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ABSTRACT

This thesis is a study of some optimization techniques in
graphs and networks.

Chapter I deals with the problem of finding the shortest
paths in graphs of relatively small dimensions.

Chapter II discusses and solves the problem of shortest paths
in graphs of large dimensions, which can be partitioned into over-
lapping subgraphs. The method described in Section 2.3, and 2.4.,
which is due to the author of this thesis, is a means to partition
a large graph into its overlapping subgraphs, and to find the cut
sets and minimum cut sets in a graph.

Chapter III deals primarily with network flows. In particular,
the problems of maximal flows in a network, and minimal cost flows
are discussed.

Chapter IV presents flow charts and Fortran IV Computer Programs
for the main algorithms presented in this thesis. These flow charts

and programs are developed independently by the author.

iv



TABLE. OF CONTENTS

CHAPYER
I, SHORTEST PATIL] IK A NLUWORKeseervcoonsoococscasossococes
. Introduction to Grephs and NetworkSesecesncsorncesooe
The Pronlem of Shortest PathsSccessniccosesssorevecses
The Tree Building Algoxrithmesececsecenncsoscercecscess
Multiterminal Shortest Paths
A Matrix ALgorithil,eecescceccosvevecssevsecrnerenes
Modifications and ApplicationBeecccecsesssccosscocecs
IT. A DECOMPOSITICN ALGORITHM FOR SLIGHTLY
OVERLAPPIRG GRAPHS eeseeecesoorsnscicooncovcvoorcesugonc
The Problemevecsceeesscrncccansvecsccssccnantonsncccocns
A Deconposition Algorithitsecscsocscoccvoecosacocsnnas
Permutation MatricesBosesersseccessnssntatenscrsconens
becomposition Algorithm Using
Permutation Matriceteescocecvesesvscecstctenncece oo
DiscussioNesscecsssscecsscesscoesencosrssesncsrsccsonce
TIT. OPTIMIZATION IN NETWORK FLOWS.eeeeeeorecavencesonncsvos
Hetwoxrk FlovBessscoesoecssscoosscsosssncccsscvaesncce
Maximal Flow Probleleecccsececrssscececsossccoccesocnns
‘ Minimal Cost FloWBesessoosecsoocacosotscconococsncens
‘ IV, FLOW CHARTS AND FORTRAW 1V COMPUTER PROCRAMS.eeecrccaes
Flow Chart for the Shortsst Path Algorithileecescecese
¥low Chart to Track All Shortest

Yatlis in a Gr?oph..«ooaoaocoeoaot'.ooootooooot.‘...go

PAGE

v

104
126

127

130




CHAPTER

IV. (Continued)

vi

PAGE

Flow Chart for the Maximal Flow AlgorithMececsceeecss 132

Fortran IV Program for the Shortest Path

Al@rithm‘..'.Q...C..Q.I'...Q..'QO.‘....Q.O...O..O‘. 135

Fortran IV Program for Tracking All Shortest

Paths.“.....'0......'............I......'l.‘.l.‘.l 138

Fortran IV Program for the Maximal Flow

BIBLIOGRAPHY...Q....‘..........O........‘.‘...‘l..‘..'....... 145

VITA....'.‘l.."...‘...........‘..............0.......’.'.... 147

|
|
Algorithm..."Oiii..‘."Oooococooooo'lo.ooloca..too 140



TABLE

1.1,
fe2e
1e3.
1.4.
15,
i.6.
1K
1.8,

1.9,

Telt.
1.12.
1015,
1.14.
1.15.
1.16.
2.1.

2.2,

LIST OF TABLES

Toitial Dimtance Matrix D for Bxample 1¢2ceveccisccnsce
initial Route Matrix R for Example 1¢2.ceeecvcscacecans
Yew Distance Matris £ Jmluscacreescsscacccacanessenas
Hew Route Matrix Ffor J=leecesccoscccossscisciscarsncees
Jew Distance Matris £ Ju2iecvicetoarocscevsoncssossnnnn
New Route Malrix for Jolececasasvescossccocsvosoccnsocnne
New Disgtance Matrix for j=5..e..............0;.........
Hew Route Matrix £0r J=fcececercesncurcoccrcsannscnennee
Few Distonce Malrix fOr Jmfescesececceve snnstenccoencas
Hew Rovte Matrix £or Jo=deieceeerocncesscoscacossssnscnnne
Hew Distance Matrix £0r J=Deeeeseccossccsececcoosconsas
Hew Foute Matrix For J=Deeseereecocrsorcrtencessovecane
Yew Distance Mairix fOr J=6eeevesrrccecccssoscasnrcocas
New Route Matrix for J=beceeeecersscesesoosccosecsancns
DN for Example 1c2eiseetcscceosscccsatnsosecssonssnnese
R¥ for EXamPle 1elicseseaccsecsosasasacoscososanscncnse

Partitiored Distance Matrix for Two
Overlapp.ing Grapha.....-........o-...o-o-.'o...........

The Partitioned Distunce Matrix for 4
Overlapping GraphSeeceeesersscocesorccencscenscossnaces

Hatrix of Distances for Example2.2iescececccacncesessas

The P(?I’mut&tion Matrixl’ ® 8 0 00800000 00 Q0oL e eSS OICLOEOES
roW

Permuted and Partitioned Distance Matrix Dn............

Dm.0..."...&0!!.."!!0...O..G.Q...'..OQ..Q...OOCQQ'.

Dﬁi €86 6800004600390 80200300 P8 00e0cCotatostossrvitonOrOe

vii

PAGE

27

a)
-3

40

47
69
70
71
73
13




2.80

2.9.
2.10.
2.11.
2.12.
2.13.
2.14.
.1,
342

3.3,
3.4.
5.5,
3.6.

3070

3.8.
3.9.

3.10.
3.11.
3.12.
3.13.
3.14.
3.15.
3.16.
3.17.
3.18.

I)E-d M S e e 00 et tetnese IOt res et CO0CRsOROACsEOCEE RSO SS
DiK(G),..........‘..............,....a.....c...........
Dgﬁ(c)..................@.;.....g..;...................
Dga(s)..,........,.......................‘.¢..........@
D% (G)eeeeocovotorassasccansnsoasncassasocosasoransasane
D% (G)auecaveuososseoscrovensossasncnroansssssssvsscane

I{* (G)‘..b..O..OO.‘.O"OC....Q.‘........&'...0‘l.....l.
Hatrix Format for the Maximal Flow Problemecesrscescnes

Initial Labteling Matrix for Example 3.2.1.
F].OW = 0 ,Q"T = 6 6 ¢ 8 cCH PO QLIS IEEIPOELOECLIBIORSLOIONOGEOETSDE

Flow = 6 ¢ N.? = 9 S 80 92 80 30 QCPE P IO EOELCOLOCEOIROICOIBROEOLEIOEES
FlOW: 15 ,N.? = 6 6009000090000 00002s00000r0000RsCLYCERTS

Flow

21 ,OK?

5 €0 90 00 ¢ O QOIS S L N0 SO PENHSLsssrES

!

Flow m 26 , &

7 = 1 LI B BC I SE R AN B B B AN DS SN XN A ZCEE B AU B N BE BN B AR X 2F X B R N

Final Lebeling Matrix for Example 3.2.1.
Flow= 27 f N?=O........'."."....'......."....‘..

Capacity Matrix for Figure 3.3ceetciicecossnnsasesecccns
Cost Matrix for Figure 3.3ceciecevecscecsacssracansonne
Capacity Matrix for Figure Z.Teeceicesecocntcosocasancas
Cost Matrix for Figure 3.7 .seciesciorsscscscocscsccecsnea
Flow Matrix for Figure H.lcecececscsccsssessaccosseocans
Capacity Matrix for E:ample 3e3.3...........;.....;....
Coat Matrix for Example 3.3cBcecccccccececetsscsoncasee
Modified Costs for the First SubnetworkK...coseseeeacsee
Modified Cosia for the Second Subnetwork.eeceececsecoce
Negative Cycie Matrifee.soesssisessocooacescecacocnnne

Route Matrix 4696400006005 0000 20637000 HPEPee000O06ITCOEUBOERBIIES

PAGE
14
15
15
76
78
19
80

96

99
101

101

103
107
107
114
114
114
120
120
123
123
124

124

viii



FIGURE

2.2.
2.3.
2.4.
2.5.
2.6,
2.7.
2.8.
3.1
3.2.
3e3.
3.4.

LIST OF FIGURES

PAGE
An Undirected ArCececesecsvesccocesscerscrscncnscaronce 1
A Directed ATCececeecssscncsessocssscenscsssosnassanncns 2
Undirected Graph........;............................. 2
Directed Graphesesesesccsesasesssncenrccaseacssssssccsss 2
Path,Chain,Circuit,Cycle and Tre€ceecceccscccscccccese. 4
Path from Ns to Nt""""""""""""""""" 7
Graph for Example 1.leecccceccsscccsccessscscscsnnsenne 13
Tree Building for Example 1'1°"""'""""""ﬂ"" 18
Graph with Negative Arc LengthS8.cececeicerececccaseseee 19
BaBiC AYCBeecsesceccesosisscassosscsasssesscsscsasnnses 23
Graph for Example 1.2¢ceccesscscsessasscacescscsoonsse &f

Symbolic Representation of Two Overlapping

Graphs'...........l..'.......'..O.....'.Il...’........ 42

Linearly Partitioned Graphececececesessccsccsocccesces 91
Arbitrarily Overlapping GraphS.c.cscceecsscsssssccsses 51
A 5 to 4 Nodes Distance Equivalent GraphS.ccceesecesss 52
Digtance Equivalent GraphS.ec.seecscccccsssssscesssccce 93
The Matrix Dn Gececacsssessessvessecnsacseresnocscasss 63
Partitioning the Matrix D seececssccoreccnccsccnonans 66
Graph for EXample 2.lecececccerescssosssccscssscassnas 08
Network for Example 3.2.7ecececccsccrsscssccsasscsecssas 99
Maximal Flow for Example 3.2¢1ceeccccscccessscssnssers 104
Network for Example 3.3.%1ceecccccersccesassscsansscess 107

Iteration1Network......".......'l"......lC..Q..... 109

ix



3¢5
3.6
3¢T
3.8.
3.9,
3410,

3.11.

4-1.

PAGE
Iteration 2 Networkeeeoeoeoerueoossosecccocoscenncsnnnes 111
Minimal Cost Flow for Example 3¢3.Tecececccecsssscoscsce 112
Network for Example 3.3.2.ccet000cteccscesccncocscasanes 113
Minimal Cost Flow for Example 3.3.2¢eseccescccecccccsces 117
Network for Example 3.3.3eceeccccccssesssscscoscesscnses 120
Maximal Flow for Example 3e3.3cececcccscccsccnscsncsscss 121
Minimal Cost Flow for Example 3.3.3cececscccceccccccccss 125

Standard Flow Charting SymbOlSeseeceesessesescccnccseses 126



SHORTEST PATHS IN A NETWORK
1.1« Introduction to Graphs and Networks

Definition 1.1. A graph is a set of two or more different points,
with certain pairs of these points joined by one or more lines. The
resulting formm is called a graph, and is usually denoted by G . The
points referred to in the above definition will be called nodes
(vertices) of the graph. We shall refer to a node i by N, , where
i 1is the node number,

A line joining two different nodes will be called an arc (branch
or edge) of the graph. We shall refer to an arc joining nodes Ni to

N, by A

J i °

The two nodes joined by an arc are referred to as the end points

of the arc,

Definition 1.2. An undirected arc is an edge which has no sense

CHAPTER I
; of direction (see Figure 1-1.).
i

i o 0 3

Figure 1.1. An Undirected Arc.

A directed arc is an arc which has a sense of direction., The sense

of direction is attributed to an arc by stating which node is to be

considered the point of origin. Such an arc is called oriented (see

Figure 1.2. ).



i O — -0 ]

Figure 1.2. A Directed Arc.

Definition 1.3. An undirected graph ( unoriented ) is simply
a graph whose arcs are all undirected (see Figure 1.3.).

Figure 1.3. Undirected Graph.

Definition 1.4. A directed graph ( oriented ) is a graph whose

arcs are all directed arcs (see Figure 1.4.).

Figure 1.4. Directed Graph.

Definition 1.5. A mixed graph is a graph some of whose arcs

are directed and some of which are undirected.

Definition 1.6. A path joining nodes Ni and NJ y 18 a set of

nodes and arcs Ni ’ Air ’ Nr ’ Ark y eee qu ’ NJ s such that



each node in the set, with the possible exception of the first and

last nodes, is the end point for the preceding arc and the starting

point for the following arc in the set. The nodes Ni and Nj are

called the extremity points of the path. Thus each arc in the path is

directed away from N, and towards Nj (see Figure 1.5. (a)).

i
which fall in the path between Ni and Nj in order of occurrence,

Definition 1.7 A route from N to Nj is the set of nodes

Ni,Nr’oco’Nq,Njo

Definition 1.8. A chain is a similar structure to a path except

that not all arcs are necessarily directed toward Nj (see Figure 1.5.(b)).

Definition 1.9. If a path is defined so that i = j , i.e. the

extremity points of the path are one and the same node, then the path

is called a circuit (loop) (see Figure 1.5. (¢)).

Definition 1.10. A cycle is a closed chain (see Figure 1.5. (d)).

Definition 1.11. A tree is a connected graph which has no loops

(see Figure 1.5. (e)).

Definition 1,12. A spanning tree is a tree that includes every

node of the graph.

Definition 1.13. A graph G is said to be connected if there

is a path in G Jjoining any two nodes of the graph. Throughout this

paper we shall assume that G is connected.




Definition 1,14. A network is a graph such that a flow can

b \/
- 0 - 0

take place in the arcs of the graph.
|
|

(2) Path. (b) Chain.
— \ e
|
(¢) Circuit. (a) Cycle.
O— s
(e) Tree.

Figure 1.5, Path, Chain, Circuit, Cycle and Tree.



1.2. The Problem of Shortest Paths

The problem of finding a shortest path from a given starting
node to another node in the network is a fundamental problem in
network theory. This problem arises very frequently as a sub-
problem in other problems of optimization and also has a practical
interest of its own.

Consider a network consisting of the nodes NJ ’ (j = 1,2,...,n)
13 of the network has associated with it a distance
d,, + The problem is to find a path from Ns to N, with the sum of

and every arc A

iJ t
the distances dij of arcs in the path a minimum.
If nodes are intetpreted as cities then dij can be interpreted

ass

(1) The distance between city i and city 3 , in which case the
problem is to find the shortest distance route to travel from one
city to another in the graph.

(2) The time spent to travel from city i to city j , then the pro=-
blem is to find the shortest time route.

(3) The cost of travelling from city i to city J ,then the problem
is to find the cheapest route.
There are many other practical problems in which one wants to find

an optimum route under other criteria. Some of these problems will be

mentioned briefly at the end of this chapter.

We shall not, in general, restrict the d,, to be nonnegative,

iJ
However, the total distance of any cycle must be nonnegative, other-
wise, the shortest path problem is not well defined. Furthermore, the

digtances dij are arbitrary and do not have to satisfy the triangular




inequality dij + d;jk = dik » otherwise the problem would be

trivial, since the arc Ast would be the shortest path from Ns
to Nt o Also we assume that in general the distances do not have

to satisfy the symmetric relation 4 = d

ij i

The nonexistence of a negative cycle rules out an undirected
arc having a negative length , as we regard an undirected arc as
two opposite directed arcs both with the same distance a8 the undi-

rected arc.

A shortest path from N, to N, 1is a path with minimum total arc

i J
lengths, If there is no single arc leading from Ni to a node 'Nj ’
we define the 1length 4d = 00, Also we define dii = 0,

i
Mathematical Formulation of the Problem

As mentioned before, we are trying to detect a path starting at
a certainAnode, vhich we will call the source node and denote it by
Ns » and ending at another node, which we will call the sink node and
denote it by N, , such that the total distance (cost) travelled from
Ns to Nt is a minimum.

The path from N8 to Nt y in general, will include some nodes
other than NB and Nt s together with the arcs connecting these nodes
to each other and to Ns and Nt .

From Ns only one of the arcs associated with Ns can be inc-
luded in this path and it is directed away from N8 s and no arc di-
rected towards NB will be included in the path. Conversely, for
Nt only one arc, of the arcs associated with it, can be included in

the path and it is directed towards Nt y and no arc directed away

from N, will be included in the path (see Figure 1.6.).



For the other nodes in the path, exactly two of the arcs
associated with each of these nodes will be included in the path,

one directed towards it and the other directed away from it.

Let us now associate with each arc Aij a variable xij s BO
that if Aij is included in the path then xij = 1 , and if Aij
is not included in the path then X5 = 0 (1,3 = 8915240ce9n,t)e

N
s
Nt

Figure 1.6, Path from N8 to N, .

