Apply Gaussian elimination with row pivoting to produce the

following factorization
T
P(A+ uv) = LU

where P is the permutation matrix that results from row

pivoting.

3) Solve Lz P(f + Tu) using forward substitution

4) Solve Uw = z using back substitution.
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When this method is applied to the consistent system of linear
equations Aw = f it results in a solution w such that va = T.

Suppose that tha constraint bTw = &, where b is an n-dimensional
vector, and o is a real number, is added to the problem, i.e. one wishes
to compute the solution to the system of linear equations Aw = f, such
that bTw = a, if it exists. Then the Rank Modification Method can be
applied to this problem by setting v = b and T = a. If the system of
linear equations Aw = f is consistent, then this does not imply that
the constrained system of linear equations admits a solution. If
yTb # 0, then by applying Theorem 2.5 it follows that the solution to
the constrained linear system exists. If yTb = 0, then the solution
to the constrained linear system may not exist. It was proven in

Theorem 2.5 that
S = {Gf + tGu|t ER}

where G € G and G = (A + uVT)_l. Using equation (2.5) it follows that

Gf+rcu=cf+%y,

y Vv

where y is a right null vector of A. Thus the following theorem holds.

Theorem 2.6. (Kemeny [1981]). Let A be a matrix of order n, with

rank n - 1. Assume that the system of linear equations Aw = f is

consistent. Then the solution set S can be written as
S = {Gf + yy|y €R}

where G € G, and y is a right null vector of A.



Let wE S. Then w = Gf + yy. If y'b = 0 then b'w = b Gf. So,
if o = bTGf, then the solution to the constrained linear system will
exist, otherwise it will not. The following example illustrates

the second case.

Example 2.2,

et A=( &+ 1Y, b=, -7, and £ = (-2, 1.
BV

Suppose one wishes to compute the vector w, such that Aw = f and
bTw =1
T T T
If x=(1, 2) and vy = (1, 1), then XA =0 and Ay = 0. Clearly

fo = 0, hence the equation Aw = f is consistent.
Let u = v = e, Then xTu # 0 and yTV # 0. So the inverse

G= (A + uvT)-l exists.

A+ uvT (11 +
= L 1 1
2 0
L 3/2
If G= (A + uvT)_l, then
3/2 0
G=1/3 .
. =L 2
Let w €S. Then
3/2 0 -2 1
w=1/3 + v
-k 2 1 1

where vy € R.

17
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Hence, it follows that

and

Therefore there does not exist a w € S such that bTw = 1.

Notice that the Rank Modification Method may actually require knowl-
edge of the vectors x and y. However, if A is a singular irreducible
M-matrix, then x >> 0 (see Bermman and Plemmons [1979], Ch. 6). Thus
any nonzero n-dimensional vector u with all nonpositive entries or
all nonnegative entries will satisfy the equation xTu # 0. If the
system of linear equations is constrained, then one only has to find
a vector u such that x.u # 0.

To see that this method produces the unique solution to the system

. . T
of linear equations Aw = f, such that v w = 1, assume that Wi W, € S,

Then there exists real numbers T, and 1., such that

1 2
W= Gf + 1Y
and
w, = Gf + T,

where G € G, If val = vaz, then

VTGf + rlva = vTGf + rszy.

Hence Ty = Ty, as long as va # 0, so that w, = w

1 2°
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Suppose that u and v are arbitrary n-dimensional vectors such
that P(A + uvT) has an LU-decomposition, where P is a permutation
matrix. If L and U are nonsingular matrices, then A is a nonsingular
matrix. Thus, one technique for verifying that uTx # 0 and VTy # 0,
is to perform Gaussian elimination with row pivoting on the system of
linear equations A + uvT and examine the diagonal entries of the factor
U.

The following example illustrates the computations involved in

the Rank Modification Method.

Example 2. 3.
Let
2 0 2
A=l-4 -2 -3 ) and £ = (0,1,1)".
4 -2 s,

Suppose one wishes to compute the solution to the constrained
system of linear equations Aw = f, such that bTw = 1, where
b= (1,1,0) .

1) Let u= (-1,1,1)T and v = b. Then

2 0 2 -1
A+uwr=l-4 2 -3 J+| 1 )a,1,0
4 -2 5 1/
1 -1 2
= (-3 -1 3 ).
5 -1 5

The matrix A + uvT has the following LU-decomposition
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1 0 o\\ 1 -1 2
A+uwi= (-3 1 0o -4 3

5 -1 1,/ 0 0 -2

Both factors L and U, of the LU-decomposition of A + uvT, are
nonsingular. Henée the matrix A + uvT is nonsingular. Therefore
xTu # 0 and yTV # 0.

2) The LU-decomposition was computed in step 1 above,

3) Solving the following system of linear equations

/1 0 0 24 -1
-3 1 0 z, = 2
5 -1 1 zy 2

results in the solution z = (—l,-l,6)T.

4) Solving the following system of linear equations

1 /-1
0 -4 3 v, = -1
0 0 -2 W 0/
results in the solution w = (3,—2,—3)T.

£ and that blw = 1.

It can be easily shown that Aw

To summarize, the Rank Modification Method is a simple direct
method for computing a solution to the consistent system of linear
equations Aw = f. One of the disadvantages of this method is that
when the matrix A is transformed into a nonsingular matrix some useful
properties of A might be lost. Also, if A is a sparse matrix, then the

matrix A + uvT might be dense.



In a recent paper by Kemeny [1981], a method was proposed from
solving the consistent system of linear equations Aw = f that requires
the use of a right null vector of A. This algorithm will be called
the Kemeny Method, and it is based upon the characterization of the

solution set provided by Theorem 2.6.

Kemeny Method

Let A be a matrix of order n, with rank n - 1. Assume that y is
a right null vector of A. The following method can be used to compute
a solution to the consistent system of linear equations Aw = f.
1) Find vectors u and v, such that xTu # 0 and yTv # 0, where
x 1s a left null vector of A.
2) Apply Gaussian elimination with row pivoting to A + uVT to

produce the following factorization

P(A + uvl) = LU

where P is the permutation matrix that results from row
pivoting.

3) Solve Ls

Pf using forward substitution.

4) Solve Uz s using back substitutiom.

5) Setw=2z+—y.

When this method is applied to the consistent system of linear
equations Aw = f, it results in a unique solution w such that va = T.
Notice that the Kemeny Method requires the use of a right null vector
of A, where as the Rank Modification does not explicitly use the right
null vector. The following example illustrates the computations

involved in the Kemeny Method.

21
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Example 2.4.

Let
2 0 2
a= -4 2 3}, y=(21,2",
4 -2 5

and £ = (0,1,1)7.
Suppose one wishes to compute the solution to the constrained

1, where b = (0,0,1) 7.

system of linear equations Aw = f such that bTw

1) Let u = (O,O,l)T and v = b. Then

2 0 2

T
A+ uv = -4 =2 =3
4 -2 6

The matrix A + uvT has the following LU-decomposition

1 0 2 0 2
A+ uv = -2 1 0 -2 1 .
2 1 1 0 0 1

Clearly A + uvT is a nonsingular matrix. Therefore xTu # 0 and
yTV # 0.
2) The LU-decomposition was computed in step 1 above.

3) Solving the following system of linear equations

1 0 0 sl 0
-2 1 0 s, = 1
2 1 1 33 1

results in the solution s = (O,l,O)T.

4) Solving the following system of linear equations
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results in the solution z = (0,-%,0)".

5) If w= 2z +—y, then
vy

w= (~1,0,1) 7.

It can be easily shown that Aw = f and that bTw = 1.

It should be remarked that various results in this section and
in the papers by Kemeny [1981] and Hunter [1982] could be improved
upon by using the concepts developed in the papers by Cline and

Funderlic [1979] and Marsaglia and Styon [1974].

3. Error Analysis for the Rank Modification Method

Assume that B is a matrix of order n with an LU-decomposition,

B = LU. Let B(l) = B and let B(k)

denote the result of the first k - 1
steps of Gaussian elimination applied to B.

If the Rank Modification Method is implemented on a finite
precision computer, then instead of the computing the exact solution
to the equation Aw = f, an approximation w is computed. This computed
solution in general will not satisfy exactly the equation Aw = f.
Assume that the Rank Modification Method is executed on a machine with
unit roundoff error u in floating point arithmetic. Then a simple
backward error analysis, using Wilkinson [1965], p. 215 and Stewart

{1973], p. 150, shows that the computed solution w satisfies a

perturbed system of linear equations (A + uvT + E)w = f + Tu,
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Theorem 2.7. Let A be a matrix of order n, with rank n - 1.

Assume that the matrix A + uvT is nonsingular. Suppose that the

system (A + uvT)w = f + tu is solved for the vector w by Gaussian
elimination with row pivoting applied to A + uvT, in floating point
arithmetic with machine unit roundoff error u. Then there exists a
matrix E = (eij) such that the computed solution to (A + uvT)w = f + tu

satisfies exactly the following system of linear equations
T
(A+uv + E)w=1f+ tu (2.11)

such that for all 1 < i, j <,

le, .| < [3.03 + 2.020 + w(1.01)%(a + 1% lyn max [5)] (2.12)
s i,j,k
where gig) is the entry in the i,j position of the floating point

. T
version of (P(A + uv ))(k), and P is the permutation matrix that results

from row pivoting

Proof. Consider the LU-decomposition of A + uvT by Gaussian
elimination with row pivoting. From Wilkinson [1965], p. 215, there
exists a matrix F = (fij) such that the computed factors L and U

satisfy
P(A+ uvl) + F = LU (2.13)

where P is the permutation matrix that results from row pivoting. Set

B =P(A+uv'). Also, for all 1 <1, j <n,
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(2,01 u(i-1) max [g§%)| if j > i,
| 1,3,k 1
e
l 2.01 pj max |g§k)] if j < 4.
i3,k

Thus by combining these inequalities in terms of i, it follows

that

lfijl-i 2.01 iy max . (2.14)

5L
i,j,k

Next, if Lz = P(f + tu) is solved using ﬁ in the forward substi-
tution step 3, then by Stewart [1973], p. 150, there exists a matrix
G = (gij) such that the computed solution z to Lz = P(f + Tu)

satisfies the system
(L +G)z = P(f + Tu) (2.15)
where for all 1 < i, j < m,

|gij| < 1.01 u(n + 1) ?a§ lzij|.

Because row pivoting was used, it follows that

max [2,.] < 1. (2.16)
i,j

Hence

[gij| < 1.01 u(n + 1). (2.17)
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Next, if Uw = z is solved using U and z in the back substi-
tution step 4, then by Stewart [1973], p. 150, there exists a matrix
H = (hij) such that the computed solution W to Uw = 2 satisfies the
system
(T +mw =z (2.18)
where for all 1 < i, j < n
|hij[ < 1.01 u(n + 1) max |uij[.
1,]
Applying the inequality maxlﬁ..[< maxlggk)! it follows that
PO O P 1]
l’J l’J’k
~ (k)
lh..{ < 1.01 py(n + 1) max Ib.. ]. (2.19)
ijl — .. ij
i,j,k
Multiplying equation (2.18) on the left by L + G and applying
equation (2.15) it follows that
(L +G)(U +H)w = P(f + Tu).
The above equation can be rewritten as
(IU + I + GU + GHw = P(f + Tu).
Using equation (2.13) it follows that
[P(A + uv’) + F + LH + GU + GHlw = P(f + Tu). (2.20)

Multiplying equation (2.20) on the left by PT leads to the following

equation

(A + uv? + PT(F +IH + GU + GH) Jw = £ + Tu.
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Let E = P(F + LH + GU + GH). Then

(A + uvT + E)% = f + tu.
Also, using (2.14), (2.17), and (2.19) it follows that (2.12) holds. H v

An algorithm is often called stable when the computed solution is

the actual solution to a problem close to the original problem. Thus the
Rank Modification Method will be a stable algorithm for a problem when
the order of the matrix is not excessively large and the entries Bi?)
do not grow excessively in the course of reduction.

Using Theorem 2.7, an explicit relationship between w and w can

be derived.

Theorem 2.8. Let A be a matrix of order n, with rank n - 1. If

w and w are n-dimensional vectors such that
T
(A+uwv)w=1+ Tu

and
T ~
(A+uv +E)w=1f+ tu

where (A + uvT)—l € G, f is an n-dimensional vector, and T is a real

number, then

A

w=[I+ (A+ uvT)_lE]w.




28
T T ~
Proof. If (A+ uv )w=f + tu and (A + uv’ + E)w = f + tu, then

A+ uvT)w = (A + uvT + E)w. Hence
w= (A + uvT)_l (A + uvT + E)&,
and thus
w=[I+ (A+ uvT)-1 Elw "

Let G = (A + uvT)—l. Then the computed vector w satisfies the

following equation
w = (I + GE)w.

, . e . T AL
The exact solution w satisfies the equation v'w = t; but w is an -
. . . T~ .
approximation to w, so in general, v'w will not equal t. The next

. . . Ta
lemma establishes a relationship between VTW and v w.

Lemma 2.2. Assume that w and w satisfy the hypothesis of
Theorem 2.8.

Then

T
Vw=-VvVw= .

-

Proof. Applying Theorem 2.8 it follows that
w = (I + GE)w. (2.21)
Multiplying equation (2.21) on the left by vT yields

va = VT(I + GE)w.

Using equation (2.2) leads to the following equation



29
vV w = TG 4+ —%— XTE@.
X'u
Therefore
va -vw = —%—-xTEA |
X u

Thus it would seem that the vector u should be chosen so that
T .
1/x"u is small.
Suppose that v = x. Then the following lemma gives a relatiomship

between the eigenvalues of A and the eigenvalues of A + uxT.

Lemma 2.3, (Brauer [1952]) Let A be a matrix of order n, with
eigenvalues 0 = Al, Az,...,An and having rank n - 1. Assume that

xTA = 0, then the eigenvalues of A + uxT are xTu, ArsesssA
: 2 n

Therefore it can be shown that a good choice for u, when v = X,

is a vector such that 1 < xTu_f max {1, p(A)}.

Theorem 2.9. Let A be a matrix of order n, with rank n - 1. If

w is the computed solution that results when the Rank Modification
Method is implemented on a computer in floating point arithmetic with

machine unit roundoff error u, then
(A+ F)w=f

where

and the matrix E is given by Theorem 2.7.
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Proof. From Theorem 2.7 it follows that w satisfies exactly the

following system of linear equations

(A + uvl + E)i = £ + Tu. (2.22)
Expanding equation (2.22) leads to
~ Ta ~
Aw + uv'w + Ew = £ + Tu,
so that
~ Ta ~
Aw + (v w)u + Ew = f + Tu. (2.23)

In Lemma 2.2 it was proved that

Ta X Ew
VW=VwWw

Applying this equation to (2.23), it follows that

T % B0

A+ viw - u+ Ew=f+ Tu. (2.24)

X u

Using the fact that va = 1, it follows that

XTE@ ~
Aw - T u+ Ew=f
X u
or
[A + (I - % uxT)E]x} = f,
X u

Letting F = (I —-—%— uxT)E, it follows that
X u

(A+ F)w= f. »
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Therefore, if the elements of the matrix F are relatively small,
then the computed solution w will solve a problem close to the original

problem.

Using Theorem 2.8 an upper bound can be derived for the relative

error term ||w-w ||/ ||w || .

Theorem 2.10. Let A be a matrix of order n, with rank n - 1.

Assume that G € G, where G = (A + uVT)_l. Let w and w be n-dimensional

vectors such that
T
(A+ uv)w = £ + Tu,
and
T A
(A+uv +Ew=f + 1u

where E is some matrix of order n, t is a real number, and f is an

n-dimensional vector.

If ||G [I[!E || < 1, for some consistent matrix norm, then
v -wllllall {lc | ]l
< . .
fwll 2= dle Il E | liall

Proof. Applying Theorem 2.8 it follows that
w = (I + GE)w. (2.25)

If |6 || I|E || <1, then (T + GE)“l exists. Hence equation (2.25) can

be written as

w= (I + GE)"lw.
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Using the identity (I + GE)™' =1 - (1 +6E)"! GE it follows that
-~ -l
w=w- (I + GE) GEw ,
and thus
~ -1
w-w= (I + GE) GEw. (2.26)

Taking the norm of both sides of equation (2.26) yields

llw = @l = || (T +ce)~t cEwl| .
Therefore
l|w - W] llallllcll el
< . .
[[w]] 1= lel[llell llall

The term |]AHIIGH can be considered a condition number for the

constrained system of linear equation Aw = f, such that va = 1. If
]IAH][GI[ is very large, then the error term “E[[/ HAII will be

magnified. The following lemma proves that
K4, 6 = [|allllel (2.27)
has the usual lower bound of a condition number,

Lemma 2.4. Let A be a matrix of order n, with rank n - 1. If
G € G and K(4, G) = ||Al]]lc]] , then 1 < K(A, G), where ||| is any

consistent matrix norm.

Proof. If GE€ G, then G = (A + uvT)-l for some vectors u and v.

Using equation (2.3) it is obvious that AG is an idempotent matrix



and has rank n - 1. Thus p(AG) = 1. So using basic properties of

consistent matrix norms, it follows that
0(a6) < |[All Jl]] .

