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ABSTRACT

We present theoretical studies of the dynamical origin for the existence
of universality classes in quantum spectral fluctuations. The evolution of
the quantum spectrum as a function of a control parameter governing the
strength of a nonintegrable perturbation can be mapped onto the molecular
dynamics of a many-body system. The perturbation causes chaotic motion
in the classical dynamics. We show that the classical transition from pre-
dominantly regular motion to global chaos is accompanied by a transition
from a nonequilibrium to an equilibrium state in the parametric motion of
quantum energy levels. The discussion of the source of ergodicity in the para-
metric motion leads to an equilibrium distribution function which provides
an explanation for the existence of the universal fluctuations in the quantum
spectra of classically chaotic systems. The microscopic mechanism for the
transition from a nonequilibrium to an equilibrium state is the existence of
avoided crossings. The width distribution of avoided crossings in quantum
systems whose classical counterparts possess a mixed phase space of regular
and chaotic dynamics is shown to consist of two components: a near Gaussian
distribution suggested by random matrix theory for the chaotic component
and an approximately é-shaped component originating from tori in the reg-
ular portion of phase space. The relative weight of these two components
is closely related to the structure of classical phase space. The study of re-
laxation processes in the parametric motion of energy levels reveals that the
parametric correlation functions are sensitively dependent on the underlying
classical dynamics, and the transition from classically regular to chaotic mo-
tion manifests itself in the disappearance of parametric diffusion in quantum
spectrum. The parametric motion of resonances is discussed. The two-body
approximation indicates that the existence of the repulsion between reso-
nances is independent of the underlying classical dynamics. We suggest that
the transition to the thermal equilibrium state in the parametric motion of
resonances is the signature of classical chaos.
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Chapter 1

Introduction

1.1 Definition of quantum chaos

Physical systems of classical mechanics can be divided into two categories:
deterministic systems and indeterministic systems. The time evolution of
the indeterministic system is governed by random forces, thus the future be-
havior can be predicted only by statistics [1]. The most famous example of
this class is the Brownian motion of pollens in liquids. For the deterministic
systems, there exist a set of differential or difference equations describing
the effect of well-defined non-random forces which determine the evolution
of initial conditions. Therefore, successive states evolve in a uniquely defined
sequence from each other. One interesting example of deterministic systems
is the Kepler problem, for it is realized in nature on both macroscopic and mi-
croscopic scales: the classical solar system and the quantum atomic system.
By coincidence, both cases are governed by the same central attractive force
law in 1/r?. Using appropriate units, the Hamiltonian function of two-body
Kepler problem can be written as [2]
Pl
=5 (1.1)
Fig. 1.1 displays the motion of the earth around the sun governed by Hamil-
tonian (1.1). This motion is precisely periodic and accurately predictable for
thousands of periods. The intrinsic character which ensures reliable predic-
tions is the stability of this system against both small external perturbations
and uncertainties in the initial conditions.
One could assume, at first glance, that all deterministic motions are rather
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Figure 1.1: The motion of the earth around the sun.

stable under the perturbation as shown by the planetary motion and thus
the predictions for the future behavior are guaranteed. It was shown by H.
Poincaré [3] at the end of the last century, however, that the three-body
Kepler system could display extremely unstable motions, in which a small
uncertainty or perturbation upon the trajectory is exponentially enlarged in
the course of time. Therefore, the long time behavior of such systems becomes
essentially unpredictable because in practice the initial conditions can be pre-
pared only with finite accuracy and errors increase exponentially fast. This
complicated behavior is called “deterministic chaos” or “chaos”. Poincaré’s
discovery was largely ignored until 1963, when E. N. Lorenz (4] found the
chaotic behavior for a simple set of three coupled, first order, nonlinear differ-
ential equations describing the hydrodynamics of weather patterns (“Lorenz
model”). It was since realized [5] mostly due to the availability of high speed
computers that the chaotic motion is by no means exceptional but a typi-
cal (or generic) property of deterministic systems. One paradigm of chaotic
systems on a microscopic scale is hydrogen atom in a uniform magnetic field
[6). The Hamiltonian of this system is given by replacing momentum p in
Eq.(1.1) by p — £A where A = 7 x B and B is the strength of magnetic
field. This procedure simply adds another term,

