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Abstract

In this paper, we explore some properties of inverse limit sequences on sub-
spaces of Euclidean n-space. We address some well-known examples, in par-
ticular the example by David Bellamy of the “tree-like” continuum that does
not have the fixed-point property. We highlight some spaces with the fixed-
point property that are between snake-like continua and Bellamy’s example
in their level of complexity. Specifically, we prove the fixed-point property for
inverse limits of limit sequences on the unit interval and on the n-ad (in two
configurations), and for inverse limits that can be mapped via a continuous
function with small point pre-images to a generalized relative of the n-ad,
which we call the (m, n)-ad. We conclude with a sufficient condition on a
tree-like space for the space to have the fixed-point property.
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1 Introduction

In this paper, we explore some properties of inverse limit sequences on sub-
spaces of R™. We address some well-known examples, in particular the ex-
ample by David Bellamy of the “tree-like” continuum that does not have
the fixed-point property. We focus on the middle ground between Bellamy’s
example and snake-like continua, highlighting some spaces in this middle
ground that also have the fixed-point property. The discussion of these spaces
provides an estimation for the break point at which the fixed-point property
no longer holds for certain spaces. We prove that inverse limit spaces of in-
verse limit sequences on the unit interval and inverse limit spaces of inverse
limit sequences on the n-ad have the fixed-point property. We generalize this
latter result to the case where each space in the inverse sequence is a different
n-ad, with the number of arms increasing as the index does. We continue our
exploration with inverse limits that can be mapped via a continuous func-
tion with small point pre-images to a union of two n-ads that intersect in
precisely one arm; we call these relatives of the n-ad (m,n)-ads. We conclude
the paper with a theorem that provides a sufficient condition on a tree-like
space to ensure it has the fixed-point property.

Any discussion of the fixed-point property would be incomplete without some
mention of the Brouwer Fixed-Point Theorem regarding the n-cell; one ob-
vious consequence of this theorem is that any retract of an n-cell has the
fixed-point property. Furthermore, since any finite tree can be imbedded in
the plane such that each edge is a line segment, it is a retract of the disk and
hence also has the fixed-point property. In the context of this fact, Bellamy’s
example highlights one subtle difference between trees and spaces that are
tree-like: tree-like spaces share the property of one-dimensionality with trees,
but Bellamy has demonstrated a case in which the fixed-point property does
not carry over from trees to tree-like spaces. In contrast to his example,
we identify and discuss three examples of tree-like spaces that do have the
fixed-point property.

We will use Munkres’ text as a standard reference for several basic results
without citation.



2 Notation and Definitions

We will use the symbol Z, to denote the positive integers. We will denote the
countable product of the space X with itself, in the product topology, by X“.
Ordered tuples will be contained in angle brackets rather than parentheses
to avoid confusion with intervals, e.g. (a,b) and (zg, z,...).

Definition 2.1. Let X3, X5, ... be a countable collection of spaces, and sup-
pose that for each n € Z, such that n > 2 there is a continuous function
fn @ Xoy — Xn-1. The sequence of spaces and functions {X,, f,} is called
an inverse limit sequence. We will omit the index on the space when all
spaces in the sequence are the same.

Definition 2.2. The inverse limit space of the sequence {X,, f,,} is the
subspace L of [] X,, given by

n>0

L={(xy,...): 2, € Xpand x,, = fry1(zpy1) foralln > 1} .

We will denote this space by im{ X, f,.}.

Definition 2.3. A space X is said to have the fixed point property if
every continuous function f: X — X has a fixed point.

Since we will be working mostly with metric spaces, we specify several met-
rics, the notation for e-neighborhoods, and some related measures of distance
below. We also specify that all €’s, §’s, and other small positive quantities
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in the paper are assumed to be less than 5

Metrics: We denote the standard Euclidean metric on R by d and its
bounded version by d. We denote the standard Euclidean metric on R"
by d,, and its bounded version by d,. We will use D for the metric on the



product [0,1]* and D* for the metric on the product B¥, where B = R".
More specifically,

Dts5) - {252} s (7)< mp L5280}

?

In instances in which D* is used, it should be clear from context which value
of n is intended.

Neighborhoods: We will denote the e-neighborhood (or e-ball) about the
point = under the metric p by B,(x,¢); in cases where the metric is clear, we

will omit it. Similarly, we will denote the e-neighborhood of the set Y under
the metric p by B,(Y,e) = U B,(y,¢).
yey

Definition 2.4. Given a metric space (X, p), the diameter of a subset A
of X is defined to be: diam(A) = sup{p(a1,as) : a1,ay € A}.

Definition 2.5. Given a metric space (X, p), the distance D between two
subsets A and B of X is defined to be: D(A, B) = inf {p(a,b) :a € A, b€ B}.

Definition 2.6. The mesh of an open cover % of the space X is the number
w = sup{diam(U,) : U, € % }.

We now provide formal definitions for some of the spaces and characteristics
that are the focus of this paper:

Definition 2.7. The n-ad is defined formally as the wedge of n unit intervals.
We will view it as the following subspace of R2, using polar coordinates:

o
Tn:{@“,@)GRQ:rG[O,I] and@zﬂ,forsomeizl, 2,...,n}.
n

iy

In several results below, we will use 6; to denote the angle 27 in an n-ad.

The value of n should be clear from context because it is simply the number
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of arms of the n-ad in question. If it is necessary to specify this value, we
will do so by noting the bounds on the values of 7, the upper bound of which
will be the value of n.

Remark 2.8. We will use the following notation for interval-like subsets
of the arms of the n-ad: ((a,b),0) := {(z,0) € T,, : © € (a,b)}. The sets
([a,b],0), (Ja,b),0), and ((a,b], ) are defined similarly in the obvious way.

Note. In reference to T, we will use A4; to denote the i*" arm of the n-ad,
i.e., A; = ([0,1],6;). The notation A4; will also denote the i*" arm of a similar
space in another context; see the note after Definition 2.9.

Definition 2.9. For m, n € Z,, the (m,n)-ad S,,, is the union of the
(m + 1)-ad and the (n 4 1)-ad such that their intersection is precisely one
shared arm. In order to view this space in the plane, we express it as a
bicentered tree with center vertices b and ¢ such that b and ¢ share an edge
and m other edges emanate from b and n other edges emanate from c¢. We
imbed this tree in the plane as follows: b is the origin (0,0), ¢ is the point
(1,0), and the non-shared edges emanating from them are confined to the half
disks {(z,y) e R? : 2? +y? < land z < 0} and {(z,y) € R? : (x —1)*+¢* <
1 and z > 1}, respectively, and spaced evenly within them. See Figure 1.

Note. In reference to the (m,n)-ad, we will use A; to denote the i** arm of
S, following the convention that Ay is the shared arm, A, ..., A4,, are the
arms emanating from (0,0), and A,,41,..., Anin are the arms emanating
from (1,0). It is important to note that these arms are closed sets homeo-
morphic to [0, 1].

Definition 2.10. A space X is called tree-like if and only if, given ¢ > 0,
there exists a map f : X — T. for some tree T. such that diam (f~*(t)) < e
for all t € T.



m total arms

(0, 07 (1, 0) n total arms

Figure 1: Imbedding of the (m, n)-ad in the plane.



3 Preliminary Lemmas

Lemma 3.1. Suppose that each space X, in the inverse limit sequence { X, fu}
15 a compact Hausdorff space. Then the limit space liiﬂ{Xm fn} is not empty.

We refer the reader to [3], p. 92, for a proof of this lemma.

Example 3.2. If the compactness condition does not hold, it is possible that

the limit space is empty. We construct such an example: For each n € Z,,
let X,, = (0,1); for each n > 2, let f,, : X,,y1 — X, be given by f,(v) = %.
We note that f,, is a homeomorphism of (0,1) with (0, 7%), so that points in
L = li;n{Xn7 fn} are completely determined by any single coordinate. Now
suppose that rg > ¢ > 0 is the first coordinate of an element of L, for some
a,b € Z, with a < b. Then we have that z, > “T”' for all n € Z,. But we
also have that 0 < z,, < 1 for all n € Z,, which implies that n! < b for all

n € Z., contradiction. Therefore L = &. ]

Lemma 3.3. Let B = lim{X,,, f.}, where (Xy, pn) is a compact metric space.
For eachn € Z, let m, : B — X denote projection onto the n'" coordinate.
For each n € Z., diam(m, ! (z,)) < 5 < <, for all z,, € X.