We now define the cost function 2 assocliated with each arec

iJ
Aij
Zij = dij xij iy = 841,25040ynyt
so that Zij = dij if Aij is in the path
and Zij = 0 if Aij is not in the path,

Therefore the total cost function associated with the network is

given by

and we are required to minimize the function Z .
Now, at each node Nj s except the source Ns s Oonly one arc is

entering it so that,

xij = 1 i # J o d # 8, J= 1,2,...,n,t



and therefore,

n
E xi' = 1 J # 8 9 j = 1,2,...,!1,1: (a)
i=1 J
n

and Y x,, = 0 j=s8 (b)
= 1 ~

Also, each node Nj s except the sink Nt’ has only one arc

leaving it , so that

xdk = 1 ’ j # k ’ j # t ’ 3 = 8,1,2,...,11

n
and therefore Y T = 1 JA %t 5 3 =811,20ee0n, (c)
k=1
n
X = 0 = 1t d
L o, ; (2

Subtracting (a) from (c) and (d) respectively, we get

0 Jfds,3#¢¢

= -1 JEs, 3=t

E
o
=]

M=

Subtracting (b) from (c) we get

n n
Z Ijk'rxij = 1 j=8,j#t

n n
Minimize I: Y & Y (1.1.a)

subject to



(1.1.1)

and Xy = 0 or 1 (1.1.¢)

This problem can be regarded as :
(1) A linear programming problem which can be solved by the simplex
method.,
(2) A transportation type problem.
(3) An integer linear programming problem,
These techniques will not be discussed in this paper. The methods
discussed in this paper for the solution of the shortest path problem

are developed specially to solve this problem and others of the same
type.

1.3, The Tree Building Algorithm

The algorithm discussed in this section finds a shortest path
between two specified nodes Ns and Nt o« We first consider the case
when all arc lengths are nonnegative and we illustrate the algorithm
by an example, Then we consider the case when some or all of the arc
lengths are allowed to be negative, where we present the necessary
modifications to the algorithm to be valid in this case.

Before we attempt to discuss the algorithm, we first introduce

the symbol "is replaced by" denoted by ":=" ., Consider now the operation

R = min (R, Q+ T) (1.2)
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This operation, called the triple operation, means that the
value of R is compared to the value of Q+ T and if R £ Q + T,
then the value of R remains unchanged; and if R > Q+ T , then

R 1is replaced by Q+ T &

Graph with Nonnegative Arc Lengths

Instead of finding the shortest path from Ns to Nt s let us

find the shortest path from Ns to all other nodes Ni in the net-

work., The reason for doing this is that any node N, may be an inter-

i
mediate node on the shortest path from Na to Nt « If a node Ni is
on the shortest path from Ns to Nt s then the subpath from Ns to
N, must be a shortest path from N, to N
replace the subpath from Ns to N

i Otherwise, we would

i by another path of shorter
distance to form a shorter path from Ns to Nt « This new path would
be of shorter distance than the original path from Ns to Nt and
- would contradict the fact that the original path from Ns to Nt is
a shortest path.

The main idea is as follows: Suppose we know the m nodes that
are closest in total length to Ns in the graph, and also a shortest
path from N_  to each of these nodes (a shoptest path from N_ to

itself is the null path which has length equal to zero).

The node NB and these m nodes , form a tree and they are called

tree nodes . All other nodes are called nontree nodes. Then the

(m + 1)St closest node to the node N is found as follows:

For each nontree node Ny sy construct m distinct paths from Ns

to Ny by jeining the shortest path from Ns to Nx by Axy for all

tree nodes Nx .
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Select the shortest of these m paths and let it temporarily
be the shortest path from Ns to Ny'

Then the nontree node with the shortest temporary path from
N, is the (m + 1)St new member of the tree. The shortest path from
Ns to the (m + 1)St node member of the tree uses only tree nodes
as its intermediate nodes since all arc lengths are all nonnegative,
Starting with m = 0 , this process can be repeated until the shor-

test path from Ns to N, has been found.

t
We now formally state the tree building algorithm:

Step (1) 1Initially, all arcs and nodes are nontree arcs and nodes.
Assign a value d(x) to each node N_ of the form
d(x) = (ayb) where a denotes the length of the shortest
path from Ns to Nx and b denotes only a tree node used
as intermediate nodes. Initially, set d(s) = (O,s) and
d(x) = (oo , x) for all x # s. Let Ny be the last node
to become a tree node.

Step (2) Let Ns become a tree node, and let Ny = Ns. For each
nontree node N_, redefine d(x) using the triple operation

(1.2) as follows:

d(x) := min (a(x) , a(y) + dyx) (1.3)

In this operation d(x) is of the form d(x) = (a,b) where
a is a distance and b is a node number, and when dyx ’
the length of Ayx » enters this operation it transforms to
the same form dyx-———»-(f,y) gsince y is the intermediate
tree node where dyx originates, and f is the distance

between N and N_ ,
Yy b 4



Step (3)

Notice that each tree

it (except Ns) and the tre

then if c¢c +
we see that the
and y has bec
and if c + £ £
If 4a(x) =
because no path

wise let the no

(o

n (a(x) , ay) + &)

(cir) + (ftY))
(c+£f,1y¥))

n ((a,b) ,
in ((a'b) ’

D a therefore d(x) = (c + f, y), where
total distance from Ns to Nx is c+ f
bme the intermediate node nearest to Nx ’
(ayb).

yX) for all nontree nodes Nx y then stop

a therefore d4(x) =

exigts from Ns to any nontree node, Other-

tree node nx with the smallest value d(x)

become a tree ndde. Also, the arc directed into node Nx

from a tree nod
(1.3) becomes a

et N = XN
Yy b 4

If node N, ha

t

that determined the value d(x) in operation
tree arc,

become a tree node stop because a shortest

path from Ns to Nt has been found. This path consists

of the unique thh of tree arcs from N8 to N

t

If we want to find the shortest path from Ns to all other

nodes in the gra
when the tree be

Otherwise, retur

$° If node

N, has not becohe a tree node, repeat Step (2).

ph, Step (3) is modified so that we stop
comes a spanning tree (if one exists).

h to Step (2).

node has at most one tree arc directed into

building cannot contain a cycle since non-

tree arc cannot become a tree arc if both its extremity points have a

tree arc incident to it. The unique path from node Ns to any other
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node Nx contained in any shortest path tree is a shortest path

from N to N .
8 x

Example 1.1. Consider a graph of Figure 1.7. and let us find

a shortest path from node Ns to node Nt'

1 3 2

Figure 1.7. Graph for Example 1.1.

Step (1) Only N, is a tree node d(s) = (0,8) and d(x) = (o ,x)
for all x# 8.

Step (2) Ny = N and

a(1) = min (a(1) , d(s) + ds1)
= min ((e0,1) » (0,8) + (4,8))
= (4, 8)

a(2) = min (a(2) , da(s) + dsa)
= min ((00,2) ’ (0’8) + (7’3))
= (7 ’ 5)

a(3) = min (a(3) , a(s) + d4)

min ((o,3) , (0,8) + (3,8))
= (3 ’ 9)




- Step (3)
Step (2)

14

a(4) 3= min (3(4) , &(s) + )
= min ((0,4) , (0,8) + (00,4))
= (e, 4)

a(t) := min (a(t) , d(s) + dst)

= min ((oo,t) , (0,8) + (0,1))

= (o00,t)

then, min (a(1) , a(2) , a(3) , a(4) , a(t))
= min ((4,8) , (7y8) , (3,8) , (00,4) , (00,t))
= (3,s)
= d(3),

node N, 1is joined to the tree as well as the arc As

3
which determined d(3). The current tree is shown in

3

Figure 1080(3).
Nt has not become a tree node, return to Step (2).

y=3

da(1) = min (a(1) , a(3) + d31)
= min ((4:9) ’ (399) + (00:1))
= (4 ’ s)

da(2) s:= min (a(2) , a(3) + d32)
= min ((7,8) , (3,8) + (©,2))
= (7 ’ 9)

a(4) := min (a(4) , 4(3) + d54)
= min ((0,4) 4 (3,8) + (3,3))
= (605)
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d(t) := min (d(t) , a(3) + d5)
= min ((o0,t) , (3,8) + (,t))
= (o0,t)
and min (4(1) , a(2) , a(4) , a(t))
= min ((4,8) , (7,8) , (6.3) , (o0,t))
= (4,8)
= da(1) .

So node N1 is joined to the tree as well as arc As

which determined d(1). The current tree is shown in

1

Figure 1.8.(b).
Step (3) N, bas not become a tree node, return to Step (2).

Step (2) y =1

a(a) min (da(2) , a(1) + d

2
= min ((7,8) , (4,8) + (3,1))

= (7,8) or (7,1)

a(4) = min (a(4) , a(1) + 4, )
= min ((6,3) , (4y8) + (2,1))
= (6,3) or (6,1)

a(t) := min (a(t) , a(1) + d1t)
= min ((Oovt) ’ (4v5) + (°°’t))
= (OO,t)

We see that there is a tie for both d(2) and d(4). The tie

for d(2) will be solved later, but since
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min (da(2) , a(4) , a(¢))
= (6,3) or (6,1)
= d(4)

we can arbitrarily select one of these two arcs to join the

tree. We arbitrarily select da(4) = (6,3). So node N, is 1

joined to the tree as well as arc A,,. Also we arbitrarily ‘

34
choose d(2) = (7,s).
The current tree is shown in Figure 1.8.(c).

Step (3) N, has not become a tree node, retum to Step (2).

Step (2) y =4

min (a(2) , a(4) + 4

a(2) = 42)
= min ((7,8) , (6,3) + (0,2))
= (713)

a(t) := min (a(t) , d4(4) + d4t)
= min ((Ooyt) ’ (693) + (2’4))

= (8,4)

nin ((7,8) , (8,4))
= (7v9)
= da(2)

S0 node N2 is joined to the tree as well as arc As « The

2
current tree is shown in Figure 1.8.(d).

step (3) N, has not become a tree node, return to Step (2).



17

Step (2) y = 2

a(t) 3= min (a(t) , da(2) + dzt)
= min ((894) ’ (715) + (2!2))
= (804)

Thus node Nt has become & tree node as well as arc A

The current tree is shown in Figure 1.8.(e).

4s°

(Notice that the tree shown in Figure 1.8.(e) is a spanning

tree,)

The total distance of the shortest path from Ns to K can be

t
read directly from the node value d(t) = (8,4) , where the total

distance from Ns to N, is equal to 8. Also using the labels

t

d(x) we can track the shortest path from Ns to N, as follows:

t
- a(t) = (8,4)  then,
i(4) = (6,3) then,

a(3) = (3,8) so that, the path from N_ to N. is

along tree arcs.



3 3
(a) (v)
1
4
8
3
= 0
3 3 4
()
2
(a)
1 2
a t
3 /
3 3 4
(e)

Figure 1.8, Tree Building for Example 1.1.
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Graph with Negative Arc Lengths

We assumed in the previous method that all arc lengths were non-

negative. What would happen if some of the arc lengths were negative ?

For example, consider the graph in Figure 1.9.

Figure 1.9, Graph with Negative Arc Lengths,

The shortest path from Ns to Nt is

No v Agy 0 N A N s

whose length is

+2-2 = 0,

We can eaeily verify that if the shortest path algorithm presented
in the preceding method were applied to this graph, then the path

N, Ast y N

s would erroneously be selected as the shortest path

t
from N to N_ .
8 t
Fortunately, the tree building algorithm just discussed can be
generalized to accommodate arcs with negative lengths. This can be done
by three simple changes, namely:
(1) 1In Step (2), let equation (1.3) be applied to all nodes, not only

nontree nodes, Hence, a tree node as well as a nontree node can

have its node number d(x) decreased.
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(2) If a tree node has its node number decreased, then remove the
tree arc incident to it from the tree.
(3) Terminate the algorithm only after all nodes have become tree

nodes and Step (2) fails to lower any node numbers.

Proof. The proof is achieved by contradiction. The algorithm

cannot terminate unless

a(x) + dxy £ da(y) for all Axy (1.4)

Otherwise, Ny would be a nontree node during the iteration of Step
(2) occurring immediately after vertex x has become a tree node.

Suppose that upon termination of the aléorithm d(y) does not
equal the length of a shortest path from Ns to Ny for some Ny .
(If there is more than one such Ny s then take Ny to be the node
with the shortest path from Ns that contains the fewest arcs.)
Whenever a node number d(z) is finite, it equals the length of some
paths from Ns to Nz .

Hence, it follows upon termination d(y) must equal the length
of some path from N_ to Ny, and consequently, d(y) must exceed the
length of a shortest path from Ns to Ny « Let node Nx be the
next-to-last node on the shortest path from Ns to Nx o (If there
is more than one such path, select any path with the fewest number of
arcs.) Thus, d(x) must equal the length of a shortest path from N8
to Nx’ and

ay) > ax) + e (1.5)

This contradicts (1.4)
Q.E.D.
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Can this algorithm fail ? Yes, if the graph contains a circuit
whose total length is negative (a negative circuit). In this case,
the circuit might be repeated infinitely many times yielding to a
nonsimplé path whose length is infinitely negative.

To remedy this situation, weiapply the algorithm anyway, but
we keep count on the number of times each node has entered the tree,
As soon as anj node has entered the tree for the nth time, where n
is the number of nodes in the graph, stop because the graph contains
a negative circuit; Otherwise, the algorithm terminates in a finite
number of steps with correct results.

To show this, suppose that there are no negative circuits in the
graph. When any node Nx receives its final node value d(x), then
at worst every other node can enter the tree once more before another
node receives its final node value., Hence, no node can enter the tree
more than (n - 1) times.

In this case we will not illustrate by an example as the algo~
rithm presented in the next section will cover this case very simply,
without worrying whether negative cycles exist or not. In fact, the

next algorithm will allow detecting negative cycles very easily.

1.4 Multiterminal Shortest Paths

A Matrix Algorithm

In this section, we will present and discuss an algorithm to

find shortest paths between all pairs of nodes. As before all dij

do not have to satisfy the triangular inequality or the symmetric

relations, we shall not restrict the dij to be nonnegative in general.
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As we mentioned , the whole problem lies in the fact that

diy * 94 ¥4y

otherwise, the shortest path between every pair of nodes Ni and

Nk would be the arc Aik

for which the shortest path from Ni to NJ is the arc Aij' Let

. However, there must be some arcs Aij

us call these arcs basic arcs. Note that in Section 1.3. all tree
arcs are basic but not vice versa.

Suppese we know the shortest path from NP to Nq y say. Then
this path must contain only basic arcs ; otherwise the fact that the
path from Np to Nq "is a shortest path will be contradicted. Now
if we create an arc qu with distance equal to the shortest chain,
then qu becomes a basic arc. This problem of multiterminal shortest
paths is solved by creating a basic arc ( if no such arc already
_ exists ) between every pair of nodes., The distance associated with
the newly created basic arc is equal to the shortest path formed by
basic arcs of the original graph.

Consider now the triple oberation defined by (1.2), but in this

case it is defined for a given node Nj called the pivot node:

d

4 = min (dik y @ +d3k) for all ifk#j (1.6)

i)

The triple operation as in (1.6) compares the distance of an arc

dik with the distance of a path consisting of two arcs with NJ as
intermediate node, and changes the original distance of the arc if it

is the larger of the distances.
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If we do this operation (1.6) for every node Nj(j = 152500090),
then the new dik are lengths of the shortest paths between every
pair of nodes,
In this algorithm, the amount of computations is n(n-1)(n-2)

additions and comparisons,

Proof, Any shortest path must consist of basic arcs of the
original graph. The rpoof shows that at the end of computations, a
basic arc of distance equal to the sum of the distances of the basic
arcs in the shortest path is created. Consider any arbitrary shortest

path such as the one shown in Figure 1.10.

- 2 >~
- T
P P \\:\
- ~ L ~ ~
& a3 >\
0 -0 0 A
2 4 6 1 3 9

Figure 1,10, Basic Arcs,

The ojeration (1.6) will create basic arcs successively as shown
by the dotted lines., For a graph without negative cycles, the shortest
distance between any two ncdes is well defined. If the operation (1.6)
creates an arc A29 that is not equal to the true shortest distance,
then that distance will be replaced by the true shortest distance at

some later step. Once the true shortest distance is created, then it

cannot be replaced, since it is the minimum.



24
In Figure 1.10. we have an arbitrary shortest path with baeic
arcs A24 » Ag s A46 , A13 and A39 . Since in the operation (1.6)
j 1is successively fixed at 1,25¢0099,..., we create successively
the new basic arcs A63 ’ A69 ’ 426 and A29.
Q.E.D.
For any graph G with a finite number of nodes n, we shall

construct a matrix D = (d of dimension nxn called the matrix

ij)
of distances. The entries of this matrix D will be the distances
associated with each arc in the graph. The row number will stand for
the node from which an arc originates, and the column number will stand
for the node at which an arc terminates.

As mentioned before if no single arc exists between two specific
nodes the corresponding entry will be set to oo.

Also, for the present application we will set dii = 0 for all
i = 1,24eee9n. If an undirected arc exists say Ast s in this case we
| will set dSt = dts o« In general D will not be a symmetric matrix.
From the proof we can see that when J in operation (1.6) is
successively fixed at 1,2,...on, then for each of these values, ope-
ration (1.6) is carried out for each entry d;, with i £ 3 and k £ J,
to fill the (n-1)(n—1) matrix obtained be deleting the jth row and
column. Since d,, = 0 (L = 1,2,00093=1y3+15000sn) we need only per-
form (n-1)2 - (n=1) = (n-1)(n-2) operations for each fixed value of j.
As there are n values of j there are totally n(n-1)(n-2) opera-
tions like operation (1.6) to perform, where each operation involves
one addition and one comparison.

This number of additions and comparisons is the maximum that can

be expected for a network with arbitrarily defined distances.
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At the end of this number of operations the resulting matrix
D*, is the matrix of shortest distances.
In all the previous discussions we have defined d i = 0 for all

i

i . If we define d,, = oo for all i, then operation (1.6),allowing
i = k, will provide a technique for finding minimum cycles containing
Ni . In many applications we are interested in finding negative cycles,

and if gii becomes negative , it shows that a negative cycle exists.