2
Y o2, 7

V=— —L, 1.2
gf t5 (1.2)

where v = B/ By (Bo = 2.35 x 10°Tesla) and L, is a constant (conserved az-
imuthal component of the angular momentum), to the Hamiltonian of two-
body Kepler system (Eq.(1.1)). Under the influence of (1.2), the system
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Figure 1.2: An unstable trajectory of hydrogen atom in a magnetic field.
This is characteristic of the type of trajectory prevalent near the ionization
threshold. Reprinted from M. L. Du and J. B. Delos, Phys. Rev. A38,
1896(1988).

becomes unstable. Fig.1.2 displays a characteristic trajectory near the ion-
ization threshold of this system. In contrast to the trajectory of the earth
around the sun, this trajectory shows a chaotic, random pattern.

The existence of chaos in classical systems leads to a fundamental problem
of whether this irregularity manifests itself in the properties of corresponding
quantum systems. This problem is usually referred to as “quantum chaol-
ogy” or “quantum chaos” [7]. The task is quite general since almost all
Hamiltonian systems exhibit classical chaotic dynamics. Among these sys-
tems are highly excited states of atoms (in external fields) and of polyatomic
molecules.

For a Hamiltonian system with N degrees of freedom, the coordinate q and
corresponding canonical momentum p form a 2N-dimensional phase space.
According to Heisenberg’s uncertainty principle

AgqAp > h/2, (1.3)

if the position ¢ is measured with precision Agq, the momentum p will be in-
evitably disturbed by Ap ~ h/(2Aq) or vice versa. Therefore, the notion of a
trajectory loses its meaning and so does the notion of any quantities measur-
ing the separation between trajectories. The phase space is “coarse grained”,
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classical mechanics
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quantum value <q>

Figure 1.3: vSmoothing the phase space structures by quantum mechanics.

i.e. quantum mechanics cannot distinguish the points in 2N- dimensional
phase space within a volume AN. This means that the classmally chaotic
motlon within a region in phase space with volume smaller than KN is not

“seen” in quantum mechanics (see Fig.1.3). Thus one expects the corre-
sponding quantum systems are not chaotic in the way that classical systems
are. This is called the quantum “suppression” of classical chaos. This sup-
pression is easily demonstrated by totally bounded autonomous Hamiltonian
systems. In this case the time-dependent Schrodinger equation,

h 0
H|Y >= ———I\P > (1.4)
can be solved by Fourier expansion
¥ >= Ze'%E"‘ <n|¥g > |n> (1.5)

where E, and |n > are the eigenvalues and eigenvectors of operator H re-
spectively, i.e.

Hln >= Eq|n >, (1.6)

and |¥y > is the initial wavefunction of the system. (We do not distinguish
classical Hamiltonian function and quantum Hamiltonian operator unless




confusion will arise.) Solutions of Eq. (1.5) are strictly quasiperiodic (8] which
exclude any exponential separation on time scales on which level spacings are
resolvable. Consequently, there is no chaos in quantum mechanics. In the
following, the terms “regular” and “chaotic” are always used in the sense of
classical dynamics.