— n+l
Proof. Fix n € Z., . By definition of inverse limit, the values x1,..., %, 1,2,
are fixed for all x = (x1,...,2,,...) € m, Y(x,). Thus, if x,y € 7, (z,),

then, if p,, denotes the bounded version of the metric p,,

= Pn(i, yi) Lo 1
D = —= 5> < -1 > 1= .
(x,y) sup{ - }_sup{i i>n+ } ]

1

Hence, for all n € Z, , diam(m, (z,)) < Pl

<%f0rallxn€X. O

Lemma 3.4. Let B = lim{X,, f.}, where X,, is a compact subspace of R,
for some k € Z. Then B is metrizable and compact.



Proof. We consider B as a subspace of [ [ X,,; B is therefore metrizable (in the
product topology). Let x be a limit point of B. Since [[ X,, is metrizable,
there is a sequence of points by in B converging to x. Since sequences in
product spaces are coordinate-wise convergent in the product topology, the
sequence 7, (by), m,(bs), ... converges to m,(x) for all n € Z,. But then, for
each n > 2, we must have that f,,_1(m,(bg)) = m,_1(bg) converges to m,_1(x);
hence, by uniqueness of limits in Hausdorff spaces, f,—1(m,(x)) = m,—1(x)
for each n > 2. But then x is an element of the inverse limit space B by
definition. Thus B is closed in [] X,,, which is compact by the Tychonoff
Theorem; B is therefore compact. O

Lemma 3.5. For alln € Z, let X,, be a compact, connected metric space.
The inverse limit space L = lim{X,,, f,} is connected.

Proof. Suppose that there exists a separation B U C' of L; note that both
B and C' are both open and closed in L. Let m, : L — X, be projection
onto the n'*coordinate. Since projection maps are open, the sets ,(B) and
7, (C) are open in 7,(L), for all n € Z,. Furthermore, since B and C' are
closed in the compact space L, they are compact; thus their images under the
continuous function 7, are compact; since X,, is Hausdorff, the sets m,(B)
and m,(C) are closed in X,,, for all n € Z.

Claim: D(B,C) = inf {D(b,c) :be B, ce C} > 0.

Proof of Claim: Suppose ]5(B,C’) = 0. Then zero is a limit point of
the subset {D(b,c):b € B, c € C} of R, so there exists a sequence
{D(b,,c,)} of points of this subset converging to zero (since R is
metrizable). Now consider the sequence {(b,,c,)} in B x C : since
B x C'is a closed subset of the compact, metrizable space L x L,
B x C'is compact metric, so it is sequentially compact and limit point
compact. Thus the sequence {(b,,c,)} has a convergent subsequence
{(by,,cn, )}, which has a limit point (b, ¢) by limit point compactness.
Then, since the metric D is continuous and (b, ,c,, ) — (b,c), we
have D(b,, ,c,,) — D(b,c) by continuity of D. Since D(b,,c,) — 0,
the subsequence {D(b,,,c,,)} also converges to zero, and therefore



D(b,c) = 0. Then b = ¢ since D is a metric, and thus BN C # &,
contradiction. Hence D(B, C) > 0.

Now let e = D(B, C) and choose m € Z, such that L<e

Claim: m,(B) N7, (C) = @, for all n > m.

Proof of Claim: Let z,, € m,(C). Recall that diam(m, *(z,)) < <, and let
c € CNm, (xy,); then, for all a € 7, !(z,), D(a,c) < £, s0a ¢ B
since D(B, C) > L > L Thus z, ¢ m,(B), so m,(B) and m,(C) do not

intersect.

As demonstrated above, m,(B) and 7,,(C) are both open and closed in
mm(L); since they are disjoint, they separate m,,(B U C); but

Tm(BUC) = mm(L) = Xoy O frn(Xint1) N i1 (fon(Kmg2)) O - -

by the definition of inverse limit system {X,, f,}. Since (by hypothesis) all
the sets X,, are compact and connected for all n € Z, and all of the functions
fn are continuous, we have expressed m,,(B U C') as the intersection of a
nested sequence of compact connected sets; it is thus compact and connected,
contradicting the existence of the separation m,,(B) U 7, (C) = 7, (B U C).
Hence the limit space L is connected. O

Lemma 3.6. Let (X, p) be a compact metric space, and let Y be a Hausdorff
space; let € > 0; let f : X — Y be a continuous function and suppose that
diam(f~'(y)) < € for all y € Y. Then there exists an open cover % of Y
such that diam(f~1(U)) < e for allU € U .

Proof. Let yo € Y and consider the set f~'(yo). Since diam(f'(y)) < €
by hypothesis, there exists some § > 0 such that diam(f!(yy)) + 0 = e.
Now consider the neighborhood V,, = B,(f~'(y0),2) of f~'(yo); then Vj,
has diameter less than €. Note that V}, is open, so X — V,, is closed and
hence compact in X. Then f(X —V,,) is compact in Y and therefore closed,
so Uy, =Y — f(X —V,) is open in Y. Note that, since f~*(yo) C Vj,,
(X = V) N fHyo) = @, and thus yo & f(X — V), so yo € U,,. Note also

that Wy, = f1(Uy,) € (X = FH(F(X = V) © (X = (X = V},)) = V.
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so Wy, C V,; hence W, is a neighborhood of f~!(y,) with diameter less

than . Obtain in this manner a set U, for each y € Y and define a cover
% ={U,|ly € Y}, then % is the desired open cover of Y. O

Corollary 3.7. Suppose, in addition to the hypotheses of Lemma 3.6, that
Y is compact. Then there exists a 6 > 0 such that if V" is an open cover of Y
with diam(V,) < § for all V,, € ¥, then diam(f~1(V,)) <& for all V, € V.

Proof. Let % be the open cover of Y given by Lemma 3.6. Since Y is
compact, the cover % has a Lebesgue number § > 0. Hence any open cover
¥ of Y with mesh less than ¢ is a refinement of % and thus, for all V,, € 7,
YV, c f7YU) for some U € % and hence diam(f~!(V,)) < ¢ for all
Voev. ]

Lemma 3.8. Let (X, p) be a compact metric space; fix k € Z. If for each
e > 0 there exists a Hausdorff space Y. of dimension k and a continuous
function f : X — Y. with diam(f~'(y)) < ¢ for all y € Y., then X is also
finite-dimensional with dimension at most k.

Proof. Let (X, p) be a compact metric space and suppose that for some
k € Z,; and for each ¢ > 0 there exists a Hausdorft space Y. of dimension
k and a continuous function f : X — Y. with diam(f~!(y)) < e for all
y € Y.. Let &/ be an open cover of X. Since X is compact, &/ has a
Lebesgue number 6 > 0. We will now consider the space Ys and the function
f: X — Y5 we have that diam(f~1(y)) < ¢ for all y € Y5. We have therefore
satisfied the hypotheses of Lemma 3.6, so there exists a cover % of Y such
that diam(f~}(U)) < ¢ for all U € % . Now, since Yj is k-dimensional, we
can refine % to an open cover ¥ = {V,},es of Y5 of order k + 1. Now, for
each a € J, let W, = f~1(V,); let # = {W,}acs. Note that, since ¥ refines
U , diam(W,) < ¢ for all «, so # is a refinement of &/. Now we note that,
since Vo NV =0 = W,NWs =, # has order at most k + 1. Hence
X has dimension at most k. 0



Corollary 3.9. The following inverse limit spaces are one-dimensional:

1. A= 1im{[0,1], f.}, where for each n > 2, f, : [0,1] — [0, 1] is continu-
ous.

2. L =1im{T,, f.}, where T, is the r-ad, and, for eachn > 2, f, : T, — T,
18 Continuous.

8. A = lim{T,, f.}, where for each n € Z, T, is the n-ad and f, 41
Thi1 — 15, is continuous.

4. Any inverse limit space X of a sequence of compact, connected metric
spaces such that for each 6 > 0, there exists a continuous function
f:X — Sy, mapping X to an (m,n)-ad such that diam(f~'(s)) < 4
for all s € Sy, .

Proof. Given € > 0, choose n € Z, such that % < €. Then, by Lemma 3.3,
the projection maps m, : A — [0,1], 7, : L — T, and m, : A — T, satisfy
Lemma 3.8, with each limit space being mapped to a one-dimensional space;
the space X of item 4 also clearly satisfies Lemma 3.8. We apply it to see
that these limit spaces have dimension at most one. Furthermore, by Lemma
3.5, all of these limit spaces are connected, so they have dimension greater
than zero. Therefore they have dimension exactly one. O]

Lemma 3.10. If g : M — M is a continuous function from a compact
metric space (M, p) to itself with no fized points, then there exists a § > 0
such that p(x,g(x)) > § for all x € M.

