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ABSTRACT

In this thesis modifications to the Wavelet Galerkin Method using Daubechies Wavelets
will be presented. Such modifications are needed since the compact support of the
scaling functions, used to approximate the solution, introduces significant errors near
the boundaries of the domain of the problem. This thesis will point out the cause for
these errors and remedies to minimize them. The variations of the Galerkin Method
will be applied to several test cases, which include a differential equation with variable
coefficients, and their results will presented. In addition, a presentation of Wavelet
Theory and of the methods used to solve differential equations with constant coeffi-

cients, that can be embedded in a periodic domain, will also be given.
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CHAPTER 1

Introduction

Wavelet Analysis has been increasingly used in a wide range of applications
from processing signals from the depths of space to storing information contained
in our very own fingers tips. What is so remarkable about wavelets is their ability
to decompose data into various scales of resolution, which gives new insight to re-
searchers of both pure and applied fields of science and engineering. Prior to wavelets,
researchers resorted to Fourier Analysis, which decomposes data in terms of trigono-
metric functions, sines and cosines. The advantage of Wavelet Analysis over Fourler
Analysis is its view of data at both the local and global levels. Researchers now have
both Fourier and Wavelet Analysis at their disposal to increase their knowledge in
their respective fields.

There are many different kinds of wavelets and many definitions of the term
wavelet. Even though much attention has been paid to wavelets in the previous
decade, probably the first wavelet was constructed in 1909 by A. Haar [AGR]. Found
in the appendix of his thesis, his wavelet is just a square wave, while its scaling
function is a square pulse. Both the scaling function and the wavelet have compact
support, i.e., both functions are nonzero in a finite interval, but they are not contin-
wously differentiable. This construction is not useful for many applications. In 1985
Morlet, Grossman, and Meyer established a mathematical foundation for “ondelettes”
(wavelets in French) and constructed their own wavelet to analyze seismic activity
[RV]. In the following year, Stephane Mallat realized that there exists a connection
between wavelets, quadrature mirror filters used in signal analysis and pyramidal al-
gorithms. Later, Meyer and Mallat formulated Multiresolution Analysis (MRA), the
framework to construct wavelets. Meyer then developed a continuously differentiable

wavelet, but this did not have compact support. Finally, the set of wavelets that
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caught the attention of the signal processing community and then later the world
were the constructions of Ingrid Daubechies at AT&T Bell Laboratories. In fact, she
developed a family of wavelets that have compact support, orthogonality (wavelets
and scaling functions are perpendicular to one another), and non-vanishing moments.
(The last property means that the scaling functions can perfectly interpolate polyno-
mials up to a given degree.) Many applications in signal analysis and mathematics
can take advantage of the properties of such wavelets. The following section contains

summaries of the initial applications involving wavelets.

1.1 Applications

The greatest initial impact of wavelets in applications was in the field of signal pro-
cessing. The decomposition of data in terms of wavelets established their impact in
areas of analysis and compression.

In the ear_ly 1980s MIT researcher David Marr studied robotic vision in
the field of artificial intelligence. His work was based on the processes of how the
human eye receives pictures [AGR]. He derived a mathematical, more specifically
a differential, operator to optimally detect in an image, on multiple scales, sudden
changes of intensity, which are just troughs and peaks in the derivative of an image.
This operator is based on his theory that the retina system is able to process images
on various levels of scale. This mathematical operator is known today as the Marr
wavelet.

Another application of the wavelet in signal processing is the detection of
self-similarity. One example is the study of quasiperiodic oscillations and very low
frequency noise of Sco X1 [AGR]. Sco X1 is part of a binary star system. Sco X1
is a compact star generating vast amounts of X-rays, while the other star is a late
main sequence star. The gravitational pull of the compact star is drawing gas from
its counterpart, creating a disk of gas, known as an accretion disk, flowing inward
into this compact star. The luminosity of Sco X1 seems to show the same statistical
character across various time scales. Through the use of a wavelet based tool called the

scaleogram, NASA researchers saw quasiperiodic oscillations and very low frequency
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noise across the time scales, i.e., self-similarity behavior. They also speculated that
the changes of luminosity are based on the chaotic flow of the accretion disk.

Wavelets also can be used to clean up signals contaminated with very much
noise [AGR]. David Donoho developed a technique called the wavelet shrinkage and
thresholding method. The idea is to apply the wavelet transform to the data con-
taining the noisy measurements. This tool decomposes the data into two sets of
coefficients: the “average” and “detail” sets. The magnitude of each coefficient of
the detail set is compared to a threshold value. Any coefficient less than this value is
set to zero. Afterwards, the inverse transform is applied to the average set and the
modified version of the detail set. Thus, the result yields a “denoised” version of the
data.

Wavelets are also used in the field of data compression, [HJS]. Again, the
idea of decomposition of the data into coefficients plays a role, but this alone does
not primarily perform the task of compression. The first step is to decompose the
data into two sets of coefficients, again the average and detail sets. The second step is
called quantization. This step basically maps the coefficients into a smaller set. One
can think of this step as rounding or truncating the coefficients. Finally, the quantized
coefficients are coded into a bit stream. Encoded along with the transformed data
coefficients are the tables of filter coefficients used in the wavelet transform and the
tables on how to decode the bit stream.

One well known example of compression utilizing the wavelet transform is
the standard implemented by the Federal Bureau of Investigations (FBI) [AGR],
BBH. The Criminal Justice Information Sciences Division of the FBI, in conjunction
with Los Alamos National Lab and the National Institute of Standards and Tech-
nolgy (NIST), have developed the method called the Wavelet Scalar Quantization
Standard for compressing gray-scale fingerprints. Their scheme applies a two dimen-
sional symmetric wavelet transform on the image of the fingerprints separating it
into sets of average and detail coefficients across many scales. Next these coefficients
are quantized and the results, in addition to the specifications of the transform and
the relevant tables, are then encoded into a single bit stream in a process known as

Huffman coding.



This standard serves a three-fold purpose: compression, compatabilty, and
transmission. The need for compression should become apparent after highlighting
the components of a typical profile containing the fingerprints. First, a 1.5 square inch
single fingerprint is digitalized at 500 pixels per inch with 256 levels of gray, which
amounts to 0.6 MB of data. Thus, a digitalized version of a single card consisting
of ten rolled fingerprints and two hand impressions occupies about 10 MegaBytes.
Now the number of files in the FBI archives collected from 1924 up to the present is
close to 25 million, which requires 250 TeraBytes. In addition to this obvious need
for compression, the FBI needs to reduce their response time in transmitting the
profiles to many law enforcement agencies requesting background checks, inquiries of
outstanding warrants, arrest records, etc. Lastly, this standard should help avoid the
proliferation of other digital standards by other state, city, and municipal jurisdic-
tions.

Compression schemes involving wavelets can also. be applied to multimedia
[HJS]. A 35mm photograph digitalized at 12 micrometers per pixel requires roughly
18 MegaBytes of storage. A second of digitalized NTSC-quality color video, i.e., a
television picture, amounts to 23 MegaBytes. A two dimensional forward transform
can be applied to a two dimensional array representing a still image; these sets of
wavelet coefficients would then be quantized. The quantization process can range
from thresholding coefficients to customized quantizers, which are dependent on the
content of the image. For the quantized coeflicients, several choices of coders are
available, which are chosen depending on various issues such as fast execution or
quality of the image at certain compression ratios. These ideas caﬁ be applied to
video. More specifically, the wavelet transform is then applied to those pixels of the
moving image that significantly change from frame to frame. This is an active area
of research.

Finally, compression using wavelet transforms has found its way into digital
representation of musical tones [AGR]. Wave packets are a subset of wavelets, since
they can be expressed in different combinations of wavelets. Thus, musical notes can
be decomposed into wave packet coefficients, which later can be evaluated to synthe-

size the notes. Also, digital samples of smooth signals can be represented in a very
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small number of coefficients. This is accomplished by setting to zero the coefficients
whose magnitudes are below a certain threshold, which reduces the number of coef-
ficients. These same ideas for musical notes can also be easily extended to speech
signals, [AGR].

Since Daubechies’ work, research devoted to mathematical applications has
been very active, mostly in seeking solutions to partial differential equations. In
this kind of application, Daubechies wavelets associated scaling functions are used
as a basis in representing mathematical functions, because of their highly attractive
properties: continuous differentiablity, compact support, orthogonality, and multires-
olution. The property of differentiability allows wavelets to be applied to PDEs
since these problems do involve derivatives. Compact support, which means that the
wavelet is zero outside a finite interval, implies that the matrices involved are very
sparse, which can greatly reduce the number of computations. The multiresolutional
property allows greater attention to parts of the domain of the problem where much
activity is taking place, while placing less emphasis on areas of inactivity.

Many mathematical applications require integration of a product of scaling
function multiplied with their derivatives. Since wavelets are not defined by explicit
formulas in the first place, analytic forms of their integrals involving their deriva-
tives are not available. Quadrature, or numerical integration, of these wavelets might
therefore seem a logical way to determine the values of such integrals, but these ap-
proximations exhibit oscillatory behavior and hence are not very reliable. One clever
way to evaluate these integrals is instead to solve for them from a set of equations
based on the scaling equations and moment equations [LRT}.

One application of wavelets is for representing mathematical operators in
a wavelet basis [BCR]. Such a representation yields a sparse matrix with a band
diagonal structure. Due to this result, fast algorithms for applying these operators
to functions exist and are described in the fore-mentioned work. The same repre-
sentation of the operators can be applied to solutions of integral equation [ABCRY],
where dense matrices obtained after discretizing a second kind integral equations can
be reduced into sparse matrices. Finally, there are applications of wavelets in the

realm of differential equations [BEY], where one can find a diagonal preconditioner,
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based on wavelets, that allows manipulation of sparse matrices after a finite differ-
ence discretization of the problem. Then one can use fast algorithms for solving linear
systems, in which the number of computations is of the same order of the size of the
matrix.

Instead of representing derivative operators, solutions of differential equation
problems can be found by determining the coefficients of the wavelet expansions of the
solutions. In other words, wavelets play an auxilary role by supplying an orthonormal
basis in representing the solutions. There are many schemes to find such solutions to
differential equations. In [JS], the solutions use biorthogonal wavelets with respect to
an inner product defined by the partial differential equation operator. Another way
[XS] uses the anti-derivatives of wavelets, where a Riesz basis is constructed for the
Sobolev space of an interval.

Paralleling this idea in solving PDEs, the Method of Weighted Residuals
(MWR) can be utilized. This scheme provides a common framework for solving such
problems and thus forming a family of methods. The difference between one method
and another is the choice of trial and test functions. One of the most commonly used
methods from MWR is the Galerkin Method, where wavelets are used to represent
the function and to minimize the residual.

In [GRWZ], the Dirichlet Boundary Value Problem with constant coefficients
is solved in the following manner: the PDE is discretized using the Galerkin method
and is embedded in a rectangle with periodic conditions. Multilevel, or multigrid,
methods are used to solve the resulting linear system with the Mallat transforms
acting as the prolongation and restriction operators between consecutive levels. For
boundary value problems with general shaped domains, a penalty method is em-
ployed. The above periodic multigrid solver is used as a preconditioner and then
a conjugate gradient method is applied to the resulting linear system. In a related
work [WZ], an elliptic partial differential equation is discretized in terms of wavelets
by the Galerkin method, but is done in the setting of Geometric Measure Theory. The
penalty method is used and the domain is again embedded in a periodic rectangle.
Also in [DK1} a multigrid technique is used to solve a linear system via the Galerkin

formulation of an elliptic partial differential equation with periodic boundary condi-
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tions. Modified wavelets, called biorthogonal wavelets, are used as the trial and test
functions. Because of the biorthogonality, there is some freedom to find the intergrid
operators in order to increase the convergence to the solution.

Most schemes use some type of iterative method to find solutions to differ-
ential equations. Another way to find the solutions involves Fast Fourier Transforms.
In the works of [AWQW] and [AW] for the case of differential equations with pe-
riodic boundary conditions in one dimension and two dimensions respectively, the
differential equation is discretized via Galerkin and its solution is expanded in terms
of wavelets. Because of periodicity, the resulting linear system is circulant and thus
FFTs can be employed to solve convolution equations. For Dirichlet boundary condi-
tions, the Capacitance Matrix can be used. This amounts to embedding the PDE in a
larger periodic domain and writing the solution as a superposition of two other solu-
tions, where the first is the solution to the problem with periodic boundary conditions
and the second is the convolution of the Green’s function of the differential equation
and an unknown source function that enforces the boundary condition. When the
convolution is discretized along the boundary of the domain, a second linear system
results from which the source function is solved.

However, many other schemes to find solutions to differential equations do
not involve embedding the problem in a larger periodic domain. In [KUN] the bound-
ary conditions are appended to the minimization formulation of the differential equa-
tion via Lagrange multipliers. The result is a saddle point problem and the goal of
this reference is to find multilevel preconditioners for the linear system.

In [LOZ], a wavelet Galerkin formulation is made for the differential equa-
tion, but in this case the set of equations involving the expansion of the solution eval-
uated at the boundary is substituted into the linear system. However, the Wavelet
Galerkin procedure for the problem omits much necessary information. Thus, the
largest errors occur near the boundaries of the problem.

Many authors have recognized the boundary problem of the Wavelet Galerkin
Method and decided to modify the wavelets such that their compact support do not
extend beyond the boundaries of the domain of the differential equation. The basic

idea is to only modify the scaling functions (which are functions used to generate
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wavelets) whose support lies outside the domain of the differential equations. These
scaling functions are modified such that they are able to interpolate polynomials per-
fectly near the boundaries. Many researchers have constructed these kinds of wavelets
and applied them to differential equations (e.g., [CL],[WAZ2]).

The interest of this thesis is to use the Daubechies wavelets in solving several
differential equations. This thesis also seeks to identify the cause of the errors of
the Wavelet Galerkin Method applied to these differential equations and to derive a
remedy for the problem.

1.2 Outline of This Work

The remainder of this work is outlined as follows. In the second chapter a review
of Multiresolution Analysis and the construction of wavelets will be given. In the
following chapter the Method of Weighted Residuals will be outlined and various
methods deriving from this framework will be highlighted. In chapter 4 the MWR
will be reduced to ;che Galerkin Method by choosing the associated wavelet scaling
functions as the trial and test functions in order to solve differential equations that
can be embedded in a periodic domain, as done by [AWQW] and [AW]. In the
following chapter the Wavelet Galerkin formulation will be presented for common
differential equations with constant coefficients and for a specific differential equation
with variable coefficients, Legendre’s Equation. The sixth chapter contains some
possible modifications to the Wavelet Galerkin Method, and their results, applied to

some test problems, will be the topic of chapter 7.



CHAPTER 2

Theory of Wavelets

The term wavelet is not reserved for a single wave with unique character-
istics. In fact, there are various types of wavelets of different shapes with different
behaviors. Despite any differences, however, all wavelets can be constructed under
the same mathematical framework known as Multiresolution Analysis (MRA). Any
function meeting all the criteria of MRA can be called a wavelet.

The construction of Daubechies wavelets is based on ideas from the mathe-
matical theory of Multiresolution Analysis (MRA). The components of Multiresolu-
tion Analysis for Daubechies wavelets will be developed and examined in detail in 2.1.
The properties of Daubechies wavelets will be presented in section 2.2. Also, many
conditions and constraints for the filter coefficients associated with the wavelet and
its generator, the scaling function, can be derived from MRA, which can be found in
section 2.3. Next, the actual scheme and the components for constructing the filter
coefficients and Daubechies scaling functions of order N will be outlined in sections
2.4. Then, an example of a scaling function and wavelet will be illustrated numerically
through an example in section 2.5. Afterwards, the Mallat Transforms, the most used

and important tools from Multiresolution Analysis, will be derived in section 2.6.