Therefore 1 < K(A,G). ]

Assume that zero is a simple eigenvalue of A. Then A# exists

(e.g. Campbell and Meyer [1979], p. 133). 1In Chapter IV, problems will

be considered where one wishes to compute the solution to the
. . T
homogeneous system of linear equations Aw = 0, such that x'w = 1,
where x is a left null vector of A. Let w denote the computed
solution to system of linear equations Aw = f, that results when the
Rank Modification Method, with v = x, is implemented on a finite
. . . A~ ~ T TA .
precision machine. Let z = aw, where o = x w/x w, assuming that
T~ Ta T 2 . e .
xw#0. Then x z = xw, and z satisfies the following system of

linear equations
(A+ F)z = af

where F is the matrix given by Theorem 2.9. The following theorem

provides an explicit relationship between w and z in terms of A#.

Theorem 2.11. Let A be a matrix of order n, with rank n - 1.

Assume that zero is a simple eigenvalue of A. Let x be a left null
vector of A, f be an n-dimensional vector, F be a matrix of order n,
and let o be any real number, If w and z are n-dimensional vectors

such that,
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(A+ Fz= f, (2.28)



and
T
X'w=x2z,
then

(I + A#F)E + (1 - a)A#f.

£
I

Proof. Let

(1 + A#F)E + (1 - a)A#f.

O]
I
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(2.29)

Usihg equation (2.28) it follows that Fz = of - AZ. Substituting this

equation into equation (2.29), it follows that
s =2z + A#(af - AZ) + (1 - a)A#f.

So that

# #

s=12- A"Az + A"f,

or

(I - A#A)2 + A#f.

w
L}

Multiplying the above equation on the left by A yields

As = (A - AA#A)£ + AA#f.

4]
The vector f is in the range of A, thus, AA#f = f,

definition of A# it follows that A - AA#A = 0, hence

As = £,

Also, from the



Therefore s is a solution to the equation Aw = f. Since zero is
. . T . T T
a simple eigenvalue of A, x'y # 0. Hence, if x'w = x s, then w = s.

Multiplying equation (2.29) on the left by xT leads to the

following equation

sz = XTE + xTA#FE + (1 - a)xTA#f.

Using that fact that N(A) = N(A#), it follows that sz = xTE, but this

implies that sz = xTw. Therefore w = s. |

Using this relationship between w and z, an upper bound can be

. derived for the relative error term ||w - EH /[|WH .

Theorem 2.12., Let A be a matrix of order n, with rank n - 1.

Assume that zero is a simple eigenvalue of A. Let x be a left null
vector of A, f be an n-dimensional vector, F be a matrix of order n,

and o any real number. Let w and z be n-dimensional vectors such that,

Aw = £,

(A+ F)z = af,

and

T
X'W = X z.

#
I

If HA |Fl| < 1, for some consistent matrix norm | .||, then
A #
v -2l llall a1 /el
< 7 + |1 - al .
Wil 1= f[aT]E {FIE\ (Al

35
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Proof. Applying Theorem 2.11 it follows that
= #oy 5 #
= (I+AF)z+ (1 -aA'f (2.30)

If][A#H][FH < 1, then (I + A#F)"1 exists, Multiplying equation

(2.30) on the left by (I + A#F)_l leads to the following equation

z = (I + A#F)'lw - (1 - a)(I + A#F)'lA#f.

Applying the identity (I + A#F)—l =1-(I+ A#F)-lA#F, only to the
first occurrence of (I + A#F)-l, it follows that

-1, # Flw -1, #

z=[I-(I+ A F) - (1 -a)( + A F)

or

-1 #[

w-2z= (I + A F) Fw + (1 - a)f].

Taking the norm of both sides and dividing byl{w[]yields

o -2l fae aley~tat]

ol [+l

Fw + (1 - o)f]]|

Hence

[w - 2] IElHIwll+ 11 - of [I£]]

-1 i+
[+ afm™ ) )a?

ol - 14l

If Aw = f, then [[£]| / ||w]|] < ||A]|. Applying this inequality

the result follows. B
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The term ||A]|]|a"]|

can be considered a condition number for the
constrained system of linear equations Aw = f, such that xTw = T,
when the computed solution z is scaled so that xT£ = , 1If

#“

HAI{”A is very large, then the error term [[F|| / lall+ |1 - al will

be magnified.

#

Lemma 2.5. Let A be a matrix of order n, with rank n - 1. Assume ‘
that zero is a simple eigenvalue of A. Then I - A"A = yxT, where x 1

and y are right and left null vectors of A, such that xTy = 1.

Proof. TIf rank (A) = n - 1, then rank (I - A#A) = 1. Using the

definition of A# it follows that A(I - A#A) = 0 and (I - A#A)A = (.

Clearly dim N(A) = 1 and dim N(AT) = 1. So each column of I - A#A is

#

scalar multiple of y and each row of I - A"A is a scalar multiple

of x. Hence there exists a vy € R such that

I - A#A = nyT.

The matrix I - A#A is the projector onto N(A) along R(A) and

since it has rank one it must have as its only nonzero eigenvalue

the number one. Therefore
# T
(I -AA)y = (yyx)y,
or

(I - A#A)y = vYy.

Hence vy = 1 and I - A#A = yxT. n
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The following theorem provides a useful lower bound for K(A).

Theorem 2.14. Let A be a matrix of order n, with rank n - 1.

Assume that zero is a simple eigenvalue of A. If [A is the second

n—ll

smallest nonzero eigenvalue of A in modulus, and if ]All = p(A), then

A

An—l

-]

< K(4)

#”’

where K(A) =|[AH’]A and is any consistent matrix norm.

Proof. Clearly |A _j][Al. If X € o(A), then A_l € o(A#) if

N
X# 0, and 0 € G(A#) if A = 0. (e.g., Campbell and Meyer [1979],

p. 129). Thus p(A#) = l/lkn_l[. So, it follows that ———l———_fllA#

n-1

Therefore the result follows. [ ]

Clearly it follows that K(A) > 1. Finally it is shown that if A

is a normal matrix, then KZ(A) =IIAH2|]A#H2 has a simple representation.

Theorem 2.15. Let A be a matrix of order n, with rank n - 1.

Assume that zero is a simple eigenvalue of A and that A is a normal

matrix. If ]An_l[ is the second smallest nonzero eigenvalue of A in

modulus, and |Al] = p(A), then K2(A) = ]kl/kn_l[-
Proof. If o(A) = {Ak}§=l’ where
Al 2 gl 2o 2 I 1> ] = o,

*
then there exists a unitary matrix U such that A = UDU , where
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# %

D = diag(kl, A s A 0). Hence A# = UD'U , where

22 "t 2 Tp-1?

L. -1
D" = dlag(xl , Az s eeae

-1 -1

’kn—l’ 0). Therefore

Ky (8) = [[ally 18" 11, = [Juou™|], [lun*u™],

or
A
# 1
Ky (8) = [[pf[, [[2"]l, =5 - N
n-1
If A is a normal matrix with eigenvalues Al, AZ’ e ’An’ then

the singular values of A are [All, |A2|, .o ,1xn|. Thus KQ(A) is
equal to largest singular value of A divided by the smallest nonzero
singular value of A. As shall be noted in the test results of Chapter IV,

the numerical accuracy seems to be governed by this ratio.

4, Homogeneous Case

When the Rank Modification Method is used to compute the solution to
the constrained system of linear equations Aw = f, such that bTw =T,
then v must be set equal to b, so that the solution will satisfy the
given constraint. Hence there is not complete flexibility in the
selection of the vectors u and v. If the system of linear equation is
homogeneous, then the solution is unique up to a scalar multiple. That
is, if y is a right null vector of A, and w is any solution to the
equation Aw = 0, then there exists a real number o such that w = ay.

Let w be a solution to the homogeneous system of equations Aw = 0.
Then as long as bTw # 0, w can be scaled so that it satisfies the
equation sz = 1, where b is an n-dimensional vector, and T is any

real number.



40
Lemma 2.7. Let A be a matrix of order n, with rank n - 1. 1If
w is a solution to the homogeneous system of linear equations Aw = 0

. . . T
and b is an n~dimensional vector such that b w # 0, then for every

nonzero number T there exists a unique vector z such that Az 0 and

sz = T.

Proof. Let z = —%—-w. Then Az = 0 and sz = T, [ ]
bw

Thus, the Rank Modification Method can be used to compute the
solution to the constrained homogeneous system of equations Aw = 0
T . s
such that b"w = 1, without requiring that v = b.
Assume that zero is a simple eigenvalue of A. Suppose that one
wishes to compute the solution to the homogeneous system of linear
. T _
equations Aw = 0, such that x'w = 7 where 7 # 0 and x is a left null
vector of A. Let % denote the computed solution to Aw = 0, that
results when the Rank Modification Method is implemented on a finite
o . A A T ,. T~ .
precision machine. Let z = aw, where o = X w/x w, assuming that
Ta T A e .
xw# 0. Then x'z = 1, and z satisfies the following system of

linear equations
(A+ F)z =0,

where F is the matrix given in Theorem 2.9. The following corollary

provides an explicit relationship between w and z.

Corollary 2.2. Let A be a matrix of order n, with rank n - 1.

Assume that zero is a simple eigenvalue of A. Let x be a left null
vector of A, and F be a matrix of order n. If w and z are n-dimensional

vectors such that



and

then
w= (I+ A#F)%.
Proof. The result follows directly from Theorem 2.11. -]

Using the above corollary, an upper bound can be derived for the

relative error term ||w - 2|| / ||w|

Corollary 2.3. Let A be a matrix of order n, with rank n - 1.

Assume that zero is a simple eigenvalue of A, Let x be a left null
vector of A and F be a matrix of order n. Let w and z be n-dimensional

vectors such that

and
X'w=Xx2Z.

If HA#[|HF[[ < 1, for some consistent matrix norm H-[l, then

41
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lo -2l xw sl

ol =1 - AT el Al

Proof. The result follows directly from Theorem 2.12 and

Corollary 2.1. |

If xTﬁ = 0, then o = xTw/xTQ cannot be formed. The following

lemma provides a condition for XTQ # 0.

Lemma 2.8. Let A be a matrix of order n, with rank n - 1. Assume
that zero is a simple eigenvalue of A. Let w be the solution of the
homogeneous system of linear equations (A + F)w = 0, where F is a
matrix of order n. If (I + A#F)“l exists, then xTﬁ # 0, where x is

a left null vector of A.

Proof., Let y be a right null vector of A such that xTy = 1.

Assume that

Multiplying the above equation on the left by y leads to the following

equation

yxTw = 0.

From Lemma 2.5, it follows that yxT =1 - A#A, and thus

(1 - a’aya = o.
If (A + F)w = 0, then Aw = -Fu. By using this result one obtains

(1 + A#F)v“a = 0.



#F)_

A . . 1
This is a contradiction, because it was assumed that (I + A

exists. Therefore, it follows that XTQ # 0, - |

The following theorem provides an explicit relationship between

the left and right null vectors of A, under certain conditions.

Theorem 2.16. Let A be a matrix of order n, with rank n - 1.

Assume that A has a left null vector x such that |x|>>0. If

— T —
y = (pl/xl, p2/x2, ee ,pn/xn) , where P = det(Ak) for

k 1, 2, ... , n and Ak is the submatrix formed by deleting the kth

row and the kth column of A, then

(1) adj(4) = yx', and

(2) Ay = 0.

]
'—.l

Proof. If rank of A is equal to n - 1, then dim N(AT)

Hence N(AT) = <x>, Since det(A) = 0,
adi(A)A = 0.

It follows that each row of adj(A) is in N(AT). Hence each row of

adj(A) is a scalar multiple of x. Therefore there exists a vector v

such that
adj(A) = vx- .
Thus, (adJ(A))k,k = Vi X for k=1, 2, ... , n. However from the
definition of adj(A), it has to be the case that v X = Py for
k=1, 2, ... , n. Solving for Vi yvields
vy = pk/xk for k=1, 2, ... , n.



T

A
. T
Therefore vy = v and adj(A) = yx~.

Next, using this result together with the fact that
A adj(A) = 0,
one obtains
AyxT = 0.
Multiplying this equation on the right by (l/xTx)x yields
Ay = 0. §. |

The following example illustrates the previous theorem.

Example 2.5.
Let
1 0 -1
A= 0 2 2 and x = (6,3,—2)T.
3 3 0

Then xTA = 0. Also, Py = -6, P, = 3, and Py = 2. So, applying

Theorem 2.16 it follows that if y = (l,—l,l)T, then Ay = 0.

Theorem 2.16 would involve too much computation if it were used
to compute y, but it can be used to obtain some interesting theoretical
results. For instance, it can be used to derive upper and lower
bounds for the condition number of the zero eigenvalue of A. 1If an
eigenvalue of a matrix is ill-conditioned then its corresponding
eigenvector will be ill-conditioned. Wilkinson [1965], p. 68 showed

that s(}) = Hx]IZHy[IZ/Iy*xI, where A is a simple eigenvalue of A and
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x and y are the eigenvectors that correspond to A, can be considered a
condition number for the eigenvalue A. Using the same approach as
11 _ T
Wilkinson, the term r(i) = HxH<>° Hylll/ly x| can be shown to be a
condition number for the eigenvalue X. Clearly s(A) > 1 and r(i) > 1.
The following theorem provides upper and lower bounds for s(0)

and r(0).

Theorem 2.17. Let A be a matrix of order n, with rank n - 1.

Assume that zero is a simple eigenvalue of A. Assume that x is a left
null vector of A such that |x|>>0. If Py = det(Ak), where Ak is the

submatrix formed by deleting the kth row and kth column of A, then

“XH ( = ; ” H *
2 P X ( _Z P /%
k=1 "k =
) < S(O) < 2 . k=1 "k (2.32)

p, 1
k=1 kgl ki

and,

n
L [p maXIXkl E P
el r(0) < =% el P (2.33)

n l = =z

minfx | | 3 by
k k=1 |

Proof. If y = (pl/Xl’ PZ/XZ’ ver pn/xn)T, then Ay = 0. Hence

n

K1 pk. (2.34)

Using the fact that zero is a simple eigenvalue of A it follows that

n

kEl cannot equal zero. Therefore both inequalities are well defined.

Py

1) Substituting equation (2.34) into the expression for s(0) yields
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1
3

2
1 T /P
s(0) = _ﬁ_——T kEl <-£k—> ||X”2 .

7 P
k=1 k

Therefore the result (2.32) follows.

2) Substituting equation (2.34) into the expression for r(0) yields

n
1 Py
r(0) = —2— [ = |25 )=l
T =11%k
k=1 Pk
Therefore the result (2.33) follows. a
Assume that the term
n Iy 1/%
( zlp,| >
k=1
- , for =1, 2 (2.35)
¥ P
k=1 &

is approximately equal to one. Then, if the vector x is known, the

term max]xk]/minka[

orl[x”z /minlxk] might be used as an approximation

to the condition number of the zero eigenvalue.
If the term (2.35) is very large, then the condition number r(0)
will also be too large. Therefore the zero eigenvalue will be ill-

conditioned.




CHAPTER III

SINGULAR IRREDUCIBLE M~MATRICES

1. Introduction

This chapter concerns the problem of computing a right null
vector of a singular irreducible M-matrix. The fundamental problem

is to analyze and compute a vector y such that
Ay = 0 (3.1)

where A is a singular irreducible M-matrix. M-matrices can be
characterized in a large variety of ways (see Berman and Plemmons
[1979], Ch. 6).

Also to be considered is the problem of computing the solution to
the constrained homogeneous system of linear equations Aw = Q, such
that xTw = T where x is a left null vector of A and T is a nonzero real

number.
A simple direct method is to be presented and compared to the Rank
Modification Method. It will be shown that this direct method is

actually a variation of the Rank Modification Method.

Theorem 3.1. (Berman and Plemmons [1979], p. 156) Let A be a

singular irreducible M-matrix. Then
(1) A has rank n - 1.
(2) There exists a vector y>>0 such that Ay = 0.
(3) Each principal submatrix of A other than A itself is a
nonsingular M-matrix.
(4) A is almost monotone. That is, Ay > O implies that Ay = O.

47
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If A is an M-matrix, then AT is also an M-matrix. Hence there
exists a vector x>>0 such that xTA = 0. If A is nonsingular M-matrix,
then det(A) > O (e.g., Berman and Plemmons [1979], p. 134). Thus if
A is a singular irreducible M-matrix, then zero is a simple eigenvalue
of A. It is well known that, if A is a singular irreducible M-matrix,
then A# exists (see Plemmons [1976b]).

A perturbation analysis and a sensitivity analysis is performed
on the homogeneous system of linear equations in Section 2. Next, a
simple direct method for computing a solution to the equation Ay = O
is developed in Section 3, and a complete backward error analysis is
provided in Section 4. The scheme essentially corresponds to one step
of inverse iteration as described in Wilkinson [1965], p. 619, for a
certain eigenvector problem. In Section 5 an updating method for the
proposed method is investigated. The relationship between the proposed
method and the Rank Modification Method is given in Section 6. Finally,
two special types of singular irreducible M-matrices will be investi-

gated in Sections 7 and 8.

2, Perturbation Theory and Sensitivity Analysis

Assume that A(t) = (aij(t)) is a singular irreducible M-matrix
for all t in some interval [a,b], where aij(t) is a differentiable
function of t on the interval [a,b]. Let ¢ be a fixed number in the
interval [a,b]. Let x be a left null vector of A(c). Then there
exists a right null vector y(t) associated with A(t) for each t, such

that xTy(t) = 1, where

(8 = (7 (0, 7y(8), ev s v (D)
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The purpose of this section is to present a simple expression
for the derivative y~“(t) in terms of the entries yi(t), together with
derivatives a;j(t), and entries from A#(c). Then using these
expressions, the sensitivity of the right null vector of a singular
irreducible matrix A relative to the change in the entries of A will

be investigated.