Proof. Suppose that for all § > 0, there exists an © € M such that p(z, g(z)) <
6. Choose, for each n € Z,, some z,, € M such that p(z,, g(z,)) < L. Then,
since p is a continuous function and the sequence {1} converges (to 0), the
sequence of points {(x,,g(x,))} in M x M has a convergent subsequence
converging to some (z,y) € M x M, and thus p(x,y) = 0, so x = y. Now, by
continuity of g, and since x,, — x, we have g(x,) — g(z); but g(z,) — y =z,
so g(x) = x,i.e. g has a fixed point, contradiction. Hence there exists a 6 > 0
such that p(z, g(x)) > ¢ for all x € M. O
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Definition 3.11. Given a space X, a chain cover of X is an open cover
% of X of order 2 that may be simply ordered in such a way that a set
U, € 7% has nonempty intersection precisely with its immediate predecessor
or immediate successor, or both if they both exist.

Lemma 3.12. Let ¢ > 0 and let f : A — [0,1] be a continuous function
defined on a compact, connected metric space A such that diam(f~!(z)) < ¢
for all x € [0,1]. Then A has a chain cover % such that diam(U,) < ¢ for
alU, € %.

Proof. Let € > 0. By Corollary 3.7, there exists a 6 > 0 such that any open
cover of [0, 1] with mesh less than J has the property that the inverse image
under f of each set in the cover has diameter less than €. Now let m € Z,
such that - < 6. Then we define an open cover & = {By, ..., By} of [0,1]
with mesh less than 9:

Set By = [O,ﬁ),BQm = (231%,1], and for all 7 with 1 < i < 2m — 1,

Bi = (5759 5m57 T 37)- Note that % is a chain cover of [0,1] and that

diam(B;) < ﬁ < % forall i = 0,1,...,2m, so & has mesh u < % < 4, S0
diam(f~1(B;)) <eforalli=0,1,...,2m.

Let J = {i € {0,...,2m} : B;N f(A) # @}. Note that, since f(A) is
connected, if i—1,i+1 € J, then i € J, since otherwise (ByU---UB;_1)Nf(A)
and (Bj11 U---UB,,) N f(A) would form a separation of f(A). Thus J is
a set of k consecutive integers, for some k& < 2m + 1. Let j = min(J), and

deﬁne, for 0 S 1 S ]{?7 Uz = f_l(BH_j). Let % = {U(), ceey Uk}
Claim: 7 is the desired chain cover.
Proof of Claim: By definition of %, diam(U;) = diam(B;;;) < ¢ for each
i. Also, % clearly covers A, since % = {f~(B;) : B;N f(A) # &}.
Furthermore, since 4 is an open cover and f is continuous, % is an

open cover.
Now we need to show that, for all 0 < i, h < k with i # h, UNU, # @
if and only if ¢ = h+1. First, we show that i # h+1 — U;NU, = @.
Let i # h, i =i+ j and k' = h+ j. Note that if f(U; NU,) = &, then
U; NU, = @, and that, by construction of %,

fU:0Uy) € f(U:) N f(Un) = f(A) O (Bi 0 By).

11



Recall that, since & is a chain cover, By N By # & if and only if
i" = h' £ 1. Clearly, if By N By = @, then f(A) N (By N By) = & also.
Conversely, if By N By, # @, and f(A) N By # @ and f(A) N By # 9,
then f(A) N By N By # @ by connectedness of f(A): otherwise we
would have points x € f(A) N By, y € f(A) N By, and z € By N By
such that either v < z < yory < z < x, with z ¢ f(A4), so [0,2)N f(A)
and (z,1] N f(A) would separate f(A).

Therefore, if f(A) N By # @ and f(A) N By # &, then f(A) N (By N
By) = @ifand only if ByNBy = &. Hence, if i # h=+1, thend # h'+1,
so By N By = @. By choice of i’ and A/, we have that f(A) N By # @
and f(A) N By # @, s0 f(U;) N f(Uy) = f(A) N (By N Bpy) = &; since
fUNU) C f(U)Nf(Uy), f(U;NU,) = @ and therefore U;NU, = &.
Now we show that i =h+1 = U;NU, # @:

Suppose, for some ¢, U; N U;y; = &. Then, since U; N U, = @ for
all h > i+ 1and Uy NU, = @ for all h < 4, (UyU---UU;) and
(Uiy1 U -+ U Uy) form a separation of A. Hence U; N U4 # @ for all

0<:1<k—1.
Therefore U; N Uy, # @ if and only if ¢ = h + 1; hence % is a chain
cover of A. m

Lemma 3.13. Let € > 0 and let M be a compact, connected metric space;
suppose M has a chain cover % such that diam(U,) < e for all U, €
% . Then there exists a continuous function f : M — [0,1] such that
diam(f~!(z)) < e for all x € [0,1].

Proof. Let € > 0 and let M be a compact, connected metric space; suppose
M has a chain cover % such that diam(U,) < ¢ for all U, € % . Since M
is compact, we may assume %/ is finite. There are two cases, determined by
the number of elements in % .

Case 1: If % has an odd number of elements, then we index them as
Up, . ..,Us. Then we obtain (by connectedness and compactness of M) a
precise refinement ¥ = {V;,...,Var} of %. Since V; C V; C U; for all
0 <1¢ <2k if U;NU; =@, then V; NV; = &; furthermore, since % is a
chain cover, U; N U; 11 # @ for all 0 < i < 2k — 1; since ¥ covers M and M

12



is connected, V;NV;;1 # @ for all 0 < i < 2k — 1 since otherwise VU ---UV;
and V4 U--- U Vo, would form a separation of M. Hence a pair of sets in
¥ is disjoint if and only if the corresponding pair in % is disjoint, so ¥ is
also a chain cover. Now we consider the collection ¥ = {V; : V; € #} and
construct the function f: M — [0,1]:

Let £ denote the union of all elements of ¥ with even indices; we define
fo: E — [0,1] by fo(Va;) = {2} for all 0 < ¢ < k; now, we use the
Urysohn Lemma to extend this function, so that f(V;) = [L}, L] for all
odd j between 1 and 2k — 1. We do this by applying the Lemma to V; (for
j odd) and the disjoint, closed subsets K N VJ and V] N m to obtain a
function f; : V; — [&2, 2] such that f(z) = &L for all € V;-; NV} and
flz) = Jzikl for all z € V;NV; ;. Lastly, we define f : M — [0, 1] in piecewise
fashion: f(x) = fo(x) for all x € E and, for each odd j, f(z) = f;(z) for
all x € V] We note that — by construction — these functions agree on the
intersections Vlﬂm for all 0 < i < 2k — 1, and each is continuous where it
is defined, so f is continuous by the Pasting Lemma.

Now we must show that diam(f~*(z)) < ¢ for all z € [0,1]. There are two
cases. If z = 22_11 for some 0 < i < k, then f~'(z) = Va;, which has diameter
less than ¢ by hypothesis. If = € [0,1] but x 22_12 for some 0 < i < k,
then f~1(x) C V; for some odd j; since V; also has diameter less than e by
hypothesis, we have that diam(f~!(z)) < ¢ for all z € [0, 1], as desired.
Case 2: If %/ has an even number of elements, then we index them as
Uy, ..., Uy. If Uy —U; = @, we eliminate Uy and revert to Case 1, re-indexing
as necessary. If Uy — Uy # &, we modify the process of Case 1. We again
obtain a precise refinement ¥ = {Vi,..., Vo, } of %, which is a chain cover by
the argument in Case 1. Now we consider the collection ¥ = {V; : V; € ¥}
and construct the function f: M — [0, 1]:

First, we define f1(V;—V3) = {0} and f;(Va—V1) = {Z}. Then we apply the
Urysohn Lemma to the set V; U V5 and its closed, disjoint subsets (V; — V5)
and (V — V}) to obtain a continuous extension f; : (V; U V,) — [0, %]
Now we define, for each even index 2i with 2 < i < k, foi(Va;) = {3}
Then we use Urysohn again to extend this function (as in Case 1) so that
f(V;) = [52, 2] for all odd j between 3 and 2k — 1. As in Case 1, the
function f is continuous.
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The proof that diam(f~*(z)) < € for all z € [0,1] is identical to that in
Case 1 for # € [£,1]. We handle the case € [0,2) here. Note that
f710) = (Vi — V3), which is a subset of Vi and thus has diameter less than

e. If z € (0,2), then f~'(z) C (V4 N'V4), which is again a subset of V; and

) 2k
thus has diameter less than €. Hence we have that diam(f~!(z)) < ¢ for all
x € [0, 1], as desired. O

Definition 3.14. Given a space X, an open cover % of X is a centered
chain cover with n arms if and only if the following conditions hold:

1. There is an element U, of %, called the center of %, that intersects
precisely n other pairwise disjoint elements of % .

