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ABSTRACT 

inThis thesis is a study of some optimization techniques 

graphs and networks. 

Chapter I deals with the problem of finding the shortest 

paths in graphs of relatively small dimensions. 

Chapter II discusses and solves the problem of shortest paths 

in graphs of large dimensions, which can be partitioned into over 

lapping subgraphs. The method described in Section 2,3. and 2.4 • * 

which is due to the author of this thesis, is a means to partition 

a large graph into its overlapping subgraphs, and to find the cut 

sets and minimiim cut sets in a graph. 

Chapter III deals primarily with network flows. In particular. 

the problems of maximal flows in a network, and minimal cost flows 

are discussed. 

Chapter IV presents flow charts and Fortran IV Computer Programs 

for the main algorithms presented in this thesis. These flow charts 

and programs are developed independently by the author. 
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CHAPTER I 

SHORTEST PATHS IN A NETWORK 

1,1. Introduction to Graphs and Networks 

Definition 1,1. A graph is a set of two or more different points, 

with certain pairs of these points Joined by one or more lines. The 

resulting form is called a graph, and is usually denoted by G , The 

points referred to in the above definition will be called nodes 

(vertices) of the graph. We shall refer to a node i by N^ , where 
i is the node number. 

A line Joining two different nodes will be called an arc (branch 

or edge) of the graph. We shall refer to an arc Joining nodes toN^ 
N by A

ij • 

The two nodes Joined by an arc are referred to as the end points 

of the arc. 

Definition 1,2, An undirected arc is an edge vdiich has no sense 

of direction (see Figure 1.1.). 

i O O i 

Figure 1,1, An Undirected Arc, 

A directed arc is an arc which has a sense of direction. The sense 

node beof direction is attributed to an arc by stating which is to 

considered the point of origin. Such an arc is called oriented (see 

Figure 1.2. ). 

1 



2 

i 0 0 i 

Figure 1.2. A Directed Arc. 

a 

Definition 1.5. An undirected graph ( 

graph whose arcs are all undirected (see 

unoriented ) is 

Figure 1.3»)» 

simply 

Figure I.J. Undirected Graph. 

Definition 1.4. A directed graph ( oriented ) is a graph whose 

arcs are all directed arcs (see Figure 1.4»)» 

Figure 1.4. Directed Graph. 

are 

Definition 1.5. 

directed and some 

A mixed graph is a graph 

of which are \mdlrected. 

some of whose arcs 

Definition 

nodes and arcs 

1.6. 

, 

A oath 

A^^ , 

joining nodes 

• • • », A^j^ , 4 

and 

» N 

N t is a set
J 

, such that 

of 
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each node in the set, with the possible exception of the first and 

last nodes, is the end point for the preceding arc and the starting 

point for the following arc in the set. The nodes and N are 

called the extremity points of the path. Thus each arc in the path is 

directed away from and towards (see Figure 1.5. (a)). 

Definition 1.7. A route from to N is the set of nodes 
0 

in order of occurrence.which fall in the path between N^, and Ni 

... , NNi , Nr , q *
N
“j * 

Definition 1.8. A chain is a similar structure to a path except 

that not all arcs are necessarily directed toward N. (see Figure 1.5.(t)).
0 

Definition 1.9. If a path is defined so that i = j , i.e, the 

extremity points of the path are one and the same node, then the path 

is called a circuit (loop) (see Figure 1.5. (c)). 

Definition 1.10. A cycle is a closed chain (see Figure 1.5. (d)). 

Definition 1.11. A tree is a connected graph which has no loops 

(see Figure 1,5. (e)). 

Definition 1.12. A spanning tree is a tree that includes every 

node of the graph. 

Definition 1.13. A graph G is said to be connected if there 

is a path in G joining any two nodes of the graph. Throughout this 

paper we shall assume that G is connected. 
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Definition 1.14. A network is a graph such that a flow can 

take place in the arcs of the graph. 

(a) Path. (b) Chain. 

(c) Circuit. (d) Cycle. 

(e) Tree. 

Hgure 1.5. Path( Chainy Ciroultf Cycle and Tree. 
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1.2, The Problem of Shortest Paths 

The problem of finding a shortest path from a given starting 

node to another node in the network is a fundamental problem in 

network theory. This problem arises very frequently as a sub 

problem in other problems of optimization and also has a practical 

interest of its own. 

Consider a network consisting of the nodes , (j » 1*2 n) 

and every arc A of the network has associated with it a distance 

to with the sum ofd. . . The problem is to find a path from N 
s 

the distances d of arcs in the path a minimum.
ij 

If nodes are Interpreted as cities then can be Interpreted 

as: 

(1) The distance between city i and city j , in which case the 

problem is to find the shortest distance route to travel from one 

city to another in the graph. 

(2) The time spent to travel from city i to city j f then the pro 

blem is to find the shortest time route. 

(3) The cost of travelling from city i to city j ,then the problem 

is to find the cheapest route. 

There are many other practical problems in which one wants to find 

an optim\im route under other criteria. Some of these problems will be 

mentioned briefly at the end of this chapter. 

We shall noty in generaly restrict the d to be noimegative.
id 

other-However, the total distance of any cycle must be nonnegative, 

wise, the shortest path problem is not well defined. Furthermore, the 

distances d are arbitrary and do not have to satisfy the triangular
ij 
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Inequality d + y otherwise the problem would be 

trivialy since the arc A
at would be the shortest path from N

s 

not haveto . Also we assume that in general the distances do 

to satisfy the symmetric relation d^j = ^11 • 
The nonexistence of a negative cycle rules out an undirected 

arc asarc having a negative length y as we regard an undirected 

two opposite directed arcs both with the same distance as the undi 

rected arc. 

A shortest path from to is a path with minimum total arc 

lengths. If there is no single arc leading from to a node N
i * 

we define the length d 00. Also we define d^^ = 0 . 
a 

Mathematical Formulation of the Problem 

As mentioned beforey we are trying to detect a path starting at 

a certain nodey which we will call the source node and denote it by 

N y and ending at another nodey which we will call the sink node and 
s 

denote it by y such that the total distance (cost) travelled from 

N to is a minimum. 
s 

The path from N to y in generaly will include some nodes 
s 

other than N and N. « together with the arcs connecting these nodes 
s 

to each other and to N and N. . 
s 

Prom N only one of the arcs associated with N can be inc-
s s 

and no arc di-luded in this path and it is directed away from N y
8 

rected towards N will be included in the path. Converselyy for 
s 

included inonly one arcy of the arcs associated with ity can be 

the path and it is directed towards y and no arc directed away 

from will be included in the path (see Figure 1.6.). 
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arcsFor the other nodes in the path, exactly two of the 

associated with each of these nodes will be included in the path, 

one directed towards it and the other directed away frcm it. 

Let us now associate with each arc A a variable so 

i;) "ij • 
that if A is Included in the path then x 1 , and if A 

a 

is not included in the path then x = 0 (i,j * S,1,2 , • • •, n,t).
id 

N 
s 

Figure 1.6. Path from N to . 
s 

We now define the cost function Z.. associated with each arc 
id 

A 
id 

i,d “ s,1,2 , •..,n,t^id " ‘^id ""id 
so that if A is in the path^id = ^id id 

and 0 if A is not in the path.^id “ id 

Therefore the total cost function associated with the network is 

given by 

n n 

Z H
i=1

XI ^ » 

and we axe required to minimize the function Z . 

Now, at each node N, , except the source N , only one arc is 
sd 

entering it so that. 

1 i d , d s , d = 1,2 n, t""id 
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8 

and therefore, 
n 

1 3 ^ s , j = 1,2 , •, n,t (a)^ ==13 -i=1 

n 

and j = s (b)^ 
i»1 

==13 ■ ° 

Also, each node N , except the sink N , has only one arc 
J "C 

leaving it , so that 

1 , ^ ^ , j ^ t , j s s,1,2,#«*,n"31C -

n 

and therefore 1 0 t , j = s,1,2 »• • •n, (c) 
k=1 ==3. = 

n 

j - t (d)5: -3k - ° k=1 

Subtracting (a) from (c) and (d) respectively, we get 

n n 

- E X, . = 0 j S , j t^ *jk Ijk=1 i=1 

= -1 d s , j o t 

Subtracting (b) from (c) we get 

n n 

r - r 1 3 = 3 , 3 t"13 “ kss1 i-1 

Therefore the problem is as follows : 

n n 

Ninimize r E 4 (1•1 • a)a * ""ij
i»1 ;}=1 

subject to 
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1 j = s 

n n 

r 
k=1 

- r 
i=1 

X
id 

s * 0 j s or t (1.1.b) 

-1 j = t 

and 0 or 1 (1.1.c) 

This problem can be regarded as : 

(1) A linear programming problem which can be solved by the simplex 

method. 

(2) A transportation type problem. 

(3) An integer linear programming problem. 

These techniques will not be discussed in this paper. The methods 

discussed in this paper for the solution of the shortest path problem 

are developed specially to solve this problem and others of the same 

type. 

1.3. The Tree Building Algorithm 

The algorithm discussed in this section finds a shortest path 

between two specified nodes N and N. . We first consider the case 
8 X 

when all arc lengths are nonnegative and we Illustrate the algorithm 

by an example» Then we consider the case when some or all of the arc 

lengths are allowed to be negative, where we present the necessary 

modifications to the algorithm to be valid in this case. 

Before we attempt to discuss the algorithm, we first introduce 

the symbol "is replaced by" denoted by :=" . Consider now the operation 

»=R min (R , Q + T) (1.2) 
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that theThis operation) called the triple operation* means 

value of R is compared to the value of Q + T and if R i.S Q + T, 

then the value of R remains unchanged; and if R ^ Q + T * then 

R is replaced by Q + T , 

Graph with Nonnegative Arc Lengths 

Instead of finding the shortest path from N to ) let us 
s 

to all other nodes in the netfind the shortest path from N 
s 

be an inter-work. The reason for doing this is that any node may 

mediate node on the shortest path from N to , If a node is 
8 

on the shortest path from N to ) then the subpath from N to 
s s 

must be a shortest path from N to . Otherwise, we would 
s 

replace the subpath from N to by another path of shorter 
s 

distance to form a shorter path from N to , This new path would
8 

N to andbe of shorter distance than the original path from 
s 

N to N. iswould contradict the fact that the original path from 
8 

a shortest path. 

The main idea is as follows; Suppose we know the m nodes that 

are closest in total length to N in the graph, and also a shortest 
s 

path from N to each of these nodes (a shortest path from N to 
s s 

itself is the null path which has length equal to zero). 

The node and these m nodes , form a tree and they are called 

tree nodes . All other nodes are called nontree nodes. Then the 

st
(m + 1) closest node to the node N is found as follows: 

For each nontree node N , construct m distinct paths from R 
y s 

to N by joining the shortest path from N to N by for all 
y s X rxy 

tree nodes N
X • 
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Select the shortest of these m paths and let it temporarily 

to N .be the shortest path from N 
s y 

Then the nontree node with the shortest temporary path from 

N 
3 

is the (m + l) 
st 

new member of the tree. The shortest path from 

N to the (m + l) 
st 

node member of the tree uses only tree nodes 
s 

as its intermediate nodes since all arc lengths are all nonnegative. 

Starting with m = 0 , this process can be repeated until the shor-

test path from N to has been found. 
s 

We now formally state the tree building algorithm; 

Step (l) Initially, all arcs and nodes are nontree arcs and nodes. 

Assign a value d(x) to each node of the form 

d(x) = (a,b) where a denotes the length of the shortest 

path from N to and b denotes only a tree node used 
s 

as intermediate nodes. Initially, set d(s) = (0,s) and 

d(x) = (oo , x) for all x s. Let be the last node 

to become a tree node. 

Step (2) Let N become a tree node, and let N = N . For each 
s sy 

nontree node , redefine d(x) using the triple operation 

(1.2) as follows; 

d(x) ;= min (d(x) , d(y) + d ) (1.5) 
yx 

In this operation d(x) is of the form d(x) = (a,b) where 

a is a distance and b is a node number, and when d 
yx * 

the length of A , enters this operation it transforms to 
yx 

the same form d (f,y) since y is the intermediate 
yx 

tree node where d originates, and f is the distance 
yx 

between N and N 
y X » 
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d(x) min (d(x) , d(y) + d^^) 
Din ((a,b) , (c,r) + (f,y)) 

ain ((a,b) , (c + f , y)) 

then if c + f ^ a therefore d(x) « (c + f , y), where 

we see that the total distance from N to N is c -i- f 
X 

and y has beome the intermediate node nearest to , 

and if c 4- f ^ a therefore d(x) = (a,b). 

If d(x) (cx ,x) for all nontree nodes , then stop 

because no path exists from N to any nontree node. Other
8 

wise let the noi.tree node with the smallest value d(x) 

become a tree n< de. Also, the arc directed into node 

from a tree nod< that determined the value d(x) in operation 

(1.3) becomes a tree arc. 

Step (3) Let Hy » . 
If node hae become a tree node stop because a shortest 

path from N I0 has been fo^md. This path consists 
s 

of the unique path of tree arcs from N to . If node 
s 

has not becooe a tree node, repeat Step (2). 

If we want to fiid the shortest path from N to all other 
s 

nodes in the gra^h. Step (3) is modified so that we stop 

when the tree becomes a spanning tree (if one exists). 

Otherwise, re tun to Step (2). 

Notice that each tree node has at most one tree arc directed into 

it (except N
8 

) and the tre building cannot contain a cycle since non 

tree arc cannot become a tiee arc if both its extremity points have a 

tree arc incident to it. The unique path from node N to any other
8 
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node contained in any shortest path tree is a shortest path 

from N to N . 
s X 

us findExample 1.1» Consider a graph of Figure 1,7. and let 

to node H..a shortest path from node N 
s X 

Step (l) 

Figure 1.7. 

Only N is a 
s 

for all X s 

Graph for Example 1.1. 

tree node d(s) = (0,s) 

. 

and d(x) = (oo »x) 

Step (2) Ny » N 
s 

and 

d(l) :« 
= 

min 
min 

(d(l) , 
((oo,l) , 

d(s) + d^^ 
(0,s) + (4*s)) 

» (4 » s) 

d(2) := 
= 

min 
min 

(d(2) , 
((00,2) f 

d(3) + d^g) 
(0»s) + (7»a)) 

= (7.8) 

d(3) :s 

a 

min 
min 

(d(5) , 
((00,3) . 

d(s) + d^^) 
(O.s) + (3»b)) 

» (5 , s) 
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d(4) := min (d(4) » d(s) + d^^) 
» min ((00,4) » (0,8) + (00,4)) 

* (00, 4) 

d(t) := min (d(t) , d(s) + d^^) 
= min ((00,t) , (0,s) + (00,t)) 

= (00, t) 

then. min (d(l) , d(2) , d(5) , d(4) , d(t)) 

= min ((4ts) , (7,s) , (3,s) , (00,4) , (00,t)) 

= (3»s) 

= d(3), 

node N
5 

is joined to the tree as well as the arc A ,
s3 

which determined d(3)* The current tree is shown in 

Figure 1.8,(a). 

Step (3) has not become a tree node, return to Step (2). 

Step (2) y = 3 

d(l) min (d(l) , d(3) + dj^) 
= min ((4.s) » (3,8) + (00,I)) 

= (4 , s) 

d(2) := min (d(2) , d(3) + 

= min ((7,s) , (3,8) + (00,2)) 

» (7 , s) 

<i(4) :a min (d(4) , d(3) + d^^) 
= min ((00,4) , (3,8) + (3,3)) 

» (6,3) 
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d(t) := min (d(t) , d(3) + d^^) 
= min ((oo,t) , (3,s) + (cx),t)) 

S! (oO,t) 

and min (d(l) , d(2) , d(4) , d(t)) 

= min ((4,8) , (7,s) , (6.5) , (00,t)) 

- (4.8) 

* d(l) . 

So node N 
1 

is joined to the tree as well as arc A
si 

which determined d(l). The current tree is shown in 

Figure 1.8.(b). 

Step (3) has not become a tree node, return to Step (2). 

Step (2) y » 1 

d(2) := min (d(2) , d(l) + d^^ 
= min ((7,s) , (4,s) + (3,1)) 

= (7,s) or (7,1) 

d(4) := ndn (d(4) , d(l) + d^^) 
a min ((6,3) , (4,s) + (2,l)) 

= (6,3) or (6,1) 

a(t) :a min (d(t) , d(l) + d^^) 
= min ((00,t) , (4,8) + (00,t)) 

a (00,t) 

We see that there is a tie for both d(2) and d(4). The tie 

for d(2) will be solved later, but since 
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min ((i(2) , d(4) , d(t)) 

a (6,3) or (6,1) 

= d(4) 

we can arbitrarily select one of these two arcs to join the 

tree. We arbitrarily select d(4) * (6,5)» So node is 

joined to the tree as well as arc Also we arbitrarily 

choose d(2) a (7,s), 

The current tree is shown in Figure 1.8.(c), 

Step (3) N. has not become a tree node, return to Step (2). 

step (2) y a 4 

d(2) min (d(2) , d(4) + d^g) 
min ((7,s) , (6,3) + (00,2)) 

(7.8) 

d(t) :a min (d(t) , d(4) + d^^) 
min ((00,t) , (6,3) + (2,4)) 

(8,4) 

min ((7,8) , (8.4)) 

(7,8) 

d(2) 

So node is joined to the tree as well as arc A .
s2 

The 

current tree is shown in Figure 1.8.(d)« 

Step (3) has not become a tree node, return to Step (2), 
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Step (2) y » 2 

d(t) 2a min (d(t) , d(2) + dgP 
« min ((8,4) , (7,s) + (2,2)) 

= (8»4) 

Thus node has become a tree node as well as arc A
4s’ 

The current tree is shovm in Figure 1.8.(e). 