The material in this section extends the recent work of Meyer
[1980, 1982]. 1In these papers it was assumed that A(t) was a column
diagonally dominant M-matrix.

The following lemma provides an explicit relationship between

y(e) and y(t).

Lemma 3.1. Assume that A(t) is a singular irreducible M-matrix
of order n for all t € [a,b]. Let ¢ € [a,b] and x denote a left null
vector of A(c). If y(t) denotes the right null vector of A(t), where

xTy(t) = 1 then for all t € [a,b],
y(e) = [T - at(e)ace) Iy (o).

Proof. The rank of A(c) is n - 1, hence dim N(A(c)) = 1.
Therefore y(c) is unique up to a scalar multiple. From the definition

of A#(c) it follows that
[1 - a%()a(0) Iy(0) € N(A(e)).
Applying Lemma 2.5, it follows that
1 - af()ace) = y(o)xL.

Multiplying the above equation on the left by y(t) yields
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1 - aA'()a(e) Iy(o) = y(@)xTy(t).
Therefore y(c) = [I - AT(0)ACe) Jy(t). ™

If y(c) = [I - A#(C)A(C) Jy(t), then y(c) - y(t) =

[z - A" ()a(e) ly(e) - [I - aAT()at) Iy(t), so that
y(e) - y(£) = -Ate) [ACe) - ACE) Iy (t).

Assume that t # ¢, then

re) = 78 o) A = A0 (.

If A(t) is differentiable on the interval [a,b], then y(t) is a
continuous function of t on [a,b] (see Ortega [1972], p. 45). Thus

taking the limit of the above equation as t approaches c yields

i']::; }'(_Ci_:;éﬁ:l = _A#(C)A‘(c)y(C)~

Therefore y“(c) exists, and

y“(c) = —A#(C)A’(C)y(C). (3.1)

The following theorem provides an expression for the derivative

v7(t), if it exists.

Theorem 3.2, Assume that A(t) is a singular irreducible M-matrix

of order n for all t € [a,b] and that A(t) is a differentiable function

of t on [a,b]. Let ¢ € [a,b] and x denote a left null vector of A(c).
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Let y(t) denote the right null vector of A(t), where xTy(t) = ] for all
t € [a,b]. If y“(t) exists, then

[T+ 4% (o) (ae) - aen Iy (o = -afa vy,
]_l

Furthermore, if [I + A#(c)(A(t) - A(c)) exists, then

y2(t) = -(1 + aA¥(e)ace) - ate)) 17 ta (o)A (o) (o).

Proof. Applying Lemma 3.1 it follows that
(o) = [1 - A (@A ly(0).
By assumption A(t)y(t) = 0, hence
y(e) = [T+ AT(c)(A(D) - AC)) Iy (t).
Differentiating this equation with respect to t yields
0 = af(a 0y + [1 + a0 Ao - A1y (),
so that

[T+ A7) (a) - A Iy~ () = -aT()a-(t)y(e).

Therefore, if [I + A#(c)(A(t) - A(c))]—l exists, then

-z + Aty ace) - a1 (oA )y o). n

vy~ (t)

Corollary 3.1. Assume that A(t) and y(t) satisfy the hypothesis

of Theorem 3.2. Then

v (8) = [y@xr + afoyae) a0 ar(0)y (o).




52
Proof. This result follows directly from Theorem 3.2, and the

fact that I - A#(c)A(c) = y(c)xT. ]

Corollary 3.2. Assume that A(t) and y(t) satisfy the hypothesis

of Theorem 3.2. If]]A#(c)IIHA(t) - A(e)|] < 1, for some consistent

matrix norm H-l!, then
HY’(t)H . K(A(c)) . ”A)(C)H
Iy || 7 1 - laf o [flace) - a)]]  flaco]|

where K(A(c)) = HA(c)IlHA#(c)H.

Proof. 1If HA#(C)H |A(t) - A(c)|| < 1, then

(I + A#(c)(A(t) - A(c))]—-l exists. Thus, by applying Theorem 3.2, it -

follows that
y=(t) = -[1 + AT () ace) - A TR (@A 0y (v,

hence

Iy~ (o) ] _ |
< |z + Aty - a7 1A @ |[am @ .
lly (o) ||

Using the inequality || (I + B)_l||§_l/(l - ||B]]), the result follows. M

Therefore, if K(A(c)) is small and the term||A:(t)ll/ HA(c)|| is

small, then y(t) should have a relatively small derivatives. 1In

particular, using Lemma 3.2 it follows that
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Next, the sensitivity of the ith component of y(c) is investigated.
Multiplying equation (3.1) on the left by ef leads to the following

equation for the derivative yi(c)
- # »
yi(e) = A;(0)A"(c)y(e) (3.2)

where Aﬁ(c) denotes row i of A#(c). Taking the absolute value of both
sides of equation (3.2), and using some basic properties of norms it

follows that

lys(e)]
—L— < st el
v |l

Therefore the sensitivity of the ith component of y(c¢) to small
"perturbations A(c) is directly governed by ith row of A#(c).

Let A be a singular irreducible M-matrix of order n. Let x and y
denote left and right null vectors of A such that xTy = 1. Assume
B(t) is a matrix of order n such that B(0) = 0 and A + B(t) is a
differentiable singular irreducible M-matrix for all t € [a,b] where
ab <0. Let y(t) denote the right null vector of A + B(t) such that

x'y(t) = 1 for all t € [a,b]. Applying Lemma 3.1, it follows that
#
y = [I-AAly(t). t€ [a,b].
If (A + B(t))y(t) = 0, then Ay(t) = -B(t)y(t). Hence

y = 1 - aA"8(0) Iy(o).

Applying Theorem 3.2, an expression for the derivative of y(t) can be

found, where
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y7(e) = -[1 + a"B(e) 178 (o) y (o).

In particular,
. _ #o.
y“(0) = -A"B”(0)y(0).
Using the fact that y = y(0) it follows that
. - #_.
y“(0) = -A'B"(0)y. (3.3)
Taking the norm of both sides of the equation (3.3) it follows that

@l @l

———— < K(A)
Iyl 4]l

"Therefore the sensitivity of the problem of computing a vector y

s such that Ay = 0 and xTy = 1, is governed by the term K(A) = ”A][HA#H_

3, Partition Factorization Method

The method to be presented is a simple direct algorithm which
was first suggested by Funderlic and Mankin [1981].

The direct solution of a system of linear equations generally
involves some variation of Gaussian elimination. It is well known
that an arbitrary matrix does not have an LU-decomposition, but for
any matrix A there exists a permutation matrix P such that PA has an
LU~-decomposition. Therefore one must often use Gaussian elimination
with row interchanges to ensure the completion of the algorithm.
These permutations increase the time required to complete the algorithm,

and if the matrix A has some special structure, the matrix PA may not.

Therefore this type of pivoting should be avoided if possible.
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If A is a nonsingular M-matrix, then A can be factored into
A = LU, where L and U are lower and upper triangular M-matrices,
respectively (see Fiedler and Ptak [1962]). The following theorem is

an extension of the above statement.

Theorem 3.3. (Funderlic and Plemmons [1981]) Let A be a

. . T
M-matrix of order n, with the property that x"A > 0 for some
vector x>>0. Then for any permutation matrix P there exists a lower
triangular M-matrix L with unit diagonal and an upper triangular

M-matrix U such that

PAP LU.

Therefore, if A is a large sparse singular M-matrix, with the
property that xTA.i 0 for some vector x>>0, then a symmetric ordering
scheme could be applied to A so that fill-in is reduced in the LU-
decomposition process.

If A is a singular irreducible M-matrix, then there exists a
vector x>>0 such that XTA = 0. Thus, for any permutation matrix P,
PAPT has an LU-decomposition.

Usually some form of pivoting is required to ensure numerical
stability when Gaussian elimination is applied to a matrix A. Set

(k)

A(l) = A and let A denote the result of the first k - 1 steps of

Gaussian elimination applied of A, that is,
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(1) (D (D)
3] A k-1 ik aii)
(k-1) (k-1) (k=-1)
(k) ak—l,k—l ak-l,k — ak—l,n
A =
(k) (k)
4rk 4n
(k) (k)
ank ann

Gaussian elimination applied to some matrix A is a stable

(k)

algorithm only when the elements of A do not grow excessively
during the course of the reduction. The growth factor ga for Gaussian

elimination on A is defined by

gy = (max |ag )/ (maxla ) (3.4)

i,j,k i,3

Hence, if Gaussian elimination applied to A is a stable
algorithm, then the growth factor gp will be small.

Suppose xTA > 0 for some vector x>>0, and let
By = (mix xk)/(min X ) (3.5)

Then the following theorem establishes upper bounds on the entries

£.. and u,. in terms of B .
ij ij X

Theorem 3.4. (Funderlic, et al [1982]) Let A be an M-matrix with

the property that xTA > 0 for some vector x>>0. If P is a permutation

matrix, then PAPT has an LU~decomposition, PAPT = LU, where for all
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| <8, for i,j =

[
=
-
N
-
o}
-

il
=
M
\S]
-
=]

I'f-Bx max a, . for i,j
k
Hence 8y < BX, where BX is given by (3.5).

Therefore, if x is given, or if some approximation to x has been
computed, then BX can be used to determine a sufficient condition for
Gaussian elimination applied to A to be a stable algorithm,

The following simple algorithm can be used to compute a right null

vector of a singular irreducible M-matrix.

Direct Factorization Method

Assume that A is a singular irreducible M-matrix. Then the

following algorithm can be used to compute the vector y such that
= (0 and v, = 1.

1. Apply Gaussian elimination to the matrix A, forming the

factorization

2. Let

Y11 “12-—‘“1,n—1 Y1n ]
U= \

3. Solve Uy = e, by back substitution.

s ,n-1 u2n
. (3.6)

n—l n-1 un-l,n
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The matrix U in step 2 of the algorithm can be written as

U=10U+e.e T.
nn
Substituting this equation for U into the equation Uy = e vyields

Ty, =
(v + e e )y = e .

n n n. '

Cléarly the back substitution of step 3 produces a vector y such
that gy = 1, hence enTy = 1. Using this fact, equation (3.7) can be

written as

Multiplying this equation on the left by L leads to the equation
LUy = 0,

or
Ay = 0.

Therefore the Direct Factorization Method produces a vector y such
that Ay = 0, y>>0, and vy, = 1.

The above method does not use any form of pivoting, hence the
elements of L and U could be quite large compared to the elements of A.
Assume that this algorithm is executed on a machine, using floating

point arithmetic with unit roundoff error u. Then a simple backward
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error analysis, using Reid [1971] and Stewart [1973],
p. 150, shows that the computed solution § to Ay = 0 satisfies

exactly a perturbed homogeneous system of linear equations

(A + E)y = 0.

Theorem 3.5. Let A be a singular irreducible M-matrix of order

n. Suppose that the homogeneous system of linear equations Ay = 0 is
solved for the positive vector y by applying Gaussian elimination to
A without pivoting, using floating point arithmetic with unit roundoff
error u. Then there exists a matrix E = (eij) such that the computed

solution § to Ay = 0 satisfies exactly the homogeneous system
(A+E)y =0 (3.8)
such that for 1 < 1i,j < n,

]eij[ < pn(3.01 + 1.01(n + l)max[ﬁij|) max Iéi?)| (3.9)
i,j i,j,k

where A = LU is the LU-decomposition of A, Eij is the i,j entry in the

floating version of L, and QE?) is the i,j entry in the floating

(k)

version of A .

Proof. Consider the LU-decomposition of A by Gaussian elimination
without pivoting. From Reid [1971], there exist a matrix

F = (fij) such that the computed factors L and © satisfy
A+TF =10

where for all 1 < i,j <n,
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2.01 p(i - 1) max [a(J)] if j > 1,

Ifi< 9J’k
ij' —
2,01 yj max |a( )| if j < 1.
i,j,k
Thus by combining these inequalities in terms of i, it follows that
(k)

|fij| < 3,01 yn max ]a |. (3.10)

i,j,k

The algorithm for the LU-decomposition of A by Gaussian

eliminations yields

Uy YT u1,n—1 Y1n
Yon
U = .
Yn- -1,n-1 un—l,n
0
Let
Y11 Y12 ul,n—l Y11

If the system of linear equations Uy = e, is solved using U, by

2n

£ b————

n—l n-1 n-1,n

-’

back substitution in step 3, then by Stewart [1975], p. 150, there
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exists a matrix G = (gij) such that the computed solution § to the

linear system ﬁy = e satisfies exactly the system

0+ o)y = e (3.11)

where 1 < 1,j < n,

1gij| < 1.01 p(n + 1) ma¥|aij[.

i,]
Since [ﬁ..l < max ]5?3)|, it follows that
T4,k
A (k)
Igij| < 1.0l p(n + 1) max ]aij . (3.12)

1,3,k

Multiplying equation (3.11) on the left by L leads to

~~
>
fonpts
+
=
(]
Nt
~i>
]
P
[}
[]
1]

Since

>
—=»
1]
| ed
(s
4
1]
(]

and §n =1, it follows that
(L0 + L)y = o.
Thus § satisfies the homogeneous system of linear equations
(A+F + Le)y = 0.
let E=F + ﬁG, then

(A + E)y = 0.

Then for each 1 and j, it follows that
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i

CRESURESEATNIEWE
thus

.

..l + i max]@i.l max[g

oyl < l5gyl +2
i,] i,]

ij
Applying (3.10) and (3.13), it follows that

Ieij' < un(3.01 + 1.01 (n + 1) @a§‘ﬁij{)'m§x l§§?)[. u
i,] i,k

Next, the general algorithm for computing a right null vector of
a singular irreducible M-matrix will be developed. It was stated
earlier that any irreducible singular M-matrix has the property that
for each permutation matrix P, PAPT has an LU-decomposition
PAPT = LU, where L is an M-matrix with unit diagonal, and where U is
an M-matrix.

Let Ak denote the principal submatrix obtained by deleting the
kth row and kth column of A. Accordingly, let P denote the permutation

matrix such that PAPT has the partitioned form

PAP . (3.14)

Here Ak is an (n - 1) ¥ (n - 1) nonsingular M-matrix, this follows

from Theorem 3.1. The vectors zk and yk are (n - 1)-dimensional

vectors with nonpositive entries,
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Let B = PAPT. Then the LU-decomposition of B can be written in

the following partitioned form

e 0011 % “kW

B = (3.15)
T |
2 0 0 _i
where Lk and Uk are (n - 1) x (n - 1) nonsingular M-matrices. The
vectors lk and u, are (n - 1)-dimensional vectors with nonpositive
entries.
Multiplying together the factors in (3.15), it follows that
1
U
B = e Tk . (3.16)
T T
U
" M

Using the partitioned form of B in (3.14) yields the following equations

Ak = LkUk’ (3.17)

-1

u = Loy (3.18)
and
T _ T -1
zk = kuk . (3.19)

If Ay = 0, then PAPT(Py) = 0. Let s = Py, thus it follows that

1
o

Bs

Applying the equation B = LU, it follows that

LUs = Q. (3.20)



64

Multiplying (3.20) on the left by 1 yields
Us = 0. (3.21)

The vector s can be written in the following partitioned form

where $1 is an (n - 1)-dimensional vector and s, is a scalar. Using

this partitioned form of s and the partitioned form of U, equation

(3.21) can be written as

This is equivalent to the following system of linear equations
Uksl + W s, = 0.
Solving for s, leads to
s, = -s.U_ W, (3.22)

Substituting equation (3.18) into (3.22) yields

) -1.-1
1= 78y U Iy e

If Ak = LkUk’ then Akl = U;lL;l. Therefore

~ -1
Sp = "Sphy Yy

or
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Setting s, = 1 yields

2

Aksl = <Yy (3.23)

The following general scheme for computing y is based upon the

system of linear equatioms (3.23).

Partition Factorization Method

Assume that A is a singular irreducible M-matrix. The following
algorithm can be used to compute the right null vector y, of A, such
that Vi = 1 for some k.

1. Choose k such that 1 <k < q.and partition A into the

form (3.14).
2. Solve Aksl = Vi by applying Gaussian elimination to Ak

without pivoting.

s
3. Sety-= PT <l£>

The Partition Factorization Method is mathematically the same as
the Direct Factorization Method applied to PAPT given by (3.14).
This is true because the matrix U given by (3.6) in the Direct

Factorization Method has the partitioned form

v

=
[

Thus the backward error analysis given in Theorem 3.5 for the Direct

Factorization Method also holds for the Partition Factorization Method.



There are some possible advantages to the flexibility of choosing
an arbitrary submatrix Ak to factorize in the solution process for y.
First, one might choose an Ak having a particular sparsity pattern.
For example, if A has a dense row, then it could be excluded from the
solution process. Secondly, the condition number HAk|I”A£l|| may
differ widely for 1 < k < n, so one might expect better numerical
results if a well-condition Ak were chosen. The following example

illustrates the second observation.

Example 3.1
.5 -.25 =-¢
Let A = -.25 .5 -£ , where 0 <eg <k,

-.25 =25 2e

Clearly eTA = 0, so it follows that A is a singular irreducible

M-matrix.
.5 -t 2¢€ €
(1) Let A = , then Ail = —3%
-.25 2¢ .25 .5/
-1 4
So ”Allll= .75, HA1 ]|l= 3¢ (.5 + €) and
-1 1
“A]_HJ_HA]_ Hl= = (.5 + €).
.5 -.25 5 .25
(2) Let A3 = , then A;l = %?
-.25 .5 .25 .5

o (|11, = .75, (143111, = 4 and [|a,]f, [1431]] = 3.