To keep track of the arcs that make up the shortest path, we use
the following bookkeeping. In a matrix of dimension nxm , R = (rij)’
whose entries are calculated along with operation (1.6), the entry in
row i and column k indicates the first intermediate node on the
shortest chain from Ni to Nk if there is such an intermediate
node, Let k be the entry if there is no intermediate node. At the

start all entries of the matrix in the (i,k) positions are set to k,

G =k (1.7)
then

A Y
J if dik dij + djk

k= (1.8)

remains the same if d4,, € 4,, + 4

ik © %3 * Y5k

At the end of the n(n-1)(n-2) iteration operations (1.8)(which
are carried out along with operation (1.6)) the resulting matrix BR* ,
called the route matrix is the matrix by means of which one can detect
any route of shortest distance, if one exists, between any pair of

nodes in the graph.
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To prove that operaticn (1.8) works, let Nj be the interme~

diate node with emallest index in a shortest path from Np to Nq

and Ni and Nk are iwo nsighboring nodes of Nj orr the shortest
, by .
path. Durirg the computations, dik dij 4 djk y and we set
T = Tyyo = 4o
3 :
Since Aij and Ajk are basic arcs, ri;j = J and r;jk = k

throughout tbe computation. This proves the correctness of operation
(1.8) for a shortest path with one intermediate node.

Now the original shortest path from Np to Nq is replaced by
another, = path with equal distance tut one less intermediate node,
since a bagic arc Aik with distance equal to dij + djk is
created. The proof is completed by induction.

In finding the interusdiate nodes of a shoritest path, or simply
a route of shortest distance from Np to Nq weing R¥, we first
look at the entry rpq = k , which uesns that Nk is the first
intermedlate node in the shortest path from Np to Nq « Then we look
at rpk

Np to Nk e« This ﬁrocess is repeated until we find the entry epi =1

which indicates that we have found all the intermediate nodes in the

to find the first intermediate node in the shortest path from

shortest path, namely Np s Ni 2 see Nk ¢ Nq .
We are now ready to illustrate the above discussed algoritbm with

an exanple,

Example j.2. Consider the graph in Figure 1.11. where the
nunbers beside the arcs are arc lengths and the numbers beside the
nodes are node nurbexrs. We want to find shortest paths between every

palr of nodes.



Figure 1.11%.

Graph for Example

1.2,

The initial distance patrix D and the initial route matrix

R are shown in Tables

1

oo

Teble 1e1s Initial Distance
Matrix D for
Example 1.2,
12 3 4 5 6 7
1 0 11 30 00 o v
2111 0 o 12 2 o0 o
313 o0 0 19 o 4 oo
4100 12 19 0 11 9 o0
51 co 2 oo 11 0 oo 1
6l 0o 4 9 o0 0 oo
Tloo o0 o0 20 1 1 O

To apply the operation (1.6) for j = 1 , we check each entry

in Table

first row

Table 1.2.

~N O WU A~ W

respectively.

Initial Route
Matrix R for
Example 1.2,

1 2 3 4 5 6 7
12 3 4 5 6 1
1 2 3 4 5 6 T
1 2 3 4 5 6 Z
1 2 3 4 5 6 17
1 2 3 4 5 6 7
12 3 4 5 6 17
12 3 4 5 6 1

1.1, which does not lie in the first columm or in the
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= min (o0 , 11 + 30)

= 41

d5, = min (45, 5 dgy + d,))
= min (oo , 30 + 11)

= 41.

All other entries in the (n-1)(n-1) submatrix remain the same.
The above will result in Table 1.3. along with the new route matrix

R shown in Table 1.4.

d23 t= min (d23 » d21 + d13)
|
|

Table 1.3. New Distance Mat- Table 1.4. New Route Matrix
rix for j=1. for jJ=1.

1.2 3 4 5 6 7 12 3 4 5 6 T

1] 0 11 30 o0 00 00 o0 1 1 2 4 5 6 1

2111 0 41 12 2 o0 oo 21 1 2 1 4 5 6 1

3130 41 0 19 o0 4 oo 311 1 3 4 5 6 7

| 410 12 19 0 11 9 o 411 2 3 4 5 6 7
‘ 5lcc 2 0 11 0 w 1 51 2 3 4 5 6 71
6loo o0 4 9 oo O oo 611 2 3 4 5 6 1

7100 o© o0 20 1 1 0 T 1 2 3 4 5 6 1

For j=2, we apply the operation (1.6) to each of the entries in
Table 1.3. which does not lie in the second column or the second row
and updating the bookkeeping matrix of node indices (Table 1e4.)

then,



d = d ¢= min + d

43 34 (45 » 45
= min (19 , 14 + 12)

24)

= 190

4, = d,, = min (d14 »dy,+ d24)
= min (o0 , 11 + 12)
= 23,

451 = d15 s= min (d15 » Ao+ d25)
= min (o , 11 + 2)
= 130

d53 = d35 := min (d35 , d32 + d25)

= min (o0 , 41 + 2)

= 43.

And if we carry through the computations similar to the
previous two steps, we get the pairs of Tableé 1.5 .to 1,16,

where Table 1.15, and 1.16. are the final tables.

29



Table 1.5. New Distance Mat-
rix for J=2.

1 2 3 4 5 6 1
1 0O 11 30 23 13 o o0
2111 0 41 12 2 o0 o0
3130 41 0 19 43 4 oo
4123 12 19 0 11 9 oo
5113 2 43 11 0 oo 1
6|loo o 4 9 o0 0 o0
Tloo o0 o0 20 1 1 0
Table 1.7. New Distance Mat-

rix for j=3.

1 2 3 4 5 6 1T
1 0 11 30 23 13 34 oo
2111 0 41 12 2 45 oo
3130 41 0 19 43 4 oo
4123 12 19 0 11 9 o
5(13 "2 43 11 0 47 1
6134 45 4 9 41 O oo
T |loo o0 o0 20 1 1 0

30

Table 1.6, New Route Matrix
for j=2.

12 3 4 5 6 17
1 1 2 3 2 2 6 1
21 1 2 1 4 5 6 1
311 1 3 4 2 6 7
412 2 3 4 5 6 1T
512 2 2 4 5 6 17
611 2 3 4 5 6 17
71 2 3 4 5 6 1
Table 1.8. New Route Matrix

for j=3.

1 2 3 4 6 7
111 2 2 3 7
211 2 1 4 5 3 1
311 1 3 4 2 6 17
41 2 2 3 4 5 6 71
512 2 2 4 5 3 17
613 3 3 4 3 6 1
711 2 3 4 5 6 1




Table 1,9. New Distance Mat-
rix for j=4.

11 0 11 30 23 13 32 oo

N

11 0 31 12 2 21 o0
30 33 0 19 30 4 oo
23 12 19 0 11 9 o
13 2 3 11 0 20 1
32 21 4 9 20 0 oo

e T < N B - S OV

43 32 39 20 1 1 0

Table 1.11. New Distance Mat-
rix for j=5.

30 31 0 13 30 4 AN
23 12 19 0 11 9 12
13 2 30 11 0 20 1

32 29 4 9 20 0 21

~N N UV AW

14 3 31 12 1 1 0
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Table 1.10, New Route Matrix
for Jj=4.

1 2 3 4 5 6 17
111 2 3 2 2 4 17
211 2 4 4 5 4 1
311 4 3 4 4 6 1
41 2 2 3 4 5 6 T
512 2 4 4 5 4 17
614 4 3 4 4 6 7
714 4 4 4 5 6 7
Table 1,12, New Route Matrix

for j=5.

12 3 4 5 6 7
111 2 3 2 2 4 5
21 2 4 4 5 4 5
311 4 3 4 4 6 5
41 2 2 3 4 5 6 5
512 2 4 4 5 4 17
6] 4 4 3 4 4 6 5
715 5 5 5 5 6 1
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Table 1.13. New Distance Mat- Table 1.14. New Route Matrix
rix for j=6. for j=6.

1 2 3 4 5 6 1 1 2 3 4 5 6 1
110 11 19 23 13 32 14 | 1 1 2 6 2 2 4 5
2111 0 26 12 2 21 3 21 1 2 6 4 5 4 5
3130 25 0 13 24 4 25 311 6 3 6 6 6 6
4123 12 13 0 11 9 12 41 2 2 6 4 5 6 5
5113 2 24 11 0 20 1 51 2 2 6 4 5 4 1
6132 21 4 9 20 0 21 6| 4 4 3 4 4 6 5
7|4 3 5 10 1 1 0 715 5 6 6 5 6 1
Table 1.15., D* for Example 1.2, Table 1.16, R¥* for Example 1.2,

1 2 3 4 5 6 1 1.2 3 4 5 6 17

11 0 11 19 23 13 15 14 1 1 2 6 2 2 1 5
2111 0 8 12 2 4 3 211 2 7T 4 5 7T 5
3130 25 0O 13 24 4 25 3 1 6 3 6 6 6 6
4125 12 13 0 11 9 12 41 2 2 6 4 5 6 5
5113 2 6 11 0 2 1 512 2 7 4 5 71 1
6132 21 4 9 20 o 21 6l 4 4 3 4 4 6 5
7114 3 5 10 1 1 0 715 5 6 6 5 6 17

Now if we want the shortest path from N1 to N6 say, we look
*
at Table 1.,15. where we read d16 = 15 , and to find the nodes in

this path we look at Table 1,16, where :
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1.5. Modifications and Applications

In this section we present some applications of the algorithm
1 discussed in Section 1.4., as well as some modifications to the
|

operation (1.6) to fit other types of applications.

Application 1

| An airline is approached by a passenger who wishes to fly from
| Springfield, Illinois to Ankara, Turkey spending as little time as
possible in the air since he‘is afraid of flying. How should the air-
line route this passenger 7

The airline should construct a graph whose nodes are the airports
between Springfield and Ankara and whose arcs correspond to the
flights between the corresponding airports. Let the length of each arc
equal the corresponding flight time, The airline should now read the
remainder of this chapter to learn how to find a shortest path between

the nodes corresponding to Springfield and Ankara.

Application 2
Suppose that you wish to drive from Boston to Los Angeles using

only interstate highways. What is the shortest route to take ?
Construct a graph whose nodes correspond to the junctions of the
interstate highways joining their respective nodes. Let the length of

| each arc equal the mileage along the highway that it represents.
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The routing problem between Boston and Los Angeles can now be

solved by finding the shortest path from the node representing the
highway junction in Boston where you would start your journey to the
node representing the highway junction in Los Angeles where you

would end your journey.

Application 3

You must have an automobile at your disposal for the next five
years until your retirement. There are currently a variety of auto-
mobiles that you may purchase with different expected lifetimes and
costs and there are a variety of leasing arrangements available. What
should you do ?

Represent each possible transaction date during the next five
years as a node., (To simplify, you might consider only the first day
of each month as a possible transaction date.) Represent each possible
‘ purchase or lease by an arc from its initial transaction date node
to its maturity date node., Let the length of each arc equal the cost
of the corresponding transaction., The best purchase/lease combination
must correspond to the shortest path from the node representing the

current time to the node representing your retirement date.

Application 4

Suppose that a salesman in Boston plans to drive to Los Angeles
to visit an important client. He plans to use the interstate highway
system described in Application 2, and he plans to visit other clients
along his route. He knows on the average how much commission he can
earn from each proposed stop along the way from Boston to Los Angeles,

What route should he take from Boston to Los Angeles ?
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In this situation, the length of each arc in the graph repre-
senting the highway system should be set equal to the expected net
profit (expected commission less driving expenses) of the corres-
ponding highway segment. The salesman should drive along the longest
path from the Boston node to the‘Los Angeles node,

Obsexrve that in this case some of the arc lengths will be
negative where the salesman expects to incur a loss, and positive
where fhe salesman expects to make a profit.

In such a case operation (1.6) is modified to become

d;, = max (dik R dij + djk) (1.9)

and initially 4 = =00 wherever no single arc exists between

ij

Notice that in equation (1.8) "M ig replaced by "<

and vice versa.

Application 5
A small investor must decide how to invest optimally his funds

for the coming year. A vériety of investments (passbook savings
account, certificate of deposit, savings bonds, etc.) are available,
For simplicity suppose that investments can only be made and with-
drawn on the first of each month. Create a node corresponding to the
first day of each month. Place an arc from node Nx to node Ny for
each investment that can be made at time x and mature at time y.
Notice that this graph contains no circuits. Let the length of each

arc equal the profit earmed on the corresponding investment.
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This case, like Application 4, is a maximization problem and

therefore can be solved using equation (1.9).

Application 6
Given a graph with arc capacities bij » a route from Np to

Nq is called a maximum capacity route if the minimum arc capacity
of this route is not less than the minimum arc capacity of any other
route from N_ to N ,
P q
As an application of the triple operations (1.2) presented in
this chapter, we can use the following operations to get maximum

capacity routes between all pairs of nodes in the network:

b, = max (bik , min (1:)1:j , bjk))

for all i ,k#£ J and for J = 1,2,e..,n successively.

Another nxn matrix R = (rij) similar to the route matrix

described in the preceding section , where the entries Tip are
all set equal to k initially.
Then,
P4
J b\ min (bij ’ bjk)
ik ~

unchanged if b, 2 min (bij ’ bjk) .

Application 7

In many physical applications, it is customary to refer to the
state of a system. For example, in Newtonian mechanics one is often

interested in the "system" consisting of a mass particle (or some
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physical object) moving in a certain environment. Usually one refers to
the position and velocity of the particle at a specified time as the
"state" of the system at the same time., That is, the physical laws
determine how the system passes from one state on to subsequent states.

This terminology can profitably be carried over to the shortest
route problem. Think once again of a car and driver moving along certain
streets. Let us agree to refer to the city streets, the car, and the
driver as the "system" under consideration., The "state" of this system
at a specified time could be defined to be the location of the car at
that time. The shortest route problem could then be stated as the
problem of finding the least time in which the system can pass from the
initial state (in which the car is at the starting vertex) to the final
state (in which the car is at the terminal vertex).

In Newtonian mechanice there is ordirarily an infinity or "con-
tinuum" of states to be considered., For example, a planet moving around
the sun is thought of as moving in a continuous way from state to state.
It can occupy infinitely many locations in the course of the journey.

In our work, however, we need distinguish only a finite number of
states., In fact, we have seen that we only need to consider the times
tij required for a car to go from one vertex to another. Thus, we could
define the possible states for a map with N vertices,

0f course whén we define the states in this way, we are making an
abstract model of the real situation, and in so doing we are ignoring
many things which we regard as of minor importance in relation to our
objective. For example, non of the variations of speed or other events
which occur between two vertices are taken into account. Then, step ﬁy

step we introduce more realisfic features.




CHAPTER II

A DECCMPOSITION ALGORITHM FOR

SLIGHTLY OVERLAPPING GRAPHS
2.1« The Problen

In most cases a graph has less than n(n-1) arcs and is far
from being completely connected. This means that the associated
distance matrix D = (dij) has many entries which are infinity.
This factvgives rise to a problem of computer storage and the num-
ber of operations performed, when a computer is used to solve the
problem of shortest paths specially in large scale graphs
(h=15, 20, 30 , «.).

Before we attempt to find a solution to this problem, let us

first introduce some mnew concepts and definitions.

Definition 2,1, Take a subset of nodes in a graph and denote it

by A. Let X be another subset of nodes. We call the set X a
cut set of A if it has the following property:

If the set X together with its incident arcs are deleted from
the graph, then the graph becomes two disconnected components, one

component containing all the nodes of A and no other nodes.

Defihition 2.2 A cut set X of A 1is called a minimum cut set

if no proper subset of X has the disconnecting property of X.

Clearly all the neighboring nodes of A constitute a minimum

cut set of A.

38
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2,2, A Decomposition Algorithm

The decomposition algorithm described in this chapter takes
advantage of the situation mentioned in the former section. We shall
first consider the decomposition algorithm in its simplest form
where a graph is decomposed into two parts. Next, we shall consider
the general case where we have a decomposition of a graph into m

overlapping subgraphs,

Decomposition Algorithm for Two Overlapping Graphs
Let us assume that the graph G is partitioned into three sets

of nodes

such that,

G = AUXUB,

where X is a minimum cut set of A. If the nodes in set A are

assigned with the indices 1,2,¢e.y, |A| , (where | A | denotes the
cardinality of the set A) and nodes in X are assigned the indices
[ [+ 1, Ja]+ 2 ,.., |a] + |x| , then the asso-

clated distance matrix is of the form shown in Table 2.1. where

Dy, = (dij) with N, € A and NJ € A,

D5 = (dij) with Nié A and N:,( B, etc.



Table 2.1. Partitioned Distance Matrix for
Two Overlapping Graphs.

A X B
A D, D, D5
X Dya Dyx Dyn
B Dy Dpx Dpp

Initially, all entries in DAB and DBA are infinity. In

general, we use the notation Dupto be the distance matrix (di;j)
vith Ni € and NJ € B « Sometimes it is convenient to use

d to represent ocne of the entries in Dx

xp 8"

Definition 2.3. A conditional shortest path subject to the
restriction that nodes in the path must be a certain subset of nodes
of the graph.