(Notice that the tree shown in Figure 1.8.(e) is a spanning 

tree,) 

beThe total distance of the shortest path from N to can 
s 

read directly from the node value d(t) a (8,4) , where the total 

distance from N to is equail to 8, Also using the labels 
s 

d(x) we can track the shortest path from N to N as follows: 
S b 

d(t) a (8,4) then, 

<i(4) * (6,3) then. 

d(5) - (5,«) BO that, the path from N 
S 

to R.
X 

Is 

N N A f8 »
A
B3 » , Aj^ , 

or simply the route is 

N f N 9 N4s 3 » ^ 

along tree arcs. 
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Graph with Negative Arc Lengths 

were nonWe assumed In the previous method that all arc lengths 

negative. What wo\ild happen if some of the arc lengths were negative ? 

?or example, consider the graph in Jlgure 1,9. 

Figure 1.9» Graph with Negative Arc Lengths. 

The shortest path from N to N, is
8 V 

NN , A , N, , A » 
s si 1 It » ‘-t 

whose length is 

+ 2-2 = 0 . 

We can easily verify that if the shortest path algorithm presented 

in the preceding method were applied to this graph, then the path 

N , A , N would erroneously be selected as the shortest path 
s st X 

from N to N. . 
8 t 

can beFort\inately, the tree building algorithm just discussed 

This can be donegeneralized to accommodate arcs with negative lengths. 

by three simple changes, namely: 

(l) In Step (2), let equation (l.3) be applied to all nodes, not only 

nontree nodes. Hence, a tree node as well as a nontree node can 

have its node number d(x) decreased. 
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(2) If a tree node has its node number decreased) then remove the 

tree arc incident to it from the tree. 

(5) Terminate the algorithm only after all nodes have become tree 

nodes and Step (2) fails to lower any node numbers. 

Proof. The proof is achieved by contradiction. The algorithm 

cannot terminate xmless 

d(x) + d ^ d(y) for all A (1.4) 
xy xy 

Otherwise, would be a nontree node during the iteration of Step 

(2) occurring immediately after vertex x has become a tree node. 

Suppose that upon termination of the algorithm d(y) does not 

some N *equal the length of a shortest path from to N^. for y 

(if there is more than one such N , then take N to be the node 
y y 

with the shortest path from N that contains the fewest arcs.) 
s 

Whenever a node number d(z) is finite, it equals the length of some 

paths from N to N . 
s z 

Hence, it follows upon termination d(y) must equal the length 

of some path from N 
s to Ny, and consequently, d(y) must exceed the 

length of a shortest path from N to N . Let node N be the 
s Xy 

next-to-last node on the shortest path from N to . (If there 
s 

is more than one such path, select any path with the fewest number of 

arcs.) Thus, d(x) must equal the length of a shortest path from N 
s 

to N^, and 

d(y) ^ d(x) + d (1.5) 
xy 

This contradicts (I.4) 
Q.E.D. 



21 

a circuitCan this algorithm fall ? Yes, If the graph contains 

whose total length Is negative (a negative circuit). In this case, 

the circuit mig^t be repeated infinitely many times yielding to a 

nonsimple path whose length is infinitely negative. 

butTo remedy this situation, we apply the algorithm anyway, 

entered the tree.we keep count on the number of times each node has 

th 
As soon as any node has entered the tree for the n time, where n 

is the number of nodes in the graph, stop because the graph contains 

in a finitea negative circuit. Otherwise, the algorithm terminates 

nvuaber of steps with correct results. 

in theTo show this, suppose that there are no negative circuits 

graph. When any node receives its final node value d(x), then 

before anotherat worst every other node can enter the tree once more 

node receives its final node value. Hence, no node can enter the tree 

more than (n - l) times. 

In this case we will not illustrate by an example as the algo 

rithm presented in the next section will cover this case very simply. 

without worrying whether negative cycles exist or not. In fact, the 

next algorithm will allow detecting negative cycles very easily. 

1.4* Multitezminal Shortest Paths 

A Matrix Algorithm 

In this section, we will present and discuss an algorithm to 

before allfind shortest paths between all pairs of nodes. As 

do not have to satisfy the triangular inequality or the symmetric 

relations, we shall not restrict the d to be nonnegative in general.
ij 
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thatAs we mentioned $ the whole problem lies in the fact 

"i;3 ^ "dk ik * 

otherwise, the shortest path between every pair of nodes N^, and 

wo\ild be the arc A . However, there must be some arcs
ik 

to N is the arc A. • Letfor which the shortest path from 
3 ij 

us call these arcs basic arcs* Note that in Section 1»3» tree 

arcs are basic but not vice versa. 

to N , say. ThenSuppose we know the shortest path from 
<1 

the fact that thethis path must contain only basic arcs ; otherwise 

path from N to N is a shortest path will be contradicted. Now 
P q 

if we create an arc A with distance equal to the shortest chain, 
pq 

shortestthen A becomes a basic arc. This problem of multiterminal 
pq 

paths is solved by creating a basic arc ( if no such arc already 

associated withexists ) between every pair of nodes. The distance 

the newly created basic arc is equal to the shortest path formed by 

basic arcs of the original graph. 

but in thisConsider now the triple operation defined by (1.2), 

node>case it is defined for a given node N. called the nlvot 

ja min (d for all (1.6)''ik Ik • "l3 * ^Jk) 

of an arcThe triple operation as in (1.6) compares the distance 

"ik with the distance of a path consisting of two eorcs with N^ as 
of the arc if itintermediate node, and changes the original distance 

is the larger of the distances. 
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1,2,...* n)»If we do this operation (l.6) for every node N^(j » 
then the new d are lengths of the shortest paths between every

Ik 

pair of nodes. 

In this algorithm, the amount of computations is n(n-l)(n-2) 

additions and comparisons. 

Proof. Any shortest path must consist of basic arcs of the 

original graph. The rpoof shows that at the end of computations, a 

of the basicbasic arc of distance equal to the sum of the distances 

arcs in the shortest path is created. Consider any arbitrary shortest 

path such as the one shown in Figure 1.10. 

2 
■N 

N 

■o o-

2 4 6 1 3 9 

Figure 1.10. Basic Arcs. 

asThe operation (l.6) will create basic arcs successively shown 

the shortestby the dotted lines. For a graph without negative cycles, 

distance between any two nodes is well defined. If the operation (l.6) 

creates an arc A that is not equal to the true shortest distance,
29 

then that distance will be replaced by the true shortest distance at 

some later step. Once the true shortest distance is created, then it 

cannot be replaced, since it is the minimum. 
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basicIn Hgure 1,10. we have an arbitrary shortest path with 

arcs A and A , Since in the operation (l.6)24 * ^6l » ^46 * ^13 39 

j is successively fixed at 1,2 9 • • • f 9,..., we create successively 

and A
the new basic arcs A^^ , A^^ , A2^ 29* 

Q.E.D. 

shallFor any graph G with a finite number of nodes n, we 

the matrixconstruct a matrix D * (d. .) of dimension nxn called 
1J 

of distances. The entries of this matrix D will be the distances 

will stand forassociated with each arc in the graph. The row nvimber 

column number will standthe node from which an arc originates, and the 

for the node at which an arc terminates. 

As mentioned before if no single arc exists between two specific 

nodes the corresponding entry will be set to oo . 

= 0 for allAlso, for the present application we will set dii 

i = 1,2 , , , ,, n. If an undirected arc exists say A
st 

, in this case we 

matrix.will set d . = d. , In general D will not be a symmetric
SX uS 

Prom the proof we can see that when j in operation (l,6) is 

successively fixed at 1,2 ,, ,,, n, then for each of these values, ope-

ration (1.6) is carried out for eanh entry dik 
with i ^ j and k ^ j. 

th 
row andto fill the (n-l)(n-l) matrix obtained be deleting the j 

column* Since d
li 

= 0 (i = 1,2 9 •• ♦ • ♦ f n) we need only per-• 

form (n-l) - (n-l) ss (n-l)(n-2) operations for each fixed value of j. 

As there are n values of j there are totally n(n-l)(n-2) opera 

involvestions like operation (l.6) to perform, where each operation 

one addition and one comparison. 

that canThis number of additions and comparisons is the maximum 

distances.be expected for a network with arbitrarily defined 
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At the end of this number of operations the resulting matrix 

is the matrix of shortest distances. 

a 0 for allIn all the previous discussions we have defined dii 

i . If we define d
ii a 00 for all if then operation (1.6),allowing 

i a k, will provide a technique for finding minimum cycles containing 

. In many applications we are interested in finding negative cycles. 

and if d becomes negative , it shows that a negative cycle exists.
^i 

To keep track of the arcs that make up the shortest path, we use 

the following bookkeeping. In a matrix of dimension nxn , R a 

whose entries are calculated along with operation (1.6), the entry in 

row i and column k indicates the first intermediate node on the 

shortest chain from to Nj^ if there is such an intermediate 
node. At thenode. Let k be the entry if there is no intermediate 

start all entries of the matrix in the (i,k) positions are set to k. 

k (1.7)^ik 

then 

"ik ^ ‘^ij ^ ^'jk 
(1.8)^ik “ 

remains the same if ^ 

At the end of the n(n-l)(n-2) iteration operations (1.8)(which 

are carried out along with operation (l.6)) the resulting matrix R* , 

called the route matrix is the matrix by means of which one can detect 

any route of shortest distance, if one exists, between any pair of 

nodes in the graph. 
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To prove that operation (1.8) work let N. be the interme 

diate node with raallest inde-s in a shortest path tofrom N 
<1 

on the shortestand and Nj^ are two neighboring nodes of K 

path. During the computations d , and we set
ik 

.1 .^ik “ ^i^ “ 
Since A and A axe basic arcs, j and k 

i;) jk ""dk =■ 
throughout the computation, Tiiis proves the correctness of operation 

(l.8) for a shortest path with one intermediate node. 

Now the original shortest path from to N 
^ is replaced by 

another, a path with equal distance but one less intermediate node, 

since a basic arc A with distance + isequal toik 

created. The proof is completed by induction. 

In finding the intermediate nodes of a shortest path, or simply 

a route of shortest distance from K to N using R* we first 
P 

look at the entry r B k , which uesno that is the first 
P«1 

intermediate node in the shortest path from to N . Then we look 

at r to find the first intermediate node in the shortest path from
Pk 

entryN e . = i^ to Nj, . This process is repeated until we find the pi 

which indicates that we have found all the intermediate nodes in the 

shortest path, namely N N 
» , N,.

k 
, N_ .iP * 

We are now ready to illustrate the above dj.8CU8sed algorithm with 

an example. 

Example 1.2. Consider the graph in Figure 1.11, where the 

numbers beside the arcs are arc lengths and the minbers beside the 

nodes are node numbers. We want to find shortest paths between every 

pair of nodes. 



27 

1 

30 

3 

Pigiire l.tl. Graph for Example 1.2. 

R 

The initial distance matrix 

are shown in Tables 1.1. and 

D and 

1.2. 

the initial route 

respectively. 

matrix 

Table 1.1, Initial 
Matrix 

Example 

Distance 
D for 

1.2. 

Table 1.2, Initial Route 

Matrix R for 

Example 1,2, 

1 

2 

3 

4 

5 

6 

7 

1 

0 

11 

30 

00 

00 

00 

00 

2 

11 

0 

00 

12 

2 

00 

00 

J 

30 

00 

0 

19 

00 

4 

00 

4 

00 

12 

19 

0 

11 

9 

20 

5 

00 

2 

00 

11 

0 

00 

1 

6 

00 

00 

4 

9 

00 

0 
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00 

00 

00 

00 

1 

00 

0 

1 

2 

3 
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1 

1 

1 

1 

1 

1 

1 

1 

2 

2 

2 

2 

2 

2 

2 

2 

3 

3 

3 

3 

3 

3 

5 

3 

4 

4 

4 

4 

4 

4 

4 

5 

5 

5 

5 

5 

5 

5 

5 

6 

6 

6 

6 

6 

6 

6 

6 

7 

7 

7 

7 

7 

7 

7 

7 

To apply the operation (I.6) 

in Table 1,1. which does not lie 

first row 

for j 

in the 

« 1 , 

first 

we check each entry 

column or in the 
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d
23 !a sin (^23 * *^21 ^ ^13^ 

a Sin (00 , 11 + 30) 

= 41 

dj2 «ln (^52 . 431 + 4i2) 
a min (00 , 30 + 11) 

a 41 . 

All other entries in the (n-l)(n-l) sulmatrix remain the same. 

The above will result in Table 1,3, along with the new route matrix 

R shovna in Table 1.4, 

Table I.3. Hew Distance Mat Table 1.4. New Route Matrix 
rix for jal. for jal. 

1 2 3 4 5 6 7 1 2 3 4 5 6 7 

1 0 11 30 00 00 00 00 1 1 2 3 4 5 6 7 

2 11 0 41 12 2 00 00 2 1 2 1 4 5 6 7 

3 30 41 0 19 00 4 00 3 1 1 3 4 5 6 7 

4 00 12 19 0 11 9 00 4 1 2 3 4 5 6 7 

5 00 2 00 11 0 00 1 5 1 2 3 4 5 6 7 

6 00 00 64 9 00 0 00 1 2 3 4 5 6 7 

00 00 00 20 1 1 07 7 1 2 3 4 5 6 7 

For ja2, we apply the operation (I.6) to each of the entries in 

Table 1.3* which does not lie in the second coltunn or the second row 

and updating the bookkeeping matrix of node indices (Table 1.4.) 

then, 
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min (d34^3 “ *^54 » ^32 * ^24^ 
m min (19 , 14 + 12) 

19. 

"41 ' "l4 min -<^U ’ '*12 * V 
min (oo , 11 + 12) 

23. 

:= min
"51 = "15 ^"l5 ’ "l2 "25^ 

min (00 , 11 + 2) 

13. 

:= min (dS3 “ S5 35 » *^32 ^25^ 
min (00 , 41 + 2) 

43. 

And if we cariy through the computations similar to the 

previous two steps, we get the pairs of Tables 1,5. to 1,l6, 

where Table 1.15. and I.I6. axe the final tables. 



30 

Table 1,5. New Distance Mat Table 1.6. New Route Matrix 
rix for Ja2, for j=2. 

1 2 5 4 5 6 7 1 2 3 4 5 6 7 

1 0 11 30 23 13 00 00 1 1 2 5 2 2 6 7 

2 11 0 41 12 2 00 00 2 1 2 1 4 5 6 7 

3 30 41 0 19 43 4 00 3 1 1 3 4 2 6 7 

4 23 12 19 0 11 9 00 4 2 2 3 4 5 6 7 

5 15 2 43 11 0 00 1 5 2 2 2 4 5 6 7 

6 00 00 4 9 00 0 00 6 1 2 3 4 5 6 7 

7 00 00 00 20 1 1 0 7 1 2 5 4 5 6 7 

Table 1,7. New Distance Mat Table 1,6, New Route Matrix 
rix for j=3. for j=3. 

1 2 3 4 5 6 7 1 2 5 4 5 6 7 

1 0 11 50 25 13 34 00 1 1 2 5 2 2 3 7 

2 11 0 41 12 2 45 00 2 1 2 1 4 5 3 7 

3 30 41 0 19 43 4 00 3 1 1 5 4 2 6 7 

4 23 12 19 0 11 9 00 4 2 2 5 4 5 6 7 

5 13 • 2 43 11 0 47 1 5 2 2 2 4 5 3 7 

6 54 45 4 9 47 0 00 6 3 3 3 4 3 6 7 

7 00 00 00 20 1 1 0 7 1 2 3 4 5 6 7 
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Table New Distance Mat Table 1.10, New Route Matrix 
rix for for 

1 2 3 4 5 6 7 1 2 3 4 5 6 7 

1 0 11 30 23 13 32 00 1 1 2 3 2 2 4 7 

2 11 0 31 12 2 21 00 2 1 2 4 4 5 4 7 

3 30 31 0 19 30 4 00 3 1 4 3 4 4 6 7 

4 23 12 19 0 11 9 00 4 2 2 3 4 5 6 7 

5 13 2 30 11 0 20 1 5 2 2 4 4 5 4 7 

6 32 21 4 9 20 0 00 6 4 4 3 4 4 6 7 

7 43 32 39 20 1 1 0 7 4 4 4 4 5 6 7 

Table 1.11. New Distance Mat Table 1.12. New Route Matrix 

rix for j=i5. for 

1 2 3 4 5 6 7 1 2 3 4 5 6 7 

1 0 11 30 23 13 32 14 1 1 2 3 2 2 4 5 

2 11 0 31 12 2 21 3 2 1 2 4 4 5 4 5 

3 30 31 0 19 30 4 31 3 1 4 3 4 4 6 5 

4 23 12 19 0 11 9 12 4 2 2 3 4 5 6 5 

5 13 2 30 11 0 20 1 5 2 2 4 4 5 4 7 

6 32 21 4 9 20 0 21 6 4 4 5 4 4 6 5 

7 14 3 51 12 1 1 0 7 5 5 5 5 5 6 7 
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Table 1.13. New Distance Mat Table 1,14. New Route Matrix 
rix for ^=6. for js!6. 