Nevertheless, the fundamental question remains: what are the differences
between the properties of a quantum system with a regular classical counter-
part and a quantum system whose classical analogue displays chaos? The un-
derstanding of this problem has been greatly developed during the last decade
and several intrinsically quantum mechanical distinction criteria have been
established [9]. One well-known criterion is the distribution of the nearest-
neighbor spacings of energy levels

Sy = (En+1 - En)/ < AFE > (17)

where < AE > is the average spacing. Both numerical and experimental
evidence shows that depending on the underlying classical dynamics, the
distribution of the nearest-neighbor spacings displays universal fluctuations.
For classically regular systems, the distribution is Poissonian

PPoisson(s) =e’ (18)

whereas the distribution for classically totally chaotic systems with time re-
versal symmetry is of the Wigner type

PWigner(S) = %36_182/4- (19)

Fig.1.4 depicts these two distributions. They are easily distinguished: at
the origin, the Wigner distribution becomes 0 (“level repulsion”) while the
Poisson distribution reaches its maximum value of 1 (“level clustering”).
Therefore one can learn about the dynamics of a classical system by studying
level fluctuations of the quantum analog or vice versa.

Finding the dynamical origin of the universal classes (Poisson distribu-
tion and Wigner distribution) in the fluctuations of quantum spectra is one
of the main tasks of quantum chaos. The investigations of this problem have
proceeded along two different but complementary lines. One is the tradi-
tional theory of semiclassical method and the other is the newly developed
parametric dynamics of quantum levels. We present theoretical studies of
these approaches in this thesis.
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Figure 1.4: Two universality classes in the nearest-neighbor spacing distri-
butions.

1.2 Plan of the thesis

In Chapter 2, we briefly review the classical mechanics and introduce two
measures of classical chaos, the mean rate of exponential separations of
nearby trajectories and the fraction of the volume of the accessible phase
space in which the motion is chaotic. We prove that for continuously de-
formed periodic orbits, the dependence of the mean rate of separation on
a perturbation obeys a square-root law. In Chapter 3, the level statistics
are briefly discussed. By the examination of several level sequences, we show
that the distributions of nearest-neighbor spacings of quantum levels are sen-
sitively dependent on the underlying classical dynamics. For classically regu-
lar systems, the distribution is Poissonian whereas the distribution for chaotic
systems are Wigner-type. We discuss the semiclassical quantization theory
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in Chapter 4. From this theory, one is able to prove that the nearest-neighbor
spacing distribution for a classically regular system is indeed Poissonian. But
this theory fails to provide the information about individual levels in the
chaotic case, and therefore faces the difficulty to give the dynamical origin of
the Wigner distribution of nearest-neighbor spacings for classically chaotic
systems. The application of this theory to the system of hydrogen atom in a
magnetic field demonstrates that deeper insights on quantum spectrum can
be obtained from the corresponding classical dynamics. We show that the
reason for the existence of Rydberg series in the classically totally chaotic
regime of this system is the existence of the families of classical orbits which
spend most of their time in the near separable region. The parametric level
dynamics is discussed in Chapter 5. This approach considers the spectrum of
a one-parameter family of Hamiltonians H()). The A-evolution of the energy
levels can be described by a set of ordinary first-order differential equations
which closely resemble Newton’s equations of motion and hence is formally
equivalent to the molecular dynamics of a many-body system with each par-
ticle representing an energy level. The basic microscopic mechanism of the
parametric evolution is the occurrence of avoided crossings (“collisions”) be-
tween energy levels. The width distribution of avoided crossings in quantum
systems whose classical counterparts possess a mixed phase space of regular
and chaotic dynamics is shown to consist of two components: a near Gaussian
distribution suggested by random matrix theory for the chaotic component
and an approximately é-shaped component originating from tori in the reg-
ular portion of phase space. The behavior of wavefunctions around avoided
crossings is investigated. A statistical measure for overlapping avoided cross-
ing based on parametric correlations of energy levels is introduced and shown
to be sensitive to the fraction of classically chaotic phase space. Chapter 6
shows that, as A elapses, the classical transition from predominantly regular
motion to global chaos is accompanied by a transition from a nonequilibrium
state to an equilibrium state in the parametric motion of quantum energy
levels. The discussion of the source of ergodicity in the parametric motion
leads to an equilibrium distribution function which provides an explanation
for the Wigner-type distribution of nearest-neighbor spacings for classically
chaotic systems. In Chapter 7, we will study the relaxation processes in the
parametric motion of energy levels. The parametric energy-level dynamics
is described in terms of the velocity autocorrelation function and the fric-
tion kernel of a many-body system. We show that the parametric motion
is sensitively dependent upon the underlying classical dynamics, and there-