Thus, if ¢ is small enough, then[[AlH]JlAll|Ll will be
significantly larger than][ABH]J[A;lHl . In fact, as ¢ = 0,

HAlIIlHA;lIIl, becomes unbounded and]lABH]J[A;lH]_remains constant,
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Suppose that one wishes to compute the solution to the constrained
homogeneous system of linear equations Aw = 0, such that bTw = 1, Then
the Partition Factorization Method can be used to compute w. When the
Partition Factorization Method is applied to the problem the result
is a vector y such that Ay = 0 and vy = 1, for some k. The inner
product bTw is to zero if and only if bTy is equal to zero. Hence, if
bTy # 0, then setting w = (T/bTy)y results in the solution to the
homogeneous system of linear equations Aw = 0 such that bTw = 1, If
T

by = 0, then a solution exists to the constrained system if and only

if T = 0.

4., Error Analysis for the Partition Factorization Method

Suppose that the Partition Factorization Method is executed on a

machine, using floating point arithmetic with unit roundoff error u.

~ (k)

let w denote the computed solution, where Ak was the submatrix used

~ (k)

in step 2 of the algorithm. Then w is an approximation to the

solution of the homogeneous linear system Aw(k) = 0, where the kth

(k)

entry in the vector w

it follows that &(k)

is equal to one. Thus, by applying Theorem 3.5,

satisfies exactly the homogeneous system
a+ 0w = o, (3.24)

where the matrix E is given in Theorem 3.5.

Let P denote the permutation matrix such that PAPT has the

following partitioned form (3.14), i.e.,

;

/
/ y
ot (% 7).
\
Pk %kk

AN
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Here Ak is the principal submatrix formed by deleting the kth row and

kth column of A. The vectors Vi and z, are (n - l)-dimensional

k

. . . . T . .
vectors with nonpositive entries. The matrix PEP™ can be written in

the following partitioned form

PEP! = ) (3.25)

=
P~

Multiplying equation (3.24) on the left by P yields the following

equation
A + pe)a®) = 0. (3.26)
Using the fact that PTP = I, equation (3.26) can be written as

(PAPT + PEPT)S = 0 (3.27)

(k).

where s = Pw

The vector § can be partitioned into the following form

~

S
1 (3.28)

n>
]

1

Here §1 is an (n - 1)-dimensional vector. Substituting equations (3.14),

(3.25), and (3.28) into equation (3.27) it follows that

e e L B M sy _ (°
2L £r 1 0/
K %kk Kk Skk 4

so that

s
+
o]
4
2
+
QT
)]
—
(@]

= . (3.29)

& 1
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Clearly it follows that
(A +EDs) == (y + ). (3.30)

Pw<k).

Let s = The vector s can be written in the following

partitioned form

s = (3.31)

where s, is an (n - 1)-dimensional vector with positive entries. The

1
homogeneous linear system of equations Aw(k) = 0, can be written as

(parTys = 0. (3.32)

Substituting equations (3.14) and (3.31) into (3.32) leads to

y s 0
Aﬁ k <1';> - . (3.33)
z a 1 0
k kk

Clearly it follows that

AeS1 = Vg

Using the above expressions an upper bound can be derived for the

~ (k)

relative error formed by using w

(k)

solution w , i.e., the term

as an approximation to the exact

I - d,

for 2 =1, 2. (3.34)

k
T
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Let x denote a left null vector of A, and Py = det(Ak), for
- _ T ,
k=1, 2, ... , n. Ify-= (pl/xl, e pn/xn) , then by applying
Theorem 2.15 it follows that Ay = 0. Also, by the uniqueness of the

vector y it follows that

= —y, (3.35)
If b is an n~-dimensional vector, and Q is a permutation matrix of
order n, then
labll, =1lb]l,  for ¢ =1, 2.

Using this fact, it follows that

”w(k) B &(k)]lz HPw(k) _ Pﬁ(k)H

for ¢ =1, 2,
[EAaaln 1w

hence

-G8 s - 8],

0, Uil

Hh
[}
[a]
=
I
H
N

Applying equations (3.28) and (3.31), it follows that

k ~(k ~
I =G0 sy - 8l

= for 2
(k)
W Isll,

]
j
-
(3]
-

so that

HS - 8

[ N -8

syl

0, sl syl




Using equations (3.31) and (3.35) an explicit expression can be

derived for ”Sllll/ Hs]|£, that is,

1/
(17
Isll, {34 N | 3

Substituting equation (3.37) into equation (3.36) leads to

1/%

P.\2
(—4L> for 2
1 X,

3

[ LI e =]

1/2

n Ei 2]
(k) _ ~(k) [ z <. >
HW w HQ= j#k Xj ‘ -l_llLlH'Q for £ = 1. 2
[ A A PN -
2 [ ; <P_j> 1l
j:l Xj F
The term
sy - sl
_l_.l__gl forl:l’ 2’
s 1l
is the relative error formed by using §l as an approximation to s

Hence using standard perturbation analysis on the system of linear
equations Aksl = Yo and equation (3.30), and assuming that

”AillIQHEkILz <1 for & =1, 2, it follows that

-

ley - 1l xay {”Ek““”“‘”ﬂ
Tt s LA, v,

=1, 2,

Is,ll,

where K (&) = [la Il IIa; 0l

Applying the above inequality to equation (3.38) yields

lo
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l, 2.

(3.37)

(3.38)
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Y1/2

n
A
At T

(k)H = 41/2

S LA

[Jw

. r;(gi)% 1- llAk ol T A,y Il
=157
for 2 =1, 2. (3.39)
Clearly ”Sl|,2/ Hs“2 < 1, thus
OIS
H ] - L ﬁzf?ﬁ) T ::EkHR ll:hk::g ke
2 A g BT, A, iyl (3.40)

This inequality indicates that different submatrices Ak could
yield results that vary significantly in terms of accuracy. Therefore
Kz(Ak) could be considered a condition number for the problem of
computing the solution to the homogeneous system of linear equations
Aw = 0, where W = 1, using the Partition Factorization Method.

The following theorem provides an upper bound for the smallest

singular value of Ak.

Theorem 3.6. Let A be a matrix of order n. Let Ak denote the
principal submatrix formed by deleting the kth row and kth column of
( )

A. If Gn denotes the second smallest singular value of A and a,

denotes the smallest singular value of Ak’ then

(k)
%1 = %p-1-
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Proof. Without loss of generality it will be assume that k = n.

Then A can be written in the following partitioned form

A, Y

A= - . (3.41)
z_ a
n non

Multiplying (3.41) on the left by AT, and using the partitioned form

of A, it follows that

ATA + 2z z ATy +a =z
T nn n n n
ATA = .
TA + a zT 2 +
Ynn nn n nn n7n
Let G(ATA) = {02}? where
k™ 3=1
Oicnf_on_li...iﬁl,
T 2.n-1
O(AhAn) = {uk}j=l where
0 §~an—l-i an—Z < :.al, and

T T, _ ; 2yn-1
O(AnAn + znzn) = {Yk}j=l where
0 < Yoo1 S Vpep S oeee S Yq-

The matrix AzAn + ani is a principal leading submatrix of the

symmetric matrix ATA, therefore
0 <o, = Ypo1 S 01 S 00 2Y7 So0ge (3.42)

Also, applying the results found on pages 97-98 in Wilkinson [1965],

it follows that
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2 2 T .
Yy <oy T Hﬁ(znzn) forj =1, 2, ... ,n-1
n-1
where 0 f-mk <1land I mo = 1. Hence
k=1
aj j_yj for § =1, 2, ... , n~ 1. (3.43)
Applying (3.42) it follows that
0 i.aj E-Yj f-oj for j =1, 2, .«. , n -1,
or
0 <o, <o, forj =1, 2, , n -1
R

In particular, if j = n - 1, then

0 <a

Therefore the result follows. [ |

If A is a singular irreducible M-matrix, then Th-1 > 0, and

k) - . (k)

a 1> 0 for k=1, 2, ... , n. If c,_1 1s very small, then a1
will be close to zero for k =1, 2, ... , n. Therefore each submatrix

Ak would be nearly singular. The following theorem provides a lower

bound for KZ(Ak) for k=1, 2, ... , n.

Theorem 3.7. Let A be a singular irreducible M-matrix, and Ak

denote the principal submatrix formed by deleting the kth row and kth

column of A. Then
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2 11/2
max z an
j#k [Z#k
5~K2(Ak) for k=1, 2, ... , n,
%n-1
where -1 denotes the second smallest singular value of A and
-1
Ky () = [l [l Il
Proof. If aé%i denotes the smallest singular value of
Ak’ then HA;l[]2= l/aiﬁi. Applying Theorem 3.6, it follows that
1 -1
< la ", (3.44)
n-1
If B is a square matrix, and bj denotes the jth column of B, then
mas ol <llBll, . sence
1/2
max | I a%j 7 j_HAk[lz (3.45)
i#k | 27k

Therefore the result follows by combining inequalities (3.44) and

(3.45). ]
Thus, if the second smallest singular value of A is very small,

1/2
and the term max | I ai, is not small, then Kz(Ak) will be large
3¢k ek I

for k=1, 2, ... , n.
Now returning to the inequality for the relative error, it can be

easily seen that if o, is very small, then poor results could be

-1
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expected no matter which submatrix is used. This is exactly what has

been observed in the numerical computations (see Chapter IV).

5. DUpdating the Partition Factorization Method

The material to be presented in this section is an extension of
recent work by Funderlic and Mankin [1981].

Assume that the solution w to the homogeneous system of linear
equations Aw = 0 has been computed using the Partition Factorization
Method, with k = n, so that the nth component of w is equal to ome.

Suppose that the nth column of A is modified so that the updated
matrix A remains a singular M-matrix. Let w” denote a solution to
the homogeneous system of linear equations A“w” = 0. The following
updating method computes the vector w” without applying the Partition”
Factorization Method again, as long as the LU-decomposition of An has
been saved. .

Let

AT = A+ beT
n

where b is an n-dimensional vector. Using the partitioned form of A,

An Yn

A= T R (3.46)
z_ a
n “nn

Vs
) An yn + bl
A® = T
z a + b
n nn 2

where bl is an (n - l1)-dimensional vector. Let w’ = (uI, uz) where

u, is an (n - 1)-dimensional vector. If A"w” = 0, then

1
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A.n Yq + bl Uy ) 0
zT a _ +b ) 0
n nn 2 b
Then, clearly
Anul B —(yn + bl)
when u, has been set equal to zero, so that
_ -1 -1
u, = A.n v, An bl. (3.47)
The vector w can be partitioned as follows
Y1
w =
1
- where vy is a (n - 1)-dimensional vector. Then using (3.46), and the
fact that Aw = 0, it follows that
Anwl = Vne
or
w, = -ATT (3.48)
1 n ’n’ :

Substituting equation (3.48) into equation (3.47) yields

Therefore one obtains

w =w+ ¢ (3.49)
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where ¢ = n . So if the LU-decomposition of An had been saved,

then A.;lbl can be easily computed. This result can be extended so

that any column of A can be modified.

Theorem 3.8. Let A be a singular irreducible M-matrix, and let

(k)

w denote the solution to the homogeneous system of linear equations

k) (k)

Aw( = 0, such that the kth component of w is equal to one. Suppose

that b is an n-dimensional vector such that
A = A + be

remains a singular M-matrix. Let P denote the permutation matrix such

that

T [ Yk
ZT
k kK
where Ak is the submatrix formed by deleting the kth row and kth

column of A. Also, let

where bl is an (n - l1)-dimensional vector. If

-1
- b
w’ = w + PT Ak 1 s
0

then A"w” = 0.
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Proof. The proof is straightforward and is omitted. a

The following example illustrates the previous theorem.

Example 3.2.
Let
5 -2 -1
A= -3 3 -1 .
-2 -1 2

A+ beg is a singular irreducible

M-matrix. Suppose that the Partition Factorization Method has been

If b= (0,-1,1)", then A~

used to compute the solution to the equation Aw = 0 such that Wy = 1.
Then w = (5/9,8/9,1)T. The LU-decomposition of A3 is

1 0 5 -2

-3/5 1 0 9/5

Using this LU-decomposition, A;lbl’ where bl = (0’_1)T’ can be

computed, thus

-2
-1 1
A,b, = = .
371 9 _s
Applying Theorem 3.8, it follows that
5/9 2
wo= (89 )+l s |,
1 0

and hence w” = (7/9,13/9,1).
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The following theorem provides necessary and sufficient

A+ beg to be a singular M-matrix.

conditions for the matrix A~

Theorem 3.9. Let A be a singular irreducible M-matrix of order
n, and x denote a left null vector, them A + beg is a singular M-matrix

if and only if be =0 and A + beg has nonpositive off diagonal entries.

Proof. Let y denote a right null vector of A. Then applying

Corollary 2.1, it follows that A + be, is a singular matrix if and only

T
k
if be = 0 and yTek # 0,

If A+ beg is a singular M-matrix, then clearly be must equal
zero and A + beg has nonpositive off diagonal entries.
T T T T . .
If xb = 0, then x (A + bek) = 0., Thus A + bek is a singular
M-matrix (see Berman and Plemmons [1979], p. 155). n

Theorem 3.8 can be used to determine the sensitivity of the right
null vector to changes in the kth column of A.
Assume that A, A + beT, P, w, and w° satisfy the hypothesis of

Theorem 3.8, then

-1
- b
w' = w+ PT Ak 1 .
0

Solving the above equation for w” - w yields

. (3.50)

Taking the two norm of both sides of (3.50) leads to
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- -1
v = wit, <lla M5l ll, - (3.51)
Multiplying (3.51) on both sides by HwH;]'it follows that
- -1
v = wlly la i, iyl
< .
19l Il
Then
e = wll, Ny lly ALl 1l
< : (3.52)
lell, ~ Ill, Il
Recalling that w = P(wf,l), and Akwl = -V it follows that
Il
L2, (3.53)
IIP
and
L <I'IAI;HZ (3.54)
ey 1, s I

Applying the inequalities (3.53) and (3.54) to the inequality (3.52),
yields

“W‘ - WHZ <K [[blnz

I, % v,

Therefore the sensitivity of the vector w, where w, = 1, to

k

changes in the entries of the kth column of A is governed by the term

Ky (A
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6. Rank Modification Method

Suppose that the Rank Modification Method is to be used to compute

a solution to the homogeneous system of linear equations Aw = 0., One
of the major difficulties associated with this method is the selection
of two vectors u and v such that xTu # 0 and yTv # 0 where x and y
are left and right null vectors of A. If A is a singular irreducible
M-matrix, then any vector u such that u > 0 or u < 0 will satisfy the
equation xTu # 0. Therefore when A is singular irreducible M-matrix
the selection of the vectors u and v is not a problem.

| Suppose one wishes to compute the solution to the constrained
homogeneous system of linear equations Aw = 0 such that bTw = 1. Then,
as long as bTy # 0, any solution can be scaled to satisfy this
constraint. Therefore there is considerable flexibility in the
selection of the vectors u and v. Hence one might choose u and v so
that HA[IH(A + uvT)—l[| is as small as possible. The following theorem

#

provides an explicit relationship between (A + uvT)-l and A",

Theorem 3,10, Let A be a singular irreducible M-matrix of order

n, and let x and y be left and right null vectors of A such that

xTy = 1. Let GE€ G where G = (A + uvT)_l. If b is an n-dimensional

vector such that bT(A + uvT) = xT, then

a+whH = af - L) + T (3.55)
X u

Proof. It follows that




o
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[A#(I - -%%—uXT) + be](A + uvT)
X u
= A#A - —%— A#uxTA + A#uvT - —%— A#uxTuvT
X u X u
+ ybl(A + uv) (3.56)

Using the fact that xTA = 0, and bT(A + uvT) = xT, equation (3.56) can

be simplified. Here

[A#(I - —%— uxT) + be](A + uVT)
X u

= A#A + A#uvT - A#uvT + yxT.

Thus

[A#(I - —%r~uxT) + be](A + uvT) = A#A + yxT, (3.57)

X u

and by applying Lemma 2.5, it follows that A#A + yxT = I. Therefore

the result follows. - |

Corollary 3.3. Let A be a singular irreducible M-matrix, and let

x and v be left and right null vectors of A such that xTy =1. Ifu

. . . T
is an n-dimensional vector such that x u # 0, then

(A + uxT)—l = A#(I - —%— uxT) + —%r-yxT. (3.58)

X u X u

Proof. The result follows directly from Theorem 3.9 with

T 1 T
b = T X .
X u
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Taking the norm of both sides of (3.55) leads to the following

inequality

L

T
X u

[a+ whH™H] < Jaf )T - == wT] + |y (3.59)

Multiplying the inequality (3.59) on the left by[lAH yields

K(4,6) < K(&) [|T = = wx' || + [[a]| [[s>7]]
X u

#
IE

T)—lll and H-|| is any

where K(A,G) = [[A|l]|(A + uv , kK(a) =|a]l]]a
consistent matrix norm.
Next, it will be shown that the Partition Factorization Method

can be considered a Rank Factorization Method. Assume that A has the

following partitioned form

Ay
A = n “n
z' a
n nn
Let u = e and VT = eT'— (zT a ). Then xTu # 0 and yTv # 0. Thus
n )9} n nn

. T | .
the matrix A + uv’ 1s nonsingular and

A+ uvT =

. T .
The linear system (A + uv )w = Tu can be written as follows

\
An yr1 wl _/0
1

0 1 Wy / \

where T has been set equal to one and w = (wi,wz), Wy is an (n - 1)-



dimensional vector so that wy o= —A;lyn and Wy = 1. These are the

same equations that result when the Partition Factorization Method
is applied to A, with k = n. Therefore the Partition Factorization
Method, with k = n, is mathematically the same as the Rank Modifica-
. . T T T .
tion Method with u=e , v =e_ - (z_,a__), and T = 1. This result
n n n’ nn
can be extended to any k.
. - . . . T . .
When Gaussian elimination is applied to A + uv™, row pivoting

must generally be used to ensure the completion of the algorithm.