*

We shall use di j
number of arcs) from N, to N;j' Now we use d;j(lf) to denote the

to denote the shortest distance (using any

distance of the conditional shortest path from Ni to N j° where §
is the subset of nodes in which the conditional shortest path must
*
lie. The matrix of conditional shortest distances (did(a)) with
‘ * *
N, €X and N;j €¢p is denoted by D"P (3) , and dyg (¥) represents
one of its entries., If G is used to denote the whole graph, then

* *
dij(G) = d,, « If we know that the shortest paths lie in the setff,

i3
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then

& @ = 4 (o (2.1)

Let A denote AUX and B denote B U X . We consider the
original graph as two graphs overlapping each other, One network,
called A graph consists of nodes N, (Nie A) and arcs
Aij (Ni, NJ € A) . The other network, called the E-graph, consists
of nodes N (Nk € B) and arcs A (Nk » N_€ B) .

The following two theorems give the foundations of the decom=-

position algorithm for two overlapping graphs.

Theorem 2.1

Let G=AUXUDB, where the removal of X will make the graph
disconnected. Then the shortest distances between any two nodes in the
'ﬁ-graph can be obtained by considering only the 3B provided that the
~ conditional shortest distances D;X(K) are known.

(note that X = G - B).

Proof: If the shortest path lies entirely in B, then,

agp ©) = dp (®

which means it is sufficient to do the triple operations in the
ﬁ-graph « Assume that there are many subpaths, of a shortest path,
which contain nodes in A . This is shown symbolically in

Figure 2.1.
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re)
)
®

OO -

o

Figﬁfe 2.1. Symbolic Representation of Two
Overlapping Graphs.

Consider a shortest path from N to N6 » Since both the

1 ,
starting node and the terminal node are in B and X is a cut set
of B, any sﬁbpath that contains nodes in A must begin and end in

the set X . In Figure 2.1, the subpath from N. to N, and the

2 3

subpath from N4 to N5 are two such paths.
If d23 (1) = dys (¢ - B)

d d. (6 -3 = d i
an 45 (¢ - B) 45 (1)
are known, we have effectively in the ﬁ-graph, two arcs A23 with
dist dre (G~ B) and A,  with dist &t (¢ - B)

- ce - .
stance 23 45 stan 45

The shortest path from N, +to N6 then consists of the subpath

1

y» the subpath from N s and the

from N1 to N2 ’ A23 3 45

subpath from N; to N, all of which contain arcs in the B-graph,

to N A
4 ]

Thus, it is sufficient to consider only the B-graph. Note that this

reasoning is independent of the number of subpaths which contain nodes
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of 4, Clearly if we interchange A and B and X and B, then

the theorem is also true.

Q.E.D.

Theorem 2,2
Let G=AUXU B, vwhere the removal of X will make the

graph discomnected. Then
dp (6) = min (dr (0) + & (9)) (2.2)
ap, (6) = ain (age (B + dy, (6)) (2.3)

Proof, To get from any node N, in A +to any node N, in

i k

B, we must pass at leaat one node Nj in X, If the minimum is
taken over all Nj in X, then it is certainly the minimum distance.
Let the distance matrix DZX (G) vbe n, xp and the distance matrix
ﬁ;B (G) be p «x n, . Then the operation as carried out for a given

i and k {is

d:k = m‘ij.n (d;;j + d;k) (3 = 100espy Nif A, Nkf B) (2.4)

Q.E.D.

In Theorem 2,2 the total number of additions is n x@n X p
with the same number of comparisons. Operation(2.4) is like an ordinary
matrix multiplication with (+) replacing (x) and (min) replacing

( I: ) « We shall refer to operation (2.4) as a matrix minisummation .
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Based on these two theorems, the triple operations are per-
formed in the A-graph . This will give the conditional shortest
distances between each pair of nodes in the graph X . In particular,
for two nodes in X +the conditional shortest distances will replace
the original distances between the two nodes. Then we apply the
triple operations on the B-graph where the distances between nodes
in X have been replaced by the conditional shortest distances
calculated from the f\-—graph « After the triple operations in the
B-graph, we apply the triple operations on the I—graph again,
In fact, the following steps describe completely the decomposi~-

tion algorithm for two overlapping graphs:

Step (1) Execute the triple operations for each of the entries of

the matrix
r -y
Dya Dyx
Dxa Pxx
B o

* . -
At the end of the step we have DAA(A) , DAX(A) R
* * -
DXA(K) and Dxx(A) .
Step (2) Execute the triple operations on the matrix
[ * -
D, (%) Dyp

Dy Dpp

= .

At the end of the step we have, from Theorem 2.1 ,
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D;x(c) , ﬁ;B(G) » D(G) and Dgg(G) -

Step (3) Execute the triple operations on the matrix
- * o

D,,(4) D, (%)

* o *

B )

At the end of this stepwe have, from Theorem 2,1,
* * * *
DAA(G) ’ DAX(G) ’ DXA(G) and Dxx(G) .
Step (4) Use the minisummation operation (2.4) to obtain

ﬁ:B(c) and D;A(G) .

At this point we might try to get an idea about the number of
additions (which is the same for comparisons). Let us recall from
Chapter I, Section 1.4. that a matrix of order n requires
n(n-1)(n-2) additions. Simply we shall take this number to be n> .

So in step (1) ( lal + |x] )3 additions are needed, and in>Step(2)
(18] + |x| )5 additions,( |A| + |X| )3 in Step (3) , and
2 |Al. |X ]+ | B] additicns are needed in Step (4).

Therefore the total number of additions needed are
2(1al + X1 « (Bl + X1 o+ 2 (|ap. x| . 1B]).

If the matrix is caluclated as a whole, we need ( |A| + |X| + |B| )3
additions. For the sake of comparison let |A| = |B| ., Then the number

of additions that can be reduced from the decomposition is

5 |41 + al 2 x| - 3 |a] |x] 2- 2 |x} 3,

Thus the decomposition reduces computation for IAl pY IXl .
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When |A| £ |B| , then the number of additions that can be

reduced is
3 2
3 0al o |IB)(C lal « 1B]) =~ Jal° =~ 3 |al€ix|
‘ 0 5
+ 4 |al|B)IX] - 3 lalIxI® - 2 1x1°7 .
For example if
B = 510n , |A| = 4/10n , |X| = 1/10n

the amount of saving is (494 / 1,000) n’ » which is approximately
about half of the addition we would have performed using the triple

operation without the decomposition algorithm,

Decomposition Algorithm for m Overlapping Graphs

When the graph is extremely large and loosely connected, it is of

advantage to decompose the graph into many overlapping graphs. Let

" the distance matrix of the graph be decomposed into four overlapping

graphs as shown in Table 2.2., where the unshaded areas indicate en-
tries that are all infinity originally.

To construct such a distance matrix like Table 2.2,, we proceed
as follows:
(1) Label any subset of nodes as A.

(2) Then its minimum cut set is X, .

(3) Let B be a sub set (not necessarily a cut set) connected to

AU XA y and XB be the minimum cut set of A U XA U B,

(Notice that the minimum cut set of B is X, U X3, and BU X

is a cut set of 1.,)



Table 2.2,

The Partitioned Distance Matrix for 4 Overlapping

the minimum cut set of AU X, UBU XB U C.

(5)

A

Continue until no further decomposition is desired.

Graphs,
B Xy c X, D
A D D D
% /// AC AX,, AD
P / / / / Dy \C DxAxC Dy ,D
B | Py //DBx // //BXB/ Pxe DBX Dsp
x| oy / / / Z / // /// D
P /// /"f’ )
¢ 1 2a %x,  Tos %xé Dep
777 2%
T e Tx e D / // 4 /xc/
| ¢ A oy / ~ /// /]
D1 Dpy "ox,  Tos "oy P / / Iy
(4) Let C be a set connected to A U X, UBU X3 and X, be

In Table 2,2., the original graph is decomposed into four

overlapping subgraphs:

47
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X - graph , (A = AUXA)
B~ graph , (B = XAUBUXB)
C - graph , (T = xBucuxC)

D - graph , (B = X, 0 D).

The steps for the general decomposition algorithm for m over-

lapping graphs:

A ~-graph , B- graph, eoo o R ~ graph , H - greph ,

are as follows:

Step (1) Perform the triple operations on the (m-1) graphs I,i,...,z,

successively, where the conditional shortest distances ob-
tained in one graph will replace original distances in the

*
succeeding graph. That is to say Qx x(A) will replace

A"A
D before we perform the triple operations on B= X, U B U XB.
XAXA A
(Notice that we can take the sets A, AUX, UB, ... ,

A
successively as the set A in Theorem 2.1. and

BUXBU Q..UH, CUXCU...UH’ so 0 ,correapon~
dingly, as the set B in Theorem 2.1., then we get the
following shortest distance matrices.

* - * . *
D;z(2) %(Auﬁ),...,nﬁ(zuﬁu...uz).

Step (2) Perform the triple operations on the m networks, B, K ,

eee 3 B, A » Buccessively, where the distances obtained in

one graph will replace the distances of the succeeding graph,
*

that is DxKxK(G) will replace pika(G - H). From Theorem2.1.

we have

D@ > Dg(6) 4 ... 4 Deg(@) , DGg(6) .
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Step (3) Find the shortest distances between any two nodes which
are not both in one of the sets A , D, ... , K, H by
minisummation (operation (2.4)).

We shall use the notation A (:) X.A (:) B to
denote the matrix miniéummation with Nif A, N 3 € XA
and N € B . Though both YORN (®») B and
B @ XA @ A should be calculated, for simplicity
write one of them. The order in which minisummation should
be executed is as follows:
SORNORLE N
AU UB®H X ®HcCcuX ,
AUX, UBUX UC () X, ORLESD
AUX, UBUX;UCU.... F(¥) X, ) RT XK ,
AUX, UBUX;UCU..uK(G) X (:) H .

In the above matrix minisummation, the D (G) obtained in
the first matrix minisummation are used in the second mini-
summation,

Again we turn our attention at this point to the number of
arithmetic operations used in the decomposition algorithm; we assume
that |4 |= |Bl=e. = |H]= t anda |X,] =|X5| = ser = | X| =
Again we shall calculate the number of additions, since the number of
comparisons needed is the same,

In Step (1) the number of additions is (t+s)3 + (m-z).('c+2s;)3 .
In Step (2) the number of additions is 2(1:+.a)3 + (m—2).(t+2s)3 e In
Step (3) the number of additions is

2(t+(2t48) + voo + ((m=-2)t+(m=3)8))s(t+s)+2((m-1) t+(m~2)s) 5t

= n(n-1)t%s+s(n-1) (n-2) ts%(n-2) (m-3)s>.

8 o



50

Therefore the total number of additions is
(20-1)t° + (2%11m=15)t%6+ (224 18m-35) ts% (2411m-23)8> (2.5)

If we do not use the decomposition algorithm but perform the

triple operations on the entire matrix, the number of additions is
(nt + (m-1) s)° (2.6)

For larger m , equation (2.5) approaches mzs('l'»t—s)2 and
equation (2.6) approaches ms(t + s)3 . Thus the ratio of equations
(2.5) and (2.6) approaches (s/(t+8)) /m a8 m—s» o .

Each of the subgraphs 4, B, ... , I can certainly be decomposed
as 1f each one of them was the original graph., Thus the decomposition
algorithm can always be used to decompose a graph into finer and finer
graphs until decomposition no longer pays.

At this point we should emphasize the fact that each of the sub-
sets of nodes like A , XA sy B, XB s etc., need not be connected. We
can take any subset as A ., But, once A is determined , XA is
uniquely determined. The set B can be any set that is connected to
AU XA s but XB is the miniﬁum cut set that disconnects A U XA U B.

The decomposition of the graph described above can be classified
as a linear decomposition since the graph is partitioned linearly into
m overlapping sets as shown in Figure 2.2,

Consider a graph consisting of m overlapping graphs, which over-
lap each other arbitrarily as shown in Figure 2,3. In this case we may
still decompose the graph linearly by letting i - B s 88Y,
.zuF ’ 6* = 5 U E U 5 , ET = E and E“ = § » for example

* *
and then decompose B into two small graphs and C into three small

graphs.
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It is possible to decompose the graph into the graphs 1,3,
ces ,i y etc.y, directly , but the number of operations needed would

be more than the number needed to decompose the graph linearly.

- §-8-0-8¢

Figure 2,2, Linearly Partitioned Graph.

B
xAB X
XABC
]
A XAC C
EN
—\
B Xgp
F

Figure 2.3, Arbitrarily Overlapping Graphs.

At this point it is reasonable to introduce an idea which can be
used to explain the decomposition algorithm or can be used together

with the decomposition algorithm.
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We are given an n-node graph for which we want to find the
shortest paths between p nodes , p = n ., Then a p-node graph is
said to be distance equivalent to the n-node graph if the distance
of p(p;1) pairs of shortest paths of the two graphs are the same.

In Figure 2.4. the two graphs are distance equivalent with respect

to the nodes H1 s N, , X and N, .

2 3 4

40 0 3

Figure 2.4, A 5 to 4 Nodes Distance Equivalent Graphs,

This idea of distance equivalent graphs can be used locally to
eliminate nodes and arcs which are not of concern to us during a
particular phase in the calculations, simple formulae can be derived
to eliminate theée nodes and arcs,

Some graphs and their distance equivalent graphs are shown in
Figure 2.5, In Figure 2.5.(c) it is possible that the shortest
distance from N2 to NS is d4 + d6 or d2 + d1 + d6 s but
when we convert the four-node graph to the triangular graph, all
shortest distances can be found in the triangular graph. If we apply
simple transformationsas those shown in Figure 2.5., we can eliminate

(n-p) nodes and construct the distance equivalent p-node graph.
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| Then we can apply the triple operations or use the decomposition
algorithm on the p-node graph.
The proof of Theorem 2.1. can be thought of as eliminating

the set A when we obtain Dy (A U X).

d d d1 + 4

10— 02 02 10— 2 02
(a)
1 [§ ad ] 2 1 & 0 2
a
2 |
(v)
.
|
|
|
2
|
|
min(ad ,d1+d2) m;n(ds,d2+d3)

1 min(d6,d1+d3) 3

()

Figure 2.5. Distance Equivalent Graphs.
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2.3, Permutation Matrices

This section is devoted to present specific operations in
dealing with matrices, which will be useful for the algorithm
presented in Section 2,4.

The operations mentioned above are some of the glementary row
and column operations. Among all these operations known in the theory
of matrices, the ones that concern us are those dealing with rovws and

column interchanges.

et I represemt the identity matrix of order n

1 0 0 +ua O]
0 1 0 40 O
I ( 613) nm = |, .
|0 0 ... O 1
1 1=
where ‘ij = i,j = 1,2’ooo,no
0 143

Definition 2.4, A permutation matrix Prs y» vhere r £ g, is

defined to be that matrix obtained by interchanging the r°® and g%

rows (columns) of the identity matrix I,

1 . . i
1. .
00-000000010000 r
P = o1 (2'7)
rs
000001300000000 8
= . . 1J
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That is Prs has 1 in all the diagonal positions except the
(ryr) and (s,s) positions, 1 in the (s,r) and (r,s) positions and 0
elsewhere,
Now consider a matrix A of dimension nxn where

A = (a.ij) i,j = 1,2,ooo,n

and let P = (Kij) of dimension nxn as defined by(2.7).

Proposition 1

If we multiply A by Prs from theleft, this will result in an

interchange in positions of the rth and sth TroOWS.

Proposition 2

If we multiply A by Prs from the right, this will result in

an interchange in positions of the rth and sth columns,

Proof. (1) Let B = PrsA then by the definition of matrix

" multiplication, we have

n
b, = ) & 1, = 1,2y000yn
13 oy ik By
we have that xii = 1 i*r’ i#s ’ 131,2,000,11
and Err = Kss = 0 r€s
zssr = 8rs = 1
and 313 = 0 otherwise, so that we have,
bij = a4 igde,ifgr,i=12..0n

J=12,000yn



56

rj rsasj
brj = a—sj Ja 1,2,ooo’n (208)
bsj = srarj
bsj = arj j = 1,2,...,!1 (2.9)

So we have by (2.8) and (2.9) that the r® row of B is iden-
tical to the sth row of A , and the sth row of B 1is identical to
the rth row of A,

(2) The proof for Proposition 2 is exactly the same as

for Proposition 1 except that

n
and Cij =£ a.ikxkj

Q.E.D.

Now for any matrix A we can use the game idea to find a permu-~
tation matrix P by means of which we can reorder the rows(columns)
of A, (here we want to change the place of more than two rows.using
only one permutation matrix P). Let us refer to the matrix of row

interchange by Pro

w and the matrix of column interchange by Pco

1.
We can find Prow by simply referring to the identity matrix I.

Once we know the new order for the rows of A, we reorder the corres-

ponding rows of I in the required order. The resulting matrix is the

Prow we are seeking, Obviously if a row is to be kept in its place,

its corresponding identity matrix row remains in its place.
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Pcol can be attained similarly but with the word column sub-

stituted for the word row in the above. We illustrate this with

an example,

Example 2.1, Consider the matrix A given by

12

13
| 10

10

14

3

11
15
P

4 5 6
0 11 12
) 8 9
2 3 1
9 7 8
1 12 11~

We require that the rows of A be ordered as follows:

Then Prow is given by

-

o

o O O o©

1

.

Then multiplying A Dby Pro

o O O

4’6’3'2’5’1

from top to bottom of matrix.

1 0 0
0 0 1
0 0 0
0 0 0
0 1 0
0 0 OJ

from the left we get
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[0 0 0 1 0 0] 1 2 3 4 5 6]

O 0 0 0 0 1 7 8 9 10 11 12

0 0 1 0 0 O 6 5 4 7T 8 9
PI‘OWA =

0 1 0 0 0 o 12 10 11 2 3 1

O 0 0 0 1 0 13 14 15 9 7 8

1 0 0 0 0 O (10 3 5 1 12 11

[12 10 11 2 3 1
10 3 5 1 12 11
6 5 4 7 8 9
7 8 9 10 11 12
13 14 15 9 7 8
1 2 3 4 5 6]

‘i

It can be easily shown that if the same ordering is to be gliven

| to the columns of A as well, then simply,

Pcol row

where the superscript T refers to matrix transpose.