1 2 5 4 5 6 7 1 2 3 4 5 6 7 

1 0 11 19 25 13 52 14 1 1 2 6 2 2 4 5 

2 11 0 25 12 2 21 3 2 1 2 6 4 5 4 5 

5 30 25 0 13 24 4 25 5 1 6 3 6 6 6 6 

4 23 12 13 0 11 9 12 4 2 2 6 4 5 6 5 

5 13 2 24 11 0 20 1 5 2 2 6 4 5 4 7 

6 32 21 4 9 20 0 21 6 4 4 5 4 4 6 5 

7 14 5 5 10 1 1 0 7 5 5 6 6 5 6 7 

Table 1.15. D* for Example 1,2, Table I.16. R* for Example 1.2, 

1 2 3 4 5 6 7 1 2 5 4 5 6 7 

1 0 11 19 23 15 15 14 1 1 2 6 2 2 7 5 

2 11 0 8 12 2 4 5 2 1 2 7 4 5 7 5 

5 30 25 0 15 24 4 25 5 1 6 3 6 6 6 6 

4 23 12 13 0 11 9 12 4 2 2 6 4 5 6 5 

5 13 2 6 11 0 2 1 5 2 2 7 4 5 7 7 

6 32 21 4 9 20 0 21 6 4 4 5 4 4 6 5 

7 14 5 5 10 1 1 0 7 5 5 6 6 5 6 7 

Now if we want the shortest path from N
1̂ 

to N6 say, we look 
♦ 

at Table 1,15. where we read d 16 a 15 » and to find the nodes in 

this path we look at Table 1.16, where : 
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» 7 = 5 t t""16 » ^17 ^15 * ^ ^12 “ 2 

and therefore the route is: 

1
.• "2 *5 ■ "7 ’ "6 

1.5* Modifications and Applications 

In this section we present some applications of the algorithm 

discussed in Section 1.4 • t as well as some modifications to the 

operation (1*6) to fit other types of applications. 

A-pplication 1 

An airline is approached by a passenger who wishes to fly from 

Springfield, Illinois to Ankara, Turkey spending as little time as 

possible in the air since he is afraid of flying. How should the air 

line route this passenger ? 

The airline should construct a graph whose nodes are the airports 

between Springfield and Ankara and whose arcs correspond to the 

flints between the corresponding airports. Let the length of each arc 

equal the corresponding fli^t time. The airline should now read the 

remainder of this chapter to learn how to find a shortest path between 

the nodes corresponding to Springfield and Ankara. 

Application 2 

Suppose that you wish to drive from Boston to Los Angeles using 

only interstate highways. V#hat is the shortest route to take ? 

Construct a graph whose nodes correspond to the junctions of the 

interstate highways joining their respective nodes. Let the length of 

each arc equal the mileage along the highway that it represents. 
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The routing problem between Boston and Los Angeles can now be 

solved by finding the shortest path from the node representing the 

highway junction in Boston where you would start your journey to the 

node representing the highway j^inction in Los Angeles where you 

would end your journey. 

Application 5 

You must have an automobile at your disposal for the next five 

years until your retirement. There are currently a variety of auto 

mobiles that you may purchase with different expected lifetimes and 

costs and there are a variety of leasing arrangements available, What 

should you do ? 

Represent each possible transaction date during the next five 

years as a node, (To simplify, you might consider only the first day 

of each month as a possible transaction date.) Represent each possible 

purchase or lease by an arc from its initial transaction date node 

to its maturity date node. Let the length of each arc equal the cost 

of the corresponding transaction. The best purchase/lease combination 

must correspond to the shortest path from the node representing the 

current time to the node representing your retirement date. 

Application 4 

Suppose that a salesman in Boston plans to drive to Los Angeles 

to visit an Important client. He plans to use the interstate highway 

system described in Application 2, and he plans to visit other clients 

along his route. He knows on the average how much commission he can 

earn from each proposed stop along the way from Boston to Los Angeles, 

What route should he take from Boston to Los Angeles ? 
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In this situation, the length of each arc in the graph repre 

senting the hi^way system should be set equal to the expected net 

of the corresprofit (expected commission less driving expenses) 

ponding hi^d^way segment. The salesman should drive along the longest 

path from the Boston node to the Los Angeles node. 

Observe that in this case some of the arc lengths will be 

negative where the salesman ejipects to incur a loss, and positive 

where the salesman expects to make a profit. 

In such a case operation (1.6) is modified to become 

(1.9)«lk ““ (“ik - ^3 + ^3k) 

-oo 
X J 

and N 

and initially d.. = wherever no single arc exists between 

j • 

Notice that in equation (l.8) is replaced by 

and vice versa. 

Application 5 

A small Investor must decide how to invest optimally his funds 

for the coming year. A variety of investments (passbook savings 

account, certificate of deposit, savings bonds, etc.) are available. 

For simplicity suppose that investments can only be made and with 

drawn on the first of each month. Create a node corresponding to the 

first day of each month. Place an arc from node N to node N for 
X y 

each investment that can be made at time x and mature at time y. 

Notice that this graph contadns no circuits. Let the length of each 

arc equal the profit earned on the corresponding Investment. 
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This case, like Application 4» is a maximization problem and 

therefore can be solved using equation (l.9). 

Application 6 

Given a graph with arc capacities b^^ , a route from to 

is called a maximum capacity route if the minimum arc capacity 

of this route is not less than the minimum arc capacity of any other 

route from N to N . 
P 9 

As an application of the triple operations (1.2) presented in 

this chapter, we can use the following operations to get maximum 

capacity routes between all pairs of nodes in the network: 

:=‘'ik max (b^j^ , min (bij - V» 

for all i , k j and for j = 1,2,,.,,n successively. 

matrixAnother nxn matrix R =i ^^ij^ similar to the route 
described in the preceding section , where the entries r are

ik 

all set equal to k initially. 

Then, 

^ik ^ (^ij » ^jk) 
^ik “ 

unchanged if bj,j^ ^ min (b^^ , b^j^) , 

Application 7 

In many physical applications, it is customary to refer to the 

state of a system. For example, in Newtonian mechanics one is often 

interested in the "system" consisting of a mass particle (or some 
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physical object) moving in a certain environment. Usually one refers to 

the position and velocity of the particle at a specified time as the 

"state" of the system at the same time. That is, the physical laws 

determine how the system passes from one state on to subsequent states. 

This terminology can profitably be carried over to the shortest 

route problem. Think once again of a car and driver moving along certain 

streets. Let us agree to refer to the city streets, the car, and the 

driver as the "system" under consideration. The "state" of this system 

at a specified time could be defined to be the location of the car at 

that time. The shortest route problem could then be stated as the 

problem of finding the least time in which the system can pass from the 

initial state (in which the car is at the starting vertex) to the final 

state (in which the car is at the terminal vertex). 

In Newtonian mechanics there is ordinarily an infinity or "con 

tinuum" of states to be considered. For example, a planet moving around 

the sun is thought of as moving in a continuous way from state to state. 

It can occupy infinitely many locations in the course of the journey. 

In our work, however, we need distinguish only a finite number of 

states. In fact, we have seen that we only need to consider the times 

Thus, we couldt^^ required for a car to go from one vertex to another. 
define the possible states for a map with N vertices. 

Of course when we define the states in this way, we are making an 

abstract model of the real situation, and in so doing we are ignoring 

many things which we regard as of minor importance in relation to our 

objective. For example, non of the variations of speed or other events 

which occur between two vertices are taken into account. Then, step by 

step we introduce more realistic features. 



CHAPTER II 

A DECOMPOSITION ALGORITHM FOR 

SLIGHTLY OVERLAPPING GRAPHS 

2,1. The Problem 

Is farIn most cases a graph has less than n(n-l) arcs and 

from being completely connected. This means that the associated 

distance matrix D a has many entries which are infinity. 

This fact gives rise to a problem of computer storage and the niom-

ber of operations performed, when a computer is used to solve the 

problem of shortest paths specially in large scale graphs 

(n = 15 , 20 , 30 , ...). 

Before we attempt to find a solution to this problem, let us 

first introduce some new concepts and definitions. 

Definition 2,1, Take a subset of nodes in a graph and denote it 

by A. Let X be another subset of nodes. We call the set X a 

cut set of A if it has the following property: 

If the set X together with its incident arcs are deleted from 

the graph, then the graph becomes two disconnected components, one 

component containing all the nodes of A and no other nodes. 

Definition 2.2. A cut set X of A is called a minimum cut set 

if no proper subset of X has the disconnecting property of X, 

Clearly all the neighboring nodes of A constitute a minimum 

cut set of A. 

38 
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2.2, A Decomposition Algorithm 

The decomposition algorithm described in this chapter takes 

advantage of the situation mentioned in the former section. We shall 

first consider the decomposition algorithm in its simplest form 

where a graph is decomposed into two parts. Next, we shall consider 

the general case where we have a decomposition of a graph into m 

overlapping subgraphs. 

Decomposition Algorithm for Two Overlapping Graphs 

Let us assume that the graph G is partitioned into three sets 

of nodes 

A t X 
♦f B 

such that. 

G A U X U B , 

where X is a minimum cut set of A, If the nodes in set A are 

assigned with the indices 1,2 f 0 •• i A I , (where I A | denotes thef 

cardinality of the set A) and nodes in X are assigned the indices 

•A + 1 . A + 2 , • • then the asso-, |a| + x| , 
ciated distance matrix is of the form shown in Table 2.1, where 

and N. £ A , “ ^^ij^ € A 

etc.AB 
D = (diP with 6 A and N £ B , 
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Table 2.1. Partitioned Distance Matrix for 

Two Overlapping Graphs. 

A X B 

A L
AA 

D
AX ^AB 

X ^XX ^XB 

B ^BX ^BB 

Initially, all entries in and are infinity. In 

general, we use the notation distance siatrix 

. Sometimes it is convenient to usewith and Nj £ p 
to represent one of the entries in . 

to theDefinition 2.5. A conditional shortest path subject 

subset of nodesrestriction that nodes in the path must be a certadn 

of the graph. 

We shall use d^ ^ to denote the shortest distance (using any 
a 

to N Nov we use to denote thenumber of arcs) from r a 

distance of the conditional shortest path from to N, , where if 

is the subset of nodes in which the conditional shortest path must 

lie. The matrix of conditioneJ. shortest distances (d^j(^)) with 
€ e( and i® denoted by D^^ (4) , and d*^ (l() represents 

one of its entries. If G is used to denote the whole graph, then 

know that the shortest paths lie in the aetfip 
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then 

dL (G) (2.1) 

Let A denote A U X and B denote E U X . We consider the 

original graph as two graphs overlapping each other. One network, 

arcscalled A graph consists of nodes (N^£ A) and 
A consists(N^, Nj € a) , The other netwoik, called the 5-graph, 

arcsof nodes (Nj^ £ 5) and "Scr K • 
The following two theorems give the foundations of the decom 

position algorithm for two overlapping graphs. 

Theorem 2.1 

Let GaAUXUB, where the removal of X will make the graph 

disconnected. Then the shortest distances between any two nodes in the 

B-graph can be obtained by considering only the 1 provided that the 

conditional shortest distances are known, 

(note that A * G - B), 

Proof: If the shortest path lies entirely in 5 , then. 

* / V 

4b 

which means it is sufficient to do the triple operations in the 

B-graph . Assume that there are many subpaths, of a shortest path, 

inwhich contain nodes in A , This is shown symbolically 

Figure 2.1, 
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A X B 

( 
) 

( <I> © 

Figure 2,1. Symbolic Representation of Two 
Overlapping Graphs. 

Consider a shortest path from to . Since both the 

starting node and the terminal node are in B and X is a cut set 

of B , any subpath that contains nodes in A must begin and end in 

the set X , In Figure 2.1, the subpath from Ng to and the 

Nsubpath from N. to are two such paths.
4 5 

If do, ( A ) d„ (G - B)23 23 

( A )and ^45 (G - B) 

are known, we have effectively in the B-graph, two arcs A with 
23 

with distance d* (G - B),distance d*j (G - B) and A45 45 

The shortest path from N 
1 to Ng then consists of the subpath 

from N 
1 to Ng , A^j , the subpath fro* to , A^^ , and the 

subpath from to N6 » all of which contain arcs in the B-graph, 

Thus, it is sufficient to consider only the B-graph, Note that this 

reasoning is independent of the number of subpaths which contain nodes 
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of I . Clearly if we Interchange A and B and A and B , then 

the theorem is also true* 

Q.E.B. 

Theorem 2*2 

Let GsAUXUB, where the removal of X will make the 

graph disconnected. Then 

(G) . «ln ( d^ (0) + (0) ) (2.2) 
X 

d^ (G) » min ( d^ (G) + d^ (g) ) (2.3) 

Proof. To get from any node in A to any node in 

B , we must pass at least one node in X. If the minimum is 

taken over all N in X, then it is certainly the minimxim distance, 

Let the distance matrix (G) be n X p and the distance matrix 
oL 

^ (G) be p X n^ . Then the operation as carried out for a given 
i and k is 

* / * * \ 
= min (d. , + (j 1"ik » p, A » \ f ®) (2.4) 

Q.B.D. 

In Theorem 2.2 the total number of additions is n^ x n^ x p 

with the same number of comparisons. 0peration(2.4) is like an ordinary 

matrix multiplication with (+) replacing (x) and (min) replacing 

( JI ) .We shall refer to operation (2.4) as a matrix mini summation , 
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Based on these two theorems, the triple operations are per 

formed in the A-graph . This will give the conditional shortest 

distances Between each pair of nodes in the graph A , In particular, 

for two nodes in X the conditional shortest distances will replace 

the original distances between the two nodes. Then we apply the 

triple operations on the B-graph where the distances between nodes 

in X have been replaced by the conditional shortest distances 

calculated from the A-graph . After the triple operations in the 

B-graph, we apply the triple operations on the A-graph again. 

In fact, the following steps describe completely the decomposi 

tion algorithm for two overlapping graphs: 

Step (l) Execute the triple operations for each of the entries of 

the matrix 

^AA ^AX 

^XA B
XX 

At the end of the step we have 

4,(1) ana 4(A) . 
Step (2) Execute the triple operations on the matrix 

^BB 

At the end of the step we have, from Theorem 2,1 , 
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and DjjCg) . 
step (5) Execute the triple operations on the matrix 

4(1) 4(«) 

At the end of this stepwe havep from Theorem 2,1, 

and 4<°> • 
Step (4) Use the minisummation operation (2.4) to obtain 

and 

At this point we might try to get an idea about the number of 

additions (which is the same for comparisons). Let us recall from 

Chapter I, Section 1.4. that a matrix of order n requires 

n(n-l)(n-2) additions. Simply we shall take this number to be n^ . 

So in Step (l) ( |a| + |X| )^ additions are needed, and in Step(2) 

( |b( + |X| )^ additions,( |A| + |X| )^ in Step (j) , and 

2 |A|. |X |. I B| additions are needed in Step (4). 

Therefore the total niunber of additions needed are 

2 ( |A| + |X| )’ + ( |B| + |X| )5 + 2 ( |A| . |X| . |B| ). 

If the matrix ia caluclated as a whole^ we need ( {A| + )X| + |B| 

additions. For the sake of comparison let |A| s |B| , Then the number 

of additions that can be reduced from the decomposition is 

5 Ia|5 + |a| 2 jxj - 3 |Aj |xl 2 « 2 Ixj 5 , 
Thus the decomposition reduces computation for IaI ^ |xj . 
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3 

When I A I ji4 j B j , then the number of additions that can be 

reduced is 

I A j . J B I ( |A I + I B I ) - |a|5 3 |Al^ IX I 

+ 4 I A| |B|| X| - 5 |A| |X|2 2 IX I 5 . 

For example if 

I B I - 5/10 n , I A I » 4/10 n , | X | = l/lO n 

the amount of saving is (494 / 1,000) n^ , which is approximately 

about half of the addition we would have performed using the triple 

operation without the decomposition algorithm. 

Decomposition Algorithm for m Overlapping Graphs 

When the graph is extremely large and loosely connected, it is of 

advantage to decompose the graph into many overlapping graphs. Let 

the distance matrix of the graph be decomposed into four overlapping 

graphs as shown in Table 2,2 •» where the unshaded areas Indicate en-

tries that are all infinity originally. 

To construct such a distance matrix like Table 2,2•» we proceed 

as follows: 

(1) Label any subset of nodes as A, 

(2) Then its minimum cut set is X,
A 

, 

(5) Let B be a sub set (not necessarily a cut set) connected to 

A U X,A , and Xj be the minimum out set of A U X^^ U B , 
(Notice that the minimxm cut set of B is X 

A 
U Xj, and B U X^ 

is a cut set of A ,) 
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Table 2«2* The Partitioned Distance Matrix for 4 Overlapping 
Graphs. 