When the Partition Factorization Method is used, no pivoting is re-

quired to ensure the completion of Gaussian elimination applied to Ak.

Example 3.3. Let

2 -1 -1
A=1-1 2 -1
-1 -1 2

Clearly A is a singular irreducible M-matrix such that eTA = 0 and

Ae = 0. Let u = -2e and v = e, then
2 -1 -1 -2
A+uwri=(-1 2 -1+ -2 Ja1i1y,
-1 -1 2 -2

or

85
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0 -3 -3

T
A+ uv = -3 0 -3
-3 -3 0

Thus pivoting must be used in the LU decomposition.

. . T . .
1f A is a sparse matrix, then A + uv  might be a dense matrix.
Therefore, based on these considerations, the Partition Factorization

Method would seem to be the preferred algorithm.

7. Diagonally Dominant M-matrices

A matrix A = (aij) of order n, is (column) diagonally

dominant if

‘a..l > % \a..

> l for j =1, 2, ... , n. (3.60)
J3 i#] 1]

If A has nonpositive off-diagonal entries and nonnegative diagonal

entries, then (3.60) can be written as

n
r a.. >0 for =1, 2, ... , n,

or using matrix notation it follows that

eTa > 0. (3.61)

Therefore, if A is a matrix of order n with nonpositive off-
diagonal entries and nonnegative diagonal entries, then A is a column
diagonally dominant matrix if and only eTA.i 0. Thus, if A is a
singular irreducible M-matrix, then A is column diagonally dominant

matrix if and only if eTA = 0,
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The computation of the right null vector of a singular irreducible
diagonally dominant M-matrix is of widespread interest (see, Funderlic
and Mankin [1981], Funderlic and Plemmons [1981], and Funderlic, et al
(1982]). More generally, this null vector is important in many areas
of mathematical sciences, including Markov chains (e.g., Berman and
Plemmons [1979], Ch. 8), compartmental models (e.g., Funderlic and
Mankin [1981]), and input-output analysis in economics (e.g., Berman
and Plemmons [1979]), Ch. 9).

In Theorem 3.4 it was proved that if A is an M-matrix with the
property that xTA > 0 for some x>>0, then for any permutation matrix
P, PAPT has an LU-decomposition, PAPT = LU. Also, an upper bound was

stated for the moduli of the entries in the matrices L and U. The

following theorem follows directly from Theorem 3.4.

Theorem 3.11. (Funderlic, et al [1982]) Let A be a diagonally

. . , T
dominant M-matrix. Then for each permutation matrix P, PAP" has an

LU-decomposition, PAPT = LU, where for each 1 and j, 1 < i, j <n

gl <1

1]

|“ijl o Kk’
Hence gy = 1, where Ba is given by

g, = max !a(%)l/max[a.,[.
A .. P
1,3,k i,]
When the LU-decomposition of A is computed on a machine, using

floating point arithmetic with unit roundoff error u, then the computed




factors L and U satisfy exactly the following equation
(A+E) = LD

where for all 1 < i, j < n,

Ieijl < 2,01 pi max léi?)[.
i,j,k
The computed growth factor gA for Gaussian elimination applied

to A is defined by

(k)

where éij is the i,jth entry in the floating point version of A .

If it is assumed that 8y = 87 then the above inequality can be

A
written as
e,.| <2.01 pi maxja,.|.
e | < 2.01 4t g maxfa|
1,]
Suppose the Partition Factorization Method is executed on a
machine, using floating point arithmetic with unit roundoff error u.

Then the following theorem shows that the Partition Factorization

Method can be considered a stable algorithm.

Corollary 3.4. Let A be a singular irreducible diagonally

dominant M-matrix of order n. Suppose the homogeneous system of
linear equations Aw = 0 is solved for the positive vector w by
applying Gaussian elimination to A without pivoting in floating point

arithmetic with machine unit roundoff error u. Then there exists a

88
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matrix E = (eij) such that the computed solution W to Aw = 0

satisfies exactly the homogeneous system
(A+Ew=0
where for 1 < i, j <n

leij' < un(3.02 + 1.01ln)max A

k

Proof. This result follows directly from Theorem 3.5 and the

fact that
max |a,.| = max a
1,1 ij Kk kk
when A is a diagonally dominant matrix. n

Therefore if mix ax and the order of the matrix are not
excessively large, then the Partition Factorization Method will be a
stable algorithm when applied to a singular irreducible diagonally
dominant M-matrix.

Recalling that a diagonally dominant singular irreducible M-matrix

has the property that eTA = 0, the following lemma provides an explicit

expression for the right null vector of A.

-

Lemma 3.2. Let A be a singular irreducible diagonally dominant
. _ T _
M-matrix. Let y = (pl, Pos +or s pn) where P = det(Ak) for

k=1, 2, ... , n and Ak is the principal submatrix formed by deleting

the kth row and kth column of A. Then Ay = O.
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Proof. This result is well known and it follows directly from

Theorem 2.15, using x = e. |

In Chapter II, it was stated that r(A) = Hx[LDHylll/ly*x[ where
xTA = AxT, Ay = Ay, and X is a simple eigenvalue, can be considered
a condition number for the eigenvalue X. The following lemma proves
that r(0) = 1, when A is a singular irreducible diagonally dominant

M-matrix.

Lemma 3.3. Let A be a singular irreducible diagonally dominant

M-matrix. Then

r(0) = 1.

Proof., Let y = (pl, Pys +-e s pn)T, where P, = det(Ak) for
k=1, 2, ... , n. Then, by Lemma 3.2 it follows that Ay = O.
Clearly, eTA = 0. Thus

lell vl
r(o) = ———

T
|y el
or

n n
r(0) = = |p.|/| £ bp.

j=l J j:l J

Since A is a singular irreducible M-matrix, it follows that Py > 0

for k=1, 2, ... , n, therefore r(0) = 1. n

The fact that r(0) is equal to one does not imply that the eigen-

vector associated with the zero eigenvalue is well conditioned.




In conclusion, if A is a singular irreducible diagonally dominant

M-matrix, then the Partition Factorization Method is a preferred varia-
tion of the Rank Modification Method. Gaussian elimination applied

to PAPT is a stable algorithm, for any permutation matrix P.
Consequently, Gaussian elimination applied to Ak is also a stable
algorithm. Thus symmetric ordering schemes could be applied to either
A or Ak’ when A is large and sparse. When the Rank Modification
Method is used, the matrix A + uvT will probably not be a diagonally
dominant M-matrix, so some form of pivoting is required to ensure

the stability and the completion of the Gaussian elimination algorithm.

Also, if A is sparse, then the matrix A + uvT might be dense.

8. Tridiagonal M-matrices

Assume that A is a tridiagonal matrix, That is,

a b T

1 1
¢ % H
€2 93
A= .
4n-1 bn—l
“n-1 %n

Research that involves concepts related to tridiagonal matrices
is of widespread interest. Recently, papers have been published that

investigate the stability of Gaussian elimination applied to a tri-
diagonal Toeplitz matrix (e.g., Gunzburger and Nicolaides [1982]),

characterizations of tridiagonal D-stable matrices (e.g., Carlson, et



92
al [1982], Carlson [1982]), and the characterization of nonnegative
nonsingular tridiagonal matrices that belong to the class of inverse
M-matrices (e.g., Imann [1983]).

Clearly, if A is a tridiagonal irreducible matrix, then
bkck # 0 for k - 1, 2, ... , n -1, For notational purposes A will be

denoted by

A= {c,,a.,b.].
[J,J J]

If aj =a for j=1, 2, ... , n and bj =b for =1, 2, ... , n-1,

then the following motation will be used to denote A
A= [cj,a,b].

If A= (aij) is a Toeplitz matrix then there exists at sequence

}n-l

t k=-n+1

% such that aij =9, . fori, =1, 2, ... , n. Thus, if A
is an irreducible tridiagonal Toeplitz matrix, then A = [c,a,b] and
be # 0.

Assume that A is a tridiagonal irreducible M-matrix. Suppose that
the Rank Modification Method is to be used to compute a solution to the
homogeneous system of linear equations Aw = 0. In general, the matrix
A+ uvT will no longer be a tridiagonal matrix. The complete matrix A
can be stored in a computer using only 3n - 2 storage locations. If A
were a full matrix, then n2 storage locations would be required to

store the matrix A. Therefore when A is a large matrix this special

structure of A should be preserved. Thus the vectors u and v should

T . . g .
be chosen so that A + uv® is also a tridiagonal matrix.




If A is an irreducible M-matrix, then there exists a vector

x>>0 such that xTA_Z 0. Let Bx = (max xk)/(min X Then according

).
k k-

to Theorem 3.4, BX can be used as an upper bound for the elements 21j
and uij from the LU-decomposition of PAPT, where P is an arbitrary
permutation matrix. This upper bound can be very pessimistic. Another
approach for investigating the stability of the Gaussian elimination
algorithm applied to A is to directly examine the elements of L and

U. The following proposition provides recurrence relationships for

the elements of L and U when A is a tridiagonal irreducible M-matrix.

Proposition 3.1. Let A = [cj,aj,bj] be a tridiagonal irreducible
M-matrix. Then the LU-decomposition of A exists, and the factors L

and U are also tridiagonal matrices such that,

L = [mj,l,O] and U = [O,aj,b.]

]
where
o = a8 W T efags
aj = aj - bj-l Hﬁ—l for j = 2, 3, ., N,
and
mj = c./a. for 3 =1, 2, ... , n - 1,

Proof. Since A is irreducible M-matrix, it follows that A has an
LU-decomposition. The formulas for aj and mj can be found in

Dahlquist, BjSrck, and Anderson {1974], p. 166. a

The next two corollaries follow from the preceeding proposition.



Corollary 3.5. Let A = [cj,aj,bj] be a tridiagonal M-matrix

such that cjbj #0 for =1, 2, ... , n = 1. If the LU-decomposition

of A is A = LU, and the LU-decomposition of AT is AT = LU where

and

then

and

Proof.

-
Il

[mj’l’O]Q

U= {0,a,,b.],
[JJ]

e
]

m.,1,0],
[ : ]

U= [0,a,,c.],
[ o ]

aj = aj for j =1, 2, ... , n,

p— b 2

m, ={ =L} m for =1, 2, ... , n - 1.
] Cj J

Applying Proposition 3.1 to the matrix A, it follows that

n
[
N

»

.
=]

M

o, =a, - b

. ,m, for j
N J j-13-1 J

I
j—
-
3]
-
=]
i
[

m, = ¢,/o, for j
3795 J

Combining these equations leads to
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Also, applying Proposition 3.1 to the matrix AT, it follows that

o, = a, - ¢, .m, for j =1, 2, . 5 D,
] ] j-173-1 .
aj = bj/&j for =1, 2, «.. , n - L.
Combining these equations leads to
b. ,c.
a, = a, - J-13-1 for i =1, 2, , .
J J a
j-1
Also, a = &l = a;, 80 both aj and &j satisfy the same recurrence

relation with the same boundary condition. Therefore it follows that

.=aqa, for =1, 2, ... ,n. Ifm =c./a,, then
c, b,
m, = .1 for =1, 2, ... , n -1,

3 b, -

3 a

J
c. N

so that m, = El m, for =1, 2, ... , n - 1, |

J i 3

Corollary 3.6. Let A = [cj,aj,bj] be a tridiagonal M-matrix such

that cjbj #0 for j =1, 2, ... ,n -1, If A=LU is the decomposition

of A and U = (u,.), then
13

?a§[ui.l < mgx{aj,[bjl}.
»J J

Proof. Applying Proposition 3.1 it follows that U = [O,aj,bj]

where ¢, = a, - b, .m, ,. From Theorem 3.3 it follows that m, < O

h| b j-13-1 j =
for j =1, 2, ... , n - 1 and aj >0 for j =1, 2, ... , n. Therefore
a, <a, for 3 =1, 2, ... , n, and

3
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rpa}_clui.[ ime.lx{aj,|bj|}. |
1,] N
Therefore it follows that when Gaussian elimination is
applied to a tridiagonal irreducible M-matrix the growth factor 8y is
equal to one.
If A is an M-matrix with the property that xTAlz 0 for some vector
x such that x>>0, then A has an LU-decomposition where the factors L
and U are both M-matrices.
If a matrix A has an LU-decomposition A = LU where L and U are
M-matrices, then this does not imply that A is an M-matrix. The

following example illustrates this statement.

Example 3.4,

Let

=
(o)

o

ju-—
|

| el
1

=

=
[}
I
[@%]
-
(@]
(@]
=
|
[

and U =

|
w

1
W
ju—
o
o
=

Then
1 -1 -1
w={ -3 3 2
-3 0 7

Clearly, both L and U are M-matrices, but LU is not an M-matrix.

The following theorem proves that if A is an irreducible
tridiagonal matrix that has an LU-decomposition where both L and U

are M-matrices, then A is a M-matrix.
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Theorem 3.12. Let A = [cj,aj,bj] be a tridiagonal matrix such

that cjbj # 0 for j 1, 2, ... s, n - 1. Assume that A has an
LU-decomposition, A = LU. Then A is an M-matrix if and only if L

and U are both M-matrices.

Proof. The proof follows from Proposition 3.1, and the fact that
if D and E are M-matrices and DE has nonpositive off diagonal entries,

then DE is an M-matrix (see Berman and Plemmons [1979], p. 159). a

The next theorem provides necessary and sufficient conditions for
a Toeplitz tridiagonal irreducible matrix to be an M-matrix. The

following lemma will be used to prove this theorem.
Lemma 3.4. The recurrence relation

o = a0 g + (bc)ok = 0, (3.62)

k+2 k+

where a > 0 and b,c < 0, has positive solutions o for k=0, 1, ... , n

k’

if and only if one of the following conditions hold

(1) a2 - 4bc > 0.

(2) a2 - 4be = 0,

w/ 2
1 4be - a < m

a n+l

(3) a2 - 4bc < 0 and tan

Proof. The characteristic equation for the recurrence relation

(3.62) is
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The roots of the above characteristic equation are

a+ ¥ a2 - 4bc

Al = > s (3.63)

and

a - Vaz ~ 4bc

Az = > . (3.64)

Case 1. Assume that Al # A,. Then the solution to the

recurrence relation (3.62) is

_ k k
o = Alxl + AZAZ (3.65)

where A, and A

1 5 are constants to be determined from the given boundary

conditions.
If k = 0, then equation (3.65), along with the boundary condition

0y = 1, yields

1= Al + A2,
so that A2 =1 - Al. If k = 1, then equation (3.65), along with the
boundary condition o = a, yields
a= AlAl + A2 29
or
a = Alkl + (1 - Al)Az.
Solving for A, yields

1
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Applying equation (3.63) it follows that

If A2 =1 - Al’ then A2 = —xz/(xl - Az). Substituting these equations

for Al and A2 in terms of Xl and AZ into (3.65) leads to

k Ay -

o = —t [k xk+1> ) (3.66)
-, 1 2

Clearly A, and ), are real numbers if and only if a2 - 4bc > 0.

1 2

If Xl and Az are real numbers then o > 0 for all k. Thus if
a2 - 4bc > 0 then O >0 fork=0,1, ... , n.

Clearly Xl‘and Az are complex numbers if and only if a2 ~ 4be < 0.
Assume that Al and Az are complex numbers, then equations (3.63) and

(3.64) can be written as
A, = & + wi, (3.67)

A, = 8§ - wi, (3.68)

2

where § = a/2 and w = % Yébe - a2. Then the solution to the

recurrence relation (3.62) is

g, =B pk cos(ks) + B k sin(k9)

k1 2P

where
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B, = i(4; - A),

tan_l(w/é),

@
I

and

Using the equations Al - AZ = 2wi and Al + AZ = 28, it clearly follows

that B. = 1 and B. = §/w. Since w/§ > 0, it follows that 6€(0,m/2).

1 2

The equation for o, can be written as

k sin({k + 1)8)

where p = Ybe. Thus o > 0 for k =0, 1, ... , n if and only if
sin((k + 1)8)/sin(8) > 0 for k = 0, 1, ... , m.

Assume that 6€(0,7/2). Then sin(g) > 0. Also, sin((k + 1)8) > O
for k =0, 1, ... , n if and only if 0 < 8(k + 1) < 7 for
k=0,1, ... , n. Therefore sin(k +1)8 >0 for k=0, 1, ... , n

if and only if

T
n+1"°

0 <8 <

Therefore, o, » 0 for k=0, 1, 2, ... , n if

k

T
n+1°

0 <8 <

Since 9 = tan—l(w/é) it follows that



101

2

Therefore if a2 - 4bc < 0, then

1 Y 4be - a2 T

< t - —_— <
0 an a n+1"’

if and only if ¢, > 0 for k=0, 1, 2, ... , n.

k

Case 2. Assume that Al is equal to Az. This will occur if and
only if a2 - 4be = 0. Then the roots of the characteristic equation

for the recurrence relation (3.62) are

Thus the solution to the recurrence relation (3.62) is
6. = (Ak + A)AS (3.70)
k 2 1771 :

where Al and A2 are constants to be determined from the given boundary

conditions.