2. We can index the other sets in % as U, o, where 1 <7 <n and « is an
element of some index set J;; where ¢ # j = U; o NU,, = &; and
where, for each i, the collection {U; 4 }aey, together with Uy is a chain
cover of a subset of X.

In instances in which the number of arms is either undetermined or inconse-
quential, we will use the phrase centered chain cover without specifying
the number of arms.

Remark 3.15. Any centered chain cover % of X with n arms has order 2.

Proof. Let % be a centered chain cover of the space X with n arms. Note
first that by definition the element Uy of %7 has nonempty intersection with
n other elements of %, so % has order at least 2. Let x € X and suppose
that x is an element of the intersection of three distinct sets in %/. There
are two cases: either Uy is one of the three sets or it is not. If Uy is one
of the three sets, then we clearly have a contradiction, since Uy intersects
precisely n sets of %/, which are pairwise disjoint by definition. If Uy is not
one of the three sets, then we have three sets Uy, Uy, and U« - that
have nonempty intersection. By definition, if any two of 4,4, i* are distinct,
then the corresponding sets are disjoint; thus ¢ = i’ = i*. But then we have
three distinct elements U; g, U; i, U; i+ of a chain cover, so they cannot have
nonempty intersection; contradiction. Therefore % has order at most 2. []
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Lemma 3.16. Fiz r € Z, and consider the r-ad T,.. Let ¢ > 0 and let
f: L — T, be a continuous function defined on a compact, connected metric
space L such that diam(f~1(t)) < e for all t € T,. Then L has a centered
chain cover % with at most r arms such that diam(U,) < ¢ for all U, € % .

Proof. Let ¢ > 0. By Corollary 3.7, there exists a 6 > 0 such that any open
cover of T, with mesh p < ¢ has the property that the inverse image under
f of each set in the cover has diameter less than €. Now let m € Z, such
that % < 9. Then we define an open cover A of T,. with mesh less than 4.

First, for 1 <4 <r, recall that §; = 2=, Set By = B5-((0,0), ==) N T} for

Pn 7 dm+1
ief{L,2,...ryandk € {1,2,...,2m—1},set By = (527 527 +355): 0);
lastly, for each ¢ € {1,2,...,7}, set Bjon = <(%, 1],6;). We note that
diam(By) = 4nf+1 < L and for all k and 4, diam(B;;) = 5= < +. Hence

diam(B) < L forall B € %, so %8 has mesh p < + < §, so diam(f~(B)) < ¢
for all B € A.

Claim: % is a centered chain cover of 7). with r arms.
Proof of Claim: First, we observe that By is the center of A, since it

intersects precisely r other sets of %, namely Bji,...,B,;. These
intersections are of the form By N Biy = (555, 52): 0i)- That the

sets B; 1 are pairwise disjoint follows from the next paragraph.

We have indexed the elements of  — { By} as in the definition, where
J; = J ={1,2,...,2m} for each i. Note that, for i # j, the subsets
((0,1],6;) and ((0, 1], 8;) of T, are clearly disjoint; since B; ,, C ((0, 1], 6;)
and Bjr C ((0,1],6;), we have that B;;, N B = @ for all k, k" €
J. Lastly, for each i, the collection %; = {By, Bi1, ..., Biam} forms
a chain cover of the subset A; = ([0, 1],6;) of T,: We note that A;
is homeomorphic to [0, 1]; if we consider the image of the cover %;
under this homeomorphism, we see that it is precisely the chain cover

of the unit interval produced in the proof of Lemma 3.12, with one

1 2
' 2m ’ 4m+1)'
Since the replacement set is a subset of the original initial set, and

substitution: the initial set, [0,5-), has been replaced by [0

this replacement still has nonempty intersection with its immediate

successor, we have preserved the properties of a chain cover; therefore
%, is a chain cover of A;.
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Now note that since L is connected, f(L) is also connected. Hence, for fixed
i, if B, N f(L) = @, then B, N f(L) = @ for all ¥ > k in J, since oth-
erwise we would have a separation of f(L) by the obvious sub-collections of
2. Furthermore, if ByN f(L) = @, then f(L) can have nonempty intersec-
tion with elements of %; (as defined above) for only one i, since we would
otherwise again have a separation of f(L) by two of the sub-collections %;.
Let ¢ ={B € % : BN f(L)# @}. We note that €, as a sub-collection of Z#
that covers f(L), is a centered chain cover of f(L) with ¢ arms, where ¢t < r.
Define a cover % of L as follows:

For all B, € ¢, set U, = f~'(B,) (we use « to indicate that the indices of
sets in € should be carried identically to their pre-images in %, whatever
form those indices take). Set % = {U,}.

Claim: For all U,,Upg € %, U, NUg # @ if and only if B, N Bg # .

Proof of Claim: Clearly, if U,NUz = f~'(B,NBg) # &, then B,N B # &.
Conversely, we observe that for all U, € %, f(L) N B, # @ by con-
struction of % . Also, if B, N Bz # @ and both B, and Bg intersect
f(L), then f(L) N (By N Bg) # @ by connectedness of f(L), since
otherwise we would have a separation of f(L). Without loss of gener-
ality, we may suppose that Bs is ‘further’ from the center of % than
B,, i.e., either B, = By and Bs = B, ; for some i, or B, = B, and
Bg = B, 41 for some . In either case, say Bg = B;;; then the sub-
collection {B; ;, Bijt1,. .., Bi2m} and its complement in 2 separate
f(L). Note that U, NUs = f~Y(f(L) N (BsN Bg)), so if B, N Bz # &,
then f(L)N(B.,NBgs) # @ and thus U,NUg # @. Therefore U,NUp # @
if and only if B, N B # @.

Claim: % is a centered chain cover of L with t arms, for some t < r.
Proof of Claim: We must show two things, namely:

1. % has a center element that intersects precisely ¢ other elements
of % .

2. Using the indexing structure already provided by ¥, all elements
except the center take the form U;j, where 1 < ¢ < r, where
there are t distinct values of 7 for some ¢t < r, and where, for all
i, k € J; C J. Furthermore, if i # j, then U;; N U, = @ for
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all possible values of k and £, and, for each 4, the sub-collection
U; ={U, : B, € #;} forms a chain cover of some subset of L.

(1) There are two cases: first, if Bo N f(L) # @, then we have an
element Uy of % ; we show Uj is the center of % . Since By is the
center of Z and of ¥, it intersects precisely ¢ elements of %, namely
B; 1 for t values of i (where t < r); thus U, intersects the corresponding
Ui1’s, so it intersects precisely ¢ elements of 7. Alternatively, if By N
f(L) = @, then ¥ contains only elements from one collection %;,
say Bk, Bigt1s -+, Bigtn, and thus % = {Ui, ..., Uigyn}; in this
case, U;j is the center; it intersects only the element U, ;41 since By
intersects only the element B, ;1 of €.

(2) By choice of €, € has elements (excluding By) B, where 1 <17 < r;
there are at most ¢ distinct values of ¢ for some ¢ < r; and for all i,
k € J! C J. By construction of % from % in a manner which preserves
the indexing relationship, we have that % has elements U,; where
1 <4 < r; there are t distinct values of i; and for all 4, k € J C J.
From the previous claim, U; , NU, i # @ if and only if B, N B, i # @,
soi#j = U NU;r = @ for all possible values of k and k', since
A is a centered chain cover. Lastly, for each 7, the sub-collection %;,
together with Uy if it exists, must form a chain cover of f~(([0, 1], 6;)):
if Uy exists, then it intersects only the element U,; of %;, since B
intersects only the element B;; of %;; furthermore, U, N U, # @ if
and only if B;; N B, # &, which is true if and only if £ = h £ 1;
hence %; is a chain cover of f~1({[0,1],6;)). It covers this subset of L
because %; covers ([0, 1],0;) and all elements of %; that intersect f(L)
correspond to elements of %; by definition. O]

Lemma 3.17. Let € > 0 and suppose a compact, connected metric space L
has a centered chain cover % such that diam(U,) < ¢ for allU, € % . Then,
for some n-ad T,, there exists a continuous function f : L — T, such that
diam(f~(z)) < e for allt € T,.