A X
A

B C D 

A 

X 
A 

B 

C 

D 

(4) Let C be a set connected to A U X. U B U be
A X3 and 

the minimiim cut set of A U X* U B U
A X3UC. 

(5) Continue until no further decomposition is desired. 

In Table 2.2 • f the original graph is decomposed into four 

overlapping subgraphs: 
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A - graph , (I « A U X^) 

1 - graph , (B » X^ U B U Xg) 

5 - graph , (C » X^ U C U X^j) 
and 

5 - graph , (5 » Xjj U D) . 
The steps for the general decomposition algorithm for m over 

lapping graphs: 

A - graph , 1 - graph , • , 2 - graph , S - graph ,# • 

are as follows: 

Step (l) Perform the triple operations on the (m-l) graphs A,B. 2. 

successively, where the conditional shortest distances ob 

tained in one graph will replace original distances in the 

succeeding graph. That is to say y(a) will replace
Va 

^ before we perform the triple operations on B » X^U B U Xg. 

(Notice that we can take the sets A, A U X^ U B , 
successively as the set A in Theorem 2,1. and 

• f oorrespon-BUXgU...UH, CUXpU...UH, 
dingly, as the set B in Theorem 2,1 f then we get the• 

following shortest distance matrices, 

• • , u 1 u • u 2),]^(A) , d||(a U 5) , 
Step (2) Perform the triple operations on the m networks, H, 2. , 

, B , A , successively, where the distances obtained in 

one graph will replace the distances of the succeeding graph, 
* 

that is D (g) will replace H). From Theorem2.1. 

we have 

» •.. » ^b(G) f • 
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nodes whichStep (3) Find the shortest distances between any two 

are not both in one of the sets by 

minisuiBffiation (operation (2.4))* 

We shall use the notation B toA 0 XA © 
denote the matrix minisummation with f A , g 

and Njj-C B , Though both A B and 

B X^ A should be calculated, for simplicity 
write one of them. The order in \riiich minisummation should 

be executed is as follows: 

A 0 X^ 0 B tt Xj . 
AUXj^DB0Xj0OTIX5 , 

A U X. U B U ” ° B » *D • 

A U X^ U B B Xg U C U....U P 0 Xj. @ K U Xj, , 
A U X « • • •U H .

A U B U Xj U C U K© Xjj© 
In the above matrix mini summation, the D.y (G) obtained in 

AXg 
the first matrix minisummation are used in the second mlni-

summation. 

Again we turn our attention at this point to the niunber of 

arithmetic operations used in the decomposition algorithm; we assume 

that and 9* • 8 •A|rt|B|s...»|H|» t I*a1 -tSh -Kl» 
Again we shall calculate the nximber of additions, since the nxunber of 

comparisons needed is the same. 

.In Step (1) the number of additions is (t+s)^ + (m-2).(t+28)^ 
. InIn Step (2) the number of additions is 2(t+s)^ + (m-2).(t+2s)^ 

Step (3) the number of additions is 

2(t+(2t+s) + + ((m-2)t+(m-3)s))sC t+s)+2((m-1)t+(m-2)s)st 

a m(m-l)t^B+8(m-l)(m-2)t8^+(m-2)(m-3)8^. 
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Therefore the total number of additions is 

(2m-l)t^ + (m^+11m-15)t^s+(2m^+18m-35)ts^+ (m^+11m-23)s^ (2.5) 

If we do not use the decomposition algorithm but perform the 

triple operations on the entire matrix, the nxuaber of additions is 

( m t + (m - 1) s)^ (2.6) 

For larger m , equation (2.5) approaches m
p

s(t+s) 
p 

and 

equation (2.6) approaches m^(t + s)^ . Thus the ratio of equations 

as m CO .(2.5) and (2.6) approaches (s/(t+s)) / 

•Each of the subgraphs A, S, • * » 3 can certainly be decomposed 

as if each one of them was the original graph. Thus the decomposition 

algorithm can always be used to decompose a graph into finer and finer 

graphs until decomposition no longer pays. 

At this point we should emphasize the fact that each of the sub 

•» need not be connected. Wesets of nodes like A , , B , Xg , etc 
can take any subset as A . But, onoe A is determined , is 

uniquely determined. The set B can be any set that is connected to 

A U X but
A » Xg is the minimum cut set that disconnects A U X^ U B. 

The decomposition of the graph described above can be classified 

as a linear decomposition since the graph is partitioned linearly into 

m overlapping sets as shown in Figure 2.2. 

Consider a graph consisting of m overlapping graphs, which over 

lap each other arbitrarily as shown in Figure 2.5. In this case we may 

still decompose the graph linearly by letting A* s* E » say. 

5* =. s u r , c = BUCUD ,D = G and E s H , for example 

and then decompose 5 into two small graphs and C into three small 

graphs. 
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It is possible to decompose the graph Into the graphs A , B , 

••• fK f etc •» directly , but the number of operations needed wotxld 

be more than the number needed to decompose the graph linearly. 

Figure 2*2. Linearly Partitioned Graph. 

B 

X 
ABC 

A "ac c 

p 

H 

Figure 2.3. Arbitrarily Overlapping Graphs. 

At this point it is reasonable to introduce an idea which can be 

used to explain the decomposition algorithm or can be used together 

with the decomposition algorithm. 
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We are given an n-node graph for which we want to find the 

shortest paths between p nodes , p » n . Then a p-node graph is 

said to be distance equivalent to the n-node graph if the distance 

of p(p-l) pairs of shortest paths of the two graphs are the same. 

In Figure 2,4* the two graphs are distance equivalent with respect 

to the nodes K and 

Figure 2,4» A 5 to 4 Nodes Distance Equivalent Graphs, 

This idea of distance equivalent graphs can be used locally to 

eliminate nodes and arcs which are not of concern to us during a 

particular phase in the calculations, simple foimxilae can be derived 

to eliminate these nodes and arcs. 

Some graphs and their distance eqtiivalent graphs are shown in 

Figure 2,5» In Figure 2,5.(c) it is possible that the shortest 

distance from to N but
3 is + dg or dg + d^ + d6 * 

when we convert the four-node graph to the triangular graph, all 

shortest distances can be found in the triangular graph. If we apply 

simple transfoxmatlonsas those shown in Figure 2,5 •» we can eliminate 

(n-p) nodes and construct the distance equivalent p-node graph. 
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Then we can apply the triple operations or use the decomposition 

algorithm on the p-node graph. 

The proof of Theorem 2.1. can be thou^t of as eliminating 

the set A when we obtain D^(A U X). 

a,
1 o 0 2 1 0- O 2 

(a) 

min(d^,d2)
1 a £) 2 1 o 4) 2 

(b) 

Distance Equivalent Graphs. 
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2.3. Permutation Matrices 

This section is devoted to present specific operations in 

dealing vdth matrices, which will be useful for the algorithm 

presented in Section 2.4. 

The operations mentioned above are some of the elementary row 

and column operations. Among all these operations known in the theory 

of matrices, the ones that concern us are those dealing with rows and 

column interchanges. 

Let I represent the identity matrix of order n 

1 0 0 0 

0 1 0 0 

I nxn 
ij 

0 0 ... 0 1 

1 i = j 

where i,J ® 1,2,...,n. 
0 i ^ J 

Definition 2.4. A permutation matrix P , where r ^ s , is 
rs 

th th
defined to be that matrix obtedned by interchanging the r and s 

rows (columns) of the identity matrix I, 

r s 
wm 

1 

1. 

0....1 r 

P .1 (2.7) 
rs 

• « • • 

1.. 
1....0 8 

1 
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That is P 
rs has 1 in all the diagonal positions except the 

(r,r) and (s,s) positions, 1 in the (s,r) and (r,s) positions and 0 

elsewhere. 

Now consider a matrix A of dimension nxn where 

A = (a.J 
a 

and let dimension nxn as defined by(2.7). 

Proposition 1 

If we multiply A by P from theleft, this will result in an 
rs 

th th
interchange in positions of the r and s rows. 

Proposition 2 

If we multiply A by P from the right, this will result in 
rs 

th th 
an interchange in positions of the r and s columns. 

Proof. Let B = P A then by the definition of matrix' ' rs 

multiplication, we have 

n 

i,J * 1,2,,,,,n 

we have that 1
ii “ i}^r,i}^s,is* 1,2,,,,,n 

and s 0 r ^ s*rr = * 

= 1 
sr rs 

otherwise, so that we have.and 
‘ij - “ 

® t i^r , i a 1,2,,,,,n 

j “ 1,2,,,,,n 
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» a 

rs 3j 

ss a , J » 1»2»»• •» (2.8)aj 
n 

- ^ a 

sr rj 

b a a . = 1,2i n (2.9)rj 

So we have by (2.8) and (2.9) that the r
th 

row of B is iden-

th
tical to the s row of A f and the s 

th 
row of B is identical to 

th 
the r'” row of A . 

same as(2) The proof for Proposition 2 is exactly the 

for Proposition 1 except that 

C a A P 
rs 

n 

and a i!
ik ''kj 

Q. B.B. 

Now for any matrix A we can use the same idea to find a permu-

tation matrix P try means of which we can reorder the rows(columns) 

of A , (here we want to change the place of more than two rows using 

only one permutation matrix P). Let us refer to the matrix of row 

interchange by P and the matrix of column interchange by Prow col* 

We can find P by simply referring to the identity matrix I. 

Once we know the new order for the rows of A, we reorder the corres 

ponding rows of I in the reqtiired order. The resulting matrix is the 

P
row 

we are seeking. Obviously if a row is to be kept in its place, 

its corresponding identity matrix row remains in its place. 

row 
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P can be attained similarly but with the word column subcol 

stituted for the word row in the above. We illustrate this with 

an example. 

Example 2.1. Consider the matrix A given by 

1 2 3 4 5 6 

7 8 9 10 11 12 

6 5 4 7 8 9 

12 10 11 2 3 1 

13 14 15 9 7 8 

10 3 5 1 12 11 

We require that the rows of A be ordered as follows; 

4 , 6 , 5 , 2 , 5 » 1 

from top to bottom of matrix. 

Then P is given by 
row 

0 0 0 1 0 0 

0 0 0 0 0 1 

0 0 1 0 0 0 

0 1 0 0 0 0 

0 0 0 0 1 0 

1 0 0 0 0 0 

Then multiplying A by P from the left we get 
row 
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0 0 0 1 0 0 1 2 3 4 5 61 

0 0 0 0 0 1 7 8 9 10 11 12 

0 0 1 0 0 0 6 5 4 7 8 9 
F As 
row 

0 1 0 0 0 0 12 10 11 2 5 1 

0 0 0 0 1 0 15 14 15 9 7 6 

1 0 0 0 0 0 1 12 1110 5 5 

12 10 11 2 3 1 

10 5 5 1 12 11 

6 5 4 7 8 9 

7 8 9 10 11 12 

13 14 15 9 7 8 

1 2 5 4 5 6 

It can be easily shown that if the same ordering is to be given 

to the columns of A as well, then simply, 

p p*^col row 

where the superscript T refers to matrix transpose. 

Also we can show that if we want to irestore the original order of 

the matrix rows (cols) we simply multiply the new matrix by P
T (p^ )
row' col' 

from the left (right), since the inverse of permutation matrix is 

again a permutation matrix and P
-1 

. p" . 

To identify the original rows (columns) order of a permuted 

matrix we proceed as follows: 
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(l) Construct a coltunn vector X whose elements are 

» i fHi = (1.10) 

(2) Multiply X by from the left (right) 

^ row (1.11)y a P .X 

The resulting column vector y will have as its elements the 

old row numbers placed in the new positions of the rows. 

2.4, ])ecomposition Algorithm Using 
Permutation Matrices 

In this section we present a systematic method to petition the 

given graph into its overlapping subgraphs necessary for the decompo 

sition algorithms presented in Section 1.1, and 1,2. With this method 

we can also find automatically the minimum cut sets needed to disconnect 

one graph from the other. 

Here we give a means to find these overlapping subgraphs, which 

might be the most difficult thing to find and which is most necessary, 

before applying the decomposition algorithm. 

This method, which is due to the author of this paper, depends 

mainly on the idea of permutation matrices presented in the former 

Section 2.3, 

We shall first present the above mentioned method and then con 

clude this chapter with an illustrating example. 

The method consists of two main parts, the first is concerned 

with permuting the colximns and rows of the distance matrix D, and the 

second part is concerned with partitioning the given graph. 
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Part I, Permutations 

Step (l) Start with column 1 and row 1 of the distance matrix D. 

Check every entry d and d., » (j « 1,2 • • » n) If botht ♦ 

entries are oo, the row j of the Identity matrix remains 

vinohanged. If anyone of the two entries Is non-infinity, 

when jar , say, interchange row r of the identity matrix 

with row S 
1 of the same matrix^ where S^ is given by 

a 00 and d » oo) j a 1,2 , • • • ,n (2,12)S^ = min(j I d^^ 

If two or more rows and/or columns have non-infinity entries 

in the first column or the first row, check the left tails 

of the rows and the lower tails of the columns* The row 

(column) with shortest tall is the one that comes in the 

first place, so that the row of the identity matrix corres 

ponding with row number equal to the row(column) niunber of 

the shortest tail row (column) comes first and then comes 

the identity matrix row corresponding to the next shortest 

tail row and so forth, until all rows and colitmns have been 

st 
checked for non-infinity entries in the 1 row and column 

and their corresponding identity matrix rows have come in 

the upper most positions* 

The resulting matrix is the permutation matrix we are seeking. 

Let this permutation matrix be P.* Then perform the
1 

matrix multiplication 

^1 - ^ D pT
1 (2.13) 

where the subscript 1 refers to row number 1 and column 1 

of D. 
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Step (2) Let iai2 and check the entries and d of row 2 
32 

and column 2 of D 
1 starting at the value j a rg where 

■ CO and *^1 = 00 for all k a Tg and proceed 
exactly as in Step (1), until all entries of column 2 and 

row 2 of have been checked. 

The resulting permutation matrix will be Pg, Perform the 

matrix multiplication - .^>2 

Step (3) Successively let i x* 3,4 t ♦ • ♦n and check the entries d 

and d of column i and row i for each value of j starJi 

ting at the value of j a r^ , where 

00 and a 00 for all k a 
^i 

and proceed exactly as in Step (1) until all entries of 

column i and row i of the matrix D have been checked.
i-1 

At each value of i the resulting permutation matrix is P^, 
and perform at each value of i the matrix multiplication 

T 
(2.13) 

Notice that if d
ik a 00 and d^^ a 00 for all k a r^ 

then no permutations are necessary at this value of i, and 

the permutation matrix for this value of i is 

Pj . I 

At the end of the step n the resulting matrix D is 
n 

given by 

P_ D .^n n n-i n 
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where it is clear that P » I and D is the matrix 
n n 

which we will partition to find the overlapping subgraphs 

of the original graph. 

Also we have found throughout the steps n : »• • •» P . 
n 

PThen the permutation matrices of all permutations performed, 
row 

and P , are given bycol 

T 
P = P P ^ P. P (2.14) 
row col n n-1 2 1 

and D 
n = P D P - (2.15)row col 

x l) whereConstruct the column vector X = (x^) of dimension (n 

a i ni » 1,2,,•*,^i 

and perform the following multiplication 

y = P X (2.16) 
row 

The column vector y of dimension (n x l) is a vector whose 

elements are the indices of the nodes in the given graph. An index in 

th th
the i position of the vector y implies that the i row and the 

^th column of the matrix correspond to the node in the graph with 

that index. 

Also another matrix which will be needed during the computations 

of the decomposition algorithm is the new route matrix . We first 

set the original route matrix E following equation (l.7). 
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Then is obtained by 

sR P R P , (2.17) 
n row col 

fAt this stage I) is of the form shown in Pigure 2.6 • 
n 

Figure 2,6. The Matrix D . 
n 

where all white parts refer to oo entries, and the shaded part refers 

to finite as well as some oo entries. 

Pairt II. Partitioning the graph 

This part describes how to reach a partition of the given graph 

by partitioning the matrix D . 
n 

The procedure is quite simple: 

Step (l) Choose the set of the first r columns and rows such that 

th
all the entries in the first row to the left of the r 

th
column and all the entries in the first column below the r 

row are all oo . 

This set of r columns and rows, chosen this way, is the 

minimum set that can represent the A(a=AUX^) subgraphs, 
and it is the first set in the partitioning procedure of 

the graph. 
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Obviously one can choose a set of larger cardinality. Refer 

to the y column vector (2.16) to identify the nodes inc 

luded in this set A , these are the elements in the first 

r positions of y , (See Figure 2.7.(a)). 

Step (2) Check the (r + 
st

l) row and (r + 
st

l) column for the 

first non-infinity entry in entry in each of them. Pick the 

one that comes first in position and this column or row p , 

say, is the botuadary for the set X.
A . Draw a horizontal 

and vertical partitioning lines above the 
th 

p row and to 

the left of the 
th 

p column, (See Figure 2,7.(b)). 