If k = 0, then equation (3.70), along with the boundary condition

0, = 1, yields
Al =1,
If k = 1, then equation (3.70), along with the boundary condition
g1 = @ yields
a
a = (A2 + 1)5,
so that |
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Thus it follows that

_ k
g = (k + l)>\l . (3.71)
Clearly, Oy > 0 for all k.
Therefore Gk >0 for k =0, 1, ... , n if and only if one of the
following conditions holds
(1) a? - 4be > 0,
2 -
(2) a” - 4bec = O,
2 -1 V 4be - a2
(3) a - 4bc < 0 and tan —_— < 1 B

a n+1°

Theorem 3.13. Let A = [c,a,b] be a Toeplitz tridiagonal matrix.

Ifa >0 and b,c < 0, then A is a nonsingular M-matrix if and only if

one of the following conditions holds

(1) a2 - 4bc > 0,
(2) a2 - 4bec = 0,
\/ 2
(3) a2 - 4bc < 0 and tan_l ¥Yabe - a < T

Proof. Let Oy denote the kth principal leading minor of A. Then
A is a nonsingular M-matrix if and only if op > 0 for k=1, 2, ... , n.

Let Oy = 1. Then it can be proven that the ck's satisfies the

following recurrence relation

- ag, + bco = 0.

9 k k-1

k+1

Therefore applying Lemma 3.4, the result follows. |

If A = [c,a,b] is a singular irreducible M-matrix, then o > 0

for k=1, 2, ... , n - 1 and On = 0. The following corollary provides
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necessary and sufficient conditions for A = [c,a,b] to be a singular

irreducible M-matrix.

Corollary 3.7. Let A = [c,a,b] be a Toeplitz tridiagonal matrix

of order n. If a > 0 and b,c < 0, then A is a singular M-matrix if

and only if a2 - 4be < 0 and

Proof. Let % denote the kth principal leading minor of A and

o, = 1. Then the Ok's satisfy the following recurrence relation

0k+1 - ack + bc Ok—l = 0.

In the proof of Lemma 3.4 it was shown that, if a2 - 4bc > 0, then o > 0

for all k. Thus it must hold that a2 - 4bc < 0. Hence the solution
to the recurrence relation is

_ k sin((k + 1)8)
k b sin(8)

Q
[

1 Y 4bc - a2

a

where 6 = tan and p = vYbe. Let An denote the submatrix
of A formed by deleting the nth row and nth column of A, Applying
Theorem 3.13, it follows that Ah is a nonsingular M-matrix if and only

if 0 < 8 < 7/n.

The minor % is equal to zero if and only if
sin((n + 1)8) = 0.
Therefore

B (n + 1) i
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where 1 is any integer. Since 0 <6 < n/n, it follows that
8 = w/(n+l). Hence o = 0 if and only if 68 = w/(n + 1).
Therefore A is a singular irreducible M-matrix if and only if

1 v4bc - a2 - il »

a n+1

a2 - 4bc <0 and tan

The above corollary gives a very simple method for determining
whether or not a Toeplitz tridiagonal matrix is a singular irreducible

M-matrix. The following example illustrates the previous corollary.

Example 3.5.

Let A = [c,a,b] be a Toeplitz tridiagonal matrix of order 5, where

a=-2,b=-4, and ¢ = 1/3. Then it follows that

Y 4be - a2 _ /3

a 3°

and tan(n/6) = V/3/3. Therefore A is singular irreducible M-matrix.

The following theorem provides a recurrence relation for the
entries in a vector x such that xTA > 0 and x>>0, when A is a Toeplitz

tridiagonal irreducible M-matrix.

Theorem 3.14. Let A = [c,a,b] be a Toeplitz tridiagonal M-matrix

such that bec # 0. If x = (x,) where the 's satisfy the following
*x *

recurrence relation

CXp g + ax, + bxk-l = 0, (3.72)




Proof. The characteristic equation for the recurrence relation

(3.72) is
2
cA” + ax+b = 0.

The roots of the above characteristic equation are

S SNy C (3.73)

u
boafe] 2]
and
My = a_ __1 a2 - 4be. (3.74)
2fe|  2]c]

Case 1. Assume that ul # Then the solution to the recurrence

UZ-

relation (3.72) is
_ k k
% = Alul + AZ“Z (3.75)

where Al and A2 are constants to be determined from the given

boundary conditions.

If k = 0, then equation (3.75), along with the boundary condition

X, = 0, yields

so that A2 = —Al. If k = 1, then equation (3.75), along with the

boundary condition Xy = 1, yields

A
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or using the fact that A2 = —Al it follows that

1H1 142
Sblving for Al yields
A = L s
Lo
thus
AZ = __lﬂ;___.
H1 T W2

Substituting these equations for A, and A, into equation (3.75) yields

1 2
kK k
Hq4 T M

x, = a2 (3.76)
M1 T M2

If a2 - 4bc > 0, then 1 and oy are real numbers, and clearly
X, > 0 for all k. 1If a2 - 4bc < 0 then Uy and Hy are complex numbers

and equation (3.75) can be written as

X = pk[Bl cos(kg) + B, sin(ko)] (3.77)
where
B1 = Al + AZ’
B, = i(Al - A,
ul=a+i8, u2=oc—iB
2 2
0= Yo + 8%,
B = tan_l(B/a),
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o a , and B = 1 Y 4be - a2 .

2|c| 2|

Using the above equations it follows that, Bl =0, B2 = (p sin(e))—l,

[T
g = taln—l K\:LEEEE:—E— , and p = vb/c. Therefore equation (3.77)

can be rewritten as

- (b/c)(k_l)/z sin(k8) )

*k sin(0)
-1 Y 4bc - a2 T it
If tan —a 5n_+T’thenO<ein+l' Thus
sin(k8) > 0 for k =1, ... , n and sin((n + 1) ) > 0. Therefore
x> O fork=1, 2, ... , nand X 1 > 0.

Case 2, Assume that My = This is equivalent to a2 - 4bc = 0.

oo

Thus My = a/2|c[ , and the solution to the recurrence relation (3.72)

is

k
x, = (Ajk +A) (2|a ’ > (3.78)
(o4

where A, and A, are constants to be determined from the given boundary

1 2

conditions. If k = 0, then equation (3.78), along with the boundary

condition X 0, yields

If k = 1, then equation (3.78), along with the boundary condition
Xy = 1, yields

2]c|

1 a
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Substituting these equations for AO and Al into equation (3.78)

yields

& k(zlii > =

Clearly, it follows that X > 0 for all k.

Therefore x, > 0 for k =1, 2, ... , n and X

" > 0, if A is an

n+1

irreducible M-matrix.

Let zT = xTA. Then it follows that

cx2 + ax1 if k=1,
2, = 4 CX g + ax, + bxk—l if2<k<n-1,
ax + bx if k = n.
\ a n-1

Applying the recurrence relation (3.72), it follows that

z, = 0 for k=1, 2, ... ,n-1, and

Solving for z yields

2 ICI nt+1”

Therefore the results follows.
If A is a singular irreducible M-matrix, then by applying

Theorem 3.1, it follows that xTA = 0. a

Assume that A is a singular irreducible M-matrix. Then Theorem 3.14

can be used to compute a right null vector of A. Let
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y = (yl, Voo coe s yn)T where the yk's satisfy the following recurrence

relation,

byk+l + ayk + Cyk—l =0,

Then Ay = 0. This recurrence relation provides a simple method for
computing a right null vector of a Toeplitz tridiagonal singular
irreducible M-matrix.

The following definition for a strongly stable LU-decomposition

can be found in Wendroff [1966], p. 146.

Definition 3.1. Let A be a matrix of order n. Suppose an LU-
decomposition exists for A. Let (max[aijl)_lA = LU. If there exists
i,]
constants o and R, independent of the elements and order of A such

that for all 1 < i,j <n,

ij

and

| <8,

|u, .
1]
then the LU-decomposition of A is said to be strongly stable.

Next a strict upper bound on the moduli of the elements of L will

be derived, where A = LU is the LU-decomposition of a Toeplitz

tridiagonal irreducible M-matrix. The following lemma provides a useful

expression for the multipliers encountered during the Gaussian

elimination process.



Lemma 3.5. (Gunzburger and Nicolaides [1982]). Let A be a

Toeplitz tridiagonal M-matrix of order n. If A = LU is the LU-

decomposition of A and L [mj,l,O], then

g,
c —%?l for j=1, 2, ... ,n-1

8
I

where Oy denotes the kth principal leading minor of A and o, = 1.
Let M, = max{mj|, where m; is the jth multiplier of A. The
J

following two lemmas will be used in the proof of the next theorem.

Lemma 3.6. If a > 1 and

110

aX -1
fa(X) = T ’ (3-79)
a -1

then

(a) fa(x) is a strictly increasing function for all
x>1,

(b) 0 < fa(x) < 1 for all x > 1.

Proof. (a) Differentiating equation (3.79) with respect to x

leads to the following equation for the derivative of fa(x)

at(a - 1) tn(a)

(ax+l _ 2

f°(x) =
a 1)

Thus f;(x) is positive for all x > 1, and fa(x) is a strictly

increasing function for all x > 1.
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(b) If a > 1, then a5 2% 5 1 for x > 1. Thus
X
a~ -1
1> >0
ax+l -1
So that 0 < fa(x) <1 for all x > 1. n

Lemma 3.7. Assume that 0 < e_f-a;ﬂgij-, where n is a positive

integer such that n > 2, and

sin(x9)
sin((x + 1)9)

ge(x) = (3.80)

then
(a) ge(x) is a strictly increasing function for all
x € [l’n_119

() % < ge(x) <2, for all x € [1,n-1] and 9 € (0,n/(n+l)].
Proof. (a) Differentiating equation (3.80) with respect to x
leads to the following equation for the derivative of ge(x).

8 sin(8)
[sin((x+l)8)]2

gé(X) -

Thus gé(x) is positive for x € [1,n-1], and ge(x) is a strictly in-
creasing function for x € [1,n-1].

(b) The proof of part (b) will be omitted. ]

The following theorem provides closed form expressions for the

multipliers of A, and for M

A where MA = maxlm.l.

J

Theorem 3.15. Let A = [c,a,b] be a Toeplitz tridiagonal M-matrix

of order n, such that bc # 0. Assume A = LU is the LU-decomposition of



A, and L = [mj,l,O].

(1)

(2)

(3)

If a2 - 4bc > 0, then

cof -1

m, = - for =1, 2, ... , n -1,
] AZ YJ+l -1
) |c| Yn—l -1
MA = : -

and

If a2 - 4bec = 0, then

=.g_CL(—J.__> forj:l’z, ...,n_l,

nﬁ a j+1
M = 2|C[ n - l>
A a n
2 -1 Yabe - a2
If a~ - 4bec < 0 and tan tavc - a < m
a —n + 1

= (¢/b)? —sin(ie)

™y T sin((j+1)9)
_ % sin((n-1)9)
MA = (c/b)* “sin(ag)

1 Y 4be - a2

a

where 6 = tan

then

for j =1, 2, ... , n -1,

112
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Proof. (1) Assume that a2 - 4bc > 0. Applying Lemma 3.5, and

equation (3.66) it follows that

W3

- L2 P= 1,2 1 3.81

mj = c 371 ) for =1, 2, ... ,,n -1, (3.81)
MoA

where A, and A, are given by equations (3.63) and (3.64). Let

1 2
Y = A /AZ. Applying this equation for vy to equation (3.81) leads to

1
m, = — £ (§) for § = 1, 2 n-1
j )\ZYJ J 3 y s
where
X
f (x) = X -1 .
Y x+1
Y -1

In Lemma 3.6 it was shown that f (x) is a strictly increasing function,
||
hence it follows that M, = —— fy(n - 1.

A
Ay

(2) Assume that a2 - 4bc = 0. Applying Lemma 3.5 and equation

(3.71) it follows that

= 2¢c j . = -
mj == ( Tr 1.> for j 1, 2, +.ua , 1 1.

’ ZICI n-1
Clearly, it follows that M, = .
A a n

(3) Assume that a2 - 4bec < 0. Applying Lemma 3.5 and equation

(3.69) it follows that

o sin(j9)
my = e~ (&)
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or
m = V/e/b gy (i)

where ge(x) = sin(x8)/sin{(x+1)8).
In Lemma 3.7 it was shown that ge(x) is a strictly increasing
function for x€[1,n-1], hence it follows that

_ —— sin((n-1)8)
MA = Ve/b sin(nd) =

The above theorem provides an upper bound for the multipliers
encountered during the Gaussian elimination process.

In a recent paper by Gunzburger and Nicolaides [1982] it was shown
that it is possible to find a Toeplitz tridiagonal matrix A = [c,a,b]
where b = -1, ¢ = -1, and 0 < a < 2, such that the multipliers of A may
become arbitrarily large. It will be shown, however, that if A = [c,a,b]
is a Toeplitz tridiagonal M-matrix, then the moduli of the multipliers

are bounded above by either 2 or 2(c/b).

Lemma 3.8. Let A = [c,a,b] be a Toeplitz tridiagonal M-matrix
of order n, such that bc # 0. If |b| < |c|, then M o <My,
A
Proof. If |b| < |c|, then b/c < 1. Applying Corollary 3.5 it
follows that, letting ﬁj denote the jth multiplier for AT,

ﬁj = (b/c)mj for 5 =1, 2, ... , n- 1. (3.82)

Taking the absolute value of both sides of equation (3.82) leads to

the equation
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- _b
lmJI - c Imj[’
so that
m | < Imy ]
Therefore the result follows. |

Theorem 3.4 states that, if A is a M-matrix with the property that
xTA > 0 for some vector x>>0, then A has an LU-decomposition A = LU

where

where BX = (mix xk)/(min Xk)'

If A is Toeplitz tridiagonal irreducible M-matrix, then
Theorem 3.14 provides a formula for the entries of a positive vector
x such that XTA > 0. It has been stated that using Bx as an upper
bound for the entries in the matrix A can be quite pessimistic at

times. The following example illustrates this statement.

Example 3.6
Let A = [-3/20,2,-5] be a matrix of order 10. Then a2 - 4be = 1.
Thus A is a nonsingular irreducible M-matrix. Applying Theorem 3.15

it follows that

_(3/200 3 -1
AT am I

Therefore maxlﬂ..l = 1.
i,
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Applying Theorem 3.14 it follows that

8 = 1.5 % 10°.
X

Clearly Bx is significantly larger than MA’ where MA = max[mj
3

To show that A has a strongly stable LU-decomposition a constant
a needs to be found such that MA < a, where o is independent of n and

the elements of A. The following lemmas will be used in the next

theorem.

Lemma 3.9. Let A = [c,a,b] be a Toeplitz tridiagonal M-matrix of

order n, such that be # 0. If |c| < a and |c| < |b|, then M, < 2.

Proof. If A is column diagonally dominant, then it is well

known that max|zij[ < 1. Therefore assume that A is not column
i,]
diagonally dominant. Thus it must be true that a < lbl + |cl.

Assume that a2 - 4be > 0. Then

el

M = — -
L\ Az fy(n 1)

a - Va2—4bc

2 - 2 ’

where A and fY(X) is defined in Lemma 3.6.

Applying Lemma 3.6 it follows that

v L
< T .
A,
el
If a < |b| + [c|, then it follows that o— < 1.
2

Therefore MA < 1.



Assume that a2 - 4be = 0. Then

2|c’
_ n -1
My = a ( n ) )

Since |c| < a, it follows that M, < 2.

Assume that a2 - 4bec < 0, and tan

n+ 1

1 \/4bc-a2\< T
a /'—

Then

MA = vyc/b ge(n - 1)

2
where 8 = tan—l -Jé;i;:;:;: and ge(x) is defined in Lemma 3.7.

a

Applying Lemma 3.7 it follows that ge(n - 1) < 2, so that

MA < 2 /573,
or
MA<2. ]
Lemma 3.10., Let A = [c,a,b] be a Toeplitz tridiagonal M-matrix
of order n, such that bc # 0. Then the following two inequalities

cannot both be true
a < [bI, a < |cl.

Proof. The second principal minor 0y of A is

_ .2
o, = a bc.

Thus it must hold that

117
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a~ - be > 0.

If a < |b] and a < |c|, then a® -~ be < 0. This is a contradiction. B

Theorem 3.16. Let A = [c,a,b] be a Toeplitz tridiagonal M-matrix

of order n, such that bc # 0. Then either MA <2 or M T < 2.
A

Proof. At least one of the following inequalities must hold.
[bl < a or [c[ < a.

Assume that |c| < a. If |b| < |c|, then |b| < a. Hence by
applying Lemma 3.9 to AT, it follows that M T < 2, 1If [c[ 5_]b|, then |
by applying Lemma 3.9 to A, it follows thatAMA < 2. |
Assume that ’b[ <a, If |b| < Ic], then by applying Lemma 3.9 to
A", it follows that M ;< 2. If |c| < |b|, then by applying Lemma 3.9
to A, it follows thatAMA < 2.

Therefore either M, < 2 or M _ < 2, |
A AT

If A = LU is the LU-decomposition of A, then by applying |
Corollary 3.6 it follows that
maxlu..] < max{a,]b]}.
. L ijt —

1,]

Thus there was no growth in the elements of the matrix U. Also, if
AT = LU is the LU-decomposition of AT, then by applying Corollary 3.6
it follows that

max!ﬁi.[ f_max{a,lcl}.
i,j
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Therefore, either A or AT will have a strongly stable LU-
decomposition. It is not true in general that, if A has a strongly
stable LU-decomposition, then AT will have a strongly stable LU-

decomposition. The following example illustrates this statement.