fore provide new measures of quantum chaos. The transition from classically
regular to chaotic motion manifests itself in the disappearance of paramet-
ric diffusion. Semiclassical arguments give analytic approximations for the
spectrum of the velocity autocorrelation function, and we compare these au-
tocorrelation functions with those found in gases, liquids, and glasses. The
effects of the continuum on the parametric level dynamics is discussed in
Chapter 8. The set of ordinary first-order differential equations describing
the parametric motion of the energy levels can be extended to include reso-
nances (i.e., positions and widths). The two-body approximation indicates
that the repulsion between the resonances is independent of the underlying
classical dynamics and the distribution of nearest-neighbor spacings may not
be sensitive to the underlying dynamics any longer. Therefore, parametric
correlations rather than the distribution of nearest-neighbor spacings may
play a crucial role in the identification of classical chaos. We suggest that
the transition to the thermal equilibrium state in the parametric motion of
resonances is the signature of classical chaos. We investigate the numeri-
cal solutions of this set of differential equations. The major advantage of
this approach lies in the fact that a single solution provides “en route” the
resonances for all parameters in the integration interval. Therefore, each res-
onance can be easily identified in contrast to other methods when the density
of resonances is high and resonances begin to overlap. Using this method we
determine parametric “trajectories” of resonances for a hydrogen atom in a
strong electric field. The behavior of the width is quite different when real
energies cross the top of the potential barrier. The distribution of the ve-
locity of resonances for this regular system is far from a Maxwell-Boltzmann
distribution. Chapter 9 is devoted to conclusions.



Chapter 2

The measures of classical chaos

Two quantities of classical chaos, the mean rate of exponential separation
of nearby trajectories and the fraction of the volume of the accessible phase
space in which the motion is chaotic, are introduced in this chapter. They
measure the degrees of chaoticity of an individual classical orbit and the
entire accessible phase space respectively and are needed in the study of
quantum chaos. We shall prove the universal square-root law for the mean
rate of separation of continuously deformed periodic orbits on a perturbation
strength.

2.1 Character of classical regular and chaotic
motion

An autonomous nondissipative system [2] with N degrees of freedom is de-
scribed by a time-independent Hamiltonian function H(g,p) where ¢ = (¢,
...,qn) are the system’s coordinates and p = (p1,...,pn) are the canonical
momenta conjugate to q. The canonical variables z = (¢, p) form a phase
space of dimension 2N. The trajectory in phase space z(t) = (¢(¢),p(t)) is
determined by Hamilton’s equations

d
EZ‘I =VH
d
7 =-VeH (2.1)

with given initial conditions z(0). One important result of the Hamiltonian
equations (2.1) is that the Hamiltonian function is a constant of the motion,

9



1.€. d

d d
aH(q,P) =Vl q+ VpH - 7p=0 (2.2)

where Eq.(2.1) has been used. The immediate consequence of Eq.(2.2) is
that each trajectory is confined to an “energy surface” defined by

H(q,p)=E (2.3)

which is a (2N—1)-dimensional manifold embedded in the 2N-dimensional
phase space.
Another important result of Eq. (2.1) is the Liouville’s theorem

& _

\VER i \' VPH —Vp- VqH =0 (2-4)

which states the conservation of volume elements in phase space.
Eq. (2.1) can be written in a more compact way

—r=J— (2.5)

where (0H/0t;) is a vector of dimension 2N and J is a 2N x 2N matrix

J=(_°1 (1)) (2.6)