Step (j) Pick a set B whose cardinal number is s where 

8 ^ 1 

Draw a horizontal and vertical partitioning line below the 

row 8 + r and to the rig^t of colximn s + r. These lines 

are the left and upper boundaries of the set Xg,(See Figure 

2.7.(c)). 

Step (4) In column r + s search for the lowest non-infinity entry, 

and in row r + s search for the non-infinity entry placed 

most to the right. 

Pick the one whichever comes last in position,say,at posi 

tion q. Draw a horizontal and vertical partitioning line to 

the right of column q and below row <1. 
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These two lines will give the remaining boundaries for 

and B as well, and they will intersect with the boun 

daries for (See Figure 2,7•(d)). 

Step (5) Proceed along the same lines described in Steps (j) and (4) 

to find the sets C,35:q,D and so forth, until no further 

partitioning is necessary. 

Notice that the optimal partitioning of the matrix I) , i.e, the 
n 

partition with the minimum number of oo elements inside the A and 

1 , etc •» sutonatrices is achieved by trial and error and therefore we 

have many partitioning options* 

Once the partitioning procedure is done with, the matrix D is 
n 

then ready to be subject to the decomposition algorithm described in 

Section 2,2, of this chapter. 

Notice that along with the decomposition calculations we update 

the matrix R given by (2,17) using the following equationsn 

if d.,
ik 

d 

^ik “ (2.18) 
remains the same if d

ik 

where i , j , k represent the new numbering of rows and columns 

of D and R , 
n n 
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Finally after the decomposition calculations are over we get 
* * 

the matrices 3)^ and • Then we can restore the original ordering 

of both matrices using F to get D and R by 
row 

* * *T
I) D pP , » P , Drow n col col n1 row 

* 

and R . p'' T * 

row col “ ^col R
n

P 
row 

There are some remarks to be made before we illustrate the 

procedure by an example: 

(l) This method can be used to partition any given graph into its 

subgraphs and their minimvua cut sets. 

(2) The method will insure at all times that cut sets and minimtun 

cut sets are always possible to find using the matrix D with-
n 

out any reference to the original graph associated with the 

distance matrix. 

Example 2.2. Consider the graph shown in Figure 2.8. together 

with its distance matrix given in Table 2.3. 

The nodes of the graph represent cities and the entries of the 

distance matrix represent the time in minutes required to travel from 

one city to the other on the highway connecting pairs of cities. 

Following the steps of Part I of the method, we get P shown 
row 

in Table 2.4. 

Then we have 

T
D P D P 
n row row 

where is given in Table 2.5. 
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Now referring to Part II of the method, we partition the 

matrix D 
n which gives the partitioned matrix in Table 2.5. 

Figure 2,8, Graph for Example 2,2, 

Now we apply the decomposition algorithm described in Section 

2,2, of this chapter. Prom Table 2,5, we see that the graph is 

petitioned to three overlapping graphs, namely A , B , 5 , where 

A A U X 
A 

B X. U B U
A 

e 
XgUC 

with X 
A is the minim\im cut set of A , X^ and X^ are the minimum 

cut set of B , and X is the minimum cut set of G,B 
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Table 2*4* The Pexiautation Matrix P 
row 

1 23456789 10 11 12 13 14 15 16 17 18 19 20 

1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

2 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

5 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

4 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 

5 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 

7 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

8 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 

9 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 

10 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 

11 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 

12 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 

15 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 

14 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 

15 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

16 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 

17 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 

18 0 0 0 0 0 0 0 00 0 0 0 0 0 0 0 0 0 0 1 

19 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 

20 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 



X pq >4" o 
71 

t 
ON ITN ir\ o o 

o ON l>-
CNI 

o o o o o 
CM NN 
CM CM lOi CM 

O 
CM 

O o o 

CM 

KN o ir» m o o o 
LfN tfN CJN ^fN 

CM CM KN 

CO o o UN O o o o UN 
NO o KN CJN 
KN CM CM CM 

X UN O o o o 
o 

CM KN KN 
+> 

UN O O o o UN O UN pq 
CJN CM KN CJN O X 

(U UN CM CM CM 
O 

§ o UN O UN 
-P CJN 
M CM 
•H 
n 

00 o o o UN 
0) KN O 
c KN KN 
O 
•H 
■P UN UN O O UN 
•H CO UN r- CJN 
-p CM CM 

ccJ 
UN UN UN O UN 
NO CJN CM UN 

'a CM CM 

% 
TJ 

CM O 
CO 

UN 
CO 

O 
x-

UN 
UN 

O O 
c~ 

o 
o 

o 
UN 

o 

(U CM CM KN CM CM 

CJN UN UN O UN UN O o o 
o UN CM KN NO pq 

<u UN KN CM CM KN CM KN KN 
pq 

X- O O O UN O UN O 
KN OO ^ CJN 

UN KN KN CM 

CM 
NO O O o UN o o 

0) UN CJN 
UN CM UN 

nj 
Eh NO O UN O O O UN UN UN 

<S 
X 

HCf NO NO 00 CO NO CO 
CM KN CM CM 

O O O o o o UN O 
UJ NO NO O O OO 

KN KN CM UN CM 

KN UN UN O UN O 
CM O NO KN 
CM 

CM O O UN O O O 
CM O NO T-
CM KN CM UN 

O O UN O 
CM CM NO 
CM CM vj-

CM KN O NO NO X-ONCMr~-5l-COt~-UNUNaO KN O CJN 
CM 



72 

The sets A , B , C , are given by 

A - (1,2,5) IaU 3 

\ - (10,6,16,4) \|=4 
B • (9) |Bl = 1 

Xj - (12,14.7.18,17.15,5,18) 
« 8\h\ 

0 > (15.20,11,9) lc| .4 

Also from Table 2.5. we have Djj , Dgg , given in Tables 
2.6. , 2.7. and 2.8. respectively. Notice that all blank entries 

represent infinite entries. 

Applying the decomposition algorithm we finally get 

4x(0) . , I^(G) 

shown in Tables 2.9. » 2.10. and 2.11. 

Also we use the final tables to replace the portions of the 

partitioned matrix 2.5. where all entries were infinite, namely, 

» ^AX ♦ ®AC » ®X,C » ®BC
A 

»^A » ^XB'^ » ^CA » ®CX. ACB . 
A 
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Table 2.6. Dtt
AA 

A 

0 220 225 

A 220 0 105 560 240 510 

225 105 0 165 130 

460 360 0 360 200 

240 165 360 0 180 

X
A 

510 220 0 

150 180 0 

Table 2.7. 1^5 

X 
A 

B X
B 

0 360 2^ 505 280 

360 0 180 285 165 285 

^A 
220 0 255 110 590 

180 0 315 340 195 240 

B 505 315 0 255 225 330 220 510 360 

280 285 340 255 0 70 200 

165 195 225 0 

285 255 70 0 195 

530 0 300 
X 
B 

110 195 0 275 

590 220 0 230 

240 310 300 0 

360 200 275 230 0 
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2*S* 

c 

0 70 200 150 270 

0 255 

70 0 195 

0 500 225 

195 0 275 

0 250 195 210 105 

500 0 

200 275 250 0 210 170 195 

150 255 195 210 0 350 

270 170 0 
c 

225 210 330 0 270 

105 195 270 0 
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Table 2,9, 
* / V 

A 

0 220 225 460 390 660 3^ 

A 220 0 105 360 240 510 235 

225 105 0 465 165 615 130 

460 360 465 0 360 200 540 

390 240 165 360 0 540 180 
X 
A 

660 510 615 200 540 0 665 

355 235 150 540 180 665 0 

Table 2.10. (G) 

^A B 

"“"O 3^0 200 540 505 280 525 350 835 310 625 780 480 

360 0 540 180 390 285 165 285 720 480 610 420 485 
^A 

200 540 0 665 580 325 705 255 910 110 590 890 385 

540 180 665 0 315 340 195 410 540 605 535 240 540 

B 505 390 580 315 0 255 225 325 330 520 220 312 360 

280 285 325 340 255 0 405 70 585 265 345 565 200 

525 165 705 195 225 405 0 450 555 645 445 435 465 

350 285 255 410 325 70 450 0 655 195 415 635 270 
X 
B 

835 720 910 540 330 585 555 655 0 850 435 300 665 

310 480 110 605 520 265 645 195 850 0 505 830 275 

625 610 590 535 220 345 445 415 435 505 0 530 230 

780 420 890 240 310 565 435 635 300 830 530 0 670 

0480 485 385 540 360 200 465 270 665 275 230 670 
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Table 2.11. (G) 

C 

0 405 70 585 265 254 265 200 150 270 480 395 

405 0 450 555 570 445 435 465 255 635 585 550 

70 450 0 655 1 95 415 635 270 220 340 550 465 

585 555 655 0 850 435 300 665 555 835 225 495 

265 570 195 850 0 505 830 275 415 445 715 470 

345 445 415 435 505 0 530 230 195 400 210 105 

565 435 635 300 830 530 0 670 690 835 525 635 

200 465 270 665 275 230 670 0 210 170 440 195 

150 255 220 555 415 195 690 210 0 380 330 300 

C 
270 

480 

635 

585 

340 

550 

835 

225 

445 

715 

400 

210 

835 

525 

170 

440 

580 

530 

0 

610 

610 

0 

365 

270 

395 550 465 495 470 105 635 195 300 565 270 0 
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We get at the end of these computations 

f etc. 

Therefore we have the matrix of shortest distances D*(G) given 
in Table 2.12. 

To restore the original ordering of the matrix rows and 

colimms, we perform the matrix multiplication 

D* (g) = 
row \i(i) Prow 

which is given in Table 2.13. Also the route matrix B* necessary 

to detect any shortest path in the graph is given in Table 2.14. 
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2.^. Discussion 

This section is devoted to discuss and make comments on the 

paper by T.C.Hu, []7 3 

The partitioning method for m overlapping graphs described 

on pages 46 and 47 of this thesis is different from the method 

presented by Hu in his book. 

He suggested the following steps for partitioning the graph 

into its m overlapping subgraphs; 

(1) Label any subset of nodes as A. 

(2) Then its minimum cut set is X^* 
(3) Let B be a cut set (not necessarily a minimum cut set) 

A U and X^ be the minimum cut set of A U X^ U B.(liotice 
that the minimum cut set of B is ^ 

be the mini-(4) Let C be a cut set of A U X^ U B U X^ and *0 

mum cut set of A U X^ U B U X^ U C, 
(5) Continue until no further partitioning is necessary. 

The difference between the method described on pages 46-47 and 

the above mentioned method is that in Steps (3) and (4) the sets 

B,C and all similar sets do not have to be cut sets, they only have 

to be sets connected to the sets found in previous steps,i.e. B 

be connectedneeds only be a set connected to A U X^ , C needs only 
picture shovmto A U X^ U B Xj and so forth. This agrees with the 

in Table 2,2, on page 47, which is the same picture given in Hu's 

paper presented in his book (Chapter 10,pp.l65) and which is less 

restricting than his suggested partitioned method. 
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The following is a justification of this claim: 

Prom the definition of a cut set, according to Hu's method 

the removal of B,C,etc.,should disconnect A U X
A ,A U U B U Xg, 

etc • f respectively, from the rest of the graph. This means that 

the removal of the rows and columns of the partitioned matrix 

corresponding to these sets, which is equivalent to the removal of 

their corresponding nodes from the graph, should leave the parti 

tioned matrix with only infinite entries at places representing 

•»arc lengths connecting A U X^ , A U X^ B U X^ , etc to 

•»(G - A U X^ U B) , (G - A U X^ U B U Xj U G) ,etc respectively. 

But referring to Table 2.2 •» we can see that the removal of 

the columns and rows corresponding to the sets B,C,etc • f will not 

disconnect the graph. This is because when we remove 

• f this will leave etc ♦ f in the 

partitioned matrix which are non-infinite entries all of them 

( IX stands for A , X^ » B , Xg , C , Xq , etc.) 
This means that A , B , etc * ♦ will still be connected to the 

rest of the graph, even after the removal of the sets B , C , etc • ♦ 

respectively and therefore showing that B,C,etc •» are not cut sets 

of 1,1, etc respectively.• f 

The steps presented on page 46 are a remedy for this situation, 

and, they are justified as follows: 

In Theorem 2.1. and 2.2• f we only needed that X^ , X^ , etc. 
be minimum cut sets of A U X. , A U X U B , etc • ♦ respectively,A A 

and therefore B,C,etc,,need not be cut sets. 
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The sets ByC,etc • f need only be connected sets to A U X■A » 

♦ » respectively, so that when we applyA U U B U Xg , etc 
Theorem 2.1, we take B U X etc •» to be the set 

B , C u x^ . 
in Theorem 2,1. 

B 



CHAPTER III 

OPTIMIZATION IN NETWORK PLOWS 

5.1. Network Plows 

In this chapter we discuss techniques to solve some network 

flow problems. 

The following are examples of problems that can be regarded 

as flows in networks: 

(1) The shipment of finished goods from a manufacturer to a dis-

taributor. 

(2) The movement of people from their homes to places of employ 

ment. 

(3) The delivery of letters from their point of posting to their 

destination. 

(4) A system of chemical processing units in which some product is 

undergoing change. The nodes correspond to the various units 

such as heat exchange,reactors and so forth. The arcs corres 

pond to pipelines between units. 

(5) A computer network in which the nodes correspond to computer 

systems or terminals and the telephone lines or microwaves 

transmission lines correspond to the arcs of the network. 

(6) A transportation system in which the nodes are cities and the 

arcs are roads which material is transported. 

84 
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There are many real world situations similar to the above 

which can be profitably regarded as networks. For example^one 

might wish to maximize the amount transported from one place to 

another by the delivery system, or determine the least costs way 

to send a given number of ob;jects from one place to another via 

the system, or determine the quickest way to deliver a shipment 

through the system. 

If the original flow problem can be modeled in terms of a 

network flow problem with a high degree of accuracy, then the 

results and algorithms for network flows can be applied to the 

original problem. 

To be more specific, we deal with two problems: 

(l) finding maximal flows in networks. 

(2) Finding minimal cost flows in networks. 

Before we discuss the above two problems, we first introduce 

some new definitions. 

Befintition 5.1. A flow in a network is a way of sending ob 

jects from one node to another by travelling along the arcs in their 

directions. 

The objects that flow from the source to the sink in the net 

work are called flow \mits or units. 

Definition ^.2. A cut (X.X). where X is a subset of nodes of 

the network and X is its complement, is a set of all arcs A with 
ij 

either N^f X and or N^fX and Nj,0. A cut set is therefore 
a set of arcs the removal of which will disconnect the network. 
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A cut separating the source N and the sink N is a out 
s X 

(X,X) with N„€ X and X. 
s 

Definition 5.5« The upper limit on the folw in an arc A 

is the capacity of the arc and is denoted hy C . The flow capa-
ij 

city of an arc is a positive number and may be infinite, in which 

case the arc is said to be imcapaoitated. 

If an arc has a flow capacity of zero, removing the arc from 

the network does not alter the potential flow in the network. 

Definition 5,4. The capacity of a cut (X,X) , denoted by C(X,X) 

is H with X and ^ X.C
ij 

Note that in defining a cut, we count all the arcs that are 

between the sets X and X , but in calculating its capacity, we 

count only the capacity of the directed arcs from X to X , but 

not the directed arcs from X to X, Therefore, C(X,X) is not 

equal to C(X,X) in genersd. 

Definition 5,5, A cut separating N and N with minimum 
s X 

capacity is called a minimum cut. 

Definition 5,6, A flow augmenting path is a path along which 

the flow in the arcs can be increased, so that the flow does not 

exceed the minimum of all capacity of arcs in the path. 

5.2. Maximal Flow Problem 

orThe maximal flow problem is to find a feasible equilibrium 

steady state flow pattern through a network such that the total flow 

from the source to the sink is maximized. Should there exist more 
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than a single source (sink) node, then a super source (super sink) 

node is connected to each of the sources (sinks). The arcs making 

the connection are uncapacitated. 

Let us consider an oriented network with a single source, 

a single sink and a set of intermediate connected nodes. For each 

node, with the exception of the source and sink, we shall assvime that 

conservation of flow is maintadned, i.e •» flow into a given node 

equal flow out of that node. Suppose the network has n node, where 

node 
1 

is the source and node N 
n 

is the sink. We will designate 

the flow along arc A by X * 

a 

Mathematical Formulation of the Problem 

It is clear that no flow in a given arc may exceed the capacity 

of that arc. Hence we reqtiire constraints of the form: 

1,2,..,,n (5.1)0 ^ Xij ^ Cid 

In addition, as noted above there is conservation of flow at 

each node, i.e. the flow into each node, except the source and sink, 

equals the flow out of that node. Hence we have: 

r^i - r k » 2,3 f • • »n-1 (3.2) 

Also we have for the source node N 
1 

(5.5)^ "'ll “ 
and for the sink node N 

n 

= V (3.4) 
i 
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Our objective is to maximize flow. Hence, the objective 

fimction may be stated as maximizing the sum of flows originating 

at the source or flowing into the sink. 