2.1 MultiResolution Analysis

2.1.1 Definition

The underpinning of MRA is its decomposition of the space L?*(R) into an infinite
number of subspaces. Each subspace V,, is identified by its resolution, which is

denoted by the label m. In MRA each subspace can approximate the function f,



but the degree of accuracy of its approximation is dependent on the resolution of the

subspace.

In order to construct wavelets using scaling functions, MRA must exist, as

stated in the following definition, [DAU1]:

Definition 1 An MRA exists if and only if the following conditions hold:

1. the space L?(R) can be decomposed into subspaces V;,, which satisty

os C Vipet C Vip € Vi C -++ C L*(R), (2.1)

[

there is a scaling function ¢ € V, such that, for all m € Z, the ¢ni(z) =

27 ¢(2™z — k) form an unconditional basis for V., that is

V,, = linear span {¢m i,k € Z}

and there exists 0 < A < B < oo such that for ¢, € {2(R),

A Jenl? < 1Y enbmallfs < BY Jeal®

3. the embedded subspaces V,,_; and V,, are related by the following relationship

f(z) € Voot & f(22) € Vi, (2.2)

5. Unez Vi = L(R).

As the first component, MRA not only decomposes the space L*(R) into
subspaces, but also shows the relationship between these subspaces. Since by condi-
tion 3 of MRA each V,, denotes a different scale, MRA requires that these subspaces,
V,.’s, form a sequence, where the subspaces of higher resolution m must contain sub-
spaces of lower resolution m — 1. Thus, by condition 2 any function f projected to a
subspace V,,, can be expressed uniquely as a linear combination of translated versions

of the scaling functions ¢(2™x — [) as seen here

P.f=2% Zcm,kqﬁ@mx — k). (2.3)
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This linear combination of dilated and translated scaling functions is constructed by
the projection operator P, of the subspace V;,. The coefficients of equation (2.3) are

defined by integration

Cmk =< f(2), $mp(z) >= / F(2)$mi(z)de. (2.4)

Note here that the bounds of all integrals in this chapter are understood to range
from —oo to +oo, unless stated otherwise. At this point the scaling function ¢(z)
has not been determined explicitly. The choice of @, which will be discussed in the
next sections of this chapter, is dependent on many other properties and conditions
needed for the approximation of the function f within a MRA formalism.

Since a subspace of resolution V;, contains the subspace of the next lower
resolution V,,_; and since both subspaces have the same scaling function as their basis
functions, but with a difference in scale, a basis function of V;,_; can be expressed as

a linear combination of basis functions of V,,, i.e.,
275 (2™ 1z) = 2% Z:hm,kqﬁ(me —k) (2.5)

$(2m'z) = V2 > hmi$(272 — £). (2.6)

If one makes the substitution z « 2™ !z, then the above equation reduces to
¢(z) = Z:hw(?x — k) (2.7)

where hy, = \/§hm,k is known in the literature as one set of filter coefficients. The index
m of h,,x can be dropped, since the filter coeflicients k; are the same between the
two subspaces V,,, and V,,_;,m € Z. The equation (2.7) has many names throughout
the literature: dilation equation, two-scale relation, and refinement equation. For the
rest of the discussion, the above equation will be referred to as the dilation equation.

The last two conditions of MRA are two constraints on the subspaces. These
will translate to how well a L?(R) function is approximated in these subspaces. The

first constraint on the subspaces is the intersection of them:

A Va=0. (2.8)



With the sequence in (2.1) and from the function approximation equation (2.3), as
m — —oo the right hand side of (2.3) goes to zero. The final requirement on the
subspaces is that the union of these subspaces should be the whole space of L*(R),

ie.,

u Vi is dense L*(R). (2.9)
me€Z

What this means for the approximation of the function f is that, as the resolution
increases, the approximation of f becomes better and better and eventually converges

to the function f itself, i.e.,

f=lim Pnf, in L2(R) sense. (2.10)

2.1.2 Complement Subspaces W

In this subsection the wavelet function will be established based on the conditions of
MRA. Since V,,, C Vjuy1 from the first condition of MRA and the approximation of
the function f(z) is more accurate in the subspace V41 than in V,,, this suggests
that there is some missing “detail” that makes the approximation P4 f better than
P, f. So define the subspace W,, to be the orthogonal complement of V,,, in V;,4; and
its projection of f(z) as @, f, which will be referred to the missing “detail”. Thus,

the projection of f onto the subspace V;,,4; can be written as

Poyrf = Pnf+@nf. (2.11)
The subspace V,,4+1 can then be decomposed into V,, and W,,, i.e.,
Vg1 = Vi @ W, (2.12)
If one continues to decompose V,,,;, M < m’ < m, then one has the following

Vi = Vo1 @ Wiy
= (Vm—2 @ Wm—2) ® Wn

= Vu® (80 W),

12



Also, equation (2.12) implies that every subspace W, is orthogonal to all the other
subspaces Wy, m' # m. This claim holds since Wy,1 L Vs and W,,_1 C Vi,
which implies W,, L W,,_1. Also, as m — oo and M — —oo, then by condition 4
and 5 of MRA,

L*(R) = &2 _ Wk (2.13)

In other words, the space of all bounded and square-integrable functions is composed
of orthogonal subspaces W,,. According to {[DAU2] (Theorem 5.1.1), then there exists
a wavelet basis Y () = 279(2™z — k), m, k € Z, for L*(R) such that

Qnf = de,wm,k(x), (2.14)

and
dm,k =< f7 Q»Z’Ym,k >= /f(il?)l/)m,k(l')dl' (215)

Also from [DAU2], g4 forms an orthonormal basis for Wy. Since W, inherits the
property in condition 3 of MRA| i.e.,

flz) € Wiy & f(22) € W, (2.16)

it can be shown that i, ; forms an orthonormal basis for Wp,.
Also, since W,,_; is contained in the subspace V,,, then the wavelet ¢(z)

can be expressed in terms of basis functions of the subspace V,,,
275 h(2™ 1 z) =2?;‘gmk¢2 z — k) (2.17)
or, by making the substitution z « 2™ !z, the above equation can be expressed as
= ng¢(2x — k). (2.18)

The coefficient g, = \/§gm,k is referred to as another set of filter coefficients. The

coeflicient g, is expressed in terms of the other coeflicient h, as defined below

gn = (_l)nhN—l—n (2'19)

where N € Z, which will be chosen appropriately later. Again, the index m can be
dropped since the filter coefficients g; are the same between the subspaces W, and

Wt for any m € Z.
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2.2 Daubechies Wavelets and Their Properties

The wavelets used in this thesis will be the ones constructed by Daubechies. Many
properties will be summarized here, for more details refer to [DAU2] and [DAU1]}.
The wavelets under consideration form a family with each member Dy distinguished
by its order N. This parameter N denotes the number of nonzero filter coeflicients
h.,0 < n < N —1, in the dilation equation (2.7). The wavelets and the scaling
function are assumed to have compact support. In other words, these functions are
nonzero in a finite interval. Again, the parameter N determines the size of compact

support for the subspace V,, and W,,, which is denoted as

k k+N-1
Supp(¢m,k($)) = S'Upp("/)m,k(w)) = [Q_m’ —Z—Tn_jl . (2.20)
In addition, each wavelet of order IV has % — 1 vanishing moments, 1.e.,
[P(z)zmde =0, m=0,---F -1 (2.21)

This means that the corresponding scaling functions can interpolate the polynomial

up to order % — 1 perfectly,
2™ = /¢(w)xmdx (2.22)

A few more conditions on the scaling functions are needed to determine the

filter coefficients. First, the scaling function is normalized to unity, i.e.,

/¢(a:) =1. (2.23)

This equation will be referred as the normalization condition for the scaling functions.

Second, the basis functions ¢, for all subspaces V,;,m > 0 are orthonormal via
MRA,

<6,91>= [ola)d(z — iz = boy. (224)
Finally, the translates of the scaling function form a partition of unity, i.e.,
Z:d)(x —n)=1. (2.25)
For a proof of this proposition, one is referred to [KAI].
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2.3 Conditions on Filter Coefflicients

In this section the consequences of the properties imposed by MRA on the scaling
functions will be examined. More specifically, manipulations of the dilation equation
and the orthonormality of the inner products will yield several constraints on the
set of filter coefficients h,. With these conditions, the filter coefficients can then
be found, which will be used to determine the values of the scaling functions. This

section follows the ideas found in [WA1].

2.3.1 The First Condition on Filter Coefficients

The first condition on the filter coefficients will be deduced by applying the normaliza-
tion condition to the dilation equation. Begin by integrating both sides of the dilation

equation and then by using the normalization condition as shown in the procedure

below
/ da)dz = 3 he / $(2z — k)de
= %;hk /¢(u)du, (where u = 2z — k)
= %;hk (via equation(2.23))
or

;hk =2. (2.26)
This equation is taken to be the first condition on the filter coefficients. This condition
yields only one equation and N unknowns, which are the filter coefficients, hx,0 <
k < N —1. The goal now is to find N — 1 equations in order to form a linear system

to get uniquely the filter coeflicient.

2.3.2 The Second Condition

Now, the second condition will be derived from the inner products of the integer

translates of the scaling functions in equation (2.24) via the dilation equation and the
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orthonormality of the inner products:

bog = < ¢(z),8(z+1)>
= / $(z)g(z + [)dz
= 3" huhw / é(2z — n)p(2z + 21 — n')dz

1
= 5 7;; hnhn’éo,n+2l—n'

- %Zhnhnwl

Thus, the second condition becomes

Z:hnh,hm = 2601,1=0,---, % -1 (2.27)
The bounds of ! require some explanation. The filter coefficients are to range from
0 to N — 1, as given in section 2.2 . The index of the first term in (2.27) satisfies
this inequality. For the second term, the filter coefficients h, 4 is nonzero if 0 <
n+ 20 < N — 1. After some elementary manipulations in isolating the index [, and
enforcing the bounds of n, then one gets 0 <[ < % Also note here that the index
N is considered even. This can be easily shown from the dilation equation (2.7),
[KAI]. Assume that the summation of the dilation equation begins at the index 0
and terminates at the index N —1. Also, assume the coefficients corresponding to the
indices to be non-zero: hg, hy_1 # 0. First, if N — 1 is even, then when [ = #, the
second condition becomes hohy—1 = 0. This implies that either hg = 0 or An_3 =0,
which contradicts the first assumption of nonzero coeflicients. Therefore, N —1 must
be odd. Finally, only accepting integer indices for ! gives the inequality 0 <1 < 1—;’— -1.

This condition yields only -]21 equations. So an additional % —1 equations are needed.

2.3.3 The Third Condition

Finally, the third and final condition on the filter coefficients is

Z:(—l)"nmhnzo, m=1,---, %1 (2.28)
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For the derivation from (2.21) to get this condition, see references [KAI} and [WA1].
This condition yields % equations. With this mind, one can now find the scaling

functions.

2.4 Construction of Scaling Functions

Once the filter coeficients are known, the values of the scaling functions in the interval
I = [0,N — 1] can be found through the dilation equation. However, the scaling
functions can only be evaluated at the dyadic points, points that can be represented
as a fraction 2%, i,m € Z,m > 0, in the interval I, but the evaluation is exact. First,
the scaling functions at the integers in I need to be found. One can write the dilation

equation at the integers as follows

¢(0) = h0¢(0)
#(1) = hoo(2) + h1d(1) + hag(0)

(2N —2) = hyn_3p(2N — 1) + han_26(2N — 2) + han_1$(2N — 3)
¢(2N — ].) = th_lé(QN— ].)

[ he 0 0O 0 0 0 | ¢((1)) "o
| 420 |_| 6@
0 v+ hano1 hanea hanes '
° ° No1 e fan $(2N —2) $(2N — 2)
0o 0 0 --- 0 0 han -1
L 41 4(2N —1) #(2N — 1)
) } ) (2.29)
In a compact form,
MO =29 (2.30)
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or

(M-D)®=0 (2.31)

The above problem is just an eigenvalue problem with eigenvalue of 1 and with the
eigenvector ® containing the scaling functions. In order to get a unique solution, the
equation (2.25) should be used to normalize the solution. Finally, the scaling function
at the dyadic points of the interval I can be determined by explicitly evaluating the

dilation equation
T x

o (27) = had (27_—1 —~ n) (2.32)

where j,n € Z,3 > 0.

2.5 Construction of the Daubechies D, Wavelet

In this section the filter coefficients will be determined explicitly by using the three
conditions established in the previous sections. This will be done as outlined in
the previous section. Next, in the following subsection the scaling functions will be
obtained from the filter coefficients by solving an eigenvalue problem and finally the
wavelet will be manufactured. In this example the filter coefficients for the family of
Daubechies wavelets with N = 4 will be determined. Then the scaling functions and

the wavelets will be evaluated at the dyadic points in the interval {0, 3].

2.5.1 Determination of Filter Coefficients

One must use all three conditions in order to find the filter coefficients. So the first

condition (2.26) just yields one equation

(E1) 2=ho+ hi+ hy + hs,
whereas the second condition (2.27) gives two equations

(E2) 2=h2+h2+h2+ Al
(E?)) 0 == h0h2 + h1h3

18



Finally, the third condition (2.28) contributes two more equations

Now there are 4 unknowns and 5 equations. So one can subtract (E4) from (E1) to

get hs = 1 — hy. Likewise, one can solve for the other two filter coefficients h, and hg

in terms of h;

3 1
h2:§_h1’ h0=h1—§.
Now plugging these results into equation (E2) gives
3 3
h - —hl + g =0
or
3+V3

h1: 4

By taking the first solution, the filter coefficients become
3+V3 1+v3 . _3-V3 , _1-43

h: h— =
431 432 4 3 4

h():

The only difference between these coefficients and the coeflicients found by Method
1 are hg and hq, where the values of the two differing coefficients are just switched.

Despite this difference, both sets of coefficients will yield the same scaling functions.

2.5.2 Construction of Scaling Functions

Since the filter coefficients of the W, were found in the previous subsection, the
scaling functions will now be obtained by the method outlined in the section 2.4, i.e.,
by solving for an eigenvector containing the scaling functions.

The matrix equation in (2.29) for this case becomes

[he 0 0 0 ][00 ] [0 ]
ha by ho O || g(1) | _ | 4(1) (2.33)
0 hs hy M $(2) ¢(2)
|00 0 hs||9(3) $(3)




Since all the filter coefficients are assumed to be nonzero, the above equation gives the

scaling functions at 0 and 3 immediately: ¢(0) = ¢(3) = 0. This leaves two equations
$(1) = hod(2) + h1d(1), 6(2) = h2g(2) + had(1).

Solving for ¢(2) in terms of ¢(1) yields

o02) = 229ty = 1= )

Now substituting this into the normalization condition in equation (2.25)

1 = 3 ¢(2)

1

= ¢(1) +¢(2)

1-V3

Finally, after solving for ¢(1) and substituting this result for ¢(2), one obtains

14++3 1-V3
5 92 =—5—

¢(1) =

Recall that one can only evaluate the scaling functions at the dyadic points through
the dilation equation as seen in equation (2.32). Thus, for illustrative purposes if one
wishes to evaluate the scaling functions at the halves, then one should find

243

= hod(1) + h1¢(0) = 1
= hd(2) + had(1) = 0

) = h3¢(2) = : _4\/5-

1
?13
3
¢|3

5
¢(§

The graph of the scaling function can be seen in figure (2.1).

2.5.3 Evaluation of Wavelets

Finally, once the filter coefficients and the scaling functions are found, one can easily

evaluate equation (2.18) to obtain the wavelet. Again, like the scaling function the
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0.5 1 1.5 2 2.5 3
Figure 2.1: Scaling function ¢(z) for N = 4.
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wavelet can only be evaluated at the dyadic points through the summation

He) = Y snél2e—n)
= Z}—l)"hM_1¢(2ac —n)
= —hod(2z — 3) + h1d(2z — 2) — h2p(22 — 1) + haip(22).