The stability of a trajectory against perturbations and uncertainties can
be measured by the rate of separation of nearby trajectories [10]. Consider
two adjacent orbits z(t) and «'(¢) in 2N-dimensional phase space with initial
conditions zg and xy = o+ Az, respectively, as shown in Fig. 2.1. These tra-
jectories evolve with time as described by Hamilton’s equations (2.5) yielding
the separation Az(zo,t) = z'(t) — z(t) with its Euclidean norm

d(zo,t) = |Az(zo, t)|. (2.7)

The mean rate of exponential separation

d(zo,t) = d(z0,0)e’, (2.8)
is given by
7\%0) = tl’rglo d(zol,l(;r)l~0 t nd((L‘o,O). ( ' )

10



Figure 2.1: The separation of nearby trajectories.

Note that the two limits do not commute, hence o(z¢) is well-defined in the
case of finite volume of the accessible phase space. o(zo) will, in general,
depend on the phase space direction of the initial separation Azg. Since
the phase space has 2N dimensions it is expected to find 2N o’s (possibly
nondistinct) for a given trajectory. These are named Lyapunov indices. A
practical way of calculating the Lyapunov indices proceeds via the stability

matrix M(t) defined by [11]

Az(zo,t) = M(t)Az, (2.10)
where Azg — 0 and M(t) is a 2N x 2N matrix
0z i(zo,t)

M;;(t) = ————. 2.11

(1) B(z0); (2.11)

Using an orthogonal transformation to diagonalize M(t) in Eq.(2.10) and
comparing the result with Eq. (2.8), the Lyapunov indices are determined by
the eigenvalues of M(t), (;, through
.1
ag; = tllm ?ln |<,| (212)
Because the stability matrix M(t) is symplectic, i.e.

MJIMT = J, (2.13)

11



where T denotes the transpose, its eigenvalues occur in pairs with the product
of 1, i.e. for each (;, there must be another (; such that

G =1/ (2.14)

For two-dimensional systems (N = 2), they are either complex conjugate
pairs on the unit circle or recripocal real numbers. Thus the corresponding
Lyapunov indices are symmetric, i.e. for each o; there is another o; = —o;.
Therefore, if a trajectory exponentially separates from the given orbit, there
must be another trajectory exponentially approaching with the same rate.
This is the consequence of Liouville’s theorem (Eq.(2.4)) which states the
incompressibility of the Hamiltonian flow in phase space.

The maximal Lyapunov index, 0y,,,, which is called the Lyapunov expo-
nent, is of particular interest since it is a quantitative measure for the degree
of chaoticity of a classical orbit. The trajectories with a vanishing Lyapunov
exponent are stable under perturbations while those with a positive one are
unstable. Unstable trajectories are the source of chaos. @, the fraction
of the energy surface which is filled with unstable trajectories provides a
measure of the irregularity for the system. Accordingly, autonomous Hamil-
tonian systems can be further divided into three groups. At one extreme, one
has regular systems with all trajectories stable (@4 = 0), showing simple,
predictable motion. At the other extreme are the totally chaotic systems
with all trajectories unstable (Q = 1). Then the separation between nearby
trajectories is exponentially fast, the motion appears to be random and has
strong statistical nature. The third and largest class is that of typical (or
generic) systems with both stable and unstable trajectories (0 < Qu < 1),
hence their phase space have mixed structures of regular and chaotic dynam-
ics. @Qq can be estimated by dividing the energy surface into cells and by
counting the number of cells which are filled with unstable trajectories. One
can also calculate the Lyapunov exponents for a large number of trajectories
with uniformly distributed initial conditions, and @ is given as the fraction
of trajectories with non-zero Lyapunov exponent.

In one degree of freedom, the fact that energy E is conserved allows to
express the momentum p as a function of the coordinate ¢ alone, independent
of the time, by inverting Eq. (2.3)

p =p(q, E). (2.15)

12



The first of Hamilton’s equations (2.1) yields

dq

W= SH/ap

(2.16)

Since the momentum p is replaced by Eq.(2.15) and 0H/0p is a function of
the coordinate q only, the equation of motion has been reduced to quadratures

q dq

t—1ty = .
°~ J,, 0H[dp

(2.17)

This result excludes any exponential separation between bounded trajectories
and therefore one-dimensional systems are regular. The integral in Eq. (2.17),
however, can often only be evaluated numerically.