Also we can show that if we want to restore the original order of
the matrix rows (cols) we simply multiply the new matrix by onw(Pgol)
from the left (right), since the inverse of permutation matrix is
again a permutation matrix and P! = BT .

To identify the original rows (columns) order of a permuted

matrix we proceed as follows:
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(1) Construct a column vector X whose elements are

Ii = i i = 1,2,...,’1 (1.10)

(2) Multiply X by P (Pcol) from the left {right)

w
y = P X (1.11)

The resulting column vector y will have as its elements the

0ld row numbers placed in the new positions of the rows.
2,4. Decomposition Algorithm Using
Permutation Matrices

In this section we present a systematic method to patition the
given graph into its overlapping subgraphs necessary for the decompo-
sition algorithms presented in Section 1.1. and 1.,2. With this method
we can also find automatically the minimum cut sets needed to disconnect
one graph from the other,

Here we give a means to find these overlapping subgraphs, which
might be the most difficult thing to find and which is most necessary,
before applying the decompoasition algorithm.

This method, which is due to the author of this paper, depends
mainly on the idea of permutation matrices presented in the former
Section 2.3,

We shall first present the above mentioned method and then con-
clude this chapter with an illustrating example.

The method consists of two main parts, the first is concerned
with permuting the columns and rows of the distance matrix D, and the

second part is concerned with partitioning the given graph.
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Part I. Permutations

Step (1) Start with column 1 and row 1 of the distance matrix D.

Check every entry d and y (3 = 1,244¢eyn) if both

3 %3
entries are oo, the row J of the identity matrix remains
unchanged. If anyone of the two entries is non-infinity,

when J=r , say, interchange xrow r of the identity matrix

with row S1 of the same matrix, where Si is given by

S =min(j|dijaoo and d

{ 2 00) J = 132000y (2,12)

Ji

If two or more rows and/or columns have non-infinity eﬁtries
in the first column or the first row, check the left tails
of the rows and the lower tails of the columns., The row
(column) with shortest tail is the one that comes in the
firat place, so that the row of the identity matrix corres-
ponding with row number equal to the row(column) number of
the shortest tail row (column) comes first and then comes
the identity matrix row corresponding to the next shortest
tail row and so forth, until all rows and columms have been
checked for non-infinity entries in the 1st row and colum
and their corresponding identity matrix rows have come in
the upper most positions,
The resulting matrix is the permutation matrix we are seeking,.
Let this permutation matrix be P1. Then pexform the
matrix multiplicatioh

D, = P, DP (2.13)

where the subscript 1 refers to row number 1 and column 1

T
1

of D,



Step (2)

Step (3)
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Let i=2 and check the entries d23 and d32 of row 2

and column 2 of D1 starting at the value j = z, vhere

d1k = o and dk1 = oo forall k = r, and proceed

exactly as in Step (1), until all entries of column 2 and

row 2 of D1 have been>checked.

The resulting permutation matrix will be P2. Perform the

matrix multiplication D2 = P2D1P§ .

Successively let 1 = 3,4,...n and check the entries dij

and 4 of column i and row i for each value of j star-

Ji
ting at the value of j = T where

d(i-j)k = 00 and dk(i-1) =00 forall k = ri

and proceed exactly as in Step (1) until all entries of

column i and row i of the matrix Di-1 have been checked.

At each value of i the resulting permutation matrix is Pi’
and perform at each value of 1 the matrix multiplication

T
D, = P, D, ., P (2.13)

Notice that if dik = 00 and dki = oo for all k = ri

then no permutations are necessary at this value of i, and

the permutation matrix for this value of i is

At the end of the step n the resulting matrix Qn is
glven by

n - n pn-1 n
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where it is clear that Pn = I and Dn is the matrix
which we will partition to find the overlapping subgraphs

of the original graph.

Also we have found throughout the steps n P1,P2,P3,...,Pn.

Then the permutation matrices of all permutations performed, P

row
and Pcol » are given by
P =P’ =P P P, P (2.14)
TOW col n n=1°°°°°*** %27
and D, -P_ DP (2.15)

row col

Construct the column vector X = (xi) of dimension (n x 1) where

xi = i i= 1,2,...,1’1

and perform the following multiplication
y = P X (2'16)

The column vector y of dimension (n x 1) is a vector whose
elementis are the indices of the nodes in the given graph. An index in

the ith position of the vector y implies that the ith row and the

ith column of the 1)n matrix correspond to the node in the graph with
that index.
Also another matrix which will be needed during the computations

of the decomposition algorithm is the new route matrix Rn « We first

set the original route matrix R following equation (1.7).
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Then Rh is obtained by

(2.17)

n TOW col

At this stage Dn is of the form shown in Figure 2,6.,

7 ////
/|

Pigure 2,6, The Matrix Dn'

where all white parts refer to o entries, and the shaded part refers

to finite as well as some o0 entries.

Part II. Partitioning the graph
This part describes how to reach a partition of the given graph

by partitioning the matrix Dh'
The procedure is quite simple:
Step (1) Choose the set of the first r columns and rows such that

all the entries in the first row:to the left of the r'P

column and all the entries in the first column below the rth
row are all oo .

This set of r columns and rows, chosen this way, is the
minimum set that can represent the A (A=av X.A ) subgraphs,
and it is the first set in the partitioning procedure of

the graph.



Step (2)

Step (3)

Step (4)
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Obviously one can choose a set of larger cardinality. Refer
to the y column vector (2.16) to identify the nodes inc-
luded in this set 4 , these are the elements in the first

r positions of y , (See Figure 2.7.(a)).

Check the (r + 1)st row and (r + 1)St column for the
first non~infinity entry in entry in each of them. Pick the
one that comes first in position and this column or row p ,
say, is the boundary for the set XA « Draw a horizontal
and vertical partitioning lines above the pth row and to

the left of the pth column, (See Figure 2.7.(b)).

Pick a set B whose cardinal number is s where
8 D 1

Draw a horizontal and vertical partitioning line below the
roWn 8 + r and to the right of column s + r. These lines
are the left and upper boundaries of the set XB,(See Figure
2.7.(c)).

In column r + 8 search for the lowest non-infinity entry,
and in row r + 8 search for the non-infinity entry placed
most to the right.

Pick the one whichever comes last in position,say,at posi-
tion q. Draw a horizontal and vertical partitioning line to

the right of columm q and below row q.
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These two lines will give the remaining boundaries for
X; and B as well, and they will intersect with the boun-

daries for X, (see Figure 2.7.(d)).

Step (5) Proceed along the same lines described in Steps (3) and (4)
to find the sets C,XC,D and so forth, until no further

partitioning is necessary.

Notice that the optimal partitioning of the matrix Qn s 1l.e. the
partition with the minimum number of oo elements inside the 2 and
B y etc., submatrices is achieved by trial and error and therefore we
have many partitioning_options.

Once the partitioning procedure is done with, the matrix Qn is
then ready to be subject to the decomposition algorithm described in
Section 2.2, of this chapter,

Notice that along with the decomposition calculations we update

~ the matrix R glven by (2,17) using the following equations

N
rjj if dik dij + djk
T = (2.18)
remains the same if dik £ clj_:j + djk

where 1 , j , k represent the new numbering of rows and columns

of D and R_.
n “n
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Figure 2.7. Partitioning the Matrix Dn'
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Finally after the decomposition calculations are over we get
#* *
the matrices Dn and Rn o Then we can restore the original ordering

* *
of both matrices using Prow toget D and R by

* P * P *
D = Poow D Pl = Peor Dy Fow
* p * P *

and R = Prow R, col = Fool R Prow *

There are some remarks to be made before we illustrate the

procedure by an example:

(1) This method can be used to partition any given graph into its
subgraphs and their minimum cut sets.

(2) The method will insure at all times that cut sets and minimum
cut sets are always possible to find using the matrix Dn with-
out any reference to the original graph associated with the

distance matrix.

Example 2,2, Consider the graph shown in Figure'2.8. together
with its distance matrix given in Table 2,3,

The nodes of the graph represent cities and the entries of the
distance matrix represent the time in minutes required to travel from
one city to the other on the highway connecting pairs of cities.

Following the steps of Part I of the method, we get Prow shown
in Table 2.4.

Then we have

D = P DP
n row Tow

where Dn is given in Table 2,5,
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Now referring to Part II of the method, we partition the

matrix Dn which gives the partitioned matrix in Table 2.5.

16 10 1
17
14
A 0 3
1 7
I
13 9
15
19 11 8

Figure 2,8, Graph for Example 2,2,

Now we apply the decomposition algorithm described in Section
2.2. of this chapter. From Table 2,5. we see that the graph is

patitioned to three overlapping graphs, namely X , B, T , where

A = AUX

A
B = X, UBUX
¢ . XZuc

with XA is the minimum cut set of A, XA and XB are the minimum

cut set of B, and XB is the minimum cut set of C.
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AY- B I Y - AU S B - NS B S B

-
o

=3
b

12
13
14
15
16
17
18

19

Table 2. 40

The Permutation Matrix P
row
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12 3 4 5 6 7T 8 910 11 12 13 14 15 16 17 18 19 20
10 00 0 0O0O0O0CO0OOO0COUOOOOOOOTO0OO
01000 0 O0O0OOOOOOOOOOOO
0 010O0O0O0CO0OO0OCO0OOO0OOOOOODO0OO0OODO
0 000 0O O0OOOM1TOOOOOOUOOOO
0 0 000 10 00 0O0O0OOOOOUOOOO0OODO
06 00 00O O0OOOOOOOOOT11TOO0OO0OO
0 0 01 00 0 O0OOOOOOOOOOOUGOO
0 00000 O0OT1TOOUOOUOOOOO0OO0 O
0O 0000 O0OOOCOOT11TOOOOOOOOOQ
0 000O0O0CT1TOOOUOOOUOOOOOODO
0 0 0000 OO OO OOOT11TOOTOOTO OO
¢ 0 000 6010 O0O0O0O0OO0OO0OO0OOO0OTUOO
0 0000 00 OO O0OO0OO0OOO0OO0OO0OT1TOODV 0
¢ 0 0000 000 O0CO0OOOOT11TOOOOOD
0 0001 00O0O0OO0OCO0OOOOUOOOUODODQO
0 0000 0 0 00 0COOOOCOOOOTT OO
0 6000000 OO 0 O0OO0O10O0O0O0OO0OO0O0
0O 0 000 000 O OCOOOOOOOOO0 1
0 0 000 000 OCO0OT11TOOOOOOO0OOOO
0 0000 OO OO0 O OO0OO0OO0OO0OOTU OO 10
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The sets A, B, C, XA ’ XB are given by

A = (1,2,3) |al=3
X, = (10,6,16,4) |%,1= 4
B = (9) |3] = 1
Xy = (12,14,7,18,17,15,5,18)
%] = 8
¢ = (13,20,11,9) le} =4

Also from Table 2.5. we have DZK ’ Dﬁi ’ DEE glven in Tables
2.6. , 2.7. and 2.8, respectively, Notice that all blank entries
represent infinite entries.

Applying the decomposition algorithm we finally get

Dp(®) » DgE(®) . DEa(6)

shown in Tables 2.9. » 2,10. and 2.11.

Also we use the final tables to replace the portions of the

partitioned matrix 2.5. where all entries were infinite, namely,

D s D

AB ax * Dac 0 D D ’

’
XAC BC

Doy o Dyt v Dy o Dch v Dog |
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Table 2.6. DD:
A
0 220 225 460
220 0 105 360 240 510
225 105 0 165 130
460 360 0 360 200
240 165 360 0 180
510 220 0
'130 180
Table 2.7. Dgg
X, B Xg
0 360 200 505 [ 280
360 0 180 285 165 285
220 0 255 110 590
180 0 [315 ]340 195 240
505 315 | 0255 225 330 220 310 360
280 285 340 |255| O 70 200
165 195 {225 0
285 255 70 0 195
330 0 300
110 195 0 275
590 220 0 230
240 | 310 300 0
360 | 200 215 230 0




Table 2.8. Daa

Xy c
0 70 200 |150 270
0 255
70 0 195
0 300 225
195 0 2715
0 230 [195 210 105
300 0
200 275 230 0 {210 170 195
150 255 195 210 | © 330
270 170 0
225 210 330 0 270
105 195 2710 0
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Table 24 90

o
AR

(G)

220

225

220

105

225

105

460
360
465

390
240

165

660
510

615

355
235
130

460
390
660
355

360
240
510

235

465
165
615
130

360
200

540

360

540
180

200

540

665

540
180

665

Table

*
2.10. Dgg (G)

360
200

540

360

0
540
180

200

540

665

240
180
665

505
390
580

315

280
285
325
340

525
165
705
195

350
285
255
410

835
720
910

540

310
480
110

605

625
610
590
535

780
420
890

240

480
485
385
540

B 505

390

580

315

255

225

325

330

520

220

312

360

280
525
350
835
310
625
780

480

285
165
285
720

480

610

420

485

325
705
255
910
110
590
890

385

340
195
410
540
605
535
240
540

255
225
325
330
520
220
310
360

405

70
285
265
345
565
200

405

450
555
645
445
435
465

70
450

655
195
415
635
270

585
555
655

850
435
300
665

265
645
195
850

505
830

275

345
445
415
435
505

530
230

565
435
635
300
830

230

670

200
465
270
665
275
230

670




Table 2.11.

X

3%
Doe

= (6)

405

70
285
265
345
565
200

405

450
555
570
445
435
465

70
450

655
195
415
635
270

585
555
655

0
850
435
300
665

265
570
195
850

0
505
830
275

234
445
415
435
505

530
230

265
435
635
300
830
530

670

200
465
270
665
275
230
670

150
255
220
555
415
195
690
210

270
635
340
835
445
400
835
170

480
585
550
225
715
210
525
440

395
550
465
495
470
105
635
195

150
270
480

395

255
635
585
250

220
340
550
465

555
835
225

495

415
445
715
470

195
400
210

105

690
835
525
635

210
170
440
195

360

330
300

380

610
365

330
610

270

300
565
270
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We get at the end of these computations

D,5(6) n{‘%(m y D6 D;Ac(c) y Dpe(G) , ete.

Therefore we have the matrix of shortest distances D:(G) given
in Table 2.12.

To restore the original ordering of the matrix rows and
columns, we perform the matrix multiplication

* P *
D(e) = Prow Dn(G) P row

»*
which is given in Table 2,13, Also the route matrix R necessary

to detect any shortest path in the graph is given in Table 2.14.
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2.5, Discussion

This section is devoted to discuss and make comments on the
paper by T.C.Hu. [7 ]

The partitioning method fof m overlapping graphs described
on pages 46 and 47 of this thesis is different from the method
presented by Hu in his book.

He suggested the following steps for partitioning the graph
into its m overlapping subgraphs:

(1) Label any subset of nodes as A.
(2) Then its minimum cut set is X,
(3) Let B be a cut set (not necessarily a minimum cut set)

AU XA and XB be the minimum cut set of A U XA U B.(Notice

that the minimum cut set of B is X, U XB.)

(4) Let C be a cut set of AT X.A UBU XB and XC be the mini-

mum cut set of A U XA UBU XB U C.

(5) Continue until no further partitioning is neceséary.

The difference between the method described on pages 46-47 and
the above mentioned method is that in Steps (3) and (4) the sets
B,C and all similar sets do not have to be cut sets, they only have
to be sets connected to the sets found in previous steps,i.e. B
needs only be a set connected to A U X

A
to AU XA UB XB and so forth, This agrees with the picture shown

s C needs only be connected

in Table 2.2, on page 47, which is the same picture given in Hu's
paper presented in his book (Chapter 10,pp.165) and which is less

restricting than his suggested partitioned method.
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The following is a justification of this claim:

From the definition of a cut set, according to Hu's method
the removal of B,C,etc.,should disconnect A U XA A U XA UBYU XB'
etc., respectively, from the rest of the graph. This means that
the removal of the rows and columns of the partitioned matrix
corresponding to these sets, which is equivalent to the removal of
their corresponding nodes from the graph, should leave the parti-
tioned matrix with only infinite entries at places representing
arc lengths connecting A U XA s AT XA BU XB » etc., to
(6~-avU X, U B), (G-AU X, UBUX, U C) ,etc., respectively,

But referring to Table 2.2., we can see that the removal of
the columns and rows corresponding to the sets B,C,etc., will not
disconnect the graph. This is because when we remove DNB ’ QBQ’

Dtxc ’ DCN’ etc., this will leave IDX X * D y etc., in the

X
partitioned matrix which are non-infiﬁife entrigs all of them
(X stands for A, X, ,B,XB,C,XC,etc.)

This means that A , B, etc., will still be connected to the
rest of the graph, even after the removal of the sets B, C , etc.,
respectively and therefore showing that B,C,etc., are not cut sets
of & s B s @tc., respectively.

The steps presented on page 46 are a remedy for this situation,
and, they are justified as follows:

In Theorem 2.1. and 2.2., we only needed that X , X

A B
be minimum cut sets of A U XA s AT XA UB, etec., respectively,.

’ etec.

and therefore B,C,etc.,need not be cut sets.
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The sets B,C,etc., need only be connected sets to A U XA ’

AT XA UBU XB sy etc,, respectively, soc that when we apply

Theorem 2,1. we take BU XB 2 C U XC s etc,, to be the gset B

in Theorem 2.1.