The proof is very similar to the proof of Lemma 3.13.

17



Definition 3.18. Given a space X, an open cover % of X is a bicentered
chain cover of X if and only if the following conditions hold:
1. There two elements U, and U, of %, and a chain cover %, collectively
called the center arm of %/, such that:

(a) % = {Usa,...,Upy} for some k € Z;, and U, and U, have
nonempty intersection only with the sets Uy, and Uy, of %, re-
spectively;

(b) U, intersects precisely m other pairwise disjoint elements of %,
each of which is disjoint from %4; and

(c) U, intersects precisely n other pairwise disjoint elements of %,
each of which is disjoint from %4.

2. We can index the other sets in % as U, o, where:

(a) 1 <i<m+mnand « is an element of some index set .J;;
(b) those sets U;; for which 1 < ¢ < m intersect U,, and those sets
Ui, for which m +1 <i < m + n intersect U,;
(c)i#j = UaNUjw =2; and
(d) for each i, the collection {U; 4 }acy, together with either U, or U,
is a chain cover of a subset of X.
We note that the cover has precisely m + n + 1 arms in total, including the
center arm.

Lemma 3.19. Fizm,n € Z, and consider the (m,n)-ad Sy, ,. Lete > 0 and
let f:X — S, be a continuous function defined on a compact, connected
metric space X such that diam(f~'(s)) < e for all s € Sy,. Then X
has a bicentered chain cover % with at most (m + n + 1) arms such that

diam(U,) < ¢ for allU, € % .

Proof. Adapt the proof of Lemma 3.16, generating a bicentered chain cover
A of Sy, and checking that the collection of pre-images of those elements
of Z# that have nonempty intersection with f(X) is a bicentered chain cover
of X. ]
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Definition 3.20. Given a space X, an open cover % of a connected space
X is a tree cover of X if and only if %7 has order 2 and contains no cycle
Uy, Uy, ..., U, such that U; NU; # @ if and only if |i — j| < 1ori=1 and
j=n.

Lemma 3.21. X is a tree-like space if and only if for all e > 0, X has a
tree cover % such that diam(U) < e for allU € % .

Proof. To show that a tree-like space has the desired cover, we imitate the
arguments of Lemmas 3.12, 3.16, and 3.19, applying Corollary 3.7 to the
definition of tree-like. To show that a space that has, for all € > 0, a tree
cover %/ such that diam(U) < ¢ for all U € % is tree-like, we imitate the
proof of Lemma 3.13. O]

Remark. We note that Bing [2] uses the tree cover condition of Lemma
3.21 as the defining property of a tree-like space; the Lemma shows that our
definition is equivalent to Bing’s.
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4 Inverse Limit Spaces with the Fixed-Point
Property

In contrast to the spaces discussed in the results below, which are simply
limit spaces of inverse limit sequences of trees with special properties, David
Bellamy’s example is a complicated creation. He begins the construction
with the 6-adic solenoid and a map f on this solenoid that has a single fixed
point, namely the infinite tuple (1,1, 1,...). He then removes an arc contain-
ing this fixed point and replaces it with a cone over a totally disconnected
set, extending the function in such a way that no point of the cone is fixed
[1]. This space is carefully constructed by forming multiple quotient spaces
and by performing repeated restriction and extension of the function f and
the inverse function f(x) = x=!. A lemma shows the space is tree-like; the
construction shows that the space pushes the limits of the tree-like condition,
introducing a certain degree of pathology that is not possible within the more
restrictive definition of a tree.

The first theorem presented in this section is a known result, but the strategy
of the proof is instructive for the proof of the other theorems, so we include
this result and its proof as preparation for the more general results.

Theorem 4.1. Given an inverse limit system {[0, 1], f,} on the unit interval,
its limit space A =lim{[0,1], .} has the fired-point property.

Proof. Let {[0,1], f,} be an inverse limit system on the unit interval, and
let A = lim{[0, 1], f,}. Note that A is metrizable (as a subspace of [0, 1]*)
by Lemma 3.4; recall that D denotes this metric on A. Suppose g : A — A
is a continuous function with no fixed points; choose, by Lemma 3.10, a
d > 0 such that D(z,g(x)) > ¢ for all z € A. Let N € Z, such that
% < g and note that for each n > N, if m, denotes the projection map,
diam(m, '(z)) < 2 < & for all z € [0,1]. Thus A satisfies the hypotheses of
Lemma 3.12, so we may choose a chain cover % of A such that diam(U,) < g
for all U, € % . Then, for x € A, x is an element of U, for some «, and

g(x) ¢ U,, by choice of % . Since A is compact by Lemma 3.4, % has a finite
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subcover ¥. Clearly, since we have obtained 7" from % only by removing
elements of %, ¥ has order at most 2 and elements of ¥ can only intersect
their immediate predecessors and successors from %/. Suppose that U, ¢ ¥
but that U, has both a predecessor and a successor in #’; let U, be the
predecessor of U, with the largest index less than a in ¥/, and similarly let
U, be the successor of U, with the smallest index greater than « in #. Then,
since ¥ covers A, the union of U, and its predecessors and the union of Us
and its successors form a separation of A; since A is connected by Lemma
3.5, we have a contradiction. Hence if U, and some successor Us of U, are
both in ¥/, then all successors of U, that are predecessors of Uz must also
be in ¥. We index the elements of ¥ as Vi,...,V} so that these elements
follow the same ordering as their indices. Now consider the sets F' and B,
defined below:

F:={reA:zeV,and g(z) € Vi, forsome j <k —i}, and
B:={rxeA:xeV,and g(x) € V,_;, for some j < i}.
Note that F' and B are nonempty, since V) C F' and V), C B. Note also that
FNB=@and FUB = A. Now we show that F' and B are open in A.
Let zg € F; then xy € V; for some ¢ and g(x) € Vi4; for some j > 2. (Since
diam(V; U Vis1) <2+ £ =46, j #1.) Let € > 0 such that B(g(),g) C Viy;.
Then by continuity of g, there exists an & > 0 such that for all x € B(zy,¢’),
g(z) € B(g(xo), ). Thus for all x € (V; N B(zo,€’)), g(x) € Vigj, ie. x € F.
Hence F' is open in A. Similarly, B is open in A; thus F'U B is a separation
of A, contradicting connectedness. Therefore g has a fixed point. m

We now begin to extend the above result in several stages of generality, mod-
ifying the argument to suit tree-like spaces with fewer and fewer constraints.
In three of the four results that follow, we specify the type of tree to which
the space admits a map with arbitrarily small point pre-images; in the final
result, however, we place no conditions on the tree itself, but only on the
pre-images under such a map of certain vertices of the tree.

Theorem 4.2. Let {T,, f,} be an inverse limit system on an r-ad T, and let
L be its limit space L = im{T,, f,}. For eachn € Zy, let 7, : L — T, denote
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projection onto the n'* coordinate. Suppose that in each coordinate, the pre-
image m, 1(0) of the center point (the origin 0) of the r-ad is connected.
Then L has the fized-point property.

Proof. Let g : L — L be a continuous function with no fixed points. Choose
(by Lemma 3.10) a ¢’ > 0 such that D*(x,g(z)) > ¢ for all x € L.
Let n € Z; such that 2 < 2 and consider m,7'(0). By Lemma 3.3,
diam(m,71(0)) < L < & 5o g(m,71(0)) N7, (0) = @. Recall that A,
denotes the i arm of T,. Then, since 7, 1(0) is connected (by hypothesis)
and g(m, 1 (0)) N7, 1(0) = &, m,(g(m,~1(0))) C (A; — 0) for some i, be-
cause the sets A; — 0 are precisely the connected components of T,. — 0; thus
g(m,71(0)) C 7,7 *(A; — 0) for that .