The key property which makes one-dimensional systems regular is the ex-
istence of one constant of motion. In general [11], for a regular N-dimensional
system (possibly nonseparable) there exist N independent analytic single-
valued functions F;(q,p) which are constants of motion, i.e.

d
and are “in involution”
{F, F;} =0 (2.19)
where {A, B} is the Poisson bracket
{A, B} = VA VB - v,B - VA (2.20)

These functions F;(g,p) are called “first integrals”. A regular system is also
said to be “integrable”. As shown by Eq.(2.3), H(q, p) is an integral of the
system.

The existence of N constants of motion implies that trajectories of the
system are confined in an N-dimensional manifold M defined by Fi(q,p) =
constant in the 2N-dimensional phase space. Except for one-dimensional
case, the dimension of this manifold is smaller than the dimension of energy
surface H(q,p) = E, which is 2N — 1. It can be shown [12] that for bound
motion in which the region of accessible phase space is finite, the manifold
M is an N-dimensional torus. The topological character of a torus (“donut”)
is that there are N independent irreducible circuits ¢; that cannot be shrunk
to zero, as shown in Fig.(2.2).
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Figure 2.2: Illustration of two-dimensional torus where ¢; and ¢, are two
irreducible circuits.

These tori are called invariant because an orbit starting out on one torus
remains on this torus forever. One can define action-angle canonical variables
which are topologically natural, i.e. the actions I; measure the areas enclosed
by circuits c¢;, and the angles §; give the locations on the circuits. The actions
can be defined by

1
I, = 7 ‘75' p-dq. (2.21)

Eq. (2.21) gives the actions in terms of the first integrals ( F;) and vice versa.
Since H is a first integral, it can be expressed as a function of the actions

H = H(I). (2.22)

This result plays the central role in the semiclassical quantization of a regular
system (see Chapter 4). The angles are canonically conjugate to the actions,
le.

0 =v15(q,1) (2.23)

where the generating function S(q, I) is the solution of the Hamilton-Jacobi
equation

H(q,v,5) = H(I). (2.24)
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For a typical system (Q, > 0), the Hamiltonian contains perturbations
which are “nonintegrable”, i.e. because of the perturbations, the number of
the first integrals F; is smaller than N, the number of degrees of freedom.
Consider an autonomous system described by the Hamiltonian

H()\) = Ho + )V, (2.25)

where Hj is a integrable Hamiltonian and V is, in general, a nonintegrable
perturbation. When the control parameter A is sufficiently small, most tori
persist under the perturbation, although in distorted form. Some are de-
stroyed, however, and they occupy a finite volume in phase space. Inside
this volume, the motion is chaotic. These assertions were proved by Kol-
mogorov [13], Arnol’d [14] and Moser [15] and therefore are called “KAM
theorem” . When X increases, regular regions are invaded by chaotic parts
and the system undergoes a transition from regular to chaotic motion. When
the system reaches the state of being “metrically transitive”, i.e. is totally
chaotic, all tori are destroyed and the only invariant manifolds left consist of
one-dimensional isolated periodic trajectories and the energy hypersurface it-
self. We will later discuss their relevance for the semiclassical quantization of
chaotic systems. The process of the destruction of tori will be demonstrated
by a model system in the next section.