Here is the D4 wavelet numerically evaluated at the integers:

¢(0) = h3¢(0)=0

v(1) = —h2¢(1)+h3¢(1)=2_fﬂ

() = —h0¢(1)+h1¢(2):2—2\/§

$(0) = hod(3)=0.

Its values at the half integers are:

L sy ]

¥(5) = had(l) = —7

6C) = ha() - hap(z) = ZE
1 V3

'f’(‘é) = h0¢(2):_7-

The graph of the wavelet function can be seen in figure (2.2).

2.6 Mallat Transforms

In the previous sections the filter coefficients and the scaling functions were found.
In this section two important and widely used tools, referred to as the forward and
inverse Mallat Transforms, that are based in MRA will be established by using the
known filter coefficients and the scaling functions. The forward Mallat transform
decomposes a set of coefficients associated with the subspace V,, into two sets of
coefficients associated with the two subspaces at the next lower resolution, Wy, and
Vins1. In contrast, the inverse Mallat Transform operates on both sets of coefficients
of V41 and W41 and combines the results to get the set of coeffcients associated

with the subspace V,, of higher resolution.
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Figure 2.2: Wavelet function ¥(z) for N = 4.

23



2.6.1 The Meaning of Filter Coefficients

Before establishing the Mallat Transforms, an interpretation of the filter coefficients

may be useful at this point. Recall the dilation equation again

¢(t) = Z:hn¢(2t - n)

From this equation, one can see that the filter coefficients can be inner products of
the scaling function ¢(t) at resolution m and the scaling function ¢(2¢) at resolution
m—1. By multiplying both sides of the dilation equation by ¢(2t —n') and integrating

with respect to t one has
/ dt)¢(2t —n') = V2 S / $(2t — n)(2t — n')dt

- %ghn [608(t-+n = ')
1
= ﬁZhnéo,n-n’

or

he = V2 / &(t) (2t — n)dt. (2.34)

Likewise, one can see that the coefficients g, are inner products of ¢(t) and %(t). So
if one multiplies equation (2.18) by ¢(2t — n’) and integrates with respect to ¢, then

one obtains

gn =2 / »(t)p(2t — n)dt. (2.35)

2.6.2 Forward Mallat Transform

Recall that the projection of the function f at resolution m can be decomposed into
a projection of f onto the subspace V,, at resolution m + 1 and a projection of f onto

the orthogonal subspace W,, ;. Beginning with the following equation

Pm+1f:me+mea

one can plug in equations (2.3) and (2.14) to get

Z:Cm-f-l,n(b(x) = Xcm,n¢m,n($)+de,nd)m,n(l.)
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2T Y empand(2mH = n) = 27 (Y enn (2 - n)
+ 3 dn (27 = 1))
Semiind(2y —n) = 2F Y enadly =) + 275 Ydnnbly =)

where y = 2™t. Now multiply both side by ¢(y — n’) and integrate with respect to y

Soemiin [#(2y =)oy —ndy = 27E(Yenn [6y—m)oly )y
+ Y dmn [$y = m)d(y —n')dy)
= 2_15 Zcm,néo,n—n’ +0

L
= 2 2Z:Cm’nl.

Multiplying both sides by 27 and recognizing that the integral on the left hand side
is just equation (2.34) yields the following

Cm,k = Z:Cm+l,nhn—2k- (236)

Likewise, one can follow the above procedure again, but multiply both sides by ¥(y —

k), and integrate with respect to y to obtain

dm,k = Z:cm+1,ngn—2k- (237)

What has been established are two operations that effectively project a function f
from the subspace V,,41 with resolution m+1 to two subspaces with a lower resolution
m, Vi, and W,,. This is done just by transforming the coefficients cmy1,n to the
coefficients ¢, , and d,, . These operations constitute an algorithm known as the
forward Mallat transforms.

Now in more tangible terms the forward Mallat Transform is able to trans-
form the “averaging” coefficients of f at resolution m+1 to another set of “averaging”
coefficients of f but at the next lower resolution m and to a set of “details” coeffi-
cients of f also at the next lower resolution. One can view this operation as “stripping
away” the details, the d,, coefficients, from the coefficients ¢;,41 in order to get ¢,

a coarser representation of the function f. For completeness, operators H and G are
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introduced here to describe the two processes just mentioned above

Cmk = Hcm+1 Z:hn 2kCm+1,n (238)

dmi = (Gemir) Zgn 2kCm+1,n (2.39)

Both equations are convolution sums. The coefficients ¢, , are “convolved” with the
filter coefficients in order to get the coefficients at the next lower resolution.

From inspection of the indices of the filter coefficients, the operators reduce

the number of coefficients in half, since the filter coeflicients are nonzero when 0 <

n — 2k < 2N — 1. This implies that £ < 7.

2.6.3 Inverse Mallat Transform

Likewise, given the coefficients ¢m+1,, and dpm41,n One can return back to the subspace
of higher resolution V,, via the Inverse Mallat Transforms. Like in the last section,
one can derive this tool using MRA from section 2.1.

Begin with the relation Pry1f = Prf + Qnf,

Zcm+1,n¢(2y - TZ) = 2—% (Z:cm,nqs(y - n) + Z:dm,nd)(y - TL)) (240)

where y = 272 'z. This time, multiply both sides by ¢(2y — n) and integrate with

respect to y
Semirn [#(2y —m)8(2y = K)dy = 275§ Yempn [6ly —n)6(2y — R)dy
i [$(y = m)$(2y = R)dy)
= 273 > Jemn / $(y)$(2y + 2n — k)dy

tdmm / P(y)$(2y + 2n — k)dy)
= 2_15 Z:(cm,nhk—%z + dm,ngk—2n)

or after recognizing the normalization condition on the left hand side,

Cmn = 2_15 Zcm+l,khn—2k + 2_;_ ;dm+l,kgn—2k- (241)

Again, in order to get coefficients at the next higher resolution m + 1, one must

operate on both the averaging set of coefficients of f and the detail set of coefficients,
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both of which are at the resolution m, and then add the results. Again, introducing

the operators H* and G*, these operations can be represented here as
emtim = (H em)n + (GTdm)n (2.42)

The two sums are known as deconvolutions, since the coefficients ¢, and d,, are
“deconvolved” with the filter coefficients k., and g,, respectively, and added together

in order to obtain the coefficients at the next higher resolution.

2.7 Closing

The theory of wavelets required to solve the differential equations has been summa-
rized and reviewed in this chapter. Many differential equation solvers require a basis,
preferably an orthonormal basis, in expanding the solution of differential equation.
This theory provides such an orthonormal basis which many differential equation
solvers can use. However, before delving into how wavelets can be used in such a
manner, a review of a commonly used solution technique, the Galerkin Method, and

its framework, MWR, will be made in the next chapter.
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CHAPTER 3

Method of Weighted Residuals

Much of this work implements a numerical scheme based on the Galerkin
Method using wavelets to solve differential equations (DEs). The Galerkin method
can be viewed as a Method of Weighted Residuals (MWR). In this chapter MWR
will be outlined and each individual method of this family will be briefly described.
Most of the ideas reviewed in this chapter closely follow the references [F] and [FL].

3.1 Brief Outline of MWR

Given the DE

{L[u] = f inQ, 3.43)

Blu] = wuo on 09,
where L[u] is a linear differential operator and Bfu] is boundary condition operator
and f is a known function, the object of MWR is to find the coeflicients of the ap-
proximation to the solution by minimizing its residual. Different ideas of minimizing
this residual lead to different methods. However, the framework for approximating
the solution and arriving at the residual is common.
First, the solution is approximated in terms of known trial functions ¢;(z)

and some function satisfying the boundary conditions of the problem, as shown here

N

’&(ZE) = QSb(:L') + c,~¢,~(:L'). (344)

&
The first term @y(z) can be a constant or a function, that satisfies the boundary
conditions. The second term is a superposition of the trial functions ¢;(z) with the
corresponding unknown coefficients ¢;. In this numerical framework, finding the coef-
ficients is the goal. Once these coefficients are known, the solution can be evaluated

quite easily.
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Inserting the trial solution into the DE yields the residual

R(z):=Lla] - f = Llgp(a)] + L[Lcidil@)] ~ f

(3.45)
= Ligs(@)] + Teilli(2)] - f.

Now in order to ensure that the approximation is as close to the solution as possible,
the mean of the residual should be zero. In other words, the coefficients are determined
such that the residual is minimized . The residual is minimized by requiring it to be

orthogonal to a set of weight functions, or test functions, w;(z),0 < j < N:

(R(z),w;(z)) = ,é R(z)w;(z)dz = 0. (3.46)

As seen above, the equations are defined by integration of the product of the residual
and the weight functions over the domain of the DE. Substituting the residual in the

above expression yields

Iéij(a:)dz = % L{¢y(2)|w;(z)dz + Zci 14 L[¢i(z)w;(z)dz — 14 fw;(z)dz (3.47)

or written as algebraic equations
N
A,‘jc,' = —b]' (348)

1=

where

A= AL[@(&U)]wj(x)d:’:
b; = AL[éb(a:)]wj(m)d:c - Jé fw;dz.

The unknown coefficients ¢; can be solved by a prudent choice of a linear solver.

(3.49)

The question that remains is the choice of weight functions. One guiding
principle is to choose w;(z) such that the mean of the residual is close to zero. So
the choice of the test functions subscribes to a method which is obviously a member

of MWR. Below are brief summaries of various members of the MWR family.

3.2 Subdomain Method

In this method, the domain € is subdivided into smaller subdomains §25. The idea

is to integrate the DE over each subdomain such that its result is zero. This is
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accomplished by defining the weight functions as follows
1, z€Qy
wj(z) = ,
0, z€y.

As the number of subdomains increases, then the residual is minimized in smaller

and smaller subdomains and converges to zero in L'(2).

3.3 Least Squares Method

In this method the weights are chosen as the derivative of the residual with respect
to the coeflicients, 1.e.,
(2) OR
w;(z) = —.
’ 6Cj
This leads to
OR
j[yR(x)wj(a:)da: = J[ZR(x)—dx
ch
;i jé R(z)%dz
Oc;
]

1 2
2 e, <R,R>

Basically, the c¢; are chosen such that the problem /7R2d:c is minimized.

3.4 Moment Method

The test functions for this method are chosen to be powers of z, i.e.,

wp =2z, k=0,1,...,N.

3.5 Collocation Method

Instead of minimizing the residual over subdomains, the residual can be minimized
at points of the domain of the DE. These points are called the collocation points.
This is accomplished by choosing the weight functions w;(z) to be the Dirac delta
functions translated by «z;,

wj = (5(:1: — CCJ').
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Then the mean condition for the residual is just the residual evaluated at the collo-
cation points, 1.e.,

j[‘wj(x)R(x)dx = R(z)|, = 0.

Thus, the residual becomes zero everywhere as the number of collocation points in-
creases. One widely used variation of this method is called the orthogonal collocation
method. In this method, the interior collocation points are taken to be the roots of
the orthogonal Jacobi polynomials of the Nth degree, while the trial functions are the

Jacobi polynomials.

3.6 Galerkin Method

Finally, the Galerkin method uses a complete set of linearly independent, but not
necessarily orthogonal, functions as the trial and test functions. Thus, the residual

R is orthogonal to each member of the complete set of functions.

3.7 Connection Coefficients

For this work, the Galerkin Method will utilize the scaling functions from wavelet
theory for its trial and test functions. In order to implement this method, integrals
of scaling functions multiplied with their derivatives, also known as connection coef-
ficients, are needed. Many early attempts to determine these connection coefficients
were based on quadrature methods, but these results exhibited oscillatory behavior
and hence were not very reliable for computational purposes. Instead of using formu-
lae to evaluate these integrals, a clever approach [LRT] to arrive at them is to solve
for a unique solution from a linear system consisting of conditions based on wavelets.
More specifically, three conditions based on the wavelets’ filter coefficients and their
ability to model polynomials will be derived and discussed. The resulting linear sys-
tem yields a unique solution, which contains all the desired connection coefficients.

The two-term and the three-term connection coefficients are the only ones needed for
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this thesis and both are defined as follows

AfEd = 1o ()¢ ‘d°<~>¢$d“(>
= [6)(2)g) (2)4(2), (z)da

(3.50)
= f¢d1( ) d2)( )¢$g3)( )d:l,'
A;il ,d2,ds
and
A = o (@)el (2)de
= [¢W(z)o 12-11( z)dx (3.51)

— A;il 2
where dy,dy, ds are the orders of differentiation and the indices l1,15, 13 are the trans-
lates of the scaling functions. In addition, the substutions used for the last lines of

(3.50) and (3.51) are [ =l — Iy and m = I3 — [;. Finally, the three-term connection

coefficient Adl 2243 i< nonzero if
9_N<I<N-2 2-N<m<N-2, (3.52)
and
2—-N<|{l-m|<N-2. (3.53)

d . .
Likewise, the two-term connection coefficient A;"’ 2 is nonzero if

2-N<I<N-2 (3.54)

3.8 Closing

The next chapter will be more specific in developing this method with Daubechies’
wavelets. The method can be applied to problems embedded in a periodic domain.
Then, future chapters of this work will review modified Wavelet Galerkin Methods

for problems with finite domains.
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CHAPTER 4

Periodic Constant Coefficient Formulation

In this chapter the application of wavelets to the numerical solution of dif-
ferential equations that can be embedded in a periodic domain will be presented.
Following the framework of MWR as established in the last chapter, the test and
trial functions will be the wavelet associated scaling functions. The Wavelet Galerkin
Method will be meticulously presented in solving the one dimensional Helmholtz equa-
tion with periodic boundary conditions. Also the same equation will be solved with
Dirichlet boundary condition, using the Capacitance Matrix Method. The same tools
used for the one dimensional equations will be extended to the two dimensional case,
but for the case of the Poisson equation. These ideas and methods were first presented

in [AWQW)] for the one dimensional case and in [AW] for the two dimensional case.

4.1 Computational Galerkin Method

The Computational Galerkin Method is a general scheme to approximate solutions
of differential equations using predetermined trial functions. Various trial functions
in wide use today are splines, Legendre and Chebychev polynomials. The scaling
functions associated with wavelets will be utilized here.

The Galerkin Method is used to discretize a linear differential equation
Llu(z)] = f(z) inQ (4.55)

as a linear system of n equations and n unknowns. This is accomplished by choosing
an N dimensional subspace of functions whose basis functions will span the approx-
imate solution, the variable coefficients, if any, and the necessary nonhomogeneous

terms of the differential equation. In other words, these functions will be expanded
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in terms of the basis functions. Once the expansion of the solution is substituted into
the differential equation, then inner products of the residual with the trial functions
yields a linear system of equations with the unknown coefficients. After obtaining
these coefficients, the solution can be evaluated through its expansions.

Before numerically solving the given the differential equation, an N dimen-
sional subspace of L? must be determined in order to expand the solution and any
functions involved in the differential equation in terms of its trial or basis functions.

Let the expansion of the solution be as follows

N-1

u(z) = ; ckdr(), (4.56)

where the ¢i(z) are the basis functions of the subspace and the coefficients c, are the

unknowns. The expansion of the nonhomogeneous term f(z) has the same form

f(z) = Efwﬁk(:c). (4.57)

Substituting into the linear differential operator L{u(z)]

Llu(z)] = Z:CkL[cbk(w)] = Z:fkqﬁk(fv)- (4.58)

Finally, the above differential equation with the necessary expansions is multiplied
by the same basis functions ¢;(z),j € {0,..., N — 1} and inner products are taken
for all j € {0,...,N =1}
< Liu(@), éix) > = 3 e < L{¢x(z)), 4;(z) >
= Z:fk<¢k(m)7¢j(x)>7 ]:05$N_1
The inner product is inherited from the Hilbert space L?(R) and in this chapter the

inner product will be defined as an integration over the domain of the differential

equation. If the basis functions are orthonormal, then the above reduces to

< Llu(2)] 5(2) > = 3 e < L{gx(z)], (z) >
= f;, j=0,...,N—1.