Example 3.7

Let

where O < ¢ < 1/2, Then A has the following LU-decomposition

1 0 2¢ -1

-/2 1 0 3e/2

Clearly A has a strongly stable LU-decomposition. Next,

T 2e —62
AT =
-1 2
Then AT has the following LU-decomposition
T 1 0 2e —€2
AT = .
-1/(2¢) 1 0 3e/2

In this case AT does not have a strongly stable LU-decomposition.

Assume that M T < 2. Then by applying Corollary 3.6 it follows that
A

MA < (e/b)2.

So the growth of the multipliers of A is bounded by 2(c/b). Therefore A
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may not have a strongly stable LU-decomposition, but the.moduli of the
multipliers are bounded above by 2(c/b), and there is no growth in

the entries of the matrix U.

Finally, assume that A is an irreducible tridiagonal matrix and
that xTA = AxT, where x is an n-dimensional vector. If Ay = )y, then

the following theorem provides a relationship between X and y.

Theorem 3.17. Let A = [cj,aj,bj] be a tridiagonal matrix of order
n, such that bjcj 40 forj=1, 2, «o. , n - 1, Assume that A is an
eigenvalue of A and x is the left eigenvector corresponding to A. If

vy, =% and

1]
NS
-

c.
Bl for k n, (3.83)

then

Ay = )y. (3.84)

Proof. If XTA = AxT, then the following equations must hold

R I L R | (3.85)

Bro1¥e-1 T Kk T Ce¥pty = M for k=2, 3, ..., n -1,
(3.86)
Ph-1%n-1 ¥ 2n¥n T My (3.87)

The equation (3.84) will be proven correct by directly showing
that the kth component of Ay is equal to Ayk for k=1, 2, ... , n.
The proof will be broken into three cases, k =1, k=2, ... , n -1,

and k = n.
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Assume that k = 1. Then

(Ay)l = a + b

171 172°

or

I}

(Ay)l a.x, + C X,.

1M1 172

Using equation (3.85) it follows that
(Ay) 1 = Axq,

so that (Ay)l = Ayl.

Assume that k = 2, 3, ... , n - 1, Then
(AV)p = e gVieer + A% T BV

and applying equation (3.83) yields

k2 (e kel [
Ay = 911 T {50 ) T a0\ %)
j=1 h| j=1 |

Kl

thxg Tiw ) o
=1\ ]
so that
k-1 Ei
(Ay)y = o 5 R L e ]

Using equation (3.86) it follows that
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Axk,

UWAO
. N

so that (Ay)k = Ayk.

Assume that k = n. Then

(Ay)n = cn—lyn-l + anyn

and applying equation (3.83) yields

n-2 Ei. n-1 Ei
(AY)n R L .H b, + 4h*n .H b, ?
j=1 k| j=1 h|
so that
n-1 cj
(Ay)n = 'H ' bn-lxn-l + a x|
j=1 ]
Using equation (3.87) it follows that
n-1 c
(Ay)_ = T =L} ax,
n . b,
j=1 |

so that (Ay)n = kyn. |

Corollary 3.8. Let A = [cj,aj,bj] be a tridiagonal diagonally

dominant singular M-matrix of order n, such that bjcj # 0 for

i=1,2, ... ,n=-1. If vy = 1l and
k-1 El
Yy = .H . for k = 2, 3, N
j=1 3

then Ay = O.
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Proof. If A is a diagonally dominant singular M-matrix, then
eTA = 0. Therefore the stated result follows directly from

Theorem 3.17, where x = e. B

Thus, if A is tridiagonal column diagonally dominant singular
irreducible M-matrix, then one can use Corollary 3.8 to easily compute

the right null vector of A.




CHAPTER IV

COMPUTING STATIONARY DISTRIBUTIONS OF MARKOV CHAINS

1. Introduction

This chapter is concerned with applying the methods of Chapters
IT and III to computing the stationary distribution vector p of an
ergodic finite Markov chain C with rate transition matrix Q. Here Q
is an nxn irreducible, row stochastic matrix and p is an n-dimensional

vector with positive probabilities satisfying
Qp = p. (4.1)

Since Q is an irreducible nonnegative matrix (Q > 0), by the Perron- -
Frobenius Theory (see, e.g., Varga [1962], p. 30 or Berman and
Plemmons [1979], p. 27), p = (pi) is the unique positive vector

satisfying

ey = 1.

The computation of the stationary distributions of a Markov chain
is of widespread interest (Kemeny and Snell [1960], Golub and Seneta
[1973], Paige, Styan, and Wachter [1975], Meyer [1975], W. J. Stewart
[1978], G. W. Stewart [1980], Hunter [1982], Kemeny [1981]). More
generally, the stationary distribution vector p satisfying (4.1) is
important in many areas of the mathematical sciences, including
queueing networks (e.g., Kaufman [1982]), input-output economic models
(e.g., Berman and Plemmons [1979], Chapter 9, and Duchin and Szyld
[1979]) and in compartmental analysis tracer models (e.g., Sheppard

124
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and Householder [1951] and Funderlic and Mankin [1981]). Such
computations are also related to the discrete Neuman problem in partial
differential equations (e.g., Plemmons [1976a]). Techniques for
computing p where Q is large and sparse have traditionally been
iterative and often involve some variation of the power method for
computing eigenvectors (e.g., W. J. Stewart [1978]), although more
recently methods based upon matrix splitting such as the Gauss-Seidel
method have been investigated (see Kaufman [1982] for an interesting
study of such methods). Combined direct-iterative methods have
recently been considered by Koury, McAllister and Stewart [1982], and
by Funderlic and Plemmons [1982]. Our interest here is in the Rank

Modification Method and the Partition Factorization Method (PF Method).

2. Direct Methods

Paige, Styan and Wachter [1975] have considered a variety of direct
methods for computing the stationary distributions vector p for a
ergodic Markov chain with role transition matrix Q. They recommended
two methods which are based upon the transformation of T - QT into a
nonsingular matrix by a rank one modification, followed by the solution
of an associated nonsingular system of linear equations. Specifically
they showed that if u is any n—dimensiopal vector such that eTu + 0,

then
T -qQf + uel (4.2)

is nonsingular and p is the solution to the nonsingular system of

linear equations
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(1 - Q + ueD)p = u. (4.3)

Recently this rank one modification concept has been extended to a
more general method by Hunter [1982]. In this paper it was proven
that if u and v are n-dimensional vectors such that uTe # 0 and

va # 0, then
I - QT + uvT (4.4)

is nonsingular and p is then the solution to the nonsingular system

of linear equations

(1 - QT + uvT)p = u.

Also, recently this rank one modification concept has been extended to
more general problems by Kemeny [1981].

Based upon the numerical comparison of a collection of direct
methods for computing p available at that time, Paige, Styan and
Wachter [1975] recommended the use of the nonsingular system (4.3)
with two possible choices of u. The resulting nonsingular systems of

linear equations were
T T T T
[I-Q + (Qeelp =Qe, (4.5)

[1- QT + ekeT]p =e. (4.6)

The methods will be named as follows:

Paige, Styan and Wachter Method 1 (PSW Method 1)

Let Q be the rate transition matrix of an n state ergodic Markov

chain C. The following method can be used to compute the stationary
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distribution vector p of the chain C,
. .. . . T T T
1) Apply Gaussian elimination to the matrix I - Q  + (Q ej)e

to produce the following factorization
PI-qQ + (QTek)eT] = LU

where P is the permutation matrix that results from row
pivoting and 1 < k < n,

2) Solve Lz P(QTek) using forward substitution.

I}

3) Solve Up z using back substitution.

Paige, Styan and Wachter Method 2 (PSW Method 2)

Let Q be the rate transition matrix of an n-state ergodic Markov
chain C. The following method can be used to compute the stationary
distribution vector p of the chain C.

T

e to

1) Apply Gaussian elimination to the matrix I - QT + e

produce the following factorization

p[T - qF + ekeT] - LU

where P is the permutation matrix that results from row
pivoting and 1 < k < n.

2) Solve Lz = Pek using forward substitution.

3) Solve Up = z using back substitution.

IfA=T1 - QT, then A is a diagonally dominant irreducible
singular M-matrix. This follows because the off diagonal entries of A
are nonpositive and eTA = 0. Clearly, the stationary distribution

vector p is the right null of A such that le!l= 1.
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There are other direct methods which have been used in the past
to compute the stationary distribution vector p of Q. Suppose A has

been partitioned into the following form

A y
n n
A= T (4.7)
Z a
n nn

where An is the submatrix formed by deleting the nth row and nth

V]
column of A. Let A be defined as

where e is the (n - 1l)-dimensional vector of all one's. It can be

V)
easily shown that A is a nonsingular matrix and if p is the solution

Y]
to the nonsingular system of linear equations Ap = e s then p is the

solution to the homogeneous system of linear equations Ap = O such

that eTp = 0. This method will be named as follows:

Replace Last Row Method (RLR Method)

Let Q be the rate transition matrix of an n state ergodic Markov
chain, C. The following method can be used to compute the stationary
distribution vector p of the chain C.

1) Let A=1 - QT. Suppose that A has been partitioned into

the form (4.7). Consider the matrix X defined above.

2) Apply Gaussian elimination with row pivoting to the matrix

v
A to produce the following factorization
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where P is the permutation matrix that results from row

pivoting.

3) Solve Lz Pen using forward substitution.

4) Solve Up = z using back substitution.

Another method that can be found in the literature is Muller's
Method (see Muller [1980]). Let A = (Eij) be a matrix of order n,

such that

a if i # n and j # n,

o
I

+ a,., +1 ifi=nand j=n

where A =1 - QT. Then A is an irreducibly diagonally dominant matrix.
Also, A is a nonsingular matrix (see Varga [1962], p. 23). If w is

the solution to the system of linear equations Aw = e s then w is a
right null vector of A. This suggests the following scheme for

computing the stationary distribution vector p:

Muller's Method (MU Method)

Let Q be the rate transition matrix of an n state ergodic Markov

chain C. The following method can be used to compute the stationary

distribution vector p of the chain C.




1) Let A=1 - QT and A = (Eij) denote the matrix of order n,

such that

a, . if i # n and j # n,
a *
a,. +1 if i =nand j = n,
1]

where A = (aij).
2) Apply Gaussian elimination to the matrix A to produce the

following factorization

3) Solve Lz = e using forward substitution.

4) Solve Uw

z using back substitution.

1
W
lll,

Set p =

The LU-decomposition of A is

130

where An = LnUn is the LU-decomposition of An' It can be easily shown

that the LU-decomposition of A is

(4.8)
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Therefore Muller's Method is mathematically the same as the Direct
Factorization Method or the Partition Factorization Method, with
k = n. It should be noted that when the Partition Factorization
Method is used to compute the stationary distribution vector that the
computed vector w needs to be scaled so that the resulting vector is
a probability vector.

IfA=1- QT, where Q is a stochastic matrix, then

max|ai.| < 1. Let p be the approximation to the stationary distribution
i,]
vector p, solved by Gaussian elimination applied to I - QT without
pivoting in floating point arithmetic with machine unit roundoff error
u. Then,.applying Corollary 3.4, there exists a matrix E such that p

satisfies the homogeneous system
T -
(I‘Q"'E)P:Oa
where for 1 < 1,j < m,

1eij\ < un (3.02 + 1.01 n).

3. Rank Modification Method

Assume that A is a singular irreducible diagonally dominant
M-matrix. Then eTA = 0. The statement that, p is the unique solution
to the homogeneous system of linear equations Ap = O such that eTp =1,
is equivalent to the statement that p is the unique solution to the
homogeneous system of linear equations Ap = 0 such that lell = 1.
Using this fact it can be easily shown that all of the direct methods
discussed in Section 2 can be viewed as a Rank Modification Method:

1) PSW Method 1. Let u = QTej and v = e.
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2) PSW Method 2. Let u = ej and v =
3) RLR Method. Let u = e, and VT =e - (z ,a_ ),

4) MU Method. Let u = e and v = e -

It has already been shown that the Partition Factorization Method
can be viewed as a Rank Modification Method.

When any of the above methods is used to compute the stationary
distribution of a Markov chain, the computed solution p should be
scaled so that Hﬁ]ll = 1 or equivalently eTﬁ = 1. Let ﬁ be the scaled
approximation to the stationary distribution vector p, computed by
using the Rank Modification Method in floating point arithmetic with

machine roundoff error u. If|IA#H]|FH < 1, for some consistent matrix

norm ||+||, then by applying Corollary 2.2 it follows that
||p - p” 5 K(A) ) [IFH
- #
lell 1 = llelllla™l] lall

where the matrix F is due to the roundoff errors produced by the method
#
and K(a) = [[a]|][a"]].
It was observed that for the numerical results computed using
the Partition Factorization Method and the Paige, Styan and Wachter

Methods 1 and 2, that the accuracy of the result was independent of

which method was used.

4. Numerical Comparisons

Numerical comparisons were performed for the Partition

Factorization (PF) Method and the Paige, Styan, and Wachter (PSW)




133
Methods 1 and 2. Note that in computing the stationary distribution
vector p for a stochastic matrix of order n, in each of the three
algorithms being tested there are n possibly different systems of
linear equations that can be used to obtain p.

The computer program for each algorithm was executed on an IBM
3081 computer at the Triangle Universities Computation Center. The
software was written in FORTRAN and compiled using the IBM Extended
Optimizing Compiler in single and double precision floating point
arithmetic.

The relative error was computed by comparing the single precision
result with the double precision approximate solution, found by using
the IMSL subroutine EIGRF. The relative error reported was computed
as Hp - ﬁ“]_/llpH]_ where p is the double precision approximation and
will be referred to as the "exact solution" and p the single precision
approximation computed by one of the three algorithms. The vectors p
and p are both normalized so that Hp]ll = 1 and Hﬁlll = 1. Hence the
relative error is bounded above by two. The residual error computed
wasl[ﬁ - QTﬁHl and would theoretically be zero if p = p. The condition
numbers, of the submatrices Ak’ are computed relative to the one norm.

One of the problems associated with the PSW Methods is that the
sparse structure of the matrix A may be modified and the resulting
updated matrix may no longer be sparse. In order to measure this
effect, the numbers of nonzero entries in the matrix A and in the rank
one modified matrix in the PSW Methods 1 and 2 are reported when A is

sparse.
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Various test problems were used to compare the three algorithms
being considered. One type of matrix used is a nearly completely

decomposable (NCD) matrix. The stochastic matrix
%
Q=Q +¢C

*
where ¢ > 0, Q is a block diagonal stochastic matrix and C has row

%
sums zero, is called a nearly completely decomposable matrix. If Q

has m diagonal blocks then Q* has one as an eigenvalue of multiplicity
at least m. Therefore the matrix Q has at least m - 1 eigenvalues
close to one. The parameter ¢ is called the degree of coupling and is
a measure of the decomposability of the matrix Q. Such matrices often
arise in the analysis of queueing networks (e.g., Koury, McAllister,
and Stewart [1982]).

The following list of test problems were used to compare the PF

Method and the PSW Methods 1 and 2.

Test Problem One

This matrix is of order ten and the condition numbers for the
submatrices Ak of order nine range from 2.046 E + 01 to 2.090 E + 17.
The transition matrix and the numerical results can be found in
Appendix A.

Test Problem Two

This matrix is of order eight and is commonly called Courtois'’
Matrix (see Courtois [1977]). This matrix has been used to test
several algorithms (e.g., Koury, McAllister, and Stewart [1982],
Stewart [1980] and Vantilbourg [1981]). It is nearly completely

decomposable and the degree of coupling is 0.001. The condition
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numbers for the submatrices Ak of order seven range from
1.021 E + 04 to 2.041 E + 04, The transition matrix and the

numerical results can be found in Appendix B.

Test Problem Three

This matrix is of order six and the condition numbers for the
submatrices Ak of order five range from 1.644 E + 01l to 1.425 E + 07,
The transition matrix and the numerical results can be found in
Appendix C.

Test Problem Four

This is a class of matrices of order ten which are nearly
completely decomposable. This particular class of matrices was used
in the paper by Paige, Styan, and Wachter [1975] for test purposes.
The transition matrix and the numerical results can be found in
Appendix D.

Test Problem Five

This matrix is of order 84 is banded and sparse. It arose from
the queueing network analysis of a job line production model, studied
in the Industrial Engineering Department at North Carolina State
University. The condition numbers for submatrices Ak of order 83 range
from 2.668 E + 02 to 6.034 E + 02. The transition matrix and the
numerical results can be found in Appendix E.

Test Problem Six

This is a class of matrices of order three. The transition matrix
and the numerical results can be found in Appendix F.

Test Problem Seven

This matrix is of order 20 and sparse. The condition numbers for

the submatrices Ak of order 19 range from 2.821 E + 01 to 1.802 E + 02.
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The transition matrix and the numerical results can be found in

Appendix G.

Special Notation

If B is a square matrix, then N(B) denotes the percent of nonzero
entries in B, If B is also nonsingular then the term Kl(B) denotes
the condition number of the matrix and is defined by Kl(B) =
1By 157,

The term maximum relative error means the maximum of all the
relative error terms for the n possible different linear systems for
a particular problem and algorithm. Similar definitions are applied
to the terms minimum relative error and maximum and minimum residual

errors.