CHAPTER III

OPTIMIZATION IN NETWORK FLOWS

3¢1. Network Flows

In this chapter we discuss techniques to solve some network

flow problems.

The following are examples of problems that can be regarded

as flows in networks:

(1)

(2)

(3)

(4)

(5)

(6)

The shipment of finished goods from a manufacturer to a dis-
tributor,

The movement of people from their homes to places of employ=-

T e,

ment,

Ragee TS

The delivery of letters from their point of posting to their
destination.

A system of chemical processing units in which some product is
undergoing change. The nodes correspond to the various units
such as heat exchange,reactors and so forth. The arcs corres-
pond to pipelines between units,

A computer network in which the nodes correspond to computer
systems or terminals and the telephone lines or microwaves
transmission lines correspond to the arcs of the network.

A trangportation system in which the nodes are cities and the

arcs are roads which material is transported.

84
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There are many real world situations similar to the above
which ecan be profitably regarded as networks. For example,one
might wish to maximize the amount transported from one place to
another by the delivery system, or determine the least costs way
to send a given number of objecfs from one place to another via
the system, or determine the quickest way to deliver a shipment
through the system.

If the original flow problem can be modeled in terms of a
network flow problem with a high degree of accuracy, then the
results and algorithms for network flows can be applied to the
original problem.

To be more specific, we deal with two problems:

(1) Finding maximal flowe in networks,

(2) Finding minimal cost flows in networks,

Before we discuss the above two problems, we first introduce

some new definitions.,

Defintition 3.1. A flow in a network is a way of sending ob-

Jects from one node to another by travelling along the arcs in their

directions.
The objects that flow from the source to the sink in the net-

work are called flow units or units.

Definition 3,2, A cut (X,X), where X is a subset of nodes of

the network and X is its complement, is a set of all arcs A,, with

ij

either N¢X and NJ.(X or N.X and Ni(X. A cut set is therefore

a set of arcs the removal of which will disconnect the network.
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A cut separating the source Ns and the sink Nt is a cut

(X,X) with N €X and N _€ X,

Definition 3.3, The upper limit on the folw in an arc A

i

is the capacity of the arc and is denoted by C « The flow capa-

i
city of an arc is a positive number and may be infinite, in which
case the arc is said to be uncapacitated.

If an arc has a flow capacity of zero, removing the arc from

the network does not alter the potential flow in the network,

Definition 3.4. The capacity of a cut (X,X) , denoted by c(X,X)

is 2'-,‘-3 C;y with N,€X and Njéi.
Note that in defining a cut, we count all the arcs that are
between the sets X and X , but in calculating its capacity, we
count only the capacity of the directed ares from X to X , but
not the directed arcs from X to X. Therefore, C(X,i) is not

equal to C(X,X) in general.

Definition 3.5, A cut separating Ns and Nt with minimum

capacity is called a minimum cut.

Definition 3.6. A flow augmenting path is a path along which

the flow in the arcs can be increased, so that the flow does not

exceed the minimum of all capacity of arcs in the path.

3e2. Maximal Flow Problem

The maximal flow problem is to find a feasible equilibrium or
steady state flow pattem through a network such that the total flow

from the source to the sink is maximized., Should there exist moxe
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than a single source (sink) node, then a super source (super sink)
node is connected to each of the sources (sinks). The arcs making
the connection are uncapacitated.

Let us consider an oriented network with a single source,
a single sink and a set of intermediate connected nodés. For each
node, with the exception of the source and sink, we shall assume that
conservation of flow is maintained, i.e., flow into a given node
equal flow out of that node. Suppose the network has n node, where
node N1 is the source and node Nn is the sink. We will designate

the flow along arc A by x

i ij *

Mathematical Formulation of the Problem

It is clear that no flow in a given arc may exceed the capacity

of that arc. Hence we require constraints of the form:

o £ xi:j £ Cij i,3s= 1524000yn (5'1)

In addition, as noted above there is conservation of flow at
each node, i.e. the flow into each node, except the source and sink,

equals the flow out of that node. Hence we have:

Eixki = ijjk k = 2,3,...4n=1 (3.2)

Also we have for the source node N1

I x, = v (3.3)

i

and for the sink node Nn

ijjn = Vv (3.4)
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Our objective is to maximize flow. Hence, the objective
function may be stated as maximizing the sum of flows originating
at the source or flowing into the sink.

To summarize the maximal flow problem is given by:

Maximize v (3.5)
subject to
v k=1
)'_I.xki - Ej K k#1 , k#n (3.6)
-y  k=n
0 4 xij 4 Cij i, = 1,2,¢00yn

It is easily seen that this problem is a linear programming
problem., However, for a network with many nodes and arcs, the prob-
lem can be quite large. Instead of this, we shall present a labeling.
method devised by Ford and Fulkerson [ 5 ] which is quite
efficient for solving our problem.

Before we presént this method we first make a final notices

If the flows in the arcs of the network have an upper bound C

i3’
as well as a lower bound li.j such that the flow in an axrc xi;j is
governed by the inequality
z .
lij é xij = Cid i,J=1,2.-..,n,

then by a simple change of variable, the problem can be reduced

to the problem stated in equations (3.5) and (3.6) namely,
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= X - 1 i,j=1,2,...,n

Y13 13 ij

Therefore we have

Y é' yij £ uij 1,j=12y000m

where u = C b 1l 1.J=1,2,oo-'nc

i3 i] i3

Let us state without proof some theorems which form the
foundations for network. (For a detailed proof of these theorems

refer to Ford and Fulkerson [ 5 ] o)

Lemma 3.1, Let f ©be a flow from the source Ns to the sink
N, in a network, and let f have value v . If (X,X) is a cut

set separating Ns and Nt then

v = £(x,X) - £(X,x) £ c(xX)

Theorem 3.2. (Max Flow - Min Cut Theorem). For any network the

maximal flow from N_ to N, 1is equal to the minimal cut sapacity

t

of all cuts separating NB and Nt'

Corollary 3.3. A flow f is maximal if and only if there is

no flow augmenting path with respect to f.

Corollary 3.4. A cut (X,X) is minimal if and only if every
maximal flow f saturates all arcs of (X,X) whereas all arcs of

(X,X) are flowless with respect to f.

Corollary 3.5. Let (X,X) and (Y,Y) be minimal cuts. Then

(XUY,XUY) and (XAY , XA Y ) are also minimal cuts,

o .
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The lLabeling Method
In order to make our description of this method perfectly

general, let us assume that each arc A has associated with it

i}

capacities C and Cji' In the event that flows are allowed in

ij
one direction only, one of these capacities would be zero, e.g.

c > 0, C = 0,

ij Ji
Definition 3.6. The excess capacity, denoted by eij s 18

defined by

e = C - X, + X

i3 i] iJ Ji

(3.7)
e.. = C - X + X
ji 3i Ji ij

where xij and xji is any set of flows in Aij’
We now describe the labeling method for solving maximal flow
problems in the following steps:
Step (0) We initially set all flows to zero. We also calculate for
each arc its excess capacities eij and éji given by
equation (3.7).

Step (1) We begin at the source node, N, , and consider all nodes

1
which are comnected to the source by arcs of positive
excegs capacities . We designate the nodes which are
connected to the source this way with index p . Call this
set of nodes P,

We then label each node Np( P on our network with two

labels (D(p, Bp ). These labels are defined as follows:




Step (2)
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qp = excess capacity from source to node 1p,

B, = the node index from which we came (source).

Therefore we have

(&, B = (e, 1) R €P (3.8)

If we had labeled the sink in the first step, which is
theoretically possible but highly unlikely in any prac-

tical situation, we move to the final part of this method.

Generally, the sink is not labeled in the first step.
Hence, from the set of nodes Npé P, we choose p=1p, .
We then seek out nodes, not yet labeled, which are joined
to node Np1€ P , by arcs of positive excess capacity. If
there are none we go to NpéF P and repeat, If we can
reach any unlabeled nodes in this fashion, let us designate
this set of nodes with index q and this set of nodes will
be called Q . We now proceed to label the nodes Nqé Q

as follows:

& = mi
q n (epg v &)

(3.9)

The label o% represents the minimum excess capacity of the

two arcs A1p and qu « The label ﬂq tells us the ncde

from which we came to reach nodes N, . We capry out this

q
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labeling process for all nodes Npé P. Again, if we
have labeled the sink during this step, we proceed to

the latter part of this method.

Step (3) (General Step) This is basically the same as the previous
step. If we have a set of labeled nodes Nré R, we look
for nodes not yet labeled which are connected to nodes
Nr by arcs which have positive excess capacities. We do
this for each NrG R. If we find a set of unlabeled nodes

Nt Ty we label these nodes as follows:

Xy = omin (ert ' D(:c)
(3.10)

Po = =

We repeat this general step. Since the network has a finite

number of nodes and arcs we must reach one of the two

following conditions in a finite number of steps:

(1) The sink is labeled, or

(2) We cannot label the sink and no other nodes can be
labeled.

If we reach condition (1), we can increase the flow. If we

reach condition (2), the existing flow is the maximal flow

and the problem is solved.

Step (4) (Flow Change) Consider now the case where the sink has been
labeled. The label on the sink,¢xn, indicates how much
positive excess capacity exists from source to sink over

the particular path traversed, and therefore how much the



Step (5)

23

flow can be increasscd, Furthermore, it is a simple matter
to traverse thic path, eince the seccnd label of the nodes,
ﬁ;l » indlcater the preceding nods leading to Nj'

Let us dezignate by eﬁv the excess capacities of the arcs
in this particular path from scurce to sink, which enabled
us te label the sink., We can increasze the flow bycxn and
we do this by recalculating the excess capacities for each

arc, These ncv excess capacitles are given by:

v = w c‘n
(3.11)
evu = ew + o n
and gij = ei,.i for arcs not in the simk labeling path.

Repeat the entire labeling process for the network with the
nevw excess capacities starting again at the mource N1 .
It is ciear that since we are dealing with finite maximal

flows in a finite network, we must reach condition (2) of

the sink in a finite number of steps.

At each stage we can calculate the net flows in each arc using

the definition of excess capacities given in equation (3.7). The net

flow in axec A

If botk Cy £ 0 , ¢

13 is

zij = cid - eij if eji = O.

33 F O then either:
J
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xij = cij - eij and xJi = 0
xji = Cji - eJi and xij = 0,

depending upon which of them is positive,

The Labeling Method : A Proof

We prove in the next few lines that the above method, when it
terminates under the conditions stated, does indeed yield the maxi-
mal flow.

It is obvious that At each stage the constraints are satisfied
since the capacity restrictions are satisfied by the definition of
excess capacity and calculation of flows. Further, we are obviously
satisfying the conservation of flow at each node., Hence, what we
need to show is that the final flow is the maximal flow.

Now, let us consider the situation when we terminate our cal-
culation: we see that two disjoint sets of nodes (nodes we have
been able to label and those we have not) exist. Let us designate
the nodes we have been able to reach in the final labeling process
by Sl » and those we have not been able to label by Su o If we
consider the set of oriented arcs that connect members of Sl to
members of Su s denoted by Jc s i8 clearly a cut of the network

because unless each path from N, +to Nn contains at least one of

1

these arcs, we cannot reach the sink.
Combining equations (3.6) and (3.7), we see that for all nodes,

except N, and Nn » We can write

1
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n

Y (c,.-e,.) = 0 i= 2eeeyn-1 (3.12)
j=1

3L

For the source N1 we have

3231 (Cij -eij) =
3#1

x., = total flow (3.13)
2 1

s

If we now sum the left hand side of equation (3.12) over labeled

nodes, i.e., over nodes N € S , and recall that the source is
i 1
labeled, we see from equations (3.12) and (3.13) that

n n .
(C,, - e,.) = x = total flow (3.14)
2%; %;1 ij i3 g;z 13

134

Notice that if both j S, and i S1 s then we have terms

1

for both Cij - eij and Cji - eji

they cancel each other, Hence, for j€ S

present in the summation and

1 all terms cancel, and

only terms for jGSu are present. However, if i.ES1 and jé€ Su’

and since Sl and Su are disjoint sets, we know that eij = 0,
Hence, we have from (3.14)
Y X G,y = total flow (3.15)

iéS1 jGSu

From the definition of a cut, we see that a set of arcs such as

that given by equation (3.15) is clearly a cut. However, equation

(3.15) says that this particular cut equals the total flow. We have
already noted that the total flow cannot exceed the sum of the capa-

cities in any cut. However, in equation (3.15) we have found a cut
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in which the total flow equals the capacities of the arcs in the
cut, Hence, for this particular cut which is minimal, the flow
must be maximal,

Q.E.D.

Computational Algorithm

Here we show how to organize the maximal flow algorithm into
a compact matrix format. For a network with n nodes we merely
require an nth order matrix of the excess capacities eij . We
also require two additional columms for the labels. We will also
note the order of labeling in a third additional column. The mat-

rix format is more convenient than performing the calculations on

the network diagram. The maximal flow matrix format is shown in

Table 3.10
Table 3.1. Matrix Format for the Maximal
Flow Problem.
Nodes 1 2 sesvssescosse J eececeesee n |Labels Step
1 - 312 sssc0cscees 913 eescese e1n 5 é
2 821 - R 923 ssesses ezn Nz Fz
i 911 912 tesseccsses eijOooooooooein Ni Fi
n en1 en2 se00vssscee enj'oooo-noo‘- un Pn

I
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In order to use Table 3.1. we begin with the matrix E = (eij) |
of excess capacities. Initially, eid = cij’ we start in row 1 and
look for columns with positive excess capacities, i.e. e1j >0,
For all such columns we set D(J = ey and ﬁj = 1. Assuming that
we have not labeled the sink, i.e. a value has not been given to |
o(n , we look at the first of the rows 1 that have been labeled
‘ at the previous step. We keep track of these in the final column

marked "Step". In row i we look for e M 0 for which row j

ij
has not been labeled. For all such rows, we sget O(,j = min (eij’ D(i),

By = 1.

We continue this for each of the rows labeled at the first
step as long as (xn is not computed., If all rows are labeled and
we still have not labeled the sink, we now examine the rows labeled
in the second step. We repeat the entire procedure. Since the
algorithm is finite, we must either label the sink or find that wve
cannot reach the sink. If o(n is not labeled, the flow is a maxi-
mal flow. Otherwise, we know we can increase the flow.

| Suppose we have some value (xn and Pn = r . We need to

| construct a new matrix. In order to do so, we first calculate the
v in the path from the source to the sink. Since ,Bn = T,

| we know that the final row was reached from row r . Therefore, we

need to calculate ;rn given by

(]
L]

e - X, (3.16)

| Now suppose that for row r , 181- = S. Hence, we next calculate

e in
ar row 8 as

,ﬁ
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esr = esr - D(n (3017)

If /% = %t , then we next change e, , etc. Next we recalcu-

ts
late €’ i.es for each - #hat was changed by subtracting O(n '

we recalculate the corresponding e by adding c(n

(3.18)

(]
o
+
R

etc,

All other eij are unchanged in the matrix. Once the new matrix
is constructed we repeat the entire process.
When we reach a matrix in which 0&1 cannot be given a value

we have found the maximal flow.

In order to find the total flow for any matrix we need only add
all the entries in column 1 or all the entries in row n .

Therefore

n n
Total Flow = J_ &4, = L e (3.19)
i=1

We illustrate the algorithm by an example.

Example 3.2.1. Consider the network shown in Figure 3.1. The

entries shown on the oriented arcs are the capacities Cij in the

direction of the arrows.

The initial matrix of capacities is shown in Table 3.2, Initially

= Cij .



2 6 /35\
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Figaxe 3.1. Network for Example 3.2.1.

In Step (1) we can label & & &, with 10,15,12

2’ 73 T4
respectively. Then we sxamine row 2 we can see that we can label X

5

Xy

ﬁs = 2

= 10) = 6

L}

mj.n (62’ = 6 N Nz

Table 3.2, Initiul Labeling Matrix for BExample 3.2.1.
Flow = 0 , ﬁ(7=6.

Nodes 12 3 4 5 6 1 Labels Step
1 -~ 10 15 12 ¢ 0 0 x B

2 0O - 8 0 6 0 O 10 1 1
3 6 0 - 0 9 7 o0 15 1 1
4 0 0 0 - 0 5 o0 12 1 1
5 0 0 0 0 - 4 20 6 2 2
6 0 0 0O 0 3 - 30 1T 3 2
7 0 0 0 0 0 0 =~ 6 5 3
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and no other nodes can be labsled from row o

Then we move to row 3 , we see that ve can lzbtel s

H]

X

Bs = 3

and no other nodes can be labeled from row 3

min (95637 ,0(3=t 15)::7

Then we move io row 4, we find that no new nodes can be labeled
from row 4.
Therefore we move to row 5 we see that we can label the sink

N,, from row 5

X

‘ £ = 5.

We have labeled the sink andc.(,] = 6. Hence, we can increase the

min(es,z =20 4, &X. = 6) = 6

5

flow by 6 units. Since ,@7 = 5, we know that e57 will be decreased

by 0(7 = 6. Hence,

20 - € = 14

L}

1}
@

‘ -
‘ ®s7 = e - Xy
and e75 75 + &y

Since /35 = 2 therefore
e = e - ™

25
52 T Xy

-~
[}

and e = @

]
o
<+
N
i}
(22
£

| Since ,82 = 1 therefore
ey = e - D('7 = 10 - 6 =z 4

and ’821 = €5 +0(7 = 0 + 6 = 6.