The inner products with all basis functions from the subspace yields a linear system of

equations, 7'¢ = §. The coefficients are the unknowns to be solved for and the matrix
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is composed of inner products of derivatives of the basis functions and the basis
functions themselves. This gives an N by N linear system. Once the coefficients are
found, then the expansion in (4.56) can be evaluated at points of the domain in order

to find the solution u(zx).

4.2 1-D Helmholtz Equation

In this section, the Wavelet Galerkin Method will be applied to the one dimensional
Helmholtz equation with periodic boundary conditions and with Dirichlet boundary
conditions. This same method can be applied to the Poisson equation. Likewise, the
problem involving the Laplace equation can be solved using the same method with a

modification, which will noted at the end of this section.

4.2.1 Periodic Boundary Conditions

In this subsection, the boundary value problem with periodic boundary conditions

under consideration is

Lu(@)] = &u(z)+ () = g(z),z € [0,1]

(4.59)
BClu(z)] = u(0) = u(l)

where the solution u(z) and the nonhomogeneous term g(z) are considered periodic
with period 1.

In order to implement the wavelet Galerkin Method utilizing Daubechies
wavelets of order N, a subspace needs to be determined. For this case, choosing
a subspace is equivalent to determining the resolution m > 0, since the subspace
V.. is defined by its resolution m with basis functions as shifts of scaling function
#:(2™z) = $(2™z — k). This implies that the solution u(z) can be expanded in terms

of shifts in scaling function

u(z) = 2% };ckqs(zmx — k). (4.60)

In order to evaluate the scaling functions in the expansion only at the integers, one

can make the substitution y = 2™z,y € Z. This implies that the solution can only
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be evaluated at the dyadic points z; = 2%,,2' € Z. The expansion of the solution in

terms of y 1s
u(y) =27 Y erd(y — k). (4.61)

Since u(z) is 1-periodic, then u(y(x)) is periodic, u(0) = u(2™). The above expansion
is considered to be an infinite series. Since the domain of the differential equation is
only a finite interval z € [0,1] or y € [0,n], where n = 2™ and the scaling functions
have compact support in the interval [0, N — 1], then the series expansion for the
solution and any necessary functions associated with the differential equation are
finite. So the compact support for the scaling function ¢(y — k) implies the following

inequality.

0< y—k <N-1
y+1-N< &k <y

Since y € [0,n], then the bounds of k are 1 — N and n, ie, k € {1 - N,...,n}.

However, because of periodicity, u(1 — N) = u(1 = N + n) and u(0) = u(n). Thus,

the index set for k is {0,...,n — 1}. Hence, the expansion for the solution becomes
n—1

u(y) = 2% 3 cudly — k). (4.62)

In matrix form, the expansion can be seen as follows

U=2aoc (4.63)
where
U= [u(O) u(l) -+ u(n—2) u(n—1) ]T (4.64)
and
c= [CO e - ooy Coot ]T (4.65)
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[ 4(0) 0 0 $(N—1) ¢(N-2) 3(2) (1) |
(1) $(0) 0 0  g(N-1) 8(3) 4(2)
H(N—-1) ¢(N—=2) --- 0 0 0 -0 0 |. (4.66)
0 0 0 $(N—2) $(N—=3) --- ¢(0) 0
_ 0 0 0 ¢(N—-1) ¢(N—-2) --- (1) ¢(0)_

However, the matrix ® can be denoted as

®=circ $(0) 0 --- 0 HN—-1) ¢(N=2) - 4(2) ¢(1)] (4.67)

The above notation implies that the matrix is circulant. In other words, each row of
the matrix is shifted by an offset factor of the first row. For example, the first row of
the circulant matrix is the row vector denoted in the above notation, the second row
is the first row but shifted to the right by one, the third row is shifted to the right
by two, etc. The circulant matrix is a result of the periodicity of the solution u{z).
Also, because of the periodicity, the expansion of the solution can be expressed as a
discrete convolution (*)

u(z) = Ko xc (4.68)
where K¢ is a column vector, which is also referred to as the kernel of @,
Ke=[ ¢(0) 4(1) --- ¢(N=2) §(N-1) 0 --- 0. (4.69)

Taking advantage of the nature of the circulant matrices, the Discrete Fourier Trans-

form can be applied to equation (4.68) to yield

U; = (Kg)ié; (4.70)
or

& =U/(Ks)i (4.71)
where: = 0,...,n—1. Equation (4.70) is just an element by element multiplication of

the transformed solution vector and the kernel, while equation (4.71) is just element by
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element division. This means that the elements of the Fourier transformed coefficient

vector & can be found by dividing the element of the Fourier transformed vector of

u(z) by the corresponding element of the Fourier transformed column vector Ks.
The ideas for the solution u(z) can likewise be applied to the nonhomoge-

neous term g(z) with the following expansion

gly) =2% > 9ko(y k) (4.72)

or in matrix notation
G = ®g. (4.73)
Taking the Fourier Transforms of the above relation and dividing element by element
with the kernel Kg gives
i = Gi/(Ke)i (4.74)
At this point the Wavelet Galerkin Method can be applied to the Helmholtz

equation (4.59). First, substituting the expansion for the solution u(z) and for the

nonhomogeneous term into the differential equation (4.59) results in
d*u
ox) = T3+ ()

= 2™ ZCM"(?J(%) —k)+A ‘;Cksb(y(w) — k)

= e [2¢"(y(e) = k) + Adly(e) - k)|

= ;gkqﬁ(y(m) — k).
Next the inner product of the differential equation with the basis functions ¢(y—j),j €
{0,...,n — 1} can be obtained by multiplying the differential equation by the basis
function ¢(y — j) and then integrating this with respect to y, as illustrated below

5o / Sy — k)dly — j)dy = 2™ Sk cx / ¢"(y — k)ply — §)dy
+ AYkck /¢(y—k>¢(y—j)dy.

Because of the orthonormality of the scaling functions, the left hand side of the above
equation just reduces to one term for each j, namely the corresponding coefficient g;.

Likewise, the second term of the right hand side follows suit, giving Ac;. However, the
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first term involves the integration of the product of a second derivative of a scaling
function and a scaling function, which is just a two term connection coeflicient A%,

as explained in chapter 2. This is seen by making a simple substitution y <y — k

/¢”(y —k)d(y —Jj)dy = /cb"(y)cb(y — (7 = k))dy

= AP,
Thus, the above process results in
22 Sy kA + Ae; =g; 7=0,...,n—1 (4.75)

Since there are n basis functions, the above equation generates n equations for the n
unknown coefficients. This can be written as a linear system Tz = b.
However, determining the elements of the matrix T' depends on the compact

support of the connection coefficients A?Ek,
2—-N<j—k<N-=-2 (4.76)

For a given j € {0,...,n — 1}, then the index k in A;_; is determined by two

constraints: (i) the compact support condition

9_-N—-j< —k <—j+N-2

2-N+4+j< +k <j+N-2 (4.77)

and (ii) the bounds of the index k as defined for the expansion of u(z)
0<k<n-1 (4.78)
or in set notation k € {0,...,n — 1}. Taking the intersection of the two index sets

{2— N+3j,...,7+ N —2} and {0,...,n — 1} determines the valid indices for the

summation index k for a given j
k€ {max(2 — N +3,0),...,min(j + N —=2,n — 1)} (4.79)

Without applying periodicity, the first term will yield nonzero terms along the diag-
onal and (N — 2) subdiagonals on both sides of the diagonal of matrix ®.
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The periodicity of the solution and basis functions will contribute to the
upper right and lower left portions of the matrix respectively. Nevertheless, the
resulting matrix will be sparse and also circulant, to which Fourier Transforms can
be applied in order to implement an efficient solver.

For the first claim concerning periodicity of the solution, the expansion of
the solution can be broken up into two terms to explicitly show its periodicity, as
seen below

n—1 -1
u(z) = u(y(z)) = ;cm(y(fv) - k) + k:;N cnsk$(y(z) — k). (4.80)
If one evaluates this expansion at the dyadic points of the domain, then as a con-

sequence (4.80) can be represented as a matrix as in (4.66). Now the second term

(4.80) will yield the following
Cntk / $y—k)gly— iy = car / $(y)$(y — (7 — k))dy
= Cn+k5o,j—k

Keep in mind that the index & in the second term in (4.80) belongs to the index set
{1 =N,...,—1}. Now for a connection coefficient term to be nonzero, the following

inequality must be satisfied

9-N< j—k <N-2
9-N+k< j <N-2+F

Since k € {1 - N,...,—1}, the above inequality becomes

2-N+1-N< 5 <£N-2-1
3—N<L j £N-3.
Since 0 < j < n — 1, then by taking intersections of the two index sets gives j €
{0,..., N — 3}, since the index of the coefficient ¢,4x belongs to the set {n + 1 —

N,n —1}. This demonstrates the first claim of the connection coefficients wrapping

around into the upper right portion of the matrix.
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The second claim of periodicity entails the basis periodic functions dy—j) =

é(y +n — j) that are multiplied with the differential equation. Now observe that
q/&@—kww—ﬂw = q/ww—kww+n—ﬂ@
= o [¢"Woly — [~k —m)dy.

Again, for nonzero connection coefficients to occur, the following inequalities must be

satisfied

2-N< j—n—k <N-=-2
2—-N+n+k< 7 < N-24+n+k.

Since k € {0,...,n — 1},

2-N+n< j E£N-24n+n-1
n+2-N< j <(n=1)4+(n+N-2).

Now taking the intersection of the above inequality with the set of indices of j,

7 €1{0,...,n — 1}, the result is
n+2-N<j<(n—-1). (4.81)

So the nonzero connection coefficients from this periodicity will be in the last (N —1)
rows of the matrix. The columns of these connection coefficients are governed by the

initial inequality in equation (4.76)

9-N< j—n—k <N-=2
j—n+2-N< k <j-n+N-=2
2-N+@2-N)< k <N-3

The last line results after applying the restriction of the index j, j € {n+2—N,...,n—
1}, as obtained in the previous results. Now taking the intersection with the set of

indices for k, k € {0,...,n — 1} yields
0<k<N-3. (4.82)
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Hence, the lower left portion of the matrix will have nonzero elements.
Because of periodicity, the matrix T, which represents the left hand side of
equation (4.75), contains the connection coefficient terms and the single term A and

is a circulant matrix
T:circ[Ao—}—)\ Aoy - Apn O -+ 0 An_g -+ Al}. (4.83)

Thus, the differential equation reduces to the linear system of N equations and N

unknowns

Tée=g (4.84)
Again, because of the periodicity, the above can be written as a convolution
g=Ky*c (4.85)
where K is the following column vector
Ky= [Ao Ay -+ Ay—2 0 -+ 0 Aoy -+ AL (4.86)
After taking the Fourier Transform of equation (4.85)
Gi= (Kp)ié, 1=0,...,n—1. (4.87)
By taking elment by element division of § by K results in
& = GiJ(Kp)i. (4.88)
Now the substitution of (4.74) and (4.88) into (4.71) yields

~ ~

U,' = (I{cp),'éi

Hence, the solution u(z) can be obtained at the dyadic points by taking the inverse

Fourier Transform of the above relation.
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Note here that the coefficients are not actually implemented when coding
the solver. Only g(z) at the dyadic points and the column vector containing the
connection coefficients are required in order to determine the solution u(z) at the

dyadic points.

4.2.2 Non-Periodic Boundary Conditions

Suppose that the problem concerning the differential equation in (4.59) has Dirichlet

boundary conditions

Liu(z)] = a‘%u(x) +du(z) = ¢g(z), 0<a<b<d, (4.89)
B.C.: u(a) = uq, u(b) = us,

where g(z) is a periodic function with period d. The solution of the above problem

can be found through the supefposition of two separate solutions v(z) and w(z),
u(z) = v(z) + w(z) (4.90)
where v(z) solves the following problem with periodic boundary conditions

£20(z) + do(z) = g(a), 0<z<d, (4.91)
v(0) = v(d) |

The solution v(z) can be obtained by the scheme outlined in the previous section.

Because v, + Av = g, then the solution w(z) must satisfy
Lw(e) + dw(z) =0, a<z<b, (4.92)

but w(z) must take values such that the solution u(z) satisfies the boundary condi-
tions at £ = @ and = = b. So, one needs to solve the following problem
w’(z)+ Mw(z) =X, 0<z<d,
{ w(0) = w(d
where X = X(z) = X,6(z — a) + X36(z — b), X, and X, are constants and 6(z) is

the delta function. Finding the solution w(z) involves two steps. The first step is to

(4.93)

solve for the Green’s function in the following differential equation

{ £ G(z) + AG(z) = §(z) 0<z<d,

(4.94)
G(0) = G(d).
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Here G(z) is d-periodic, which can be found with the scheme from the previous section.
Once the Green’s function is known, then one can easily see that the solution w(z)
has the form

w(z) = X,G(z — a) + X,G(z - b). (4.95)
The second step is to find the coeflicients X, and X} such that the solution u(z) satis-
fies the Dirichlet boundary conditions. The coefficients X, and X, can be determined
from w(z) evaluated at the boundary points a and b, assuming that the solution v(z)

is already known,
w(a) = u(a) —v(a) = X.G(0) + X3G(a —b)
w(b) = u(b) —v(b) = XpG(b— a) + X,G(0)
or as a linear system

u(a) — v(a)
u(b) — v(b)

G(0)  G(a—1b)
Gb—a)  G(0)

Xa
X

. (4.96)

The matrix involving the Green’s functions is called the Capacitance Matrix. Hence
the coefficients X, and X, can be obtained

G(0)[u(a) — v(a)] = G(a — b)[u(b) — v(b)]

Ae = G(0)2 = G(a — b)G(b - a)

(4.97)

and

G(0)[u(b) — v(b)] = G(b = a)[u(a) — v(a)]
G(0)2 - G(a — b)G(b— a)

Through these coefficients the solution w(z) ensures that the solution u(z) satisfies the

X, = (4.98)

Dirichlet boundary conditions. Once the coefficients are determined, then the solution
u(z) can be found by equation (4.90) when w(z) can be evaluated via periodicity if

necessary by plugging into the form
w(z) = X,G(z — a) + X,G(z — b) (4.99)

after the Green’s function has been found.
Note that Laplace’s Equation can be solved by first solving for the Green’s
Function and then obtaining the coefficients from the linear system involving the

Capacitance Matrix in order to get the solution u(z) = w(z).
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4.3 2-D Poisson Equation with Periodic B.C.

In this section, the Wavelet-Galerkin Method will be applied to the two dimensional
Poisson equation with periodic boundary conditions. The procedure in solving this
problem with Dirichlet boundary conditions, instead of periodic boundary conditions,
is exactly the same as in the one dimensional case in the previous section. So for more
details, one is referred to [AW].

The two dimensional Poisson equation takes the following form

Llu(z)] = Zulz,y)+ Lzu(e,y) = g(z,y), (2,9)€Q
B.C.: u(0,y) = u(ds, y), 0<y<d, (4.100)
u(z,0) = u(x, dy), 0<z<d,

where the region Q@ = [0,d,] x [0,d,], and u(z,y) and the nonhomogeneous term
g(z,y) are to be periodic with periods d, and dy in the z and y direction respectively.
Also, both periods d, and d, are considered to be integers, i.e., dz,d, € Z.

Like the one dimensional case, the order of the Daubechies wavelet N and the
resolution m must be chosen. Then the resolution determines the Cartesian product of
two subspaces Vi, () and V,,(y), whose basis functions will span the solution u(z,y).