2.2 Coupled Morse oscillators

For our numerical studies in this thesis, we use the model system of two
coupled Morse oscillators which provides a simple model for the stretching
vibronic motion of linear triatomic molecules as shown in Fig.2.3. This sys-
tem has been extensively studied as a model for the quantum mechanics of a
classically chaotic system with two degrees of freedom [16]. The Hamiltonian
of this system is of the form of Eq. (2.25) and is given by [17]

2
Hy = ) H;

1=1
H) = P}/2M; + Vi(r)) (2.26)
V = —P1P2/m,
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H C C

Figure 2.3: Illustration of the collinear vibronic motion of the triatomic
molecule H-C-C represented by coupled Morse oscillators.

where M; are the reduced masses for the two diatomic pairs in the molecule,
m is the mass of the central atom and V;(r;) are the corresponding Morse
potentials [18],

V,'(T,') = D,{l — exp[—a,-(r,- - 7‘,‘0)]}2, (227)

with r;p the equilibrium distance, D; the dissociation energy and a; the scale
parameter for the i** diatomic pair. We use the molecular parameters for
H-C-C.

The nonintegrable perturbation of the system is provided by the kinetic
coupling between the two non-linear oscillators. The diagonalization of the
kinetic energy part by an orthogonal transformation of coordinates r; to ¢;
yields

1
Q= 75[&1(7‘1 — r10) + Aaa(rz — r20)]
1
q2 = *ﬁ[Aal(Tl ~110) — az(r2 — r20))] (2.28)

where A = 2)/(VB? + 4)? + B), and B = (a?/M, — a?/M,)m/(a1a;). The
trajectory with ¢; (or ¢2) ~constant represents antisymmetric (or symmetric)
vibration. We denote the corresponding canonical momentum by p;.

For a system with two degrees of freedom, the phase space structure is
easily seen with the help of a Poincaré surface of section which is defined
as follows: Referring to Fig.2.4, we consider a two-dimensional surface g
in the phase space. The consecutive intersections generated each time the
trajectory crosses the surface in a particular way (say, with p, > 0) are
studied. The inversion of the energy conservation law H(qi,q2,p1,p2) = E
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Figure 2.4: Definition of the Poincaré surface of section. Reprinted from
A. J. Lichtenberg and M. A. Lieberman, Regular and Chaotic Dynamics
(Springer-Verlag, New York, 1992).

gives p,, for example, in terms of the other three variables:

P2 = p2(P1, 01, 2)- (2.29)

One needs, therefore, only to consider the projection of the orbit onto a three-
dimensional volume (pi, q1,¢2). The plane ¢; = constant within this volume
consists of a single coordinate ¢; and its canonical momentum p;. This plane
is repeatedly pierced by the orbit if the motion is bounded and the consecutive
crossings are obtained from one another by a canonical (thus area-preserving)
transformation generated from original Hamilton’s equations [10]. Therefore,
the structure of the intersections is topologically invariant of the choice of
the value of ¢, and the plane is a convenient choice for the surface of section.
The consecutive intersections of the motion with the surface of section will
in general occur anywhere within the classically allowed area on the plane.
If in addition to E there exists another constant of the motion along the
trajectory

F(q1,92,p1,p2) = constant, (2.30)
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then Egs. (2.29) and (2.30) lead to

1 = pi(q1, q2)- (2.31)

Thus the consecutive intersections of the trajectory with the surface of section
must lie on a curve, i.e. a one-dimensional manifold given by Eq.(2.31)
with ¢ = constant. Hence the existence of constants of the motion can be
determined by examination of the intersection of an orbit with a surface of
section. Note that the F'(q, g2, p1,p2) does not need to be global constant of
motion. The only requirement here is that F(qy, g2, p1,p2) remains constant
for the particular trajectory under investigation.