To summarize the maocimal flow problem is given by: 

Maximize v (5.5) 

subject to 

V k=1 

o kj^l , k^n (3.6)^ \i " ^ ^jk “ 
-V ksn 

,n.0 ^ ^ =13 

It is easily seen that this problem is a linear programming 

problem. However, for a network with many nodes and arcs, the prob 

lem can be quite large. Instead of this, we shall present a labeling, 

method devised by Ford and Fulkerson C5] which is quite 

efficient for solving our problem. 

Before we present this method we first make a final notice: 

If the flows in the arcs of the network have an upper botind C 
13’ 

as well as a lower bound such that the flow in an arc is^3 "id 
governed by the inequality 

-1. . ^ i,j=1,2
10 "id 

then by a simple change of variable, the problem can be reduced 

to the problem stated in equations (3.5) and (3,6) namely. 
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n»• • •» 

Therefore we have 

u0 4 
ii 

where u i»J®"!»2» • • • »n.»
a “ 

theLet us state without proof some theorems which form 

foundations for network. (For a detailed proof of these theorems 

refer to Ford and Fulkerson [5].) 

Lemma ?«1. Let f he a flow from the source N to the sink 
8 

N.
X 

In a network, and let f have value v . If (X,^) is a cut 

set separating N and then 
s 

V = f(X,X) - f(x,x) ^ c(x,x) 

Theorem 5»2. (Max Flow - Min Cut Theorem). For any network the 

maximal flow from to is equal to the minimal cut capacity 

of all cuts separating N_ and N^.s 

Corollary 5.3. A flow f is maximal if and only if there is 

no flow augmenting path with respect to f. 

Corollairy 5.4. A cut (X,5c) is minimal if and only if every 

maximal flow f saturates all arcs of (X,X) whereas all arcs of 

(X,x) are flowless with respect to f. 

Corollary 5.5. Let (X,X) and (Y,y) be minimal cuts. Then 

(X U Y , X U Y ) and ( X 0 Y , xTTy ) are also minimal cuts. 
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The Labeling Method 

In order to make our description of this method perfectly 

general, let us assxune that each arc A has associated with it 
a 

capacities C and C... In the event that flows are allowed in
ij 

one direction only, one of these capacities would be zero, e.g, 

^ 0 , 0. 

Definition ^.6. The excess capacity, denoted by is 

defined by 

e

a “ °ij “ 
(5.7) 

where 
and x^^ is any set of flows in 

We now describe the labeling method for solving maximal flow 

problems in the following steps: 

Step (o) We initially set all flows to zero. We also calculate for 

each arc its excess capacities and e given by'id di 

equation (5»7). 

step (l) We begin at the source node, , and consider all nodes 

which are connected to the source by arcs of positive 

excess capacities • We designate the nodes which are 

connected to the source this way with index p . Call this 

set of nodes P . 

We then label each node P on our network with two 

labels (®<p» pp )• These labels are defined as follows: 
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fK a excess capacity from source to node p.
P 

» the node index from which we came (source). 

Therefore we have 

(e (3.8)1p » 1 )» Np£ P 

If we had labeled the sink in the first step, vdiich is 

theoretically possible but highly unlikely in any prac 

tical situation, we move to the final part of this method. 

Step (2) Generally, the sink is not labeled in the first step. 

Hence, from the set of nodes N € P , we choose p =s p^ • 
p 1 

We then seek out nodes, not yet labeled, which are joined 

to node ^ arcs of positive excess capacity. If 

there are none we go to N g P and repeat. If we can 

reach any unlabeled nodes in this fashion, let us designate 

this set of nodes with index q and this set of nodes will 

be called Q . We now proceed to label the nodes Q 

as follows: 

M s min (e , 0{ )
1 ^ pq P'^ 

(5.9) 

pAq 

The label represents the minimum excess capacity of the 

arcs A andtwo A . The label ff tells us the node
Ip pq ^ q 

from which we came to reach nodes . We carry out this 
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labeling process for all nodes F. Again, if we 

have labeled the sink during this step, we proceed to 

the latter part of this method. 

Step (5) (General Step) This is basically the same as the previous 

step. If we have a set of labeled nodes N^€ R, we look 
for nodes not yet labeled which are connected to nodes 

by arcs which have positive excess capacities. We do 

this for each N £ R. If we find a set of \mlabeled nodes 
r 

T, we label these nodes as follows: 

a min (e 
rt 

(3.10) 

A = -

We repeat this general step. Since the network has a finite 

number of nodes and axes we must reach one of the two 

following conditions in a finite number of steps: 

(1) The sink is labeled, or 

(2) We cannot label the sink and no other nodes can be 

labeled. 

If we reach condition (I), we can increase the flow. If we 

reach condition (2), the existing flow is the maximal flow 

and the problem is solved. 

Step (4) (Flow Change) Consider now the case where the sink has been 

labeled. The label on the sink, indicates how much 

positive excess capacity exists from source to sink over 

the particular path traversed, and therefore how much the 
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flow can. be increesiecL J''»irthcr£5ore, it is a simple matter 

to traverEse thic path, since the second label of the nodes, 

, Indicates the preceding node leading to N^. 
Let us designate by e the excess capacities of the arcs 

uv 

in. this particular path from source to sink, which enabled 

us to ?iabel the sink. We can increase the flow byJK and 
n 

we do this by recalculating the excess capacities for each 

arc. These nev excess capacities are given byj 

e e <X 
uv uv n 

(5.11) 

ee + (V 
vu vu n 

and e for arcs not in the sink labeling path." ®ii 

Step (5) Repeat the entire labeling process for the network with the 

new excess capacities starting again at the source N 
1 • 

It is clear tliat since we are dealing with finite Eaxlmal 

flows in a finite network, we must reach condition (2) of 

the sink in a finite number of steps. 

At each stage we can calculate the net flows in each arc using 

the definition of excess capacities given in equation (5.7). The net 

flow in arc A is 

C e if 0.ss 

id id “ji “ 

If both C. . 0 , 0.. ^ 0 then elthers
id 
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e and X a 0- "id id di 

e and X 0 ,""di “ "di di id ’ 

depending upon which of them is positive. 

The Labeling Method : A Proof 

Ve prove in the next few lines that the above method, when it 

terminates under the conditions stated, does Indeed yield the maxi 

mal flow. 

It is obvious that at each stage the constraints are satisfied 

since the capacity restrictions are satisfied by the definition of 

excess capacity and calculation of flows. Further, we are obviously 

satisfying the conservation of flow at each node. Hence, what we 

need to show is that the final flow is the maximal flow. 

Now, let us consider the situation when we terminate our cal 

culation; we see that two disjoint sets of nodes (nodes we have 

been able to label and those we have not) exist. Let us designate 

the nodes we have been able to reach in the final labeling process 

by , and those we have not been able to label by S If. we 
u 

consider the set of oriented arcs that connect members of Sf to 
members of , denoted by , is clearly a cut of the network 

to Nbecause unless each path from N contains at least one of
1 n 

these arcs, we cannot reach the sink. 

Combining equations (3.6) and (3«7), we see that for all nodes. 

except N^ and N , we can write
1 n 
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n 

f •ftE (c i s 2 n-1 (5.12) 
j=1 

Por the source we have 

n n 

E (= ) =E * at total flow (5.13)id ‘ ®id 1j
ja1 d=2 

If we now sum the left hand side of equation (3»12) over labeled 

nodes, i.e, over nodes N € S , and recall that the source is 

i 1 

labeled, we see from equations (3.12) and (3*15) iliat 

n 

E E (0 - E X = total flow (3.14)id
-

d=2 
ld 

dA 

Notice that if both j and i , then we have terms 

for both C and C present in the summation andid " ®id di " ®di 
they cancel each other. Hence, for d^ all terms cancel, and 

only terms for d € S 
u are present. However, if i € and j € S^, 

and since 
1 

and S 
u 

are disdoint sets, we know that "id “ 0. 

Hence, we have from (3.14) 

total flowE E 0
id (3.15) 

ifS^ d€S,u 

Prom the definition of a cut, we see that a set of arcs such as 

that given by equation (3.15) is clearly a cut. However, equation 

(3*15) says that this particular cut equals the total flow. We have 

already noted that the total flow cannot exceed the sum of the capa 

cities in any cut. However, in equation (3*15) we have found a cut 
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in vdiich the total flow equals the capacities of the arcs in the 

cut. Hence, for this particular cut which is minimal, the flow 

must be maximal. 

Q.£. B. 

Computational Algorithm 

Here we show how to organize the maximal flow algorithm into 

a compact matrix format. For a network with n nodes we merely 

th 
require an n order matrix of the excess capacities e We

ij • 

also require two additional columns for the labels. We will also 

note the order of labeling in a third additional column. The mat 

rix format is more convenient than performing the calculations on 

the network diagram. The maximal flow matrix format is shown in 

Table 3.1. 

Table 3.1. Matrix Format for the Maximal 
Flow Problem. 

Nodes 1 2 n Labels Step 

1 e e
12 In 5< I 

2 e e e
21 2j 2n *^2 ^2 

i e e e e
i1 i2 i;) in 

en 
®n1 ®n2 «n Pn 
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E =In order to use Table 5.1. we begin with the matrix 

of excess capacities. Initially, e = C.., we start in row 1 and
IJ ^ J 

e ^0.look for columns with positive excess capacities, i.e. 
n 

M 1, Assuming thatFor all such columns we set = e^^ and ^ 
we have not labeled the sink, i.e. a value has not been given to 

labeled0( , we look at the first of the rows i that have been 

final columnat the previous step. We keep track of these in the 

marked **Step”. In row i we look for ^ 0 for which row oe
ij 

St min (e »has not been labeled. For all such rows, we set 0^^ ij 

- 1. 

We continue this for each of the rows labeled at the first 

step as long as 0( is not computed. If all rows are labeled and 
n 

the rows labeledwe still have not labeled the sink, we now examine 

Since thein the second step. We repeat the entire procedure. 

or find that wealgorithm is finite, we must either label the sink 

cannot reach the sink. If is not labeled, the flow is a maxi-
n 

mal flow. Otherwise, we know we can increase the flow. 

Suppose we have some value and . We tofin = ^ need 

construct a new matrix. In order to do so, we first calculate the 

e a r , 
uv In the path from the source to the sink. Since ^n 

we know that the final row was reached from row r . Therefore, we 

need to calculate e given by 
m 

(5.16)e e ^ nm m 

Now suppose that for row » S. Hence, we next calculate 

e in row 8 as 
sr 
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e e 
sr (3.17)sr n 

If 3 a t , then we next change e t etc. Next we recalcu-
0 ts 

late e » l.e* for each e that was changed by subtracting »vu uv n 

we recalculate the corresponding e by adding cs< 
vu n 

nr 
e e

nr * "Xn 

(5.18) 
e e 

* «n etc. 
rs rs 

All other e are tinchanged in the matrix. Once the new matrix
ij 

is constructed we repeat the entire process. 

When we reach a matrix in which cannot be given a value 

we have found the maximal flow. 

In order to find the total flow for any matrix we need only add 

all the entries in column 1 or all the entries in row n • 

Therefore 

n n 

Total Plow e- r - E (5.19) 
i=1 

®i1 
d=1 

We illustrate the algorithm by an example. 

Example 3.2.1. Consider the network shown in Figure 5.1. The 

entries showi on the oriented arcs are the capacities C in the 
ij 

direction of the arrows. 

The initial matrix of capacities is shown in Table 3.2. Initially 

all 
®ij ” * 
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I 

2, 6 

6 

Figure 3,1, Network for Example 3*2,1, 

txIn Step (l) ve can label W with 10,15,122 » -3 » 

respectively. Then we sxaniae row 2 we can see that we can label 

ts£X ^ = ffijn <e 25 6,0/^^ 10) 6 

2
'5 

Table 3.2. Initial Labeling Matrix for Example 3,2,1, 
Flow ss 0 , = 6. 

Nodes 1 2 3 4 5 6 7 Labels Step 

10 15 12 0 0 01 « ^ 

2 0 8 0 6 0 0 10 1 1 

5 0 0 0 9 7 0 15 1 1 

4 0 0 0 0 5 0 12 1 1 

5 0 0 0 0 4 6 220. 2 

6 0 0 0 0 3 50 7 3 2 

7 0 0 0 0 0 0 6 5 5 
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and no other nodes can be labeled from row 2, 

Then we move to row J , wo see that m can label 
6 

= min « 

7,^3= 15) - 7 

Pg - 5 

and no other nodes can be labeled from row 

Then we move to row 4, we find that no new rodea can be labeled 

from row 4, 

Therefore we move to row 5 we see that we can label the sink 

Nrj from row 5 

= min(e = 20 ,«7 57 £><5 » 6) = 6 

/^7 = 5. 

«e 6. Hence, we C£in increase theWe have labeled the sink and^t(.^ 
flow by 6 units. Since = 5t we know that e will be decreased

57 

by ss 6, Hence, 

®57 ®57 ^^7 20 6 14 

0
and 

®75 "75 " ^7 + 6 6. 

Since 2 therefore
5 

0"25 “ ®25 7 
6 6 

0 + 6 6.
and 

«52 = *^52 

Since ^ 2“ “I therefore 

“12 = 4®12 b.7 10 6 

and 
®21 ®21 0 + 6 6. 
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All other values of excess capacities are unchanged. The 

new table is hsown in Table J.J* We now repeat the labeling in 

Table 3.3 •» until we label the sink , The results of labeling 

stages are shown in Tables 3,4, to 5,7. 

Table 3.3. Plow o 6 , 

Nodes 1 2 3 4 5 6 7 Labels Step 

1 4 15 12 0 0 0 

2 6 8 0 0 0 0 4 1 1 

5 0 0 0 9 7 0 15 1 1 

4 0 0 9 0 5 0 12 1 1 

5 0 6 0 0 4 14 9 3 2 

6 0 0 0 0 3 30 7 3 2 

7 0 0 0 0 6 0 9 5 5 

Table 3.4. Plow = 15 Ao = 6.
7 

Nodes 1 2 3 4 5 6 7 Labels Step 

1 o<4 6 12 0 0 0 

2 6 8 0 0 0 0 4 1 1 

3 9 0 0 0 7 0 6 1 1 

4 0 0 9 0 5 0 12 1 1 

5 0 2 9 0 4 5 3 6 3 

6 0 0 0 0 5 30 6 3 2 

7 0 0 0 0 15 0 6 6 3 
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Table 3.5. Plow = 21 , IK, » 5,
7 

Nodes 1 2 3 4 5 6 7 Labels Step 

1 4 0 12 0 0 0 & 

2 6 8 0 0 0 0 4 1 1 

3 15 0 0 0 1 0 9 4 2 

4 0 0 9 0 5 0 12 1 1 

5 0 2 9 0 4 5 3 6 3 

6 0 0 6 0 3 - 24 5 4 2 

7 0 0 0 0 15 6 5 6 6 

Table 3.6. Plow » 26 , » 1. 

Nodes 1 2 3 4 5 6 7 Labels Step 

1 4 0 7 0 0 0 

2 6 8 0 0 0 0 4 1 1 

3 15 0 0 0 1 0 4 2 2 

4 5 0 9 0 0 0 7 1 1 

5 0 2 9 0 4 5 1 6 4 

6 0 0 6 5 3 19 1 3 3 

7 0 0 0 0 15 11 1 6 4 

In Table 3.7. we cannot label the sink and therefore the 

maximal flow has been attained. The total flow is 

n n 

Maximal Plow = T~ e e
i1

i»1 

Maximal Plow = 27. 
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Table 3.7. Pinal Labeling Matrix for Example 3»2.1. 
Plow = 27 , K 0.

7 “ 

Nodes 1 2 3 4 5 6 7 Labels Step 

1 3 0 7 0 0 0 

2 7 7 0 0 0 0 3 1 1 

3 15 1 0 0 0 0 3 2 2 

4 4 0 9 0 0 0 7 1 1 

5 5 0 6 9 0 4 5 

6 0 0 7 5 3 -18 

7 0 0 0 0 15 12 

Also from Table 3»7<« we can read the excess capacities in each 

arc A y in other words the flow units that did not make it to the 
a 

sink. Also we can calciilate the flow in each arc using these excess 

capacities as follows: 

e i»j — 1»2y...yn
ij 

i ^ i 

3 7®12 *12 

13 
0 

"13
» 15 

7 5®14 *14 
7 1e 

23 *23 
e 0 6
25 *25 

9e 
35 

0 
^35 

7e 

36 
0 

*36 
e 9 0
43 *43 
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e 

46 - ° "46 “ 5 
e 56 * “ "56 “ ° 
e 
57 

- 5 X57 = 15 

'65 “ ’ "65 “ ° 
» 18 = 12

®67 ''67 

The optimal flow ia shown in Figure 5,2. where we have 

deleted the arcs with zero flow. 

Maximal Plow for Example 5«2.1. 