R
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All other values of excess capacities e are unchanged. The

iJ
new table is hsown in Table 3.3. We now repeat the labeling in

Table 3.3., until we label the sink N7

stages are shown in Tables 3.4. to 3.7.

« The results of labeling

Table 3.3, Flow = 6 ,C¥7 = 9,

Nodes 1 2 3 4 5 6 7 Labels Step
1 - 415 12 0 0 0 % g
2 6 - 8 0 0 0 0 4 1 i
3 0 0 - 0 9 7 o0 15 1 1
4 0 0 9 - 0 5 0 12 1 1
5 0 6 0 0 - 4 14 9 3 2
6 0 0 0 0 3 - 3 73 2
7 0O 0 0 0 6 0 = 9 5 3

Table 3.4, Flow = 15 ,C¥7 = 6,

Nodes| 1 2 3 4 5 6 7 Labels | Step
1 - 4 6 12 0 0 0 x B
2 6 - 8 0 0 0 O 4 1 1
3 9 0 - 0 0 7 O 6 1 1
4 0 0 9 - 0 5 0 12 1 1
5 6 2 9 0 - 4 5 3 6 3
6 0 0 0 0 3 - 3 6 3 2
7 0 0 0 0 15 0 =~ 6 6 3




Table 3.5, Flow = 21 , X = 5,

7
Nodes 1 2 3 4 5 6 17 Labels Step
1 - 4 012 0 0 0 x B
2 6 - 8 0 0 0 0 4 1 1
3 15 0 - 0 0 1 0 9 4 2
4 o 0 9 - 0 5 o0 12 1 1
5 6 2 9 0 - 4 5 3 6 3
6 0 0 6 0 3 - 24 5 4 2
7 0O 0 0 0 15 6 = 5 6 6

Table 3.6. Flow= 26 , ¥ = 1,

1
Nodes 1 2 3 4 5 6 1 Labels | Step

1 - 4 0 T 0 0 O x B

2 6 - 8 0 0 0 O 4 1 1
3 15 0 - 0 0 1 O 4 2 2
4 5 0 9 - 0 0 0 7T 1 1
> 6o 2 9 0 - 4 5 1 6 4
6 0O 0 6 5 3 - 19 13 3
7 o 0 0 0 15 11 = 1 6 4

In Table 3.7. we cannot label the sink and therefore the
maximal flow has been attained. The total flow is

n n

Maximal Flow = I: ey = I: e1.j
i=1 =1
Maximal Flow = 27.

102
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Table 3.7. Final Labeling Matrix for Example 3.2.1.

Flow=27,lx7 a O,
Nodes 1 2 3 4 5 6 17 Labels Step

1 - 3 0 7T 0 0 o© x B

2 7 - T 0 0 6 0 3 1 1

3 %5 1 - 0 0 0 o 3 2 2
4 4 0 9 ~ 0 0 O 7 1 1

5 5 0 6 9 0 4 5

6 6 o0 7T 5 3 -~ 18

7 0 0 0 0 15 12 -

Also from Table 3.7. we can read the excess capacities in each
arc Aij » in other words the flow units that did not make it to the
sink., Also we can calculate the flow in each arc using these excess

capacities as follows:

xi.‘j = Cij - eij i3 =2 1,25e0e4n
i 4 3
812 = 3 X = T
313 = 0 x13 = 15
€14 = 7 X4 = 5
623 = 7 123 = 1
€5 = O *p5 = 6
€5 = O 35 = 9
36 = O Xz = T
%43 = 7 %3 = 0
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o = O X = 5
356 = 4 x56 = 0
°57 = 3 57 = 15
e65 = 3 x65 a 0
867 = 18 167 = 12

The optimal flow is shown in Figure 3,2, where we have

deleted the arcs with zero flow.

Figure 3.2, Maximal Flow for Example 3.2.1.

3¢3. Minimal Cost Flows

In Section 3.2. every arc of the network was assigned a given

capacity C which 1limits the amount of flow that can pass through

i
the arc, In this section every arc is also assigned a cost dij ’
which can be taken as the cost of shipping one unit of flow along
that arc. Now we are interested in shipping a given amount of flow
from the source to the sink at minimal cost. If there are no capacity

restrictions on the arcs, then the problem becomes one of finding
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shortest path from Ns to N, and then shipping all the flow along

t
that path., To state the problem formally, we want to

1 3 BT
subject to
v i=3s
inj-}-—;xki ={ 0 ifsort
3 -V i=t
and
O ! xij 4 Cij i'j = 1,2,...,!1,

where dij is the cost of shipping one unit of flovw along the arc

Aij’ and x is the flow in that arc, It is assumed implicitly that

iJ
v 1is not greater than the maximal flow from N8 to Nt y otherwise
the problem is not feasible,

Most of the algorithms for solving the minimal cost flows use the
primal-dual approach of linear programming. We here present two

algorithms for solving this problem which do not use the linear

programming concept and also are quite efficient computationally.

Algorithm 3%.3.1
The first algorithm can be stated as follows:

Step (0) Start with all arc flows equal to zero and the flow value

equals zero,

Step (1) Define the modified costs d:j with respect to the given

flow that exists in the network as follows:
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¥* .
= <
dij dij if X5 013 (0 £ xij)
a if c
ij = Q0 b xij = i,’j
*
O i b
dij = dji lf x:ji 0.

Step (2) Find the shortest path or the minimal cost path from Ns
to Nt using the current modified costs dzj obtained
in Step (1). Then ship the flow along this path until the
path is no longer the shortest path., Replace the 0ld flow
value by the old flow value plus the flow along the path.
If the new flow value is v , stop. Otherwise, return to

Step (1).

This algorithm has the interesting feature that when the flow
in Step (2) is P o it gives the minimum cost flow of p wunits
from Na to Nt' Therefore, we get the minimal cost flow for
P = 1y.eeyv. This should be classified as a dual algorithm since we
do not attain the optimal solution (the total requiréd flow) except
at the final step.

We now illustrate this algorithm with two simple examples, each
presenting a different case. For illustration purposes we define the
following two matrices:

(1) The matrix of excess capacities E = (eij) ’
(2) The matrix of arc flows X = (xij) .

The elements of these two matrices satisfy the relations

eij + xij = Cij i’:} = 8,1,2’000’t0
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Consider the network of Figure 3.3., where all

arcs are directed arcs., We want to find the maximal flow at minimal

cost.

Rach pair of numbers (x,y) beside an arc represents the arc

capacity and the cost of unit flow respectively. The initial capacity

and cost matrices are shown in Table 3.8, and Table 3.9. respectively.

Table 3.8. Capacity Matrix for

Figure 3.3.

Network for Example 3.3.1,

Figure 3.3.
8 1 2 3 t
) 0 3 6 0 0
1 0O o O 2 5
2 0O 4 0 8 O
6 o o0 o 9
t ¢ 0 O 0 0

Table 3.9, Cost Matrix for
Figure 3.3.

s 1 2 3 t

8 0 3 4 o o®




Step (0)

Step (1)

Step (2)

Step (1)
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The arc flows xij

the flow cost is 2° = O.

= 0 . The flow is f:t =0, and

#*
Define dij = dij .

Solve for the shortest distance (minimal cost) from Ns

{0 Nt' The route of shortest distance is Ns s N1 ’ Nt

and the maximum flow in this path is

g1y = max (C_, , min(C_, , C,,)) = max (0 , min(3,5))

= 3 ,
and the flows in the arcs are Xgq = 3y Xy = 3y
and all the other flows are unchanged (xij = 0).
Therefore the cost for this flow is
e 39) = a1,

Z
Return to Step (1).

Define the modified costs d* as follows

i
a d
g1 = ® s G = 3
*
dyg = Gy 0 dyy = -6

and all other costs remain unchanged. At this stage the
*
matrices of excess capacities E , modified costs D and

arc flows X are given by
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s 1 2 3 % s 1 2 3
sl 0 0 6 0 O s| 0 © 4 oo o
110 0 0 2 2 1/-3 0 o 2 6
E=2| 0 4 0 8 0 D=2l o0 1 0 1 o
300 0 0 0 9 3{ 0o o0 o 0 6
tJ]o o 0 o0 o t|-6 o® ® o0 0
s 1 2 3 t
s{ 0 3 0 0 O
11lo o o o 3
¥ 2/0 0 0 O0 O
310 0 0o o0 O
t]o 0 0 0 0
Step (2) Solve for the shortest distance from s %o t wusing the

current cost matrix. To do this we use Figure 3.4. vhere
an infinity is equivalent to the deletion of a saturated

arce,

Figure 3.4. Iteration 1 Network.
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The shortest pPath is seen to be either AsZ ’ A23 ’ A3t ’

09 A1t with total cost in both cagses 11 .

To solve forthis tie we pick the path with maximum flow,

or Aaz.’ A

The maximum f¥ow for the path A92 s A is

23 ! A}t
max (g s min (egy v p5 0 55 ))
= max (0% min (6 , 8, 9 ))

= 6 . ¢

The maximum flow for the path A8 A 1 A is

2" "2 1t

max (e ¢ “ink(°sz JLPYRICIND)
= min ( 6 4 y 2)

= 2 .

So we pick ﬁi = 6 and the path {s A, with

£
total cost 2° = 6 (4+1+46) = 66.

Aoz 0 Agy

Return to Stdp (1).

*
Step (1) Define the mddified costs d

ij
* d*
dgz = ® » dp, = -4
., = a . = =1
23 23 ! 32
¥* *
d d = =6

30 = d3p 0 43
and all other costs remain unchanged. At this stage the.

*
matrices of &xcess capacities E , modified costs D and

arc flows X*are given by
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e 1 2 3 % s 1 2 3 %
6 0 o0 0 o0 8] 0 @ o0 w ®
0 0 0 2 2 1/-3 0 o 2 6
o 0 0 2 0 D =2[-4 1 0 1 o
O 0 0 o0 3 3] o0 00 ~1 O 6
0o 0 0 0 0 t[-6 o0 o0 =6 0
s 1 2 3 %
slo 3 6 0 o0
110 o 0o o 3
X=2|0 0 0o 6 0
310 0 0 0 6
t]o o o o o

The network at this stage is shown in Figure 3.5., where
we notice that the arcs deleted correepond'to saturated
arcs. The pairs of numbers on the arcs show the present
excess capacities and the costs of one unit of flow

respectively.

s 0 (4.1)h

Flgure 3.5, Iteration 2 Network.
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We notice that the source Ns and the sink Nt became dis-
connected at this stage,vtherefore we have an optimal flow, The

total cost of the flow is

Total Cost 2 = 93 .

And the present flow is

1 2
fst = fst + fst
= 3 + 6
Optinal Flow = 9 units,

The network for the minimal cost flow is shown in Figure 3.6.

Figure 3.6. Minimal Cost Flow for Example 3,3.1.
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We now give some comments in order:
(1) Wwhen we find an arc flow xij = Cij the corresponding
modified cost dzj = 00 is equivalent to the deletion
of the corresponding arc from the network which is also the
same as having an excess cépacify O.
(2) When we solve the tie for equivalent routes by taking the

route of larger flow we saved one more step of computation

and we reached the solution quicker.

Example 3,3,2. Consider the network shown in Figure 3«7+ where
all arcs are undirected and we want to find a flow of five units at

minimum cost.

(4,1)

(2,1)

Figure 3.7. Network for Example 3.3.2.

Here we will use the same set of matrices defined in Example 3.3.1

and which are given in Tables 3.10.,3.11. and 3.12,

Step (0) Set x = 0 therefore ey = o

id
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Table 3.10. Capacity Matrix for Table 3.11. Cost Matrix for

o ~ AN ]

*
Step (1) Define d = d

Step (2) Solve for the shortest path from Ns to N

Figure 3.7. Figure 3.7.
s 1 2 3 4 t 8 1 2 3 4 t
o 2 O 4 O 0 8 0 1 o 1 o0 ¢
4 0 3 0 5 O 1|1 0 2 o 2 w
0O 3 0 4 0 2 2l 00 2 0 2 o0 1
4 O 4 0 O 0 3 1 o0 2 O o 00
0o 5 0 0 o0 6 41 c0o 2 o0 oo 0 2
0O 0 2 0o 6 o0 t| ©o o0 1 o000 2 O

Table 3.12. Flow Matrix for
Figure 307-

8 1 2 3 4 t
s{0 0 0 0 0 O
110 o o 0o o o
20 0o 0 0 o0 o
30 0 0 0 0 ©
410 o 0o 0 0 O
tlo o o o o0 o

i3 iy *

% using the
modified costs defined in Step (1). We find that we have

two shortest paths namely As s A s A

1 12 2t

cost = 4 and As3 ’ A32 ’ A2t wvith total cost = 4.

To solve the tie we find the maximum flow in each path.

with total



Por the first path the maximum flow is

max (egy » min (e y s €150 €5))

= max (O

= 2 .

And for the second path the maximum flow is

max (est s min (e

= max (O

= 2 .

Again we have a tie for the maximum flow, so we pick

arbitrarily the path As1 y A

xs1

and xij
Hence f1

' st

and Z1

min (4 , 3, 2))

X = X =

12

0 otherwise,

2(1+ 24 1)

8.

Return to Step (1).

Step (1) Define the modified costs d:j

d*
@ ! 1s
d *
12 * 4oy
»*
© s 4,

83 9 932 ? ezt))
min (4 , 4, 2))

12 * Aot

as follows:

-1

-2

-1
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*
and diJ = dij otherwise. At this stage the matrices of

*
excess capacities E , modified costs D and arc flows

X are given by

8 1 2 3 4 8 1 2 3 4 t
8 0O 0 O 4 0 s o o 1 ©
1 4 0 1 0 5 0 1{-1 0 2 00 2 o
21 0 3 0 4 0 O % 2] 00=2 0 2 o0 o
E= D=

314 0 4 0O O O 3 1 o 2 0 o o
410 5 0 0 o0 6 4] c0o 2 o0 o0 0O 2
t{ 0 0 2 0 0 0 t] 0o o0 -1 o 2 0

8 1 2 3 4 %

8| O 2 0 0 o0 ¢

1 0 O 2 0 0 o0

210 O O 0O O 2

X =

310 0 0 O 0 O

410 0 0 0 O ©

t 0 0 0 0 0 0

Step (2) We then find the shortest path using the current modified

costs., The shortest path is found to be A83 ’ A32 ’ A21 ’

AM,At,withtotalcostzs,(1+2-2+2+2), and

4
the maximal flow is

max (est y min ( ©53 % €300 €10 Sqp 0 4y ))



smax(O,min(4»a4y3a5o6))
= 3,

80 we have

Xgy = Xgp ® Xy = Xo® Xo= 3
and
xij = O otherwise,
Hence,
2
fBt = 3
2

2 = 3x5
= 15,
We see that we reached the required flow of 5 units. Hence
the total flow = 5 units with total cost = 23. The present
flow is shown in Figure 3.8, where the numbers indicate

arc flows in the shown directions

Figure 3,8, Minimal Cost Flow for
Examrple 3.3.2,.
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Algorithm 3,3,2
This second algorithm can be stated as follows:

Step (1)

Step (2)

Step (3)

Find any feasible flow of v units from Ns to Nt‘ This
can be done by guessing or using the maximal flow algorithm

of 8ection 3,2, We stop when the flow reaches v.

*
Define the modified costs 4 as follows:

13
&, = qa,, if x,, £ ¢, (0 £ x.)
ij ij i) ij ij
N £ c
dij = Q0 i xid = ij
*
dij = -dji if X5 > 0,

*
Using the dij ag distances, find negative cycles in the

netvork. Recall that negative cycles can become detected
in the shortest path problem by allowing dii to become

negative, and if dii becomes negative then a negative
ecycle exists; If none exists, the current flow is optimum,
Notice that if at the end of an iteration step of the

shortest path algorithm one or more 4 becomes negative

ii
we stop at this step and ﬁe don't proceed to the next,
because negative cycle(s) have been found and can be dele-
ted using the route matrix. This is because if we proceed
to the next stage all information we have about the present
negative cycle(s) will be eliminated by the computations

of the next iteration step.

If such a negative cycle exists, superimpose on the eycle

a flow of amount § , where
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6:: min(Cij - Xia)
in the negative cyele znd return Siep (2). (If the
negative cycles are disjoint, we supevimpose gimilar
flows on each of them,) Then define again new modified

cogts ae in Step (1) and repeat uniil no more negative

cycles are found.

Since this algorithm gives a feasible flow of v wnits to
start, it should be classified as a primal algorithm. It is easy
to gee that both algorithms will give a flow of v units if v
units ia not greater than the maximal fiow.

It is slightly harder to see that the algorithm will give

~optimum flow when completed. The proof of ihe two algorithms depend

on the following theorem, which can be considered as the central

theorem in minimal cost flow and which we state without proof:

Theorem 3,6, A flow value v is optimum if and only if, based
on the modified cosis, there exists no negative cycles with respect

to the flow.