5. Concluding Remarks

The chapter is concluded with some observations concerning the
performances of the nonsingular rank one modification methods
recommended by Paige, Styan and Wachter [1975] (PSW Methods 1 and 2)
and the Partition Factorization (PF) Method. We comment first about
the particular test problems considered in the preceding section and
then give some general observations.

1. In Test Problem One all three algorithms produced five or
more decimal digits of accuracy in IBM single precision in each
situation. (Here the PF Method was tested using each éf the ten
principal submatrices Ak of A having order nine. The PSW Method 1
was tested using each of the ten rows of Q and the PSW Method 2 was
tested using each unit vector ej, 1 <j <10). Some fill-in to

I - QT occurred as a result of PSW rank one modifications. Notice that
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the one condition numbers of the Ak range up to near 2.0 E + 17,
However, the PF Method still obtains uniformly good results using
each Ak' The second smallest singular value of I - QT is near .14
and thus the overall problem of computing P is apparently well-
conditioned.

2. Test Problem Two is Courtois' matrix which is nearly
completely decomposable. Here the three methods obtain moderately
accurate results in IBM single precision (between three and six
decimal digits) in each situation.

3. Between only one and two decimal digits of accuracy are
obtained by the three methods applied to Test Problem Three. However,
the residual error is small in each -case. Observe that the second
smallest singular value of I - QT is around 10—6.

4. Test Problem Four represents a class of test situations
involving a nearly completely decomposable matrix in which the degree
of coupling decreases from lO-l to 10-7, resulting in a comparable
decrease in the second smallest singular value of I - QT. Here the
PF Method produces the smallest maximum relative error in each case.

5. For the job line production model in Test Problem Five, all
three methods obtained relatively accurate results. However, the
PSW Methods 1 and 2 destroy the sparse banded structure of T - QT. In
a recent paper by Funderlic and Plemmons [1982], this transition matrix
was used to test a combined direct-iterative algorithm. Similar
numerical accuracy was obtained.

6. Test Problem Six represents a class of test matrices where

the maximum one condition numbers of Ak’ for k = 1, 2, 3, increase
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from 5.0 E + 05 to 5.0 E + 08. However, the three algorithms obtained
relatively accurate results.

7. 1In Test Problem Seven all three algorithms obtained relatively
accurate results. However, the PSW Methods 1 and 2 destroy the random
sparse structure of I - QT.

8. In general for all the problems tested, the residual error
was between lO"6 and 10—9, even though in many cases the relative error
was large. Thus, the residual error may not always be a good measure
of the accuracy of the approximation to p.

9. Recall that pivoting generally is necessary in the LU-
decompositions of the nonsingular rank one updates of I - QT in PSW
Methods 1 and 2. However, the PF Method requires no pivoting for
numerical stability. Thus it facilitates the possible application of
symmetric pivoting to preserve sparsity (see Funderlic and Plemmons
[1982]) without the use of any threshold pivoting parameter.

10. Finally, observe that the three methods all obtained
comparable accuracy on each test problem. In particular, the PF
Method obtained uniformly good or uniformly poor results on a given
test problem (depending upon the magnitude of the second smallest
singular value), even though there was often a considerable variation
of the condition numbers of the principal submatrices used in the PF
Method. This leads us to infer that the accuracy obtained by the PF
Method is relatively independent of the choice of principal sub-
matrices, up to the constraints of the machine precision. Thus the
choice of the principal submatrix Ak for the PF Method could be based

upon other considerations, such as sparsity. For example, if Q has
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one dense column, say the kth, then the extreme fill-in in computing

the LU-decomposition might be avoided by using Ak in the PF Method.
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APPENDIX A

TEST PROBLEM ONE
The following matrix is the rate transition matrix for Test

Problem One:

The following is the "exact solution'" for Test Problem One:
p = (3.18129230 E-16, 3.13420278 E-01, 2.93617551 E-15,

3.07485879 E-16, 5.43805217 E-01, 7.88809424 E-03,

1.17532604 E-01, 2.56247898 E-15, 2.36642827 E-03,

1.49873790 E-02) <.

The second smallest singular value of the matrix A is 1.424 E-Ol.

The percent of nonzero entries in the matrix A is 33%.
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TABLE A.l

RELATIVE ERROR FOR

TEST PROBLEM ONE

147

Relative PF PSW PSw
Error Method Method 1 Method 2
Maximum 2.525 E-06 2.479 E-06 3.676 E-06
Minimum 1.454 E-07 1.757 E-07 6.856 E-08
TABLE A.2

RESIDUAL ERROR FOR TEST PROBLEM ONE
Residual PF PSW PSW
Error Method Method 1 Method 2
Maximum 4,452 E-06 7.882 E-07 7.881 E-07
Minimum 4.555 E-07 1.827 E-07 1.830 E-07




TABLE A.3

PERCENT OF NONZERO ENTRIES IN
THE MATRICES FORMED BY THE
PSW METHODS FOR TEST
PROBLEM ONE
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N(A + (QTej)eT)

N(A + ejeT)

Maximum

Minimum

407

37%




APPENDIX B

TEST PROBLEM TWO
The following matrix is the rate transition matrix for Test

Problem Two:

[ .85 0 .149 .0009 O .00005 O .00005ﬁ

1 .65 .249 0 .00009 .00005 O .00005
.1 .8 .0996 .0003 0 0 .0001 O
0 .0004 O .7 .2995 0 .0001 O

1T .0005 O .0004 .399 .6 0001 O 0
0 .00005 0 0 .00005 .6 .2499 .15
.00003 0 .00003 .00004 O .1 .8 .0999
0 .00005 O 0 .00005 .1999 .25 .55 )

The following is the "exact solution” for Test Problem Two:

p = (8.92826528 E-02, 9.27576375 E-02, 4.04883120 E-02,
1.58533191 E-01, 1.18938207 E-01, 1.20385481 E-01,

2.77795252 E-01, 1.01819266 E-01)-.

The second smallest singular value of the matrix A is 1.906 E-04.

The percent of nonzero entries in the matrix Q is 64%.
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TABLE B.1

RELATIVE ERROR FOR TEST PROBLEM TWO
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Relative PF PSW PSW
Error Method Method 1 Method 2
Maximum 1.710 E-04 1.180 E-03 1.097 E~-03
Minimum 3.957 E-05 3.905 E-04 1.111 E-04
TABLE B. 2
RESIDUAL ERROR FOR TEST PROBLEM TWO

Residual PF PSW PSW
Error Method Method 1 Method 2
Maximum 1,149 E-06 1.009 E-06 9.946 E-O7
Minimum 1.891 E-07 7.152 E-07 7.860 E-07




TABLE B.3

PERCENT OF NONZERO ENTRIES IN
THE MATRICES FORMED BY THE
PSW METHODS FOR TEST
PROBLEM TWO
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N(A + (QTej)eT)

Maximum

Minimum




APPENDIX C

TEST PROBLEM THREE

The following matrix is the rate transition matrix for Test

Problem Three:

-
0.999999 1.0 E-07 2.0 E-07 3.0 E-07 4.0 E-07

0.4 0.3 0 0 0.3
Q=] 5.0 E-07 0 0.999999 0 5.0 E-07
5.0 E-07 0 0 0.999999 5.0 E-07

2.0 E-07 3.0 E-07 1.0 E-07 4.0 E-07 0.999999

b -

The following is the "exact solution" for Test Problem Three:

p = (3.15217329 E-01, 1.95652135 E-07, 9.81883865 E-02,

2.35144881 E-01, 3.51449206 E—Ol)T.

The second smallest singular value of the matrix A is 1.007 E-06.
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RELATIVE

TABLE C.1

ERROR FOR TEST PROBLEM THREE

Relative PF PSW PSW
Error Method Method 1 Method 2
Maximum 2.265 E-02 3.888 E-02 2.265 E-02
Minimum 1.313 E-02 6.115 E-03 1.313 E-02
TABLE C.2
RESIDUAL ERROR FOR TEST PROBLEM THREE

Relative PF PSW PSwW
Error Method Method 1 Method 2
Maximum 3.040 E-08 4.172 E-07 3.636 E-07
Minimum 5.900 E-09 3.576 E-07 3.576 E~07




APPENDIX D

TEST PROBLEM FOUR

Let
[ 1 3 1 2 3 0 0 0 O W
2 1 1 2 4 0 0 o0 0 90
1 2 2 4 1 0 0 0 0 O
4 2 1 2 1 0 0 0 o0 O
_ 6 3 0 0 L0 0o 0 0 O
Q(e) =

where 0 < €.

If sj denotes the inverse of the sum of the entries in row j of
the matrix Q(e) and D = diag (sl, Sps eee s sn) then Q(g) = DQ(e) is
a nearly completely decomposable matrix of order 10. Let
A(e) = T - Q(E)T. The degree of coupling of Q(g) is /(1 + £),

and the percent of nonzero entries in the matrix A(e) is 50%.
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TABLE D.1

SECOND SMALLEST SINGULAR
VALUE OF A(e) FOR TEST
PROBLEM FOUR

Second Smallest Singular

e Value of A(e)

1.0 E-0O1 4,211 E-01

1.0 E-03 4.898 E-04

1.0 E~05 4,898 E-06

1.0 E-07 4,899 E-08
TABLE D.2

MAXIMUM RELATIVE ERROR
FOR TEST PROBLEM FOUR

PF PSwW PSW
£ Method Method 1 Method 2
1.0 E-O1 4,417 E-06 6.738 E-06 7.304 E-06
1.0 E-03 2.320 E-04 5.506 E-04 2.876 E-04
1.0 E-05 1.586 E-02 2,501 E-02 3.901 E-02
1.0 E-07 8.294 E-01 * *




TABLE D.3

MINIMUM RELATIVE ERROR
FOR TEST PROBLEM FOUR

PF PSW PSW
€ Method Method 1 Method 2
1.0 E-01 1.661 E-06 1.177 E-06 2.052 E-06
1.0 E-03 6.453 E-05 6.164 E-05 7.774 E-05
1.0 E-05 8.296 E-03 7.814 E-03 7.034 E-03
1.0 E-07 6.424 E-01 8.167 E-01 8.167 E-01
TABLE D.4
MAXIMUM RESIDUAL ERROR
- - FOR TEST PROBLEM FOUR
PF PSW PSW
€ Method Method 1 Method 2
1.0 E-O01 8.102 E-06 1.143 E-06 1.512 E-06
1.0 E-03 7.825 E-06 1.501 E-06 1.262 E-06
1.0 E-05 7.946 E-06 1.281 E-06 1.352 E-06
1.0 E-07 6.395 E-06 * *
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TABLE D.5

MINIMUM RESIDUAL ERROR
FOR TEST PROBLEM FOUR

PF PSW PSW
£ Method Method 1 Method 2
1.0 E-01 4,395 E-07 6.556 E-07 6.034 E-07
1.0 E-03 4.145 E-07 5.997 E-07 6.631 E-07
1.0 E-05 5.772 E-07 5.557 E-07 6.630 E-07
1.0 E-07 2.236 E-07 5.774 E-07 5.848 E-07
TARLE D.6
CONDITION NUMBERS OF THE
PRINCIPAL SUBMATRICES OF
A(e) OF ORDER NINE FOR
TEST PROBLEM FOUR
€ M%n Kl(A(e)j) Méx Kl(A(e)j)
]
1.0 E-01 7.494 E+01 1.755 E+02
1.0 E-03 6.284 E+03 9,216 E+03
1.0 E-05 6.261 E+05 9.135 E+05
1.0 E-07 6.261 E+07 9,134 E+07




158

TABLE D.7

PERCENT OF NONZERO ENTRIES IN
THE MATRICES FORMED BY THE
PSW METHODS FOR TEST
PROBLEM FOUR

N(A(E) + (Q(E)Tej)eT) N(A(E) + ejeT)

Maximum 75% 56%

Minimum 60% 547




APPENDIX E

TEST PROBLEM FIVE
The entries in the rate transition matrix for Test Problem
Five and the 'exact solution" will not be given. The second smallest
singular value of the matrix A is 3.305 E-02. The percent of
nonzero entries in the matrix A is 5%. Figure E.1 shows the zero/
nonzero structure of the matrix A, Figure E.2 shows the zero/

nonzero structure of the matrix A + (ATe43)eT.
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FIGURE E.1

ZERO/NONZERO STRUCTURE OF THE MATRIX
A FOR TEST PROBLEM FIVE
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FIGURE E.2
ZERO/NONZERO STRUCTURE OF THE MATRIX

T T
A+ (Q e43)e FOR TEST PROBLEM FIVE
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TABLE E.1

RELATIVE ERROR FOR TEST PROBLEM FIVE
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Relative PF PSW PSW
Error Method Method 1 Method 2
Maximum 2.479 E-05 3.706 E-05 3.580 E~05
Minimum 3.735 E-06 6.990 E-06 2.756 E-05
TABLE E.2
RESIDUAL ERROR FOR TEST PROBLEM FIVE

Relative PF PSW PSW
Error Method Method 1 Method 2
Maximum 3.580 E-05 4.461 E-06 9.070 E-06
Minimum 1.925 E-06 2.888 E-06 5.493 E-06
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TABLE E.3

PERCENT OF NONZERO ENTRIES IN
THE MATRICES FORMED BY THE
PSW METHODS FOR TEST
PROBLEM FIVE

N(A + (QTej)eT) N{A + ejeT)

Maximum 147 67%

Minimum 6% 67




APPENDIX F

TEST PROBLEM SIX
The following matrix is the rate transition matrix for Test

Problem Six:

.50 .25 25
Q(e) = 25 .50 .25
€ € 1 - 2¢

where 0 <e <.5.

The following is the exact solution for Test Problem Six:

1

T
I—+—8g (46, 46, l) N

p(e) =

Let A(g) = I - Q(E)T. The second smallest singular value of the

matrix A(e) is approximately equal to 4.330 E-01.
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TABLE F.1

MAXIMUM RELATIVE ERROR
FOR TEST PROBLEM SIX

PF PSwW PSW
£ Method Method 1 Method 2
E-06 3.705 E-07 8.417 E-07 1.430 E-06
E-07 8.000 E-07 6.265 E-07 8.847 E-07
E-08 1.333 E-07 2,772 E-07 1.400 E-07
E-09 1.333 E-08 1.600 E-08 1.400 E-08
TABLE F.2
MINIMUM RELATIVE ERROR
FOR TEST PROBLEM SIX
PF Psw PSW
€ Method Method 1 Method 2
E-06 1.787 E-07 2.125 E-07 4,767 E-07
E-07 1.695 E-07 1.297 E-07 5.655 E-07
E-08 8.000 E-08 1.595 E-07 1.333 E-07
E-09 8.000 E-09 1.400 E-08 1.333 E-08
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TABLE F.3

MAXIMUM RESIDUAL ERROR
FOR TEST PROBLEM SIX

PF PSW PSW
£ Method Method 1 Method 2
E-06 7.967 E-08 1.689 E-07 1.430 E-06
E-07 6.355 E-08 6.265 E-07 8.847 E-07
E-08 5.999 E-08 1.042 E-07 2.000 E-08
E-09 5.000 E-09 2.000 E-09 2,000 E-09

TABLE F.4
MINIMUM RESIDUAL ERROR
FOR TEST PROBLEM SIX

PF PSW PSW
£ Method Method 1 Method 2
E-06 2.655 E-08 2.657 E-08 4,767 E-07
E-07 2.118 E-08 1.297 E-07 5.655 E-07
E-08 2.000 E-08 5.960 E-08 1.500 E-08
E-09 2.000 E-09 1.500 E-09 2.000 E-09
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TABLE F.5

CONDITION NUMBERS OF THE
PRINCIPAL SUBMATRICES OF
A(e) OF ORDER TWO FOR
TEST PROBLEM SIX

€ M%n Kl(A(E)j) ng Kl(A(e)j)
J J
1.0 E-06 3.000 E 00 5.000 E+05
1.0 E-07 3.000 E 00 5.000 E+06
1.0 E-08 3.000 E 00 5.000 E+07
1.0 E-09 3.000 E 0O 5.000 E+08
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APPENDIX G

TEST PROBLEM SEVEN
The entries in the rate transition matrix for Test Problem
Seven and the "exact solution" will not be given. The second
smallest singular value of the matrix A is 4,009 E-01. The percent
of nonzero entries in the matrix A is 23%. Figure G-1 shows the
zero/nonzero structure of the matrix A. Figure G-2 shows the zero/

nonzerco structure of the matrix A + (QTe6)eT.
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ZERO/NONZERO STRUCTURE OF THE MATRIX
A FOR TEST PROBLEM SEVEN
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RELATIVE

TABLE G.1

ERROR FOR TEST PROBLEM SEVEN

Relative PF PSW PSw
Error Method Method 1 Method 2
Maximum 2.644 E-06 2.422 E-06 2,437 E-06
Minimum 9.547 E-07 6.336 E-07 8.533 E-07
TABLE G.2
RESIDUAL ERROCR FOR TEST PROBLEM SEVEN

Residual PF PSwW PSW
Error Method Method 1 Method 2
Maximum 1.790 E-05 1.557 E-06 1.404 E-06
Minimum 1.005 E-06 6.034 E-07 4.954 E-07




TABLE G.3

PERCENT OF NONZERO ENTRIES IN
THE MATRICES FORMED BY THE
PSW METHODS FOR TEST
PROBLEM SEVEN
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N(A + (QTej)eT)

N(A + ejeT)

Maximum

Minimum

45%

27%

277%
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