3.5* Minimal Cost Plows 

In Section 3«2. every arc of the network was assigned a given 

capacity C which limits the amount of flow that can pass throughid 

the arc. In this section every arc is also assigned a cost * 

which can be taken as the cost of shipping one unit of flow along 

that arc. Now we are Interested in shipping a given amount of flow 

from the source to the sink at minimal cost. If there are no capacity 

restrictions on the arcs, then the problem becomes one of finding 
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shortest path from N to and then shipping all the flow along 
s 

that path. To state the problem formally, we want to 

Minimize J^d. ..x. . , 
i j 10 13 

subject to 

V i s s 

a - 0 i s or t 

-V 1 S t 

and 

0 i ^ C i.j = 1,2 n*
ij 

where d arcis the cost of shipping one unit of flow along the 

, and X is the flow in that arc. It is assumed implicitly thata 

V is not greater than the maximal flow from N to , otherwise 
s 

the problem is not feasible. 

Most of the algorithms for solving the minimal cost flows use the 

primal-dual approach of linear programming. We here present two 

algorithms for solving this problem which do not use the linear 

programming concept and also are quite efficient computationally . 

Algorithm 3,5,1 

The first algorithm can be stated as follows: 

Step (O) Start with all arc flows equal to zero and the flow value 

equals zero. 

Step (l) Define the modified costs d* with respect to the given
ij 

flow that exists in the network as follows: 
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* 

B d if ^ C (0 ^ ■ “ij *13 13 

a QO if*13
« 

*13 - “l3 
* 

if ^ 0.“ “^ji 

Step (2) Find the shortest path or the minimal cost path from N 
s 

to N. using the current modified costs d. . obtained 
t iO 

in Step (l). Then ship the flow along this path until the 

path is no longer the shortest path. Replace the old flow 

value hy the old flow value plus the flow along the path. 

If the new flow value is v , stop. Otherwise, return to 

Step (l). 

This algorithm has the interesting feature that when the flow 

in Step (2) is p , it gives the minimum cost flow of p units 

from N to N^, Therefore, we get the minimal cost flow fors 

weP = 1 f • • f V. This should be classified as a dual algorithm since 

do not attain the optimal solution (the total required flow) except 

at the final step. 

We now illustrate this algorithm with two simple examples, each 

presenting a different case. For illustration purposes we define the 

following two matrices: 

(l) The matrix of excess capacities E a (e. .) , 

(2) The matrix of arc flows X a (x..) , 

The elements of these two matrices satisfy the relations 

i.J = s,1,2 » • f t. 
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Examiole 3*5.1» Consider the network of Figure 5,5 •» where all 

arcs are directed arcs. We want to find the najcdmal flow at minimal 

cost. 

Rach pair of numbers (x,y) beside an arc represents the arc 

capacity and the cost of unit flow respectively. The initial capacity 

and cost matrices are shown in Table 5»8» and Table 5»9» respectively. 

Figure 5.5. Network for Example 5»3»1» 

Table 5«8» Capacity Matrix for Table 5.9. Cost Matrix for 
Figure 5.5, Figure 5.5. 

s 1 2 5 t s 1 2 5 t 

s 0 5 6 0 0 s 0 5 4 00 00 

1 0 0 0 2 5 1 00 0 00 2 6 

2 0 4 0 8 0 2 00 1 0 1 00 

3 0 0 0 0 9 3 00 00 00 0 6 

t 0 0 0 0 0 t 00 00 00 00 0 
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Step (0) The arc flows 
*ij “ 0 . The flow is f°^ = 0 , and 

the flow cost is Z° « 0. 

Step (l) Define d*13 * ^13 • 

Step (2) Solve for the shortest distance (minimal cost) from N 
3 

to N^. The route of shortest distance is N . Ni ,s 

and the maximum flow in this path is 

f s max s max 
1 

(C (0 , min(3,5))st St » n>in(Csi » ^1t)) 
= 5 , 

and the flows in the arcs are X A » 5, X = 3»si It 

and all the other flows are unchanged (x = 0).
iO 

Therefore the cost for this flow is 

Z
1 

= 3(9) = 27 . 

Return to Step (l). 

Step (1) Define the modified costs d. as follows 
ij 

* 

00 , d -3"si Is 

* * 
Sd -6

It t1 

and all other costs remain unchanged. At this stage the 

matrices of excess capacities S , modified costs D and 

arc flows X are given by 
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3 1 2 5 t s 1 2 3 t 

3 0 0 6 0 0 3 0 00 4 00 00 

1 0 0 0 2 2 1 -5 0 00 2 6 

2 0 4 0 8 0 ]S: 2 00 1 0 1 00 

3 0 0 0 0 9 3 00 00 00 0 6 

t 0 0 0 0 0 t -6 00 00 00 0 

3 1 2 3 t 

3 0 3 0 0 0 

1 0 0 0 0 3 

Xs 2 0 0 0 0 0 

3 0 0 0 0 0 

t 0 0 0 0 0 

step (2) Solve for the ehortest distance from to t using the 

current cost matrix. To do this we use Figure 3»4» where 

an infinity is equivalent to the deletion of a saturated 

arc. 

1 

2,6) 
(2,2: 

s< 

(4,1) ;—(575T 
O t 

(6.4) (8.1) 

2 

Figure 3.4. Iteration 1 Network. 
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The shortest ^ath is seen to be either A
s2 » ^23 ’ ^3t * 

or A » A »» with total cost In both oases 11 •
s2 21 It 

To solve for''this tie. we pick the path with maximuia flow* 

The maximum fltow for the path A » A is
82 » "23 5t 

max (e ))82 ♦ ®23 ’ 
e

''3t 

» max ( 0 min (6,8,9)) 

sa 6 , 

The maximum flow for the path A is
s2 

t 

max » niin (e ))s2 * ®21 * ®1t 

= min ( 6 i, 4 t 2 ) 

2 . 

So we pick f-^^ » 6 and the path is A^g , Ag^ , A^^ with 
2 

total cost Z s 6(4*t-1't-6) ss 66 * 

Return to St^ (l). 

Step (l) Define the modified costs d?.
id 

* * 
d 00 , d -4
s2 28 
* * 

«25 " ^23 - '^32 ’ -1 

-6'*33 ■ '*3t ■ **3 * 
and all other costs remain unchanged* At this stage the 

matrices of Excess capacities E , modified costs D* and 

arc flows X'-iare given by 
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1 2 5 t 8 1 2 5 t 

s 0 0 0 0 0 s 0 00 00 00 00 

1 0 0 0 2 2 1 -5 0 00 2 6 
If 

E a 2 0 0 0 2 0 D a 2 -4 1 0 1 00 

3 0 0 0 0 3 3 00 oo -1 0 6 

t 0 0 0 0 0 t -6 00 00 -6 0 

s 1 2 3 t 

8 0 3 6 0 0 

1 0 0 0 0 3 

X a 2 0 0 0 6 0 

3 0 0 0 0 6 

t 0 0 0 0 0 

The network at thie stage is shovm in Figure 3*5 • ♦ where 

we notice that the arcs deleted correspond to saturated 

arcs. The pairs of numbers on the arcs show the p3?esent 

excess capacities and the costs of one unit of flow 

respectively. 

1 

(2,6) 

s 0 (4,1) (2.2 
■0 t 

3 V(3.6) 

(2,1) 

2 

Figure 3*3* Iteration 2 Network. 
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We notice that the source N and the sink hecai&e dis 
s 

connected at this stage, therefore we have an optimal flow. The 

total cost of the flow is 

Z z"* + Z^ 

Z 27 + 66 

Total Cost Z 93 

And the present flow is 

f . S= f^ 
st ^st st 

3 + 6 

Optimal Plow 9 units. 

The network for the minimal cost flow is shown in Figure 5»6. 

Minimal Cost Plow for Example 5»3*1» 
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We now give some comments In order: 

(l) When we find an arc flow x the corresponding
ij “ 

* 

00 is eqxiivalent to the deletionmodified cost dj, ^ = 
also theof the corresponding arc from the network which is 

same as having an excess capaci*^ 0. 

(2) When we solve the tie for equivalent routes by taking the 

route of larger flow we saved one more step of computation 

and we reached the solution quicker. 

Example 5«5»2, Consider the network shown in Figure 5»7. where 

all arcs are undirected and we want to find a flow of five units at 

minimum cost. 

Figure 5.7» Network for Example 5.5.2, 

Here we will use the same set of matrices defined in Example 5»5»1 

and which are given in Tables 5*10.,5«11» 5*12. 

therefore eStep (0) Set ij " % * 
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Cost Matrix forTable 3.10* Capacity Matrix for Table 3.11. 
Figure 3,7. Figure 3.7, 

s 1 2 3 4 t s 1 2 3 4 t 

s o 2 0 4 0 0 s 0 1 C» 1 00 00 

1 4 0 3 0 5 0 1 1 0 2 00 2 00 

2 0 3 0 4 0 2 2 00 2 0 2 00 1 

5 4 0 4 0 0 0 5 1 00 2 0 00 00 

4 0 5 0 0 0 6 4 00 2 00 00 0 2 

t 0 0 2 0 6 0 t 00 00 1 00 2 0 

Table 3.12. Flow Matrix for 

Figure 3.7. 

8 1 2 3 4 t 

s 0 0 0 0 0 0 

1 0 0 0 0 0 0 

2 0 0 0 0 0 0 

5 0 0 0 0 0 0 

4 0 0 0 0 0 0 

t 0 0 0 0 0 0 

* 

step (1) Define d13 ’ '*13 • 

Step (2) Solve for the shortest path from N to N using the 

modified costs defined in Step (1), We find that we have 

two shortest paths namely A_
ŝi » 

12 2t with total 

cost s 4 31^4 A
S3 

» A
32 

» A
2t 

with total cost = 4. 

To solve the tie we find the maximum flow in each path. 
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For the first path the maximum flow is 

emax (e^^ , min (e si * '12 » ®2t^^ 
max (0 , min (4 , 5 , 2)) 

= 2 . 

And for the second path the maximum flow is 

max (e » min (e ))st s5 * 
e

'32 » 
e

''2t 

= max (O , min (4 » 4 , 2)) 

*s 2 . 

Again we have a tie for the maximum flow, so we pick 

arbitrarily the path A_^ , A^^ , A so that 
si 12 2t 

- =‘12 “ “21 - 2 

and otherwise.=‘13 - 0 
1 

Hence, f^^ = 2 

and = 2(1 + 2 + 1) 

as 8, 

Hetum to Step (l). 

Step (l) Define the modified costs d^ as follows;
ij 

* * 

d . a 00 f -1
si 1s 

♦ 

^12 “ *^12 ' ^21
* 

® -2 

= 00 , -1<2 = 
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♦ 

otherwise. At this stage the matrices of 
* 

excess capacities £ , modified costs D and arc flows 

X aire given by 

1 2 3 4 t 8 1 2 3 4 t 

s 0 0 0 4 0 0 0 00 CD 1 00 00 

1 4 0 1 0 5 0 1 -1 0 2 00 2 00 

2 0 3 0 4 0 0 * 2 00-2 0 2 00 00 

£s D » 

5 4 0 4 0 0 0 3 1 00 2 0 00 00 

4 0 5 0 0 0 6 4 00 2 00 00 0 2 

t 0 0 2 0 0 0 t 00 00-1 00 2 0 

8 1 2 3 4 t 

s 0 2 0 0 0 0 

1 0 0 2 0 0 0 

2 0 0 0 0 0 2 
X » 

3 0 0 0 0 0 0 

4 0 0 0 0 0 0 

t 0 0 0 0 0 0 

step (2) We then find the shortest path using the current modified 

costs. The shortest path is found to be A
s3 

, A32 » ^21 * 

A14 f A^^ , with total cost 5,(l + 2 - 2 + 2 + 2), and 

the maximal flow is 

max (e min ( e » e ))St » s3 * ®32 » ®21 »
e

-U 4t 
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« max ( 0 , mia ( 4 5. 4 » 5 » 5 ♦ 6 )) 

“ 3 t 

so we have 

’ -'32 “ ^21 “ ’‘u • ' 5 
and 

0 otherwise. 

Hence, 

2 
“ 5 

SB2^ 5 Jt 5 

15. 

We see that v/e reached the required flo\f of 5 units. Hence 

the total flow =* 5 units with total cost = 25, The present 

flow is shown in Figure 5*8. where the numbers indicate 

arc flows in the shown directions 

Figure 5*8* Minimal Cost Flow for 
Example 3,3,2. 
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Algorithm 5.^.2 

This second algorithm can be stated as follows: 

Step (l) Find any feasible flow of v units from N to This 
s 

can be done tjy guessing or using the maximal flow algorithm 

of Section 3,2. We stop when the flow reaches v. 

Step (2) Define the modified costs d. as follows: 
a 

* 

if X. . ^ C.. io d X, J“ ^13 id id id 

* 

00 if X
id ” ^id 

* 

if X ^ 0.*13 ■ '*31 di 

Step (5) Using the d*
id as distances, find negative cycles in the 

network. Recall that negative cycles can become detected 

in the shortest path problem by allowing d to become
li 

negative, and if d becomes negative then a negativeii 

cycle exists. If none exists, the current flow is optimum. 

Notice that if at the end of an iteration step of the 

shortest path algorithm one or more d becomes negative
ii 

we stop at this step and we don't proceed to the next, 

because negative cycle(s) have been fo\md and can be dele 

ted using the route matrix. This is because if we proceed 

to the next stage all information we have about the present 

negative cycle(s) will be eliminated by the computations 

of the next iteration step. 

If such a negative cycle exists, superimpose on the cycle 

a flow of amount S , where 
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S « min ( C )
i5 

in the negative cycle end return ep (2). (If the 

negative cycles are disjoint, we auperimpose similar 

flows on each of them,) Then define again nev/ modified 

costs as in Step (l) and repeat until no more negative 

cycles are found. 

Since tMs algorithm gives a feasible flow of v imits to 

start, it should he classified as a prima,! algorithm. It is easy 

to see that both algorithms will give a flow of v units if v 

units ia not greater than the maximal flow. 

It is slightly harder to see that the algorithm will give 

optimum flow when completed. The proof of the two algorithms depend 

on the follov/ing theorem, vidch can be conaicez^d a.s the central 

theorem in minimal cost flow and which we state without proofs 

Theorem 5,6. k flow value v is optimum if and only if, based 

on the modified costa, there exists no negative cycles with respect 

to the flow. 

Example 5.5»3« Consider the network of Fi-gure 5,9* with arc 

capacities and costs written beside the arcs. We want to find the 

maximal flow at minimiua cost from N to . The matrices of 
8 

capacities and costs are given in Tables 3»15» 3»14« repectively. 
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5 (1,1) 4 

Figure 5.5, Network for Example 5*5»5» 

Cost 

Example 3»5«’5« Example 3«3^3. 

s 1 2 5 4 5 6 t 8 1 2 3 4 5 6 t 

S 6420500 8 O32IOOI0OOO 

1 6 

Table 5»15» Capacity Matrix for Table 3.14. Matrix for 

0 0 0 9 0 15 1 3 0 0000003 008 

2 4 0 07 200 2 2co0co4 1oooo 

5 2 0 0 1 0 0 0 3 1 OOOOO 1 00 00 00 

4 0071 050 4 00004 1 0 00 3 00 

5 59 200 5 3 5 1 3 1 00 00 0 2 1 

6 000055-6 6 00 00 00 00 5 2 0 2 

t 0 15 0 0 0 5 6 t 006 000000I 2 0 

Step (1) Find the maximal flow from the source N to the sink 
8 

using the maximal flow algorithm of Section 3,2. 

The maximal flow is found to be “ I6 units, as shown 
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rei;re-in Figure 3.10* where the nvunbers beside the arcs 

sent the arc flows which constitute the maximal flow 

(an arc with no niunber has zero flow). 

Figure 3.10, Maximal Flow for Example 5»5»3. 

as follows:Step (2) Define the modified costs d. 

•N-

00 d -5"s1 Is 
* 

ss 00 -2«2S 
«■ * 

= 1 -1
*^83 

* 
SB 00 -1

*^85 Ss 
* «• 

, 8 -8
St 
« * 

^5 
s- -3 3 

* 

K 4 -4*^24 
s 

* « 

a 1 -1
•*25 ^2 
* 

00 -1
^34 <3 
* « 

3 -3*46 ^64 
SB 

ss 2 -2
*56 *65 
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* 

00 f d -1^5t = t5 
* ♦ 

oo -2r‘^6t “ 

♦ 

and the matrix of modified costs D is given by 

s 1 2 3 4 5 6 t 

8 OO 00 00 1 00 00 00 oo 

1 -3 00 00 00 00 -3 oo 8 

2 -2 00 00 00 4 1 00 00 

3 -1 00 00 00 00 00 00 00
* 

D 

4 oo 00 -4 -1 00 00 3 00 

5 -1 3 -1 00 00 00 2 00 

6 00 00 00 00 -3 -2 00 00 

t 00 -8 00 00 00 -1 -2 00 

step (3) We now use the shortest path algorithm discussed in 

Chapter I to find the minimum cost (shortest path) solu-

tion for the matrix of modified costs D to detect 

whether negative cycles exist or not. The arcs in the 

minimum cut are saturated which implies that their corres-

ponding d^^ a 00 and therefore these arcs cannot be 
members of any negative cycles. Therefore we can split the 

network into two separate networks and solve the minimum 

cost problem for each of them separately. 