Hence, the solution can be expanded in terms of scaling functions
u(z,y) = 2" ;qb(?mx — k)p(2™y —1). (4.101)

In order to use the scaling functions at the integers, with the substitution X = 2™z

and Y = 2™y, the above expansion takes the form
u(z,y) = uw(X(2),Y(y)) =27 ;Ck,zqﬁ(X —k)g(Y 1) (4.102)

Using the results from the previous section, the bounds of k,! are n, = 2™d, and
n, = 2™d,. This implies that the nodes of the discretization of the domain in the z
and y directions are taken to be the dyadic points ¢ = ¢/2™ and y = j/2™, 1,7 € Z.

When evaluated at the dyadic points of the domain, the above expansion

can be expressed in terms of matrices
U(X,Y)=9,,0,7, (4.103)
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where ¢, and ®,, are circulant matrices as seen below

®,. = circ [ do 0 - N1 bN-2 - ¢ ] (4.104)
and
®,, = arc [ bo b1 - 0 by - O ] , (4.105)
and the coefficient matrix C is defined as
| coo  Co1  tt Comet |
c=| ™ o (4.106)
i Cn-10 Cn-11 " Cn-ln-1 |

After taking the two dimensional Fourier transform of (4.103) and doing much algebra
(see [AW] for details), one should get

A

£

~

Upj = K ;Ci; (4.107)
with K = I';M .]’;ny, where
[ g 0 - 0]
b 0 - 0
I&’q)nz = ¢N—1 0O --- 0 (4108)
0 0 ---0
0o 0 --- 0
and ) )
$o 1 - on1 O 0
’ 0o 0 --- 0 0 ---0
Ke,, = o . SV (4.109)
0 0 --- 0 0 ---0

Thus, the above equation expresses an element by element relationship between the

solution U and the coefficients c.
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Likewise, a similar derivation applies for the expansion of the nonhomoge-

neous term g(z,¥),
g(z,y)=2" ;:gk,zqﬁ(?ml' —k)p(2my — 1) (4.110)
9(z,y) = 9(X(2),Y(y)) = 2" ;:gk,mﬁ(X —k)o(Y = 1). (4.111)

After applying the process that was applied to the solution u(z) to the above, in

matrix form

A

G=Kg. (4.112)

Now, the Wavelet-Galerkin formulation can be implemented for the two di-
mensional Poisson equation. First, substituting the above expansion into the Poisson

equation yields

gla) = 2" SoudlX = Bo(Y =
= 2™ S [§(X ~ KP(Y — ) + (X — (Y — D]

Next, multiplying both sides with ¢(X —p) and ¢(¥Y —¢) and integrating with respect

to @ and y gives

?m;}w/ww—MMX—mw/ar4ww—@@
+ 22 ;%wa—max—mm/wwznaY—@@+
= ;%JMX—@MX—MM/MYJWW—QW

Using orthonormality and expressing the integrals in terms of two term connection

coefficients give
Gpg =27 ch,qAZ(lk + 2% Zcp,lAggl (4.113)
where
Ae= [¢"(X = B)o(X — p)de
and

MZ=/WW—0MY—®®-
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In terms of matrices (4.113) can be rewritten as,
— 92m T
g=2""Apctch; . (4.114)

Again, after taking Fourier Transforms of above and performing much alge-

bra, the result is

~

Ké=g (4.115)
where Kj = Kj, + Kj, and
(Ao Ay - An_g 0 -+ 0 Asy -+ Ay ]
Ky, = Ky = O 0 . 0 0 0 0 . O . (4.116)
e e

Therefore, using equations (4.107), (4.112) and (4.115) to get

A

Ui; = K:,-,]-cf,j
= K;; (gf',j/(ffz\)i,j>
= (I{;,jG;,j/I{;,j) /(I‘;A)ivj

and thus, the solution at the dyadics points can be found by taking the inverse two

dimensional Fourier transform of the following equation

~ A

Uij = Gij/(Kn)ij- (4.117)
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CHAPTER 5
Variable Coefficient Formulation

In this chapter, the Wavelet Galerkin Formulation will be applied to differ-
ential equations with variable and constant coefficients. The differential equations
under consideration for this numerical method are Laplace’s, Poisson’s, Helmholtz’s
and Legendre’s Equations. However, before implementing any numerical method for
Legendre’s Equation, a regular singular Sturm Liouville Problem, concepts concerning
ordinary differential equations with ordinary, regular and irregular singular points will
be reviewed in the next section in order to guide the computational path in searching
for numerical solutions. In the next section, the properties of Legendre’s Equation
and its solutions will be studied by using the theory of ordinary differential equations
summarized in the previous section. After that, the following sections will concen-
trate on numerical considerations for Legendre’s equation and the application of the
Wavelet-Galerkin Method. Most of the material concerning differential equations and
properties of Legendre’s equation follows the treatment of the texts [BD] and [AND].
Finally, the Wavelet Galerkin formulation will be applied to the differential equations
with constant coefficients. All formulations in this chapter will be implemented with
the Fictitious Boundary Approach [LOZ] but its flaws and the proposed remedies will

not be presented until the next chapter.

5.1 Theory of ODE Applied to Sturm Liouville Problem

The Sturm Liouville boundary value problems have the general form

Lu] = —[p(z)u] + ¢(z)u = dr(z)u ona<z<f (5.118)

49




However, in order to apply the theory of ordinary differential equations, one can

rewrite the above equation as

P(z)u" + Q(z)u' + R(z)u =0 (5.119)
where
P(z) = p(z) (5.120)
Qz) = pl(z) (5.121)
R(z) = Mr(z)—q(z). (5.122)

Now, given some point 7o in the domain, can one find a solution in a neighborhood
of that point zq, i.e., in a ball B, = {z : |z — xo| < r}? These points zo fall into one

of two categories: ordinary points and singular points.

Definition 1 [BD]: o is an ordinary point of the equation (5.119) if both Q(z)/P(z)
and R(z)/P(z) are analytic at xo. Otherwise, o is a singular point of the equation
(5.119).

So if this point is an ordinary point, then after dividing the differential equation
by P(z) and applying existence and uniqueness theorems to the resulting differential
equation, a solution in the ball can be found. In this case, equation (5.118) is called
a regular Sturm Liouville boundary value problem. These regular Sturm Liouville

problems have the following properties:
e their eigenvalues are real,
e their eigenvalues are simple, and
e their eigenfunctions are orthogonal.

Usually, the solution for these differential equations is expressed in a power series.
On the other hand, if the point is a singular point, then the differential equation 1s

undefined at that point zo. However, a solution may still be found depending on the
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nature of the singular point itself. Since second order linear differential equations
are considered here, there are three types of behavior of their solutions. For the first
type, the solutions are defined at the singular point zo and are finite. Second, one of
the solutions may be defined and finite at the singular point, but the other solution
may be unbounded when it approaches the singular point. Finally in the third case,
both solutions may become unbounded as they approach the singular point. Like
the division of ordinary and singular points, singular points can be subdivided into
regular and irregular singular points, which can be determined by the behavior of the

factors P(z),Q(z) and R(z), as one can see in the next definition.

Definition 2 [BD]: z, is a regular singular point of (5.119) if it is a singular point
and if both

Q(z) 2 R(z)
(z — .’EQ)‘% and (z — o) P(2)

are analytic at zo. In other words, the Taylor series of both terms converge. Other-

(5.123)

wise, T is an irregular singular point.

Since the focus of this chapter is on Legendre’s equation, differential equations with
regular singular points will only be considered for the next section, while differential

equations with irregular singular points are beyond the scope of this work.

5.2 Legendre’s Equation

In this section, the properties of Legendre’s equation and its solutions will be exam-
ined

(1—2z?u" =2z +du=0, -1 <z <1, (5.124)

by using the brief overview of the theory of differential equations summarized in the
last section. So to begin the analysis of this equation, one can see in comparing
Legendre’s equation to the general form of equation (5.119) and the components in
equations (5.120)-(5.122) that

P(z) = (1-2%
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Legendre’s equation is undefined at the boundary points z = £1, which implies that
both boundary points are singular points, i.e., P(z) = 0 when z = £1. So by taking
the limits of both terms in equation (5.123) in Definition 2

Q(x)

limge_y1(c £ I)P(:r) 1 (5.125)
limg—s1(z £ 1)21138 (5.126)

one can see that both terms are analytic, which in turn implies that these boundary
points z = %1 are regular singular points. In order to get orthogonal eigenfunctions
as solutions of Legendre’s equation, the following special boundary conditions must
be imposed

u(z), u'(z) finiteas z — 17, z > 17 (5.127)

By applying these boundary conditions, there will be an infinite sequence of eigenval-
ues and eigenvectors, which is like the case of the regular Sturm Liouville problem.

Legendre’s equation with the special boundary conditions is shown here

1— 2 — 2z + du=0, —1<z<l,
{( z*)u zu' + Au T (5.128)

u(z), u'(z) finiteas @ — —1%, z — 1~

One can find the solution of Legendre’s equation by expressing the solution as a power

series
o0

u(z) = ;;ckxk. (5.129)
After plugging the power series in the differential equation and rearranging the in-
dices in the summations, one arrives at the following recurrence formula with the
substitution A = n(n + 1)
(k—=n—-2)(k+n-1)
k(k—1)

Cp =

Cl—2. (5130)

From this formula with ¢y and ¢; being arbitrary, the coefficients with even terms can

be expressed in terms of ¢y and the odd in terms of ¢;. Thus, the general solution of
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Legendre’s equation is

u = coup(z) + aruz(z) (5.131)
where
wn(z) = 1— n(n;,— 1)332 + (n — 2)n(n4?r )(n+3) A (5.132)
and
ualz) = 7 — (n— 1;('n + 2):03 N (n—3)(n— 1;('n +2)(n+ 4)305 C (533)
Thus, when n = 0,1,2,--- either u; or up will reduce to a polynomial. If n is even,

then u, is a polynomial and for n odd u, is a polynomial. So by applying the boundary

conditions, the solution of (5.124) is

1
Pu(z) = u1(z)/ui(l) n even (5.134)
ua(z)/uz(l) n odd
Legendre’s equation has eigenvalues and eigenvectors
A=n(n+1), éo(z)=P(z), n=0,1,2,... (5.135)

where P,(z) is the Legendre polynomial of degree n and can be generated by Ro-
drigues’ formula [AND]
1 d°

- 2nnl dzn

P.(z)

(22 =1)"], n=0,1,2,... (5.136)

5.3 Numerical Considerations

In order to calculate eigenfunctions of Legendre’s equation, the above boundary condi-
tion must be replaced with boundary conditions which match 5.135. One can impose

the following Dirichlet boundary conditions

u(—1)=1, u(l)=1, when niseven (5.137)
u(—1) = -1, u(l) =1, when n is odd. (5.138)

In this case, n will be considered a parameter. In order to calculate the eigenfunction,

one can change the coordinates of the problem via a dilation and a translation in order
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to fit the problem into an interval (0,1). Then one can apply the Wavelet-Galerkin
method by first expressing the solution and the variable coefficients of the elliptic
operator in terms of scaling functions and then calculating the necessary connection
coefficients. Also, the “Fictitious Boundary Approach” as suggested by Lu, Ohyoshi,
and Zhu [LOZ], can be used in order to include all of the support of the scaling
functions. Then one must include the Dirichlet boundary conditions in the Wavelet
Galerkin formulation, which is done through the expansion of the solution in terms of
scaling functions. Finally, a sparse linear system can be used to find the coeflicients

of the expansion of the solution.

5.4 Translation and Dilation of Problem

Before applying the Wavelet-Galerkin method, one must transform the problem in the
interval (—1,1) in equation (5.124) to a problem in the interval (0,1). By this trans-
formation, the numerical methods under consideration in this chapter will be more
suitable to solve this problem. So if one makes the substitution ¢ — (z — 1), then
after applying the Chain Rule from Calculus and doing some algebraic manipulations,

the problem in (5.124) and (5.137)-(5.138) becomes
(z—2®)u" -2z -1+ =0, 0<z<]l, (5.139)
B.C.1: u(0) =41, wu(l)=1, (5.140)
B.C.2: u(0)=-1, u(l)=1. (5.141)

5.5 Wavelet-Galerkin Method with Fictitious Boundary Ap-

proach

The first step in applying the Wavelet-Galerkin Method with Fictitious Boundary
Approach (WGMFBA) to solving the problem in (5.139) and (5.140) or (5.141) is to
expand the solution and the variable coefficients in terms of scaling functions as seen

below
2m

u(z) = 22 k=—Z;+1 (2™ — k), z€(0,1), (5.142)
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2% Mré(2mz — 1), n=1,2, 5.143
= ;+1 l ) ( )

where m is the desired resolution and N is a positive, even integer, that denotes
the order of the Daubechies scaling function. The object of this numerical method
is to find the coefficients ¢; of the expansion of the solution. Unlike the solution’s
expansion, the coefficients of the expansions of the variable coefficients of the ordi-
nary differential equation are known explicitly, since the variable coefficients are just
polynomials. According to the theory of wavelets, the scaling functions interpolate
the polynomials exactly up to degree —12! — 1. Thus, scaling functions of order of at
least 6 must be used for polynomials of degree 2 and 3. Therefore, coefficients of the

polynomials’ expansions can be found by calculating the following integral

Mp = /x"¢(x — ldz.

To calculate the M}, one can evaluate the recursive formula (see {LRT})

. 1 & i !
Mp = m;() ’fz;M (; ah l) (5.144)

If one looks closely at the wavelet expansions of the solution and the variable coeffi-
cients, one should notice that the indices run from 1 — N to 2™. This should be the
case, since by definition the scaling function ¢(z) has compact support in the inter-
val [0, N — 1]. Hence, for its integer translates ¢(2™z — k), k € Z, to have compact
support, the condition 2™z — k € [0, N — 1] must hold, or equivalently for the index k

1-N+2"2z < k £ 2™z

and since z € (0,1), then
I_N<k<2m

are the bounds on the index k. Now applying the following substitution

m

y=2"z, & =2% ¢, MP=2%Mp (5.145)

and plugging equations (5.142) and (5.143) into equation (5.139) yields

92mZ Z(M, M) éi(y QmZ:Ck QZMMM y) — )iy +)‘Z:ck¢k

(5.146)
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where
ox(y) = ¢y — k).

Now, multiply equation (5.146) by ¢;(y) and integrate with respect to y. The ques-
tion at this point concerns the bounds of the integral. Since the differential equation
is defined on the open interval (0, 1), one would naturally assume this as the bounds.
However, the claim here is that the integration will instead take place on the interval

[—N+1

o N—i] since the integrand is a product of scaling functions and their deriva-

tives. Just like in determining the indices of the wavelet expansion for the solution
and the variable coefficients, the compact support of the scaling functions is used
in justifying the above mentioned claim. In order for the integer translates of the
scaling function ¢(2™z — k) to have compact support, the following condition must

be satisfied, that is

k N-1 k
— < z < —.
2771, - - 2m 2m

Thus, for a fixed m and N, the support of the scaling function ¢(2™z — k) is

(5.147)

supp(6(2" — F)) = [’” ﬁ’”—‘—l]

om’ om
Again, for emphasis, because the basis functions are taken to be the scaling function

and its integer translates, one must enlarge the interval (0,1) to [=21, ¥=14+27] in or-

der to include all of the support of the scaling function. The result of these operations

is

2%m Zék };(M,l — M)A, -2 ;ék(};sz,l AL =A%)+ };c‘kmj_k =0
(5.148)

where 1 — N < j < 2™ the three term connection coefficient is defined as
A = [#9 = D6y — h)e™ (y - )y
and the two term connection coeflicient is as defined as
AL = [69y — B¢y - j)dy.
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By this enlargement of the interval, two extra boundary conditions come into play,

to which [LOZ] refers as the fictitious boundaries:

“(__{A’V'"ﬂ) = 90 5.149
U(———N'zl,ffz’") = ¢(N-1) (5149

According to [LOZ], these fictitious boundaries will have no bearing on the solution in
the interval [0, 1] since by compact support and the definition of the scaling function
the fictitious boundary conditions are homogeneous, but the next chapter, on the
contrary, will illustrate that this assumption does affect the solution of the problem.
This modification is already implemented in the series expansion of the solution in
equation (5.142), as can be seen in the indices of the summation. So in matrix form

equation (5.148) becomes
Tod=0 (5.150)

where the vector ¢ of length 2™ + N is given by
— A A T
CcC = [C_.N+1,“',Cgm] (5151)

where Tp is a (2™ + N) x (2™ + N) matrix with its elements given as

(To);0 =t + G+ i (5.152)
where
e = 27 3AM — M)A - 2" S IMINS (5.153)
e = 2"A2 (5.154)
Lk = Mk (5.155)

The indices j, k denote the row and column, respectively, of the matrix and range
from —N + 1 to 2™. The index [ refers to the summations of the coefficients of the
polynomial expansions. It ranges from max(2 — N + k,2 — N + 7) to min(N — 2 +
k, N —2+ 7), which is a result of the compact support of the connection coefficients.