Example 3.3.3. Consider the network of PFigure 3,9. with arc

capaclitien and costs written beside the arcs. We want to find the

maximal flow at{ minimuwm cost from NB to W The matrices of

t ®©
capacities and costas are given im Tables 3,13, and 3.14. repectively.
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3 (1,1)

Figure 3.9. HNetwork for Example 3.3.3Q

Table 3,13, Capacity Matrix for Table 3.14. Cost Matrix for

Example 3.3.3. Exawmple 3.3.3.
g 1 2 3 4 5 6 t 8 1 2 3 4 5 6 ¢t
s{- 6 4 2 0 5 0 0 8|0 3 2 1 o0 1 00 00
116 - 0 6 0 9 015 113 0 o w o 3 o 8
214 0 - 0O 7 2 0 O 212 o0 0 o 4 1 00
312 0 0 - 10 311 00 00 1 o 00 ®
410 0 7T 1 - 5 0 4100 004 1 0 003
515 9 2 0 0 - 5 3 511 3 1 o 0 2 1
6|0 0 0 0 5 5 - 6 6|loo 0 00w 3 2 0 2
t{01i5 0 0 0 3 6 =~ t{ow 8 oo o1 2 0

Step (1) Find the maximal flow from the source N, to the sink N,

using the maximal flow algorithm of Section 3.2.

The maximal flow is found to be fﬁ:x = 16 units, as shown
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in Figure 3.10, where the numbers beside the arcs reprc-
sent the arc flows which constitute the maximal flow

(an arc with no number has zero flow).

1 1 t
\ ] ; 6
8 - - \“V S 6
5 5 e
] 4
4

Y 2 3

0. PV—

3 1 4

Figure 3,10, Maximal Flow for Example 3.3.3.

Step (2) Define the modified cosis d:j as follows:

%* d*
Ay = @ ' 18 = 7
R d‘l‘ d* -2
g2 = ’ 28 ©
. = 1 & e -1
83 ’ 3s
a ar -1
* 8 & = -8
4y = ’ 1 =
. = - & - 3
15 =3 ’ 51
% d* L
_ d24 = 4 42 - 4
a 1 & e -
25 * ’ 2
% %
* 3%
¥ 2 a 2
dsg = 2 ’ 65 = T



Step (3)
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* *
dSt = 00 » dtS = -1
* *
d6t = 00 [} dts = "'2

*
and the matrix of modified costs D is given by

8 1 2 3 4 5 6 t

8 0o ® 00 1 w 0 w w0

1 {-3 © o o0 oo =3 o 8

2 | =2 00 00 4 1 00

* 3 1-1 00 @ 00 (o] 00 w 0
Po= 4 00 00 =4 -1 © © 3 00
5 | =1 3 -1 © o o 2 0

6 00 00 0 =3 -2 00

t oo =8 ©0 0 (0] -1 =2 00

We now use the shortest path algorithm discussed in
Chapter I to find the minimum cost (shortest path) solu-
tion for the matrix of modified costs D to detect
whether negative cycles exist or not. The arcs in the
minimum cut are saturated which implies that their corresg-
ponding d:j = 00 and therefore these arcs cannot be
members of any negative cycles. Therefore we can split the
network into two separate networks and solve the minimum

cost problem for each of them separately.

This is shown in Tables 3.15. and 3.16.




Table 3.15. Modified Costs for the
First Subnetwork.

Table 3.16., Modified Costs for the
Second Subnetwork,

1 2 4 5 6 t

1 00 00 00 =3 c© 8

2 (+'e] (o) 4 1 oo (o)
4 © =4 o o 3 00
5 3 -1 00 o0 2 ©
6 © o =3 =2 ® ©
t -8 o o =1 2 00

Applying the shortest paths algorithm to Tables 3,15.

and 3.16. and following Step (3) of the algorithm 3.3.2.

we find that for the matrix of Table 3.15. no negative
cycles exist, and for the matrix of Table 3,16, we find
that a negative cycle exists. The matrix of negative cycle
corresponding to Table 3,16. is shown in Table 3.17.

Table 3.18. gives the route matrix necessary to detect the
negative cycle.

We see from Table 3.,17. that d66 = -4 and so a negative
cycle exists where N is a member and this negative cycle

has been found at the fifth iteration stage of the shortest
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path algorithm, so we stopped our iteration procedures
and detect this negative cycle.

It follows from Table 3.18. that the negative cycle is
A64 ’ A42 . A25 s ASS + Therefore ve need to superimpose
a certain flow over this negative cycle ito eliminate it,
Ve compute the amount of flow to be superimposed on the

present flow by

§ = min ( @4 C42 * %25 0 Csg )

= min(5971.1’3)

= 1.
By superposition of &= 1 wunit of flow will result in
the optirmum flow in that part. If we zpply again the
shortesi path algorithm for the new flow, we will find no
more negative cycles in the network, therefore the optimum
flow has been reached and this is shown in Figure 3.11.

The cost for this flow is

Z = 132 et a maximum flow = 16 units.

Table 3.17. Negative Cycle Matrix Table 3.18. Route Matrix

—

[ RN R

1 2 4 5 6 % 1 2 4 5 6 %
0 ~4 0 -3 -1 8 1{5 5 5 5 5 %
4 0 4 1 3 12 215 4 4 5 5 5
0 -4 0 =3 -1 8 415 2 2 2 5 5
3 -1 3 0 2 1 51 2 2 1 6 1
b3 1 -3 -6 D) 5 65 2 4 5 5

~12 =14 =11 =9 0 t11 5 5 1 5 1
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1
8 o e
5 5 3
4 2
1Y 2\\ |
é» e
1 4

3

Figure 3.11s Minimal Cost Flow for
Example 3.3%.3.

Before we end this chapter let us give some comments:

(1) The first algorithm is not recommended when v is large, since
we have to find,for each feasible flow at cach stage of the
solution, a shortest path sclution.

(2) 1In case of large v or for finding the maximal flow at minimal
cost, the second algorithm is recommended as we only solve the
problem of maximal flow once and negative cycles are detected

easily using the shortest path algorithm,



CHAPTER IV

FLOW CHARTS AND FORTRAN IV

COMPUTER PROGRAMS

The flow charts for the main algorithms presented in Chapters
I and III are shown on the following pages. We use the standard

flow charts symbolé shown in Figure 4.1.

(a) Process (v) Input / Output

)

(c) Decision (d) Terminal

O

(e) Off Page Connector

Figure 4.1, Standard Flow Charting Symbols.
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4.1, Flow Chart for the Shortest
Path Algorithm

C

START

)

READ THE

DISTANCE MATBAX

D

SET THE ROUTE

MATRIX R

NO

YES

YES

R (L,M) =M
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N
oz
v

YES

I = O WRITE

D* , R%




A

D(I,XK)+D(K,J)

NO

D(I,.i)= A

R(I,J)=K

YES

129



Paths in a Graph

SET PATH = 0

130

Flow Chart to Track All Shortest

YES

C STOP )

-— -:@

WRITE FROM
I T0 J

NO ROUTE

< STOP >



PATH(ROUTE) = I

T = L L M = M + 1
i
AMy1) = S L = R(S,T) |—=
a(,2) = T L\\\\_
YES
Q(MOB) = L

(P, 2)

3
#

b
3
5]
[}

ROUTE + 1

PATH(ROUTE) = S

Y

ROUTE = ROUTE + 1

PATH(ROUTE) = J

[

TE
7, (1,3),

ROUTE,PATH

STOP
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4.3, Flow Chart for the Maximal
Flow Algorithm

(:j START i:)

READ THE MATRIX

OF ARC

CAPACITIES C

BE=2¢C

FLOW = O

L=20

®

B=0

I=1,0 =0

—>»— I=I+1

1(1,1)

[}
5]
~~
-—
-
-
~r

A

L(I,2) = 1

L(I,3)

L}
-
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"
Q
1
=

4

WRITE
F,C
FLOW

STOP




(Y
YES NO
Y
A = E(K,M) A = L(K,1)
L |
L(M,1) = A ~
L(M,2) = K
L(M,3) =J + 1

¢
P

FLOW = FLOW + L(N,1)

D = N

A = L(D,2)

E(D,A)=E(D,A)+L(N,1)
E(4,D)=E(4,D)-L(N,1)

134
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4.4, Fortran IV Program for the Shortest

Path Algorithm
THIS PROGRAM READS THE MATRIX OF ALL DISTANCES FOR A GIVEN
GRAPH, AND SETS UP THE ROUTE MATRIX.
THE PROGRAM RESULTS ARE AS FOLLOWS:
(1) THE MATRIX OF SHORTEST DISTANCES BETWEEN ALL PAIRS OF

NODES IN THE GRAPH, DENOTED BY D*.

(2) THE MATRIX NECESSARY FOR DETECTING ANY ROUTE BETWEEN

ANY PAIR OF NODES IN THE GRAPH, DENOTED BY R¥.

INTEGER D(20,20),R(20,20),Q(20,3),PATH(20),4,S,P,T, ROUTE,E
1 READ(5,2,END = 99) N
2 FORMAT(I5)
DO 6 I=1,N
D0 6 L=10,N,10
K=L~9
6 READ(5,7) (D(1,J),J=K,L)
7 FORMAT(10I5)

THIS PORTION OF THE PROGRAM SETS UP THE ROUTE MATRIX R

D0 10 I=1,N
DO 10 J=1,N
R(1,J)=J

10 CONTINUE
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THIS PORTION EXECUTES THE TRIPLE OPERATION, NAMELY THE
OPERATION DEFINED BY THE SYMBOL ":=".
THEN THE ROUTE MATRIX R IS UPDATED WHEN THE OPERATION :=

IS EFFECTIVE.

D0 50 K=1,N
D0 40 I=1,N
IP(I.EQ.K)GO TO 40
DO 30 J=1,N
IF(J.EQ.K)GO TO 30
A=D(I,K)+D(K,J)
IF(D(I,J).LE.A)GOTO 30
D(I,J)=A
Rr(I,J)=K
30 CONTINUE
40 CONTINUE
50 CONTINUE
WRITE(6,100)
WRITE(6,70)N
70 FORMAT(10X,'THE SOLUTION OF THE SHORTEST PATHS PROBLEM',
*/,/,6X,'THE NUMBER OF NODES IN THE NETWORK = ',I4)
WRITE(6,100)
WRITE(6,60)
60 FORMAT(10X,'THE MATRIX OF THE SHORTEST DISTANCES D**')
DO 80 M=20,N,20
L=M-19
DO 80 I=1,N
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80 WRITE(6,90)(D(1,J),J=L,M)
WRITE(6,100)
WRITE(6, 1000)
1000 FORMAT(10X,'THE ROUTE MATRIX R* ')
WRITE(6, 100)
D0 1100 K=20,N, 20
L=K-19
D0 1100 I=1,N
1100 WRITE(6,90)(R(1,J),J=L,K)
90 FORMAT(/, 3X,2016,/)
100 FORMAT(1H1)
GO T0 1
99 CONTINUE
STOP

END

$ENTRY




138
4.5. Fortran IV Program for Tracking All
Shortest Paths
c THIS PROGRAM DETECTS ALL POSSIBLE SHORTEST PATHS BETWEEN
c ALL PAIRS OF NODES, AND WRITES THESE PATHS WITH THEIR TOTAL

C DISTANCES.

D0 600 I=1,N
DO 500 J=1,N
DO 155 E=1,N
PATH(E)=0

155 CONTINUE
IF(J.EQ.I)GO TO 500
S=1
T=J
1#(D(1,J).GE.10000)GO TO 5000
ROUTEm1
PATH(ROUTE)=I
M=0

| 60 M=M+1

70 L=R(S,T)
IF(L.EQ.J)GO TO 100
IF(L.EQ.T)GO TO 80
Q(M, 1)=S
(M, 2)=T
Q(M,3)=L
T=L

GO TO 60




80 P=0

90

100

P=P+1

IF(P.GT.M)STOP
IF(Q(P,3).NE.L)GO TO 90
7=Q(P, 2)

S=I

ROUTE=ROUTE+1
PATH(ROUTE )=S

GO TO 70

ROUTE=ROUTE+1

PATE(ROUTE)=J

WRITE(6,200)I,J,D(I,J),(PATH(E),E=1,N)

200 FORMAT(7X,'START., NODE / END NODE /  TOTAL DIST.

* PATH*,/,9X%,13,15X,1I3,10X,14,10X,201I3)

5000
700

500

GO T0 500
WRITE(6,700)I,J
FORMAT( 2X, ' FROM ',I5,"

CONTINUE

600 CONTINUE

GO 70 1

99 CONTINUE

$ENTRY

STOP

END

TO

',I5,' NO ROUTE')

/
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4.6, Fortran IV Program for the Maximal
Flow Algorithm

c THIS PROGRAM SOVES THE PROBLEM OF MAXIMAL FLOW IN A NETWORK.
C THE RESULTS OF THIS PROGRAM ARE AS FOLLOWS:
Cc (2) THE MATRIX OF THE ARC FLOWS, DENOTED F.

c (1) THE VALUE OF THE MAXIMAL FLOW, DENOTED FLOW,
c IN THE SEQUENCE OF THE PROGRAM WE WILL NEED THREE MATRICES,

\
|
|
|
|
|

c NAMELY
c (1) THE MATRIX C(N*N),WHICH IS THE MATRIX OF ARC CAPACITIES
c (2) THE MATRIX E(N*N), WHICH IS THE MATRIX OF EXCESS CAPACI-
Cc TIES. ]
; c (3) THE MATRIX L (N%3),WHICH SERVES AS THE LABELING MATRIX.
‘ c ITS THREE COLUMNS ARE AS FOLLOWS:
C L(J,1) = THE FLOW AUGMENTING VALUE
c L(J,2) = NODE FROM WHICH THE VALUE L(J,1) ORIGINATES
¢ L(J,3) = THE STEP NUMBER.
c THE FOLLOWING INDICES SERVE IN THE SOLUTION AS fOLLows:
c (1) J REPRESENTS THE STEP NUMBER IN ONE ITERATION.
c (2) X THE NODE FROM WHICH AN AUGMENTING FLOW ORIGINATES.
c (3) ™ THE NODE AT WHICH THE FLOW ENTERS.
c
c

INTEGER C(8,8),E(8,8),F(8,8),L(8,3),4,B,D, FLOW
1 READ(5, 2, END=99)N

2 FORMAT(I4)

DO 3 I=1,N
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READ(S:4)(C(19J)vJ=1!N)

4 FORMAT(7I5)

10

THE NEXT PORTION SETS UP THE MATRIX OF EXCESS CAPACITIES E,

WHERE INITIALLY THE FLOW = 0, AND E = C,

FLOW = 0
DO 5 I=1,N
DO 5 J=1,N
E(1,J)=C(1,J)

CONTINUE

THE NEXT PORTION SETS UP THE LABELING MATRIX L = O

DO 6 I=1,N
DO 6 J=1,3
L(1,J)=0

CONTINUE

THE NEXT STATEMENTS LABEL THE NODES WHICH CAN BE REACHED FROM

THE SOURCE N1.

J=0

IF(E(1,1).EQ.0)GO TO 7



30

40

50

B=1

L(I,1)=E(1,I)
L(1,2)=1
L(I,3)=1
CONTINUE

IF(B.EQ.0) GO TO 120

THE NEXT STATMENT CHECKS WHETHER THE SINK NODE HAS BEEN

LAEELED OR NOT.

IF (L(N,1).GT.0) GO TO 100

THE NEXT PART OF THE PROGRAM LABELS THE NODES IN THE NETWORK

UNTIL WE REACH THE SINK NOIE,

IF(XK.LT.N) GO TO 40
IF(J.EQ.N+1.AND.L(N,1).EQ.0) GO TO 120
GO TO 20

IF (L(X,3).EQ.J) GO TO 50

GO TO 30

M=M+1

IF(M.LE.N) GO TO 60

IF(L(N,1).GT.0) GO TO 100
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25

70
80

100

301
300

201

110
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GO TO 30

IF(M.EQ.X) GO TO 50
IF(E(K,M).GT.0) GO TO 55

GO TO 50

IF(L(M,1).GT.0)GO TO 50
IF(L(X,1).GT.E(X,M)) GO TO 70
A=L(K,1)

GO TO 80

A=BE(X,M)

L(M,1)=4

L(M,2)=K

L(M,3)=J+1

GO TO 50

THE NEXT PART REPRESENTS THE CHANGE OF THE FLOW, OR THE FLOW

INCREASING PROCEDURE TO BE MORE PRECISE.

FLOW=FLOW+L(N,1)

DO 300 I=1,N

WRITE(6, 180)(E(I1,J),J=1,N)

WRITE(6,140)

WRITE(6, 201)FLOW,L(N,1)

FORMAT(/, 15X, 'PRESENT FLOW=',I4,3X,'ALPHA=',I4)
D=N

A=L(D,2)

E(D,A)=E(D,a)+L(N,1)

E(A,D)=E(A,D)-L(N,1)

S



IF(4.EQ.1) GO TO 10

D=A
GO TO 110
120 DO 130 I=1,N
DO 130 J=1,N
F(1,3)=C(1,J)-E(I,J)
130 CONTINUE
DO 400 I=1,N
400 WRITE(6,180)(B(1,J),J=1,N)
WRITE(6,140)
140 FORMAT(1H1)
WRITE (6,150) FLOW
150 FORMAT(5X,'THE MAXIMAL FLOW IN THE NETWORK HAS A VALUE
*MAX FLOW = ',I6)
WRITE(6,140)
WRITE(6,160)
160 FORMAT(/, 10X, 'THE MATRIX OF THE CAPACITIES c';/,/)
20 170 I=a1,N
170 WRITE(6,180)(C(I,J),J=1,N)
180 FORMAT(/,15X,714,/)
WRITE(6, 140)
WRITE(6,190)
190 FORMAT(/, 10X, 'THE MATRIX OF ARC FLOWS F',/,/)
0 200 I=1,N
200 WRITE(6,180)(F(1,J),J=1,N)
GO T0 1
STOP

END
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