This is shown in Tables 3»15» and 3*16. 
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Table 5.15. Modified Costs for the 
First Subnetwork, 

s 5 

s 00 1 

5 -1 00 

Table 5.I6. Modified Costs for the 
Second Subnetwork, 

1 2 4 5 6 t 

1 00 00 00 -3 8 

4 12 00 00 00 00 

4 00 -4 00 00 3 00 

5 3 -1 00 00 2 00 

6 00 00 -3 -2 00 00 

t -8 00 00 -1 -2 00 

Applying the shortest paths algorithm to Tables 3»15* 

and 3»16. and following Step (3) of the algorithm 3»3»2. 

we find that for the matrix of Table 3«15. no negative 

cycles exist, and for the matrix of Table 3»16, we find 

that a negative cycle exists. The matrix of negative cycle 

corresponding to Table 5«16, is shown in Table 5»17. 

Table 3»18« gives the route matrix necessary to detect the 

negative cycle. 

We see from Table 3»‘I7» that dgg = -4 and so a negative 

cycle exists where N is a member and this negative cycle 

has been found at the fifth iteration stage of the shortest 
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path algprithsa, eo we stopped our iteration procedures 

and detect this negative cycle. 

It follov^s from Table 5»18‘ that the negative cycle is 

. Therefore we need to superimposeV » ^2 » ^25 * ^56 
a certain flow over this negative cycle to eliminate it. 

We compute the amount of flow to be superimposed on the 

present flow by 

6 = min ( e 64 * ®42 * ®25 * ®56 ^ 

= min ( 5 f 7 » 1 » 3 ) 

1 . 

'By superposition of 6» 1 vmit of flow will result in 

the optimum flow in that part. If we apply again the 

shortest path algorithm for the new flow, we will find no 

more negative cycles in the network, therefore the optimum 

flow has been reached and this is shown in Figure 5,11, 

The cost for this flow is 

Z 152 at a maximum flow = I6 units. 

Table 

1 

2 

4 

5 

6 

t 

5»17. 

1 2 

0-4 

4 0 

0 

5 -1 

-5 -7 

-8 -12 

Negative Cycle Matrix 

4 5 6 t 

0-3-1 8 

4 1 3 12 

0-5-1 8 

3 0 2 11 

-14 -11 -9 0 

Table 3.18. 

1 2 

1 5 5 

2 5 4 

4 5 2 

5 1 2 

6 5 2 

t 1 5 

Route 

4 5 

5 5 

4 5 

2 2 

2 1 

4 4 

5 1 

Matrix 

6 t 

5 t 

5 5 

5 5 

6 1 

5 5 

5 1 
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Minimal Cost Flow for 

Example 3»5»5* 

Before we end this chapter let us give some comments; 

since(1) The first algorithm is not reconunended when v is large, 

of thewe have to find,for each feasible flow at each stage 

solution, a shortest path solution. 

at minimal(2) In case of large v or for finding the maximal flow 

solve thecoat, the second algorithm is recommended as we only 

detectedproblem of maximal flow once and negative cycles are 

easily using the shortest path algorithm. 



CHAPTER IV 

PLOW CHARTS AND FORTRAN IV 

COMPUTER PROGRAMS 

The flow charts for the main algorithms presented in Chapters 

the standardI and III are shown on the following pages. We use 

flow charts symbols shown in Figure 4«1» 

(a) Process (b) Input / Output 

C ) 
(d) Terminal 

(e) Off Page Connector 

Figure 4.1, Standard Flow Charting Symbols. 

126 
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4.1. Flow Chart for the Shortest 
Path Algorithm 

START( ) 

READ THE 

STANCE MATMX 

D 

SET THE ROUTE 

MATRIX R 

L « 0 

L = L * 1 

NO 

L - K 0 
YES 

M « 0 

M = M + 1 

NO 

M > N 

YES 

R (L,M ) a M 
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K 0 

K K + 1 

NO 

■> 

YES 

1 = 0 WRITE 

, R* 

1 = 1 + 1 ♦ 

( STOP ) 
YES 

J J + 1 

NO 

YES 
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(B 

A = D(I,K) + D(K,J) 

YES 

0 

D ( I , J ) = A 
■> 

R ( I , J ) = K 
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4.2. Flow Chart to Track All Shortest 

Paths in a Graph 

c START 

T 
) 

READ D»,R 

1 = 0 

SET PATH = 0 

1 = 1 + 1 

YES 

J 

4 

= 

N 

0 

NO 

C STOP ) 

J = J + 1 
0< 

YES 

jJ 

NO 

NO 

♦ J 

YES 

T 

» 

4 

= 

N 

J 

WRITE PROM 

I TO J 

NO ROUTE, 

S = I 
STOPC ) 
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YES 

i(i , j) »(i> (D 
0 

ROUTE « 1 

PATH(ROUTB) » I 

M 0 

T a L M M + 1 

Q(M,1) a S L a R(S,T) 

Q(M,2) 

Q(M,5) 

a 

= 

T 

L a J 

YES 
■> 

NO 

NO 

ROUTE = ROUTE + 1 

YES 

P 0 PATH(ROUTE) a J 

P P + 1 

I 
:tb 

NO 
tf- P , 

YES 

3 ) -
ROUTE,PATH/ 

0< 

S 

T 

a 

» 

L 

Q(P,2) 

c STOP ) 

ROUTE a ROUTE + 1 

PATH(ROUTE) a S 
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4*3* How Chaxt for the Maximal 
Plow Algorithm 

START( ) 

toD THE MATRIX, 

OP ARC 

CAPACITIES Ci 

E s C 

PLOW m 0 

L s 0 
■e-

B s 0 

la 1 , J a 0 

1 = 1+1 

YES 

I ■9 (D 

YES 

(1,1) » 

NO 

B a 1 

L(I,1) a E(1,I) 

L(I,2) a 1 

Hi.3) - 1 
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NO 

B . 1d)-* 
YES 

(N,1) 
YES 

NO 

J » J+1 

K = 1 

K 

M 

= 

= 

K+1 

1 J 

NO 

N 

YES 

K 

YES 

N 

NO 

NO 

( K, 5 )3 P = C - E 

YES 

M SI M+1 WRITE 

M 4 N 
NO 

NO 

N,1) 

P,C 

PLOW 

I 

YES 

NO 

YES 

H » K 

NO 

E(K,M) 

e 

ES 

( STOP ) 

YES 

YES 

L(M,1) ^ 

NO 



134 

YES 

■ ’ 

L(M,1) » A 

L(M,2) = K 

L(M,3) = J + 1 

Z 

PLOW « PLOW + L(N,1) 

I) s N 

A « L(L,2) 

e(d,a)=e(d,a)+l(n,i) 

e(a,d)«e(a,d)-l(n,i) 

YES 

A s 0 
NO 

D s A 
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4.4* Fortran IV Program for the Shortest 
Path Algorithm 

C THIS PROGRAM READS THE MATRIX OP ALL DISTANCES FOR A GIVEN 

C GRAPH, AND SETS UP THE ROUTE MATRIX. 

C THE PROGRAM RESULTS ARE AS FOLLOWS: 

C (l) THE MATRIX OP SHORTEST DISTANCES BETWEEN ALL PAIRS OP 

c NODES IN THE GRAPH, DENOTED BY D*. 

c (2) THE MATRIX NECESSARY FOR DETECTING ANY ROUTE BETWEEN 

c ANY PAIR OP NODES IN THE GRAPH, DENOTED BY R». 

c 

c 

INTEGER D(20,20) ,R(20,20),Q(20,3),PATH(20) ,A, S,P,T,ROUTE,E 

1 READ(5,2,BND = 99) N 

2 P0RMAT(I5) 

DO 6 1=1,N 

DO 6 L=10,N,10 

K=L-9 

6 read(5,7) (d(i,j),j=k,l) 

7 PORMAT(lOI5) 

C 

C THIS PORTION OP THE PROGRAM SETS UP THE ROUTE MATRIX R 

C 

DO 10 1=1,N 

DO 10 J»1,N 

R(I,J)=J 

10 CONTINUE 
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C THIS PORTION EXECUTES THE TRIPLE OPERATION, NAMELY THE 

C OPERATION DEFINED BY THE SYMBOL '•s=”. 

C THEN THE ROUTE MATRIX R IS UPDATED WHEN THE OPERATION := 

C IS EFFECTIVE. 

C 

DO 50 K»1,N 

DO 40 1=1,N 

if(i.eq.k)go to 40 

DO 30 J=1,N 

IP(J.EQ.K)G0 TO 30 

A=D(I,K)+D(K,J) 

if(d(i,j).le.a)goto 30 

D(I,J)=A 

R(I,J)=K 

30 CONTINUE 

40 CONTINUE 

50 CONTINUE 

WRITE(6,100) 

WRITE(6,70)N 

70 F0RMAT(10X,'THE SOLUTION OP THE SHORTEST PATHS PROBLEM', 

*/f/»6X,'THE NUMBER OP NODES IN THE NETWORK = M4) 

WRITE(6,100) 

WEITE(6,60) 

60 P0RMAT(10X,'THE MATRIX OF THE SHORTEST DISTANCES D*') 

DO 80 M=20,N,20 

L=M-19 

DO 80 1=1,N 
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80 WRITB(6,90)(D(I,J),J*L,M) 

WRia?E(6,100) 

WRITE(6,1000) 

1000 P0HMAT(10X,'THE ROUTE MATRIX R* ') 

WRITE(6,100) 

m 1100 K«20,N,20 

L»K-19 

DO 1100 1=1,N 

1100 WRITE(6,90)(R(I,J),J=L,K) 

90 P0RMAT(/,3X,20I6,/) 

100 FORMAT(lHl) 

GO TO 1 

99 CONTINUE 

STOP 

END 

$ENTRY 
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4,5» Fortran IV Program for Tracking All 
Shortest Paths 

C THIS PROGRAM DETECTS ALL POSSIBLE SHORTEST PATHS BETWEEN 

TOTALC ALL PAIRS OP NODES, AND WRITES THESE PATHS WITH THEIR 

C DISTANCES. 

C 

DO 600 1=1,N 

DO 500 J»1,N 

DO 155 E=1,N 

path(e)=o 

155 CONTINUE 

IP(J.EQ.I)G0 TO 500 

S=I 

T=J 

IP(d(I,J).GE.10000)GO to 

ROUTE*1 

path(route)=i 

M=0 

60 M=M+1 

70 l=r(s,t) 

IP(L.EQ.J)G0 

ip(l.eq.t)go 

Q(M,1)=S 

Q(M,2)=T 

Q(M,5)=L 

T=L 

GO TO 6p 

to 100 

to 80 

5000 
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80 P=0 

90 P»P+1 

IP(P.GT,M)ST0P 

IF(q(P,3).NB.L)G0 to 90 

T»Q(P.2) 

S»L 

aOUTE=ROUTE+1 

PATH(ROUTE)=S 

GO TO 70 

100 R0UTE=R0UTE+1 

PATH(ROUTE)=J 

WRITE(6,200)1, J,I)(l,J),(PATH(E),Ea1,N) 

200 P0RMAT(7X,'START. NODE / END NODE / TOTAL DIST. / 

* PATH* f/,9X,15,15X,I3»10X,14,10X,2015) 

GO TO 500 

5000 WHiTB(6,700)1,J 

700 P0RMAT(2X,*PR0M ',15,' TO ',15,' NO ROUTE') 

500 CONTINUE 

600 CONTINUE 

GO TO 1 

99 CONTINUE 

STOP 

END 

lENTRY 
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4.6, Fortran IV Program for the Maximal 
Flow Algorithm 

C THIS PROGRAM SOVES THE PROBLEM OF MAXIMAL FLOW IN A NETWORK. 

C THE RESULTS OF THIS PROGRAM ARE AS FOLLOWS: 

C (l) THE VALUE OF THE MAXIMAL PLOW, DENOTED PLOW, 

C (2) THE MATRIX OP THE ARC PLOWS, DENOTED P. 

C IN THE SEQUENCE OF THE PROGRAM WE WILL NEED THREE MATRICES, 

C NAMELY 

C (1) THE MATRIX C(N»N),WHICH IS THE MATRIX OP ARC CAPACITIES 

C (2) THE MATRIX E(N*N), WHICH IS THE MATRIX OF EXCESS CAPACI 

c TIES. 

c (3) THE MATRIX L (N*5),WHICH SERVES AS THE LABELING MATRIX. 

c ITS THREE COLUMNS ARE AS FOLLOWS: 

c L(J,1) a THE PLOW AUGMENTING VALUE 

c L(J,2) a NODE PROM WHICH THE VALUE L(J,1) ORIGINATES 

c L(J,3) = THE STEP NUMBER. 

c THE FOLLOWING INDICES SERVE IN THE SOLUTION AS FOLLOWS: 

c (1) J REPRESENTS THE STEP NUMBER IN ONE ITERATION. 

C (2) K THE NODE FROM WHICH AN AUGMENTING PLOW ORIGINATES. 

c (3) M THE NODE AT WHICH THE PLOW ENTERS. 

C 

c 

INTEGER C(8,8),E(8,8),F(8,8),L(8,5),A,B,D,PL0W 

1 READ(5,2,END=99)N 

2 P0RMAT(I4) 

DO 3 1=1,N 
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3 EEAD(5,4)(C(I,J),J=1,N) 

4 FOBMAT(7I5) 

C 

C THE NEXT PORTION SETS UP THE MATRIX OP EXCESS CAPACITIES E, 

C WHERE INITIALLY THE PLOW = 0, AND E » C. 

C 

PLOW = 0 

DO 5 1=1,N 

DO 5 J=1,N 

E(I,J)=C(I,J) 

5 CONTINUE 

C 

C THE NEXT PORTION SETS UP THE LABELING MATRIX L = 0 

C 

C 

10 DO 6 1=1,N 

DO 6 J=1,3 

L(I,J)=0 

6 CONTINUE 

C 

C THE NEXT STATEMENTS LABEL THE NODES WHICH CAN BE REACHED PROM 

C THE SOURCE N1. 

C 

B=0 

J=0 

DO 7 1=1,N 

IP(E(l,l).E(i.O)GO TO 7 
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B=1 

L(I,1)=E(1,I) 

L(I,2)=1 

L(I,3)-1 

7 CONTINUE 

IP(B.EQ,0) GO TO 120 

C 

C THE NEXT STATMENT CHECKS WHETHER THE SINK NODE HAS BEEN 

C LABELED OR NOT. 

C 

IP (L(N,l).GT.O) GO TO 100 

C 

C THE NEXT PART OP THE PROGRAM LABELS THE NODES IN THE NETWORK 

C UNTIL WE REACH THE SINK NODE. 

C 

20 J=J+1 

K=1 

50 K»K+1 

M=1 

ip(k.lt.n) go to 40 

IP(J.EQ.N+1.AND.L(N,1).EQ.0) go to 120 

GO TO 20 

40 IP (l(k,5).eq.j) go to 50 

GO TO 50 

50 M=M+1 

IP(M.LE.N) GO TO 60 

IP(L(N,1).GT.0) GO TO 100 
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C 

GO TO 30 

60 if(m.eq.k) go to 50 

IP(E(K,M).GT.O) GO TO 55 

GO TO 50 

55 IF(L(M,1).GT.0)G0 TO 50 

IF(l(K,1).GT.E(K,M)) GO TO 70 

A@L(K,1) 

GO TO 80 

70 A^E(K,M) 

80 L(M,l)=A 

L(M,2)=K 

L(M,3)=J+1 

GO TO 50 

C 

C THE NEXT PART REPRESENTS THE CHANGE OP THE PLOW, OR THE PLOW 

C INCREASING PROCEDURE TO BE MORE PRECISE. 

100 PL0W»PL0W+L(N,1) 

501 DO 300 I»1,N 

300 WRITE(6,180)(e(I,J),J=1,N) 

WRITE(6,140) 

WRITE(6,201)PLOW,L(N,1) 

201 P0RMAT(/,15X,’PRESENT PL0W=’,I4,3X,’ALPHA=’,14) 

D=N 

110 A=L(D,2) 

e(d,a)=e(d,a)+l(n,i) 

e(a,d)=e(a,d)-l(n,i) 
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if(a.eq.i) go to 10 

GO TO 110 

120 DO 130 1=1,N 

DO 130 J»1,N 

F(I,J)=C(I,J)-E(I,J) 

130 CONTIiniE 

DO 400 Ia1,N 

400 WRITE(6,180)(b(I,J),J=1,N) 

WRITE(6,140) 

140 FOilMAT(lHl) 

WRITE (6,150) FLOW 

A VALUE150 F0RMAT(5X,'THE MAXIMAL FLOW IN THE NETWORK HAS 

*MAX FLOW = ‘,16) 

WRITE(6,140) 

WRITE(6,160) 

160 F0HMAT(/,10X,*THE MATRIX OF THE CAPACITIES C',/,/) 

DO 170 Ia1,N 

170 WRITE(6,180)(C(I,J),J=1,N) 

180 FORMAT(/,15X,714,/) 

WRITE(6,140) 

WRITE(6,190) 

190 P0RMAT(/,10X,«THE MATRIX OF ARC PLOWS P',/,/) 

DO 200 I»1,N 

200 WHITE(6,180)(F(I,J),J=1,N) 

GO TO 1 

STOP 

END 
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