The matrix Ty can be rewritten as
To=[Tur Tmmw Trol®, (5.156)
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where Ty =

t1-Ni1-N ti—N2-N - t1-N,-1 0 0 e 0 --- 0
to-N1-N t2-Na_N -+ ta_n-1 ta_no O 0 --- 0
2-N1~-N l2-N32-N 2-N,-1 L2 , (5.157)
t_g1-N to22-N - oo eee tan_g 0 --- 0
and TMID =
t11oN oo toaon—s 0 e 0
, (5.158)
0 oo 0 tompg-NampaN - tomipa-Nom
and Tro =
0 -+ 0 fymps-Nomis_2N o lamyz_Nam T
o --- ... t2"'-—1,2"‘+1—N tgm_l’gm_{_g_N tzm_1‘2m
0 -0 ... 0 tom amygeN - tam am
(5.159)

The dimensions of the matrices Ty and Tro are (N — 2) x (2™ + N), while the
dimensions of Ty p are (2™ +4 — N) x (2™ 4+ N).

However, in addition to the fictitious boundary conditions, one still needs to
incorporate the Dirichlet boundary. From the expansion in equation (5.142) applying
the boundary conditions (5.139), for example, yields

w0) = S paad(—k) =1 (5.160)
u(l)= SIo_Npad(2™—k) =1 (5.161)

Thus, by eliminating the two corresponding rows in the matrix equation (5.150) and
replacing them by the above two equations due to the Dirichlet boundary conditions,
one has a linear system with a nonzero right hand side, unless the boundary conditions
are homogeneous. This action is equivalent to replacing the first row of (5.157) with

the row vector

beo=[p(N —1) - ¢(0) 0 - 0] (5.162)
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and the last row of (5.159) with the row vector
bey=[0 --- 0 $(N—=1) --- ¢(0)]. (5.163)

Now with the first and last element equaling 1, the right hand side is nonzero, which

will be denoted as
b= 0 --- 0 1]". (5.164)

Thus, with these modifications, one needs to solve for the unknown coefficients ¢ from

the linear system

Té=5 (5.165)
where
T =[Tur Turmp Tro]", (5.166)
and Tyr =
[ N1 bo - R
to-N1-N t2—N2-N - ta_N-1 to-No - 0 0O --- 0 . (5.167)
Lt—ll—N tgo-N - cee oo dgN_g 0 --o 0
and TLO:
0 - 0 tymys_Namis_2N R T v
(5.168)
0 o0 -e- tom_1ame1-N - o0 tam_yam
0 -0 ... dN_1 - o

At this point, the coefficients of the solution can be found by any choice of sparse

solvers and the solution is found by plugging the coefficients in equation (5.142).

5.6 Implementation

In this section, details in implementing the Wavelet Galerkin Method with the special

treatment of the boundary conditions will be presented. The implementation of this
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algorithm will be given in the form of pseudocode, which can be applied in any
programming language.
The implementation of the Wavelet Galerkin Method can be applied to the

following generalized differential equation
d? d
P(w)g;; + Q(x)ﬁ + R(z)u = f(z), 0<z <1, (5.169)

with boundary conditions

u(l) = uy,

where the variable coefficients are just polynomials,

{ u(0) = wo, (5.170)

P(:L‘) = Po"r‘_ pixwilv

11

Q(a:) = qot+ qizxi2v

i
R(z) = ro+ ri, T,

i3
and pi,, Gi,, Tis, 01,%2,%3 > 0, are just constant coefficients. The first step in applying
the Wavelet Galerkin Method is choosing N, the order of the Daubechies wavelet. By
the property of Daubechies wavelets associated with equation (2.21) in chapter 2, the
scaling function of order N perfectly interpolates all of the polynomials P(z), Q(z),
and R(z) if

N > 2[max(i1mazs l2mazs t3maz) + 1] -

After making the substitution y = 2™z, where m is the desired resolution, and ex-
panding the solution u, f, and the variable coefficients in terms of wavelets, one

obtains
(y) = Zcuﬁ(y—k), (5.171)
(y) = ;fwﬁ(y—k), (5.172)
Ply) = po+ Z;ZPH Doy —1), (5.173)
( )

y) = q0+1§2q12 oy — 1), (5.174

R(y) = 7‘0+1;Zn3 d(y —1). (5.175)
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Now the application of the Galerkin Method, as outlined in this chapter, yields the

following equations

Z [ PoAZ2, + i; Zﬁil M} Agz_oz,j—l

+ GoAR,+ i MizAgl_oz,‘-z 5.177
=k l;; 24 J ( )

+ robi_k+ ri MPAYS ] = f
0Y; Z;Z l k—1,7-1 7

where 1 — N < j, k,1 < 2™. Because of the Galerkin formulation, the coefficients for
the first two summation have been altered: p;, = 2°™p;, and g, = 2™¢;,. The above
equations reduces to (5.148) with the following parameters p1 = 1,p2 = —1,¢0 =
1,q1 = —2,70 = A. In order to solve for the unknown coefficients c, one needs to set
up the linear system 1'¢ = b, which will represent the Galerkin Equations in (5.177),
where € is a vector containing the unknown coefficients ¢x,1 — N < k < 27, the right
hand side vector b contains the known coefficients of the wavelet expansions of f and
T contains the connection coefficients. The ith component of vectors ¢ and b will be
denoted as ¢; and b;, respectively, 1 — N < ¢ < 2™. The elements of T’ will be denoted
as Tjx, 1 — N < j,k < 2™. For programming languages that do not allow negative
or zero indices, one can always add an offset factor to the indices such that they are
always positive.

Given the wavelet order N and resolution m, the right hand side vector b

can be generated as follows

Jmin =2—N

Jmaz = 2™ — 1

for j = jmins- -+ Jmaz, do
bj = f;

end.

For all test cases studied in this thesis, f(z) is a constant; thus, all coefficients f;

of its wavelet expansion equal the value of the constant. For the case considered in

this chapter, f; = 0 for all 5.
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The next step is to generate the matrix 7. For this step, one needs to to
calculate the two-term and three-term connection coefficients. In all computations
done in this thesis, the required connection coefficients are generated by the software
written by [RLS]. The generation of T can be done by first initializing the compo-
nents Tjx,1 — N < j,k < 2™, to zero and then add the contribution of each term in

the Galerkin Equations in (5.177).

input N,m,i, A% M' o
Cmin = 1 — NjCmaz = 2™
forj=2-N,...,2"—1,do
Emin < max(j +2 — N, ¢min)
Emezr — min(j + N — 2, ¢maz)
for k = kpin, - -+ kmaz, do
limin — k— N +2
limas &— k+ N =2
lamin &7 — N +2
lomaz <3+ N —2
Lmin — max(limin, l2min, 1 — N)
lmaz < Min(limaz, l2mas, 2m)
sum « 0
for I = lin, -+ -, lmaz, do
sum «— sum + M;'Agi’,‘fj_,
end
T — T;x+ o - sum
end

end,

where the index ¢ can be 7y, 7o, or 73. Given 7, the above block of pseudocode only
adds one term of the summation to the matrix T. Therefore, one needs to execute
this code repeatedly for all terms of the summation involving the three-term connec-

. » 0 y . . . .
tion coefficients A%? = A%20 for ¢ = ;, then repeat this for the second summation
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involving the three-term connection coefficients A®*® = A®10 for i = 45, and apply
this again for the last summation with A%H0 = A900 for 4 = ¢3. Also, note that a; is
just P, @, and r; for ¢ =4y, ¢ = i3, and ¢ = i3, respectively. The moment coefficients
M;} can be easily calculated by the formula found in equation (5.144). For this thesis,
the moments are generated by a modified Fortran subroutine moment.f found within
the software written by [RLS]. Also note that the bounds for the indices j, k,[ are
determined by the compact support of the three-term connection coefficients, cmin
and ¢paz, Which are the bounds of the coefficients cx, and the bounds on the moment
coefficients M), 1 — N <[ < 2™,

Next, the two-term connection coefficients can be easily added to the matrix

T with the following block of pseudocode.

input N,m, 1, ag, A", T

Cmin — 1 — N

Cmin — 2™

Jmin &= 2—N

Jmin — 27 — 1

for 7 = Jmins-- -y Jmaz dO
kmin «— max(j +2 — N, cmin)
kmar — min(j + N — 2, ¢maz)
for k = kpin, .- ., kmaz do

Tjg = Tjj + ooy

end

end.

One needs to execute this block of pseudocode for : = ¢; and then ¢ = ;. For
the former case, ag = pp and A*® = A0 and for the latter, ap = §o and A®0 = AL,
The bounds of the indices j and k are determined by the compact support for the
two-term connection coefficients and the coefficients ¢z, 1 — N < k < 2™. For the last

term, ro can be easily added along the diagonal of T'.
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Jmin & 2= N

Jmin & 2™ =1

for J = Jminy -+« Jmaz 4O
Tj = Ty + 1o

end.

Finally, the boundary conditions can be built into the first row (j = 1 — N) and
last row (7 = 2™) of the matrix 7' with the following block of pseudocode.

input N, m, ¢, up,u1,b, T
bi—n = uo; bym = uy
fork=1—-N,...,0,do
Tiong — ¢
end
fork=1-N+2™,...,2", do
Tom k  ¢am_k

end

¢ is a one dimensional array with its indices ranging from 0 to N — 1. Having the
values of the scaling function stored in the array ¢ is more convenient to implement
computationally and should not be confused with the notation ¢x(y) = ¢(y — k) as
introduced in chapter 2. Thus, with ¥ =1 — NV,...,0 the resulting scaling functions
é— are from ¢(N — 1) to ¢(0). Likewise, with k =1 — N +2™,...,2™ the scaling
functions @om_j are again from ¢(N — 1) to ¢(0).

After generating the matrix 7', one has the following linear system
Té =5,

where ¢ contains the unknown coefficients ¢k, 1 — N < k < 2™. At this point, one can
choose any method to solve for the vector ¢ containing the coefficients ¢¢. For this
thesis, the generation of the matrix T and the vector b were written in Fortran and

written to output files. Then, Matlab read in those files and solved for the coefficients
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¢ through the command ¢ = T\b. Once these coefficients are known, then the solution
can be evaluated at the dyadic points z; = 2+,1 Using the substitution y; = 2™z; =1,

the solution at the dyadic points of the domain can be determined by

w = u(y) = Y6 b2~ k), (5.178)

where 0 < 7 < 2™. This can be implemented by the following code fragment.

input N,m,c, ¢
for:=0,...2™, do
sum «— 0
for k=(1—-N+1),...,1,do
SUmM «— Sum + CpG;i_k
end
U; — sum
ouput u;

end.
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CHAPTER 6

Wavelet Galerkin Variations

6.1 Introduction

The goal of this chapter is to develop a numerical scheme that finds the solution of
a one dimensional boundary value problem through its wavelet expansion with the
minimum number of coefficients. Because some of the support of the scaling function
and the connection coefficients does not lie entirely within the domain of the problem,
the matrix representing the differential operator is considered “defective.” In other
words, the set of basis functions is considered incomplete. Many repairs to the matrix
are required in order to minimize this “defect” or to somehow complete this set of
basis functions. A wide range of remedies can be applied to minimize the defect of this
matrix. One possibility is augmenting the matrix with a set of equations involving
the relevant connection coefficients outside of the domain of the problem. This repair
is accomplished by assuming that the solution of the differential equation (DE) meets
certain conditions based on the physical and mathematical properties of the problem.
If this contextual information is not available, then the conditions outside of the
domain should simply be an extension of the boundary conditions. Another set of
equations that does not explicitly define the behavior of the solution outside of the
domain involves only the DE at certain points of the domain near the boundary. A
finite difference approximation of the DE itself can be made at those points. These
sets of equations or conditions yield extra coefficients involving relevant connection
coefficients which will be used to modify the matrix and the corresponding right hand

side vector and thus will minimize the defect of the operator.
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6.2 The Defect

6.2.1 Signs of Defect

The matrix representing the operator associated with a differential equation is de-
fective when the Wavelet Galerkin Method is directly applied to a boundary value
problem with Dirichlet boundary conditions in a finite domain. The defect of the
matrix is the lack of information concerning the differential equation (DE) near the
boundary and hence, the validity and accuracy of the solution may be compromised.

To illustrate this point, consider the following simple problem

0 — o)1 (6.179)

which obviously has the solution u(z) = 1. Applying the Wavelet Galerkin Method

Liu]:=uzz =0, 0<2z <1
u(0) =

with the scaling function of wavelet order N at resolution m, the solution has the

following form

u(z) = u(y(z)) = Therd(y — k), 0<y<2m (6.180)

where the substitution ¥y = 2™z was made. From the compact support condition,
0 <y—%k < N —1, and the domain of the problem, the index set for k¥ can be
determined: k¥ € {1 — N,...2™}. Now after substituting the expansion into the

differential equation and taking inner products with scaling functions ¢(y — j), 7 €

{1 —N,...,2™}, the result is a linear system
Tc=0, (6.181)
where
¢=lci_n, +,cam]T (6.182)

and the matrix elements of the operator T are the two term connection coefficients,
le.,

Tjk:Aj—ka ]7k€ {1—N7a2m} (6183)
Of course, the only nonzero connection coeflicients are the ones with the indices j and

k satisfying the compact support 2 — N < j — k < N — 2. The boundary conditions
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are applied by replacing the first row and the last row of the matrix T by the row

vectors
uw=[ ¢(N—-1) -+ ¢(0) 0 - 0]
w=[ 0 - 0 40 - g(N-1)
Finally, the right hand side b of this linear system in (6.181) with the boundary

(6.184)

conditions modification is as follows
T
b=[1 0 ... 0 1] . (6.185)
However, for the sake of illustration, consider only the matrix T" without the
boundary condition modifications and the right hand side vector as the zero vector.

Thus, the matrix T has the following form

r T

Ao -+ An_g 0O .- 0 0 - - 0
Aoy -+- Ao - An_z O

R VA VAR
|0 e e 0 Agn - Ag

Since the solution of the problem is u(z) = 1, then all coefficients ¢, = 1, k =
{1 = N,...,2™}. Therefore, the sum of all the columns in each row should equal 0.
However, numerical computations indicate that the first N —2 rows and the last N —2
rows are not zero. Therefore, the matrix T and the right hand side must be modified
such that the sum of all the columns for each row equals the corresponding right hand
element in order to arrive closer to the true solution. This action should correct the

defect of the matrix T representing the operator of the differential equation.