We will denote this particular value of i by H, so g(m, *(0)) C m, (A —
0). Thus 7, %(0) € ¢ ' (7, *(Ag — 0)); note that m, 1(0) is closed and
g (7, (Ag — 0)) isopen, so Y = L — (g7} (m, (A — 0))) is closed and
disjoint from 7, 1(0). Hence D (m, '(0),Y) = §” > 0, so the 4~ - neigh-
borhood of 7, 1(0) is also contained in g~!(m, }(Ay — 0)). Note that the
diameter of this neighborhood is at most 2 +§”. We set § = min{<-, 1 +§”}.
We obtain (by Lemma 3.16) a centered chain cover % of L with diam(U,) < 0
for all U, € % as the pre-image of a centered chain cover % on T,., so U,
the center of %, is contained in the g—" - neighborhood of 7, 7'(0) and thus

Us C g7 (7, (A — 0)). Furthermore, by choice of § and %, we have that
9(Uo) N Up = 2. (1)

Thus Uy N g~ (Upy) = @, so (since Uy = 7, 1 (By))
Uy C g ' (ma™ (A = 0)) — g~ (Uo) = g~ ' (ma (A — Bo)).  (2)

For reference, we let m; = max(J;), for each i. Now, we obtain (by compact-
ness and connectedness of L) a precise refinement of % to an open cover ¥
of L such that for all indices o, V, C U, and ¥ is also a centered chain cover
of L. Let ¥ denote the collection the closures of elements of #'.

Observe that, by (1), g(Vo) N Vo = @. So, by (2), g(Vo) C g(Up) C
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7o Y(Ag — 0); thus, for some £,

g(Vo) N\ Vi # 9. (3)

Now let z € m; let C' denote the component of L — Vj, containing the
point z. Consider the closure C of C' in L: note that C is connected; we will
show that C intersects Vj. Since L is compact, connected, and metrizable
(by Lemmas 3.4 and 3.5), since L — Vj is open, and since C' is a component
of this open set, Bd(L — V) contains a limit point of C (see [3], p. 47). But
Bd(L — V,) = Bd(Vp) C Vg, so

cnV, £ @. (4)

Note also that the set (Vi — Vo) U Vga U+ -+ U Vpg,,, and the union of all
the sets V;; with ¢ # H form a separation of L — Vo, so C'N Virp = @ for all
1 # H. Thus

CC(VoUVyiUVgaU---UVim,). (5)

We now pause to introduce some terminology. There are two definitions:
We say that the function g increases the index of z € L if we have either

1. x € Vj and g(z) € Vi i, for some k, or
2. v € Vyy and g(x) € Vi gyn, for h > 1.

We say that the function g decreases the index of x € L if we have either

1. x € Vg and g(z) € Vigg—p, for h > 1,
2. x € Vi, and g(z) € Vjy, for j # H and some £’ or g(x) € Vp, or
3. x € Vg and g(x) € Vj, for j # H and some k.

We now define two subsets of C:

Let R := {z € C : g increases the index of z}, and

let S := {z € C : g decreases the index of x}.
We first show that R and S are both nonempty: Clearly, S is nonempty since
C N Vigmy # @ by choice of C, and since diam(Vi,,,,) < 6 < %/ by choice
of % and ¥, g moves every point of Vi ,,, to some other V; ;, where either
1 =H and k < myg — 2 or i # H; by definition, then, g decreases the index
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of every point in C'N m, so S is nonempty.

R is also nonempty: From (3), we have that g(V) N Vi # @ for some k,
so g(Uy) N Ugy # @ for that k. Since g(Uy) C 7, '(Ax — By)) by (2),
g(Vo) C g(Up) C 7, (A — By)) :E/H,l —Up) U Virp U+ - UV, Thus g
increases the index of all points in V. Furthermore, C'NVy # @ by (4), so
there are points of C' whose index is increased by g, i.e., R is nonempty.
From (5) above, we have that C C (Vo U Vg1 U Vgo U -+ U Vi, ); we
note that, since diam(V,) < diam(V,) < diam(U,) < § < %/ for all o and
D*(z,g(x)) > ¢ for all z € L (and hence all x € C'), g moves every point of
C to a different element of #; hence g either increases or decreases the index
of every point in C, so RU S = C. Furthermore, R and S are disjoint by
construction. We show that R and S are open in C:

Let s € S. Then we have several cases:

Case 1: s € Vp, for some k < my and g(s) € Vi —; for some j.

First, we observe that j > 2, since diam (Vi U Vi) < %’ +2 =4
Then we note that Vi y—; N Vg = &. Since Vi ,—; is open, there exists an
e > 0 such that Bp-(g(s),e) C Vui—;. By continuity of g, there exists a
v > 0 such that for all # € C, if D*(x,s) < v, then D*(g(x), g(s)) < ¢; thus
for all z € (C'N Vg N Bp-(s,7)), g(z) € Bp-(g(s),€), so x € S. Hence
N = (C'NVyx N Bp-(s,7)) is a neighborhood of s contained in S.

Case 2.a: s € Vi, for k < my and ¢(s) € V; p for some i # H, some k'.
We note that V; ;s is open and disjoint from Vy ; we proceed as in Case 1 to
obtain a neighborhood N of s with N C S.

Case 2.b: s € Vi for k < mpy and g(s) € V.

First, we observe that k > 2, since diam(Vy U Vi) < %/ + 2 = . Then
Vo is open and disjoint from Vi ; we again proceed as in Case 1 to obtain a
neighborhood N of s with N C S.

Case 3: s € V; and g(s) € Vs for some i # H and some k'.

As shown above, ¢ increases the index of all points in Vj. Hence there is no
s € V, such that g(s) € Vi for some i # H and some k.

In all applicable cases, we obtain an open set N of C such that s € N C S;
therefore S is open in C.

The proof that R is open in C has three cases, the first two of which are
nearly identical to Cases 1 and 2 above, replacing k — j and k — 1 with £+ )
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and k + 1, respectively. We handle the last case here:

Let r € R. If r € Vg and g(r) € Vi, for some k, then r € Uy and g(r) € Ug..
Furthermore, k£ > 2, since diam(Uy U Up ;) < %/ + %l =" For k > 2, Upy
is disjoint from Uy, so Vi is also disjoint from Uj. Since Vi, is open, there
exists an € > 0 such that Bp«(g(r),e) C Vi . By continuity of g, there exists
a v > 0 such that for all z € C, if D*(z,7) < 7, then D*(g(z),g(r)) < &;
thus for all z € (C' N Uy N Bp-(1,7)), g(x) € Bp-(g(r),e), so x € R. Hence
N = (CNUyN Bp-(r,7)) is a neighborhood of r contained in R.

In all cases, we obtain an open set N of C such that r € N C R; therefore
R is open in C.

Thus R and S form a separation of C, contradicting connectedness. Therefore
the continuous function g must have a fixed point. m

Theorem 4.3. For each n € Zy, let T,, be an n-ad, i.e., Ty = [0,1], Ty =
[0,1] V [0, 1], T3 is the triad, and so forth, so that T, has n arms and T,
has n 4+ 1 arms, for all n. For each n € Z., let foi1 : Thy1 — T, be any
continuous function. Consider the inverse limit sequence {T,, f,}, and let
A= liLH{Tn, fn} denote its limit space. For eachn € Z,, let m, : A — T,
denote projection onto the n'™ coordinate. Suppose that in each coordinate,
the inverse image m, ' (0) of the center point (the origin 0) of the n-ad is
connected. Then A has the fixed-point property.

Proof. Copy the proof of Theorem 4.2 above, replacing L with A, T, with
T, and r with n throughout. O]

Remark. The argument of Theorem 4.2 in fact applies to a more general
case with purely notational adjustments: any compact, connected metric
space (X, p) that admits for each € > 0 a continuous function f : X — T, for
some n-ad such that the pre-image f~'(0) is connected has the fixed-point

property.
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Theorem 4.4. Let X be an inverse limit of compact, connected subspaces of
RX, let Sy be an (m,n)-ad, and suppose that, for each ¢ > 0, there exists
a function h : X — Sy, (for some m and n) such that diam(h™'(s)) < € for
all s € Sy, and such that h=*((0,0)) and h='((1,0)) are connected. Then

X has the fized-point property.

Proof. Let X = lim{X,, f.}, where X,, is a compact, connected subspace of
RE for each n € Z,, and suppose that, for each £ > 0, there exists a function
h: X — S, (for some m and n) such that diam(h~'(s)) < e for all s € S,,, ,,
and h=1((0,0)) and h='((1, 0)) are connected. Let g : X — X be a continuous
function and suppose it has no fixed points. Choose (by Lemma 3.10) a ¢’ > 0
such that D*(x, g(x)) > ¢’ for all z € X. Choose h such that diam(h~*(s)) <
& for all s € S . Then diam(h1((0,0))) < < and diam(h~1((1,0))) < <,
so g(h~1({0,0))) N A~1({0,0)) = @ and g(h~'((1,0))) N h1((1,0)) = 2.
Recall (from Definition 2.9) that A; denotes the i arm of S,, ,, where Ay is
the shared arm, where Ay, ..., A,, are the arms emanating from (0,0), and
where A, 11, ..., Apnin are the arms emanating from (1, 0).