6.2.2 Defective Rows

The first question for repairing the defect concerns where to make such repairs. Since
the first N —2 rows and the last N —2 rows in the previous subsection do not sum to

the right hand side, these rows would be the logical area to make such repairs. For
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notation convenience, define the first N — 2 rows as the submatrix Ry and the last
N — 2 rows as R,. Also define Rp as the set of rows that are not included in R; and

R,. With these definitions of the submatrices, the matrix T can be written as follows

T
T=[R Rp R) (6.187)
where ) -
Ao . AN
R, = (6.188)
I A2—N . AO AN—2 0
and i ;
0 A2_N . Ao AN—2
Ry, = (6.189)
Asn Ao
and
Ao An_2
Rp = (6.190)
Ao n An_2

Observe that Rp includes all of the possible connection coefficients. In other words,
each row of Rp is considered to be “perfect” since it has all of the possible nonzero
This

result is based on the compact support condition of the connection coefficients Ag:

connection coefficients; that is, 2N — 3 elements in each row are nonzero.

2— N < k < N—2. Therefore, the corresponding right hand side of the linear system
comprising of R; and R, needs to be modified in order to include the “missing”
connection coefficients.

Since the first and very last rows have N —1 connection coefficients, there are
N — 2 missing connection coefficients for each of these rows. This implies that there
are at most NV — 2 missing coefficients ¢ associated with these missing connection
coefficients. So define the set of indices for these missing coefficients ¢+ for the
{—=2N +3,...,—N} and for the very last row of R, as
Sy ={2™+1,...,2™ + N —2}. These two index sets contain all the possible indices

for the missing associated coefficients, since the first and last rows of the matrix T

first row of R; as S; =
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have the most missing connection coefficients, which belong to the sets S; and Sy,
respectively. Note that the second row and second to the last row of T" are missing
N — 1 connection coefficients with the corresponding missing coefficients cx. Thus,
when progressing down each row of T' starting from the very top row and likewise,
progressing up each row from the very bottom of T, the number of missing connection
coefficients in the following row with their associated coeflicients decreases. Thus, the
upper and lower triangular structure can be deduced for the corresponding matrices
of Sy and S,, and a larger matrix can be constructed to include the matrix 7" and its

missing connection coefficients as seen below:

EiVR |0
0 |Rp!| O (6.191)
0 | Ry | B2
where
AN—l v Al
E] = 9
An_2
Asn
E2 =
Ay - Apn
and

T=[ R\ R R, |~

In total there are 2( N —2) coefficients and 2(N —2) extra equations. However, in order
to maintain the original set of coefficients ¢, k£ € Sp and to account for the impact
of the missing connection coefficients with the extra coefficients ¢y, k' € Sy U Sz, the
coefficients ¢i+ can be expressed in terms of the original set of coefficients ¢;. Thus,
these repairs of the operator are accomplished by modifying the matrix T and the
right hand side vector while preserving the size of the linear system. The choice for

these equations will be discussed in the next section.
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6.3 WGCBC & WGEBC

6.3.1 The Proposed Repair

The proposed repair to the defective operator is based on an assumption of the be-
havior of the solution outside of the domain of the problem. If the behavior of the
solution outside of the domain is known, then the additional conditions take the form
of this behavior. Otherwise, the additional conditions can just be the continuous ex-
tensions of the boundary conditions at the endpoints. This proposed procedure will
be referred to as the Wavelet Galerkin Method with Continuous Boundary Conditions
(WGCBC). At this juncture, the lack of contextual information will be assumed for
the problem. Therefore, the extension of the boundary conditions will be applied, but
the known contextual information can be applied easily under the framework of this
idea. This procedure will be referred to as the Wavelet Galerkin Method with Exact
Boundary Conditions (WGEBE). Thus, for the problem with the constant solution
u(y) = 1, the assumed conditions for the solution u(z) for z < 0 and z > 1 are

required to have the same value of the boundary conditions u(0) = u(1) = 1:

u(z) =u(0), <0 (6.192)
u(x) = u(l), z2>1
or in terms of y
u(y) =u(0), y <0 (6.193)
u(y) = u(l), y=2m.

At this point, recall that the compact support for the scaling function ¢(y —
k)is [1 = N 4+ y,y]- So for y = 0, the compact support is [1 — N, 0], but the scaling
function at 0 and N — 1 is zero, i.e., #(0) = ¢(IN — 1) = 0. Therefore, the associated
coeflicients for ¢(0) and ¢(N —1) in the expansion for the solution do not contribute;
for the case of y = 0, ¢;_ny and ¢o do not have any influence on the expansion.
Likewise, for y = 2™, ¢ym41-n and cym do not contribute to the expansion. Because
of this observation, the continuity of the boundary conditions should be implemented
at the points y < —2 and y > 2™ + 2.

Finally, the continuity of the boundary conditions in (6.193) can be used
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to express the extra coefficients ¢y in terms of the original set of coefficients cx, k €
Sp. Based on the compact support conditions, the “continuity boundary conditions”

(CBC), which involve the extra coefficients, are written explicitly as shown below

-3

u-2) = 3 ad(-2-k

(6.194)
-N
u(l—-N) = k=;NCk¢(1 - N —k)
and -
u(2™ +2) = k=2'Z+:Z—N (2™ +2—k)
(6.195)

2m LN -2
u(2m+N—1) = ;: Ck¢(2m+N—1—k).
k=2""41
The indices included in the summation in each equation are only the ones whose
scaling function are nonzero. In other words, the indices that yield ¢(0) = ¢(N —1) =
0 are omitted in the summation. Notice in the above equations that the solution
u(—2) only involves one extra coefficient c_ny, —N € S;. So this coefficient c_y can

be expressed in terms of the original set of coefficients

= 37(171—_2) lu(—?) _ ki:N ced(—2 — k)] . (6.196)
The next CBC equation u(—3) has only two extra coefficients, c_ny and c_1_n. Thus,
the coefficient c_;_n can be expressed in terms of the original set of coeflicients ¢,
k € Sp, and the coeflicient ¢_y, but c_y has already been expressed in terms of
the original set of coefficients in the above equation. Therefore, c_;_n can then be
expressed exclusively in terms of the original set of coeflicients after substituting the
above equation for c_n. One can continue to apply this procedure for the remaining
CBC equations: solving for the lowest extra coefficient in terms of the other coef-
ficients and recursively substituting the previously determined extra coefficients in
order to obtain expressions involving only the original set of coefficients ¢,. This can

be applied similarly to the second set of CBC in the above equations.
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Once all of the extra coefficients cyr, &' € S; U S; are expressed in terms of
the original set of coefficients cx, k € Sp, then the right hand side and the matrix T
can be modified. The Galerkin equations are derived as
J+N-=-2
Ajkee =0, jE{l1-N,...,2m}. (6.197)
=iFI-N
with the index k including the extra coefficients, i.e., k € S U S, U Sp = {3 —
2N,...,2™ + N — 2}. Now the first step begins by substituting the newly found
expressions of the extra coefficients ¢y, &’ € S; U Sy in terms of the original set
of coefficients cx, k € Sp. Afterwards, the terms involving the same coefficient are
grouped together, which serve as the modified elements of the matrix 7. These
modified elements will, hopefully, minimize the defect of the operator. Then the
remaining terms not involving any coefficients ¢; are moved to the right hand side.

Finally, the coefficients can be determined using a linear solver.

6.3.2 A Simple Example

This subsection illustrates the numerical scheme outlined in subsection 6.3.1 with
wavelet order N = 4 at a resolution m = 2 for the problem mentioned in section 6.2.
After applying the Wavelet Galerkin Method to this problem, matrix T is the array

between the two lines below

Ay A{Ao Ar As
A2l Ay Ao Ay A
A, Ay Ao Ay Ao
A A1 Ao Ay A,
A, A Ao A A
A, A Ao AL AL,
Ay Ay Ao Ay | A,
A, A Ao [ALr A

(6.198)

The connection coefficients outside of the lines on both the left and right sides of the
array above are the missing terms, or the repair needed, for the operator. The sets

of extra coefficients ¢,/ are easily found to be S; = {—5,—4} and S; = {5,6}, while
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the set of the original coefficients is Sp = {—3,...,4}. Now the goal is to express the
coefficients c_s, c_4, Cs, g in terms of the original set of coefficients cx,k € Sp. This

can be done through the following two CBC sets of equations in (6.195):

-2 = c_3P(1) + c_a9(2
’LL(]. —4 = —3) = C_4¢(].) + C_5¢(2)
and
=24 92=26 = c50(1) + cy0(2
u(@™=2+4—-1=T) = ceé(l)+ c59(2).
The extra coefficients ¢, &' € S, can be expressed in terms of cx,k € Sp as seen
here
—  u(=2 #(1)
= 55— i
— u(=3) _ ¢Q1)
=5 T YR T e (6.201)
_ 1(;«3) (1) 8(1)?
= 55~ saru(-2) + fope-s
So the two modified Galerkin equations are
Age_s + Acoy = u( 3)/\2 + u( 2)A1 ¢(1))2u( 2)A2 (6.202)
+ 3((5)17/\2 Al C_s.
Thus, the new modifications to the elements of the matrix T are
T.3-3 = Ao + %)L;Az - J—11\1
(6.203)

Tz = A — S5IA,

Before these modifications, the elements 7_3 _3 and T_; _5 were Ap and A, respec-

tively. Likewise, the right hand side is as follows

by = —HA, - HEHA, 4 S ¢(1) u(—2)A, ;
by = sy (6.204)

74




Likewise for the other side of T, the coefficients ¢s and ¢g can be determined

in terms of the original set of coefficients as

u6) _ ¢(2),

C; =
(1) ~ (1) (6.205)
o = 50— r® S

Thus, the two modified Galerkin equations in terms of the original coefficients, after

making the substitution from above, are

A_2C5 = ﬂQA_ —MA 2C4

Ares +A_pce = %E%A  + ¢7 Ay — £Fku(6) (6.206)

+ [—(—17/\—2 - ¢(1) ]04-

Therefore, the modified matrix elements are

Tsy = Aoy — 2BA_,,

AR (6.207)
— 3(2)
Tsy = Ao + E%T)%A-z - ﬁl\—l
and the corresponding right hand side is
by = —48A_
’ o ) (6.208)
by = —3A, - 3N, + u(6)A.

Finally, the repairs are completed and all the coeflicients are found to be unity, i.e.,
¢ = 1 for all k € Sp. These results can be seen as the first test case problem in the

next chapter.

6.3.3 Implementation

Pseudocode for correcting the defect of the matrix 7' will be presented in this subsec-
tion. First, one needs to perform the Wavelet Galerkin Method with ¢pmin = 3 — 2N
and Cmae = 2™ + N — 2 and to use large enough array T to include all possible
connection coefficients, i.e., the array elements of T are T; ;, where 1 — N <1 < 2™
and 3 — 2N < j < 2™ 4+ N — 2. Then one applies the modifications by using the
pseudocode in this subsection. The choice of ¢pin and ¢pq, accounts for the missing

connection coefficients. These modifications occur in the upper left portion and the
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lower right portion of the matrix T. The pseudocode is divided into two parts: the
first part shows the modifications needed for the upper left portion, while the next
part concerns the lower right.

The procedure for this modification is summarized as follows. First, begin
with the first CBC equation at y = yo. For the upper left portion, yo = —2, while for
the lower right portion 3o = 2™ +2. One evaluates u(y), which is denoted as u, in the
pseudocode. Then one can solve this equation for the lowest (or highest) coefficient
cx. Since the outside coefficient ¢;, 2 < —N (or ¢ > 2™ + 1), can be expressed in
terms of the inside coefficients ¢z, 1 — N < k < 2™, then those factors in front of
¢k, 1 = N < k < 2™, can be stored in a 2-D array éi,j, where ¢ corresponds to the
outside coefficients ¢;, 7 < —N (or ¢ > 2™ + 1), and j corresponds to the inside
coefficients ¢;,1 — N < j < 2™. One continues this same process until the last CBC
equation is reached. For most of these equations, many of the outside coefficients
¢; will be expressed in terms of the inside coefficients and the outside coefficients
cir,i < ¢ (or ¢ > i'). For these cases, just retrieve the appropriate values from CA',-,J-
and simply add them to get ¢; in terms of the inside coeflicients. Finally, one can
make the modifications by plugging the expression of ¢; into the expanded Galerkin
Equations (6.197). The modifications to the right hand side vector b are accomplished
by moving those terms not associated with any of the inside coefficients on the left
hand side of the Galerkin Equations in (6.197) to the right hand side vector b. In
order to see the details of this procedure in a simple example, refer to the example in
subsection 6.3.2.

The first block of pseudocode solves for c_y in terms of ¢x, 1 = N < k < 2.
The second block of code solves ¢;, 3 —2N < i < —N, in terms of the inside coef-
ficients. The last block of code performs the modifications to T and b. Also, note
that the index of the for-loop is understood to be increased by 1, while the symbol |
implies that the index of the for-loop should be decreased by 1.

input N,m,¢,b,T
Yo ¢~ —2

1+ —N
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bi — u_z/dn-s
fork=yo—N+3,....00—1,do
Cin — Cik — buo—i/ N2

end

Yy <= Yo

fort=—-N—-1,...,3—2N,]}, do
ye—y—1

~

bi & uy/PN-2
fork=1—-N,...,y,do
Cin + Cik — by—r/ SN2
end
forl=—-N,...,1+1,],do
forj=1-N,...,-3,do
Cij e Cij— Criby—i/dn-2
end
by — bi — bidy_1/bn_2
end

end

for k=3 —-2N,...,—N, do
forj=1—-N,...,9,do
if2-N<j—k<N-—2then

fori=1—N,...,-3,do
Tji — Tji + TixCh
end
bj — b]' ke Tj,ki)k
endif

end

end
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Here is the code for the lower right portion of T'.

Yo — 2™ +2
i P41
i bi‘—uyo/¢1
| fork=yo+2—-N,...,2™, do
Cip — Cik — byoi/ b1

end

¥y<—Yo
fort=2"4+2,...,2"+ N —2,do
ye—y+1
i)i‘_uy/d)l
fork=y+1—N,...,2", do
Cip — Cise = by-1/ 1
end
for{=2"+1,...,1—1,do
forj=2m"4+4—-N,...,2™ do
Cij + Cij— Cridy—r/$
end
bi ¢ bi — bipy—1/ 1
end

end

fork=2"+1,...,2"+ N —2,do
forj=2"4+1-N,...,2™, do
if2-N<j—k<N-—2then
fori=2m"+4—-N,...,2™, do
T;i & Tji + TjuChi

end
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b — b; — Tjib
endif
end

end

Since the Wavelet Galerkin Method was performed using cpin =3 — 2N and cmer =
2™ + N — 2 to account for the missing connection coeflicients, one must use the sub-
matrix T,, =1T;;1— N <17 <2™, in order to solve for the coefficients ¢, i.e., one

solves for the unknown coefficients in ¢ in this linear system
T¢=b.

Again, for this thesis a program written in Fortran generated the matrix T and the
right hand side vector g, and wrote them to an output file. Afterwards, Matlab was
used to read in the T' and b and solved for the coefficients ¢k, 1 = N <k <2™ With
these coefficients, one can evaluate the solution at the dyadic points z; = 2+n or at the
integers y; = 2™x; = ¢ using the formula in equation (5.178). Again, one can execute

the pseudocode following equation (5.178) in subsection 5.6 to evaluate the solution.

6.4 One-Sided Connection Coefficients (OSC)

6.4.1 Description

Finally, the last idea in including all possible connection coefficients is to associate
all the missing connection coefficients on the left boundary ¢ = 0 with the coefficient
ci—n and on the right boundary ¢ = 1 with the coeflicient ¢c;m. In mathematical

terms, the Galerkin Equations with this modification are

om 1=2—N+j
1; CkAj_k +ci-N _Z; A+ )\Cj = fj, 1-N<j3<-2 (6209)
2m =2m41

crh_p + cpm AM+he; =f;, 2"+3-N<j<2™ (6210
1Z;kgk 2j+;_21 ¢ = f; J ( )

The result of these equations is to include all of the missing connection coefficients,

but these connection coefficients are all associated with the the end coefficients, ¢;_n
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and cym.

6.4.2 Implementation

After one performs the Wavelet Galerkin Method in Chapter 5 with ¢pin = 3—2N and
Cmar = 2™ + N — 2 and with a larger T ,i.e., its components are T} ;, 1 — N < <2™
and 3 — 2N < j <2™ 4+ N — 2, then one can simply execute the following blocks of

pseudocode to add the missing connection coefficients to T'.

input N,m, T
forj=-2,...,1—N, do
forl=(2—-N+j),...,—N, do

Tia-n «— Tja-n+ T,
end

end

forj=2"+3—-N,...,2™ do
forl=2"+1,...,N—2+3do
Tjom  Tjom + Tj,
end

end.

Before one can find the unknown coefficients, one needs to take a submatrix of T,

which is T} ; = Ti;,1 — N <1,j < 2™.

for 1 = N <1,5 <2™, do

Tij — Ti;

end.

Since the Wavelet Galerkin Method was performed using cpin = 3 — 2N and ¢por =

2™ + N — 2 to account for the missing connection coeflicients, one must use the sub-
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matrix sz =T;;,1— N <i,5 <2™ in order to solve for the coefficients ¢, i.e., one

solves for the unknown coefficients ¢ in the following linear system
T =15,

Again, for this thesis a program written in Fortran generated the matrix T and the
right hand side vector b, and wrote them to an output file. Afterwards, Matlab was
used to read in the T and b and solved for the coefficients cx, 1 — N < k < 2™. With

these coefficients, one can evaluate the solution at the dyadic points z; = 55 or at the

integers y; = 2™z; = ¢ using the formula in equation (5.178). Again, one can execute

the pseudocode following equation (5.178) in subsection 5.6 to evaluate the solution.
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CHAPTER 7

Results

This chapter presents the results obtained after implementing the Wavelet
Galerkin Methods, with various remedies for the defective differential operator, to a
series of test case problems. The test case problems include Laplace, Helmholtz and
Legendre Equations with Dirichlet Boundary Conditions. All methods are applied for
selected choices of Daubechies wavelet orders over a wide range of resolutions. The
object of this chapter is to identify the numerical schemes that are convergent and
consistent by looking at the inf norm of the error, which is defined as

| err(z) ||co= Iax err(z) = Inax lu(z) — a(z)| (7.211)
where u(z) is the actual solution and #(z) is the computed solution via the various
modified Wavelet Galerkin methods. In addition, by using this norm, the location
of the errors in various methods can be readily identified. The hope is that from all
the schemes being tested here, at least one scheme will emerge as a general method
in solving differential equations (DEs). This means that its maximum error would
converge to zero as the resolution increases. In addition, the limitations of some of
these schemes will be exposed and if possible, explained. All two-term and three-term

connection coeflicients are calculated by the software created in the work [RLS].

7.1 Methods

For all test cases, the unmodified Wavelet Galerkin (WG) Method, the Wavelet
Galerkin Method with Continuous Boundary Conditions (WGCBC) found in 6.3 and
the Wavelet Galerkin Method with Exact Boundary Conditions (WGEBC) are ap-
plied. The One Sided Connection Coefficient Method (OSC) found in 6.4 is also
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applied to most of the test cases. The WG method is included for all cases to illus-
trate how the lack of information, i.e., the missing connection coefficients, can affect
the solution and how well the other methods perform with the inclusion of those

missing connection coeflicients.

7.2 Test Case 1

The first test case involves Laplace’s Equation

L) = 2% = 00<z<l (7.212)
u(0) = u(l)=1
with the obvious solution as u(z) = 1. With such a simple solution, this test problem
can be used to eliminate any method that cannot immediately pinpoint the solution.
In other words, if a method cannot easily find this trivial solution, then how can it
be expected to find the solution of a more complex differential equation. Also, this
problem may reveal and explain the flaws of some of these methods.

Now, after implementing the Wavelet Galerkin Methods of the previous two
chapters for wavelet orders of 6, 8 and 10 between the resolutions of 2 and 10, the
graphs of actual solutions and the inf norms of errors are shown in figure (7.1) for
each of the wavelet orders just mentioned.

Notice that the maximum error is approximately the same for all three orders
of the WG Method. This means that the increase of resolution did not really change
the error. In fact, for the resolutions m = 5 and m = 10, the errors seem to occur
near the boundary (see figure (7.2)).

The methods that work well are OSC and WGCBC/EBC. Note that WGCBC
and WGEBC are the same method in this case, since the CBC assumes the extra
boundary conditions of @(z) = 1 and the EBC implements the correct boundary con-
ditions outside the domain to be 1 also. Both OSC and WGCBC (or WGEBC) are
able to pinpoint the solution exactly for all resolutions except for the highest ones,
where the maximum errors are roughly 10~7 to 10~® in magnitude. The coefficients

of the wavelet expansion are all equal to 1, since the motivation for OSC is to include
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Test Case #1 Max Error for N=6
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Figure 7.1: Actual solution of test case 1 (upper left) and its maximum errors of
computed solutions for N = 6 (upper right), N = 8 (lower left) and N = 10 (lower
right) versus resolution m. Note that the upper and lower right graphs show the
maximum errors increasing from 9 < m < 10 for both OSC and WGCBC.

emor(x) for N=8,m=5 error(x) forN=8,m=9
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Figure 7.2: Error of computed solution via the WG method for N = 8,m =5 (left)
and N = 10,m = 9 (right). Note here that the horizontal axis represents the index ¢
such that 24,,1 are the points of the domain of the problem.
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Test Case #2 Max Error forN =6
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Figure 7.3: Actual solution of test case 2 (upper left) and its maximum errors of
computed solutions for N = 6 (upper right), N = 8 (lower left) and N = 10 (lower

right) versus resolution m.

all connection coefficients in the linear system, which means that all the rows must

sum to zero, as mentioned in section 6.2.

7.3 Test Case 2

The following DE is Poisson’s Equation with Dirichlet boundary conditions

-327’2‘ =2, O<zxl
u(0) =0 (7.213)
u(l) = 1.

This problem is one step higher in difficulty as compared to the previous test case.
Again, after implementing the various methods, the graphs of the actual solution and

the results for N =6, 8 and 10 can be seen in figure (7.3). As expected, the WG
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method is one of the methods that performs the worst, due to the lack of some of
the connection coefficients. Its maximum error is the same order of magnitude for
all N. Likewise, WGCBC performs just as poorly as WG. However, the error of this
method can be traced back to the assumptions made outside the domain: on the left
boundary the solution behaves like u(z) = 0 for all z < 0, while on the right it behaves
as u(z) =1 for all z > 1. The maximum error occurs near the boundary = = 1, but
the errors occurring near the boundary z = 0 are not the same in magnitude as
seen for N = 6,m = 8 in figure (7.4). Note that WGCBC is equivalent to assuming
that the derivative at the boundary point and beyond the point is zero: taking the
derivatives of a constant is obviously zero. The derivative of the actual solution,
u(z) = 22, is obviously 2z, however, and evaluated at the left boundary point it is
zero. However, the derivative at the right boundary point is nonzero, more specifically
2z # 0 for all z > 1. Thus, the computed solution @(z) wants to behave as 2* in the
interior, but as a constant equal to 1 outside of the domain. How can this computed
solution #(z) meet both requirements? In other words, how can it behave like a
monotonically increasing function like 22 and “make a hard straight right” at the
boundary z = 1?7 The computed solution is able to satisfy both prescribed behaviors
by wiggling when it nears the boundary, as seen in figure (7.5). This phenomenon is
known as the Gibbs phenomenon. Thus, one can say that WGCBC performance is
dependent on the assumptions of behavior of the solution outside of the domain. In
this case, poor assumptions lead to poor performance.

The OSC method also does not match its performance from the previous
test case. For this case, the method’s performance is first order convergence: it does
converge, but slowly. The flaw of this method is its inclusion of missing connection
coefficients in the first and last column of the matrix representing the DE operator.

Finally, the best performance is achieved by the WGEBC method for all
wavelet orders considered here. Unlike the WGCBC where the assumption is just a
constant function, the WGEBC already knows the behavior outside to be like z? and
thus sets the boundary conditions outside the domain evaluated as z2. Even though
the maximum error increases as m increases after m = 3 (or m = 4), they remain less

than 1077, which is very acceptable.
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Figure 7.4: Error of computed solution via WGCBC with N = 6,m = 8 for test case
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Figure 7.5: The actual solution and computed solution via WGCBC with

N = 6,m = 8 for test case 2 near the boundary = = 1.
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7.4 Test Case 3

This time, the DE is the Helmholtz Equation with Dirichlet boundary conditions

Py pdu=0, 0<z<1
u(l) = -1

where A = 72 and the actual solution is u(z) = cos(wz). Again, the results after
implementing the four methods can be seen in figure (7.6). In this case, the WG
method actually performs worse as the resolution increases. For the OSC method,
it converges slowly and behaves the same for all wavelet orders considered in this
chapter. Considering the performance of OSC for the test case problems considered,
it turns out that this is not a very viable option in solving DEs. Therefore, the OSC
method will not be considered any further here. Surprisingly, the WGCBC performs
much better than in the previous test case.

This time the Gibbs phenomenon does not occur, since the derivative of the
actual solution is —7 sin(rz) which equals zero at the boundaries. Thus, in this case
WGCBC assumptions about the behavior are along the lines of the actual solution.
For the best performer, WGEBC has to do some work in order for its maximum
error to be less than 107%. As expected, the order of the wavelet influences the
convergence. The higher the order, the faster the computed solution converges as the
resolution increases (see figure 7.7). In fact, these cases demonstrate second order
convergence. However, there is a drawback in using this method. As the resolution
increases initially, the error decreases, but after a certain point, e.g., at m = 4 for
N = 10, the error begins to increase. The cause of this error growth is due to the
growth of condition number of the matrix as resolution increases. As seen in figure
7.7, the point where the error begins to increase is dependent on the order of wavelet

being used in this method.
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Test Case #3

0.5 1

Max Error for N =8

6 8 10

Max Error for N =6

2 4 6 8 10

Figure 7.6: Actual solution of test case 3 (upper left) and its maximum errors of

computed solutions for N = 6 (upper right), N = 8 (lower left) and N = 10 (lower

right) versus resolut

ion m.

Maximum Error for N = 6,8,10

Figure 7.7: Maximum error of the computed solutions via WGEBC for N = 6,8,10

versus resolution m.
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7.5 Test Case 4

Finally, the most difficult case is Legendre’s Equation, which involves variable coeffi-
cients,
(1-2 )j—-—Z:cZ—’;—i—/\u:O, 0<z<l
1) (7.215)
1) =

where n = 5 implies A = n{(n — 1) = 20. This problem can be transformed to fit the

<

(=
(

u

domain of the DE in [0, 1], which can be seen in chapter 5 with the solution
u(z) = 252¢° — 630z* + 5602° — 2102” + 30z — 1.

Because this solution has five roots, it has some oscillations as seen in figure (7.8).
After implementing the methods WG, WGCBC, and WGEBC, the results can also
be seen in figure (7.8).

For the WG method the maximum error seems to be erratic, but is always
greater than 10~!. WGCBC does not do any better than WG at lower resolutions,
but shows slow convergence as the resolution increases. Again, the assumption of the
solution’s behavior as a constant is the cause of the poor performance. Finally, as
expected, WGEBC performs exceptionally well compared to the other two methods.
Because of the oscillations of the actual solution, WGEBC has to have enough sampled
points, or high resolution, in order to capture the behavior of the actual solution. Also,
its convergence is dependent on the order of the wavelet. With higher order of N,
the convergence is faster. The maximum error reduces in magnitude to 107° after
m>9for N=6,m > T7for N =28, and m > 5 for N = 10. However, for the
case of N = 10, the maximum error shows some oscillations for m > 6, which may
be explained from the fact that the condition number of the linear system becomes

larger as the resolution increases, especially for large m.
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Test Case #4 Max Error forN=6

0 : 5 WGEBC 0 i ; WGEBC

10 . : : 10
2 4 6 8 10 2 4 6 8 10

Figure 7.8: Actual solution of test case 4 (upper left) and its maximum errors of
computed solutions for N = 6 (upper right), N = 8 (lower left) and N = 10 (lower

right) versus resolution m.
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CHAPTER 8

Conclusion

Among all the methods considered in the previous chapter, the only viable
choice is the WGEBC method. However, this choice requires the knowledge of the
behavior of the solution outside the domain of the problem. The other related method
WGCBC does converge as the resolution increases, but only because the points with
the prescribed behavior of the solution outside of the domain become closer and closer
to the boundary points. This method seems to do well only if the derivative is zero at
the boundary points. Thus, the only way to use wavelets where their compact support
does not extend beyond the boundaries of the problem is to modify the wavelets in
such a way that they remain within the domain. Then, assumptions on behavior of
the solution outside of the domain are not necessary and wavelets can be applied to a
broad range of problems. Situations where the method WGEBC can be implemented

are the exception rather than the rule.
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Appendix A

Wavelet Orders

Below are the table for the filter coefficients and the graphs (see figures (1.1)
and (1.2)) of the Daubechies scaling functions and the wavelets of order N = 6 and
N =8.

Filter Coeflicients for N =6 Filter Coefficients for N = 8

ha

gn

ha

gn

0.47046721E4-00
0.11411169E401
0.65036500E+-00
-0.19093442E+00
-0.12083221E4-00
0.49817500E-01

0.49817500E-01

0.12083221E4-00
-0.19093442E+00
-0.65036500E+4-00
-0.65036500E+-00
-0.47046721E+00

0.32580343E+00
0.10109457E4-01
0.89220014E4-00
-0.39575026 E-01
-0.26450717E4-00
0.43616300E-01
0.46503601E-01
-0.14986989E-01

-0.14986989E-01
-0.46503601E-01
0.43616300E-01
0.26450717E+00
-0.39575026 E-01
-0.89220014E4-00
0.10109457E4-01
-0.32580343E4-00
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Figure 1.1: (A) Scaling function ¢(z) and (B) wavelet ¥(z) for N = 6.
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Figure 1.2: (A) Scaling function ¢(z) and (B) wavelet ¢(z) for N = 8.
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l Below are the table for the filter coefficients and the graphs (see figures (1.3)

‘ and (1.4)) of the Daubechies scaling functions and the wavelets of order N =10 and
N =12.

Filter Coefficients for N = 10 Filter Coefficients for N =12

hn

gn

ha

gn

0.22641898E+00
0.85394354E4-00
0.10243269E+4-01
0.19576696E+-00
-0.34265672E4-00
-0.45601132E-01
0.10970266E+-00
-0.88268001E-02
-0.17791870E-01
0.47174279E-02

0.47174279E-02
0.17791870E-01
-0.88268001E-02
-0.10970266E4-00
-0.45601132E-01
0.34265672E+00
0.19576696 E+00
-0.10243269E4-01
0.85394354E+00
-0.22641898E+00

0.15774243E+-00
0.69950381E+-00
0.10622638E+01
0.44583132E+00
-0.31998660E4-00
-0.18351806E+00
0.13788809E+00
0.38923210E-01
-0.44663748E-01
0.78325115E-03
0.67560624E-02
-0.15235338E-02

-0.15235338E-02
-0.67560624E-02
0.78325115E-03
0.44663748E-01
0.38923210E-01
-0.13788809E4-00
-0.18351806E+-00
0.31998660E4-00
0.44583132E4-00
-0.10622638E+01
0.69950381E4-00
-0.15774243E+00
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Figure 1.4: (A) Scaling function ¢(z) and (B) wavelet ¢(2) for N = 12.
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