Then, since h~1((0, 0)) is connected (by hypothesis) and disjoint from g(h~*((0, 0))),
h(g(h='({0,0)))) is contained in some connected component of S, ,—{(0,0)}.
These connected components are precisely the sets (4; —(0,0)) for 1 <i <m
and the set Ay = (A9 — (0,0)) U Ay U Ao U+~ U Ay, Similarly,
since h1((1,0)) is connected (by hypothesis) and disjoint from g(h~*((1,0))),
h(g(h='((1,0)))) is contained in some connected component of S, ,—{(1,0)}.
These connected components are precisely the sets (A4; — (1,0)) for m+1 <
i <m+n and the set Ay = (Ao — (1,0)) UA; UAU---UA,.

There are three cases:

Case 1: If h(g(h™'({0,0)))) C (A; — (0,0)) for some 1 < i < m, then we
have g(h1((0,0))) € h=*(A4; —(0,0)) for that i. Our situation is now nearly
identical to that established in the second paragraph of the proof of Theo-
rem 4.2; since we have confined g(h='((0,0))) to the pre-image under h of
the (m + 1)-ad portion of S,,,, we may proceed as in the proof of Theorem
4.2, using a bicentered chain cover rather than a centered chain cover (and
adjusting the notation as necessary).
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Case 2: If h(g(h™1({0,0)))) € Ay and h(g(h=*((1,0)))) C (A; — (1,0)) for
some m + 1 < i < m + n, then we concern ourselves with g(h~((1,0))):
we have g(h=1({1,0))) € h~'(A; — (1,0)) for that . Similarly to Case 1,
we have confined g(h™'((1,0))) to the pre-image under h of the (n + 1)-ad
portion of Sy, ,, so the rest of the proof follows as a modification of the proof
of Theorem 4.2.

Case 3: h(g(h™({0,0)))) C Ax and h(g(h~*((1,0)))) C Au.

Since h(g(h™1((0,0)))) C An, g(h7*({(0,0))) C h™'(Ay). Thus h71({0,0)) C
g (W (Ay)); note that h=1({0,0)) is closed and g~ *(h~!(Ay)) is open, so
Y = X — (¢ (h*(An))) is closed and disjoint from h~'((0,0)). Hence
8" = D (h='((0,0))),Y) > 0, so the 2* - neighborhood of h~1({0,0)) is also
contained in g~ '(h~!(Ay)). Note that the diameter of this neighborhood is
at most <2~ + ¢”. Similarly, since h(g(h™*((1,0)))) C A, g(h71((1,0))) C
h'(Axr). Thus A1((1,0)) C g ' (h™!(Ap)); note that h=1((1,0)) is closed
and g~ (h™'(Ayp)) is open, so Y = X — (g7 (h™!(Ay))) is closed and dis-
joint from A~1((1,0)). Hence & = D (h=*((1,0))),Y’) > 0, so the g,,, -
neighborhood of h=1({1,0)) is also contained in g~ *(h~'(Ays)). Note that
the diameter of this neighborhood is at most %/ + 0",

Set 5 = min {£, (£ + 7). (£ +6)} = 4.

Then we obtain (by Lemma 3.19) a bicentered chain cover % of X (with
sets indexed as in Definition 3.18) with diam(U,) < § for all U, € % as the
pre-image of a bicentered chain cover % on S,, ,,, so U, is contained in the g—"
- neighborhood of A7*((0,0)) and thus U, C g~ '(h~*(Ay)), and similarly U,
is contained in the = - neighborhood of h=1((1,0)), so U, C g~ (h™*(Axr)).
Furthermore, by choice of 6 and %, we have:

Q(UM) N Uu =0 (6>

g(Ul/) N sz =g (7)

Thus U, Ng ' (U,) = @ and U, N g *(U,) = @, so we have

U C g (W (An) — g~ (Uu) = g7 (h™'(Ay — B,,)) and (8)
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U, C g ' (h™ (Aum)) — g7 (Uy) = g7 (b (A — By)) (9)

since U, = h™'(B,) and U, = h™!(B,).

For reference, we let m; = max(.J;), for each 1.

Now, we obtain (by compactness and connectedness of X) a precise refine-
ment of % to an open cover ¥ of X such that for all indices «, V,, C U, and
¥ is also a bicentered chain cover of X. Let # denote the collection of the
closures of elements of 7.

Observe that, by (6), g(V,) NV, = @. Also, by (8),
9(V.) C Q(Vu) Cg(U,) C h_1<~’4N — By). (10)
Similarly, by (7), g(V,) NV, = @, and, by (9),

g(V,) c g(V,) c g(U,) C h*(Ay — B,). (11)

Now let z € V,; let E' denote the component of X —(V),) containing the point
x. Consider the closure E of E in X: note that F is connected; we will show
that F intersects Vu Since X is compact, connected, and metrizable (by
Lemmas 3.4 and 3.5), since X — (Vu) is open, and since F is a component of
this open set, BA(X — (V},)) contains a limit point of E (see [3], p. 47). But
Bd(X — (V,))=Bd(V,) C V,,so ENV, # 2.

By choice of z, we also have

ENV, +2. (12)

Note also that the sets |J Vig —V, and U Virir U (A7H(A4g) — V)

1<i<m 1<i<n

form a separation of X — VM, so ENV,, =@ for all 1 <i < m, and thus
EN(Vix—V,) =2 forall 1 <i<m.

Now let y € (ENV,), and let C' denote the component of F = E — (V)
containing the point y. Consider the closure C of C' in E: note that C
is connected; we will show that C intersects V,. Note that E is compact
because it is closed in the compact space X, that it is connected (as shown
above), and that it is Hausdorff as a subspace of the Hausdorff space X.
Furthermore, F is an open subset of E by (12). Now, since E is a compact,
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connected Hausdorff space, since F' is open, and since C is a component
of this open set, BA(F') contains a limit point of C' (see [3], p. 47). But
Bd(F) Cc BdA(V,) C V,, so

onv, #+ @. (13)
Furthermore, by choice of y,
cNV,# 2. (14)

Note also that, since the sets F N (b~ (Ag) = V,) and FN U Virine — (V)

1<i<n

form a separation of F', C NV, = @ for all m +1 <7 < m + n, and thus
Gm(v,,k—v,,) =gforallm+1<i<m+n;since C C E, we also have
CN(Vip—V,) =g for all 1 <i < m. Hence

Cc(V,UVoiUVha U+ UV UV,). (15)

We now pause to introduce some terminology. There are two definitions:
We say that the function ¢ moves x forward if we have either

1. z € V, and either

(a) g(xz) eV, or

(b) glx) e Vi fori=0orm+1<i<m+n; or
2. x € Vy, for some k and either

(a) g(z) € V.,

(b) g(x) € Vo jtn for some h > 1, or

(c) g(x) € Vipr for m+1 <i < m+n and some k'.

We say that the function ¢ moves x backward if we have either
1. x € V,, and either
(a) g(x) €V, or
(b) glx) e Vi fori=00r1<i<m; or
2. x € Vy, for some k and either
(a) g(z) € V,,
(b) g(z) € Vo —p for some h > 1, or
(c) g(x) € Vipr for 1 < i < m and some k'.
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We now define two subsets of C"

Let F := {x € C : g moves x forward}, and
let B:= {x € C': g moves = backward}.

We first show that F and B are both nonempty:

Recall that, by (10), g(V,) C h=}(Ay — B,,) and that Ay = (4 — (0,0)) U
A1 UAp2U- - UA,, ,; since h™'(4;) is covered by the sets Vi1, ..., Vin,
for each ¢ and since U, = h™'(B,,),

h™'(Ax = Bu) = (Vou — U) UVoa U+ U Vo UV, U (| Vingi).

1<i<n

Thus, for each x € V,, g(x) € V,, or g(z) € Vi fori=0o0rm+1 <i < m+n;
therefore g moves each x in V,, forward; since C NV, # & by (14), F is
nonempty.

Similarly, by (11), we have that, for each z € V,,, g(z) € V,, or g(z) € Vi, for
i=0or1<i<m,sogmoveseach z in V, backward. Since C NV, #+ & by
(13), B is also nonempty.

From (15) above, we have that C' C (V,UVy1UVyoU- U Vg m, UV,); we note
that, since diam(V,) < § < %l for all @ and D*(z,g(z)) > § for all x € X
(and hence all z € ('), g moves every point of C' to a different element of ¥;
hence g moves every point of C either forward or backward, so F UB = C.
Furthermore, F and B are disjoint by construction. We show that F and B
are open in C:

Let x € F. Then we have several cases:

Case 3.1.a: z €V, and g(x) € V,.

Since 7 is a refinement of %, x € U, and g(x) € U,; since % is a bicentered
chain cover, U, N U, = @, and hence U, NV, = &. Since V, is open, there
exists an € > 0 such that Bp«(g(x),e) C V,. By continuity of g, there exists
a 7y > 0 such that for all y € C, if D*(y,2) < v, then D*(g(y), g(x)) < €;
thus for all y € (CNU, N Bp-(x,7)), g(y) € Bp-(g9(z),¢), so y € F. Hence
N = (CNU,N Bp(x,7)) is a neighborhood of = contained in F.
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Case 3.1.b: z €V, and g(x) € Vjp fori=00orm+1<i<m+n.

Since ¥ is a refinement of %, x € U, and g(z) € Uy for i = 0 or
m+1<i<m+niftm+1<i<m+n, U NUy; = <, and hence
U,NVi, =@. If i =0, then k > 2, since diam(U, UUp;) < & + & = 4.
For k > 2, Uy, is disjoint from U, so V  is also disjoint from U,. In either
case, we have V;, N U, = &. Note also that both V;;, and U, are open, and
proceed as in Case 3.1.a to obtain an open set N of C such that x € N C F.

Case 3.2.a: 1z € Vj; for some k and g(z) € V.

We note that k& < mgy — 1, since diam(Vp,, U V,) < %, + %, = ¢'. For
kE < my—1, Vp is disjoint from V,. Note also that both V;; and V, are
open, and proceed as in Case 3.1.a to obtain an open set N of C' such that
reNCF.

Case 3.2.b:  z € Vj;, for some k and g(z) € Vj g4s for some h > 1.

We note that h > 2 (and hence £ < my — 2), since diam(Vp; U Vors1) <
%l + %’ =¢'. For h > 2, V. is disjoint from V{ 4. Note also that both V; 4
and Vj x4, are open, and proceed as in Case 3.1.a to obtain an open set N
of C such that x € N C F.

Case 3.2.c:  x € Vpy, for some k and g(z) € Vi for m+1 <i<m+n
and some k'
Note that, since ¢ # 0, Vo, NV, = &. Note also that both Vj; and V; 5 are
open, and proceed as in Case 3.1.a to obtain an open set N of C' such that
reNCUF.

In all cases, we obtain an open set N of C' such that x € N C F; hence F is
open in C.

The proof that B is open in C is nearly identical to the proof for F, with
adaptations that reflect the symmetry between the definitions of ‘moving
forward’ and ‘moving backward’. Therefore F and B are disjoint, nonempty,
open subsets of C' whose union is C, i.e., F and B separate C. But C
is connected, so we have a contradiction. Hence the continuous function
g : X — X must have a fixed point. O
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Theorem 4.5. Let (X, p) be a compact, connected metric space and suppose
that, for each € > 0, there exists a continuous function f : X — T for some
tree T such that diam(f~*(t)) < e for allt € T, and such that the pre-image
of each vertex of order at least 3 is connected. Then X has the fixed-point

property.

Proof. The proof of this theorem is similar in nature to that of the previous
result, but we must prove that the situations are sufficiently similar before
re-using the argument.

Without loss of generality, we may assume that the tree T is a series-reduced
tree (meaning it has no vertices of order 2): if 7" is not series-reduced, then
it is homeomorphic (via some homeomorphism h) to a series-reduced tree
T*, and so we may take (ho f): X — T* as our function with the desired
properties. We may also assume that 7" has at least three vertices of order 3
or greater, since otherwise we have a case previously addressed in one of the
earlier Theorems.

Now, we establish some convenient notation and terminology: in the tree T',
we will refer to vertices of order at least 3 as “major” vertices and to vertices
of order 1 as “minor” vertices belonging to the major vertex with which they
share an edge. Let vq,...,v, be the major vertices, and let w;; be the mi-
nor vertices, where 7 is the index of the major vertex with which the vertex
shares an edge. We will call edges which have a minor vertex as an endpoint
“arms” and edges between two major vertices “ribs”. We will denote these
respectively as follows: the arm a;; has endpoints w;; and v;, and the rib
r;,; has endpoints v; and v;. (Note that edges include their endpoints and
are thus closed sets.) We also define the “minor subtree” M; to be the union
of all the arms a;; that have the vertex v; as an endpoint. Lastly, if two
vertices u and v share an edge e, ,, then let T}, be the union of e,, — {v}
with all those points ¢ € T such that any path from v to ¢ must pass through
u.

Now let g : X — X be a continuous function and suppose it has no fixed
points. Choose (by Lemma 3.10) a ¢’ > 0 such that p(z,g(x)) > ¢ for
all v € X, and choose a function f such that diam(f~(t)) < < for all
t € T. Then diam(f~'(v;)) < < for each 1 < ¢ < n. Thus for each i,
g(fYwy)) N f~Y(v;) = @. Then, since f~(v;) is connected by hypothesis
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and disjoint from g(f~*(v;)), f(g(f~'(v;))) is contained in some connected
component of T — {v;}. These connected components are precisely the sets
(a; — v;) for all possible k, and the sets Lo i for all vertices v; with which
v; shares an edge. There are two cases:

Case 1: If f(g(f "(v:))) C (a;x — v;) for some ¢ and k, then we proceed
as in the proof of Theorem 4.2, where a suitable neighborhood of f~!(v;)
plays the role of the cover element Uy and the set f _1(ai,k) the role of the set
7, '(Ap). The argument should be altered, of course, to obtain a tree cover
of X of appropriate mesh rather than a centered chain cover.

Case 2: If, on the other hand, f(g(f~!(v;))) C T — M,; for all ¢, then we show
that we have a situation to which the argument of the proof of Theorem 4.4
(specifically Case 3) applies.

We need another new term: If v and u share the edge e, ,, we shall say that
v moves toward u under the function g if f(g(f~'(v))) C Ty, where T,
is as defined above. We note that by choice of ¢ and f, every vertex of T'
must move toward some other vertex of 7. Since (by assumption) no major
vertex v; moves toward w; j for any of its minor vertices w; j, we have that all
major vertices must move toward some other major vertex with which they
share an edge.

Claim: There are two major vertices v; and v; of T' that move toward each
other under the function g:

Proof of Claim: First, note that removing a vertex of order one and the
interior of the edge containing it from a tree still leaves a tree; thus the
subgraph R of T' consisting of the union of the ribs (which includes all
the major vertices-) is a tree, since we obtain this subgraph by removing
all of the minor vertices and arm interiors from 7". Note also that any
tree with three or more vertices must have at least one vertex of order
two or greater; applying this to R, we see that some major vertex of T'
must share an edge with at least two other major vertices. We also note
that any tree must have some vertex of order one, so again applying
this to R, we have that some major vertex of 7' shares an edge with
only one other major vertex of 7. Now we proceed by induction:

We begin by checking the case that T" has exactly three major vertices.
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Suppose, without loss of generality, that v, shares an edge with both
v1 and v3. Then, since v; must move toward some major vertex with
which it shares an edge, and likewise for vs, both v; and v3 must move
toward vy. Then vy must move toward either v; or vz, so we have a
pair (v; and ve or vo and v3) of vertices that move toward each other
under the function g.

Now the induction step: Suppose that for any tree T with n major
vertices, there are two major vertices of T that move toward each other
under g. Let T" have n+ 1 major vertices. We note that 7" has a vertex
v; that shares an edge only with some vertex v;, so v; must move toward
v;. If v; moves toward v;, we're done. If v; does not move toward v;,
then we note that T'— (M; —{v;}) is a tree with n major vertices, so two
of these n vertices must move toward one another under the restriction
of g to T'—T,,. In either case, we have obtained a pair of major vertices
of T' that move toward one another under g.

Now we note that our situation, namely f~'(v;) C T,, and f~'(v;) C T,,, is
precisely analogous to the situation of Case 3 of the proof of Theorem 4.4,
where h(g(h™1({0,0)))) € Ax and h(g(h=*((1,0)))) C Aa; we apply the
argument from this case, obtaining a tree cover of X of appropriate mesh
rather than a bicentered chain cover (and making necessary adjustments in
notation). O
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