Fig. 2.5 shows the Poincaré surfaces of section (g2 = 0) for the coupled
Morse oscillators at several selected values of the perturbation. The energy
is fixed at £ = 0.75 in the units of dissociation energy. In the integral limit
(a: A = 0), all intersections of trajectories fall on smooth curves. For the
case of small perturbation (b: A = 0.2), the motion is still mostly regular and
we see two types of orbits: the simple invariant curve as in the integral limit
and a multi-loop trajectory represented by the chain of small “islands”, in
which the intersections jumps from one loop to another. The second type of
motion is caused by the distorted tori. For large perturbation (c: A = 0.6),
the structure is dominated by chaotic orbits, in which the random dots are
consecutive intersections of the surface of section. The invariant curves are
limited to three isolated “islands” surrounded by a chaotic “sea”, the one
island with p; = 0 represents antisymmetric vibration and the other two
with p1 # 0 represents symmetric vibration. In the strong perturbation
region (d: A = 1), the regular islands for symmetric motion are destroyed
and the motion is mostly chaotic. The most striking feature is that the
antisymmetric vibration is exceedingly stable and the system possesses a
mixed classical phase space with coexisting regular and chaotic motion. We
will show that this parametric change of the classical phase space structure
as a function of A manifests itself in the properties of quantum eigenenergies.

2.3 The universal behavior of the Lyapunov
exponent

Since the Lyapunov exponent is the central quantity of classical chaos, it
is interesting to analyze the A-dependence of o,,., or, at least, to have a
partial insight into its analytic properties. Note that 0,4, can be, in general,
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Figure 2.5: Poincaré surfaces of section (g; = 0) for coupled Morse oscillators
at energy E' = 0.75 in the units of dissociation energy.

calculated only numerically. For a periodic trajectory with period T we have
[19]
M(nT)= M(T)". (2.32)

Eq.(2.12) becomes
o = %mm, (2.33)

where (; is the eigenvalue of the stability matrix M(T). The periodic motion
allows one to avoid the execution of the long time limit (¢ — oco). Near the
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integrable limit (i.e. A is small), for those periodic orbits which are smoothly
deformed by the perturbation, the stability matrix M(T) is obtained in Ap-
pendix A to the leading order of A\. The eigenvalues of the matrix M(T) are,
in turn, approximately given by

(3,28 & 1, (2.34)

and
Cl,? ~1+TVCA (2.35)

with

N a9 2
szaﬂo %

81,01, = " 96,00, (2:36)

where < > denotes time average over one period. If C < 0, by the require-
ment of Eq. (2.14), the solutions of Eq. (2.35) should be

Cl,? ~1+ 'lT\/ |C|A
~ exp(£iT+/|C|A). (2.37)
Hence the trajectory is stable, 0,0 = 0 (Eq. (2.33)), and the winding number

Vy 1s given by
ve = T+/|C|A/(27). (2.38)

The winding number v,, describes the frequency ratio with which neighboring
trajectories wind around the periodic orbit in phase space. If C > 0, then

Cl ~1 +TV C/\
| |
~N— 1 -TVCA. 2.39
& 1+ TVCA (2.39)

This corresponds to the unstable case and the Lyapunov exponent is given
by (Eq.(2.33))
Omaz = I0((1)/T = VC . (2.40)

We have therefore proved Benettin’s conjecture [20] of the square-root law
for the dependence of the Lyapunov exponent on the perturbation and found
the winding numbers obey the same law (Eq.(2.38)). Because our proof is
constructive, we also get the proportionality constant (\/5) and a criterion
which determines whether such a trajectory is chaotic or not. An example
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of the square-root law is the near circular periodic trajectory of a hydrogen
atom in a magnetic field [19].

The square-root law is violated when C' = 0. This is the case of harmonic
oscillator, since the unperturbed Hamiltonian of such system is Hy = w-I (see
Eq. (2.36)). As we will see repeatedly in this thesis, the linear dependence of
the Hamiltonian on the action makes the harmonic oscillator very peculiar.

21



Chapter 3

Level statistics

In quantum chaos investigations, the most surprising and important dis-
covery concerning spectral properties is that, depending on the underlying
classical dynamics, the fluctuation of the spectra belongs to different univer-
sality classes (e.g. the Poisson distribution and the Wigner distribution for
the nearest-neighbor spacings). These classes are well-reproduced by ran-
dom matrix theory, the theory of level statistics. This theory is a rather
old subject [21] in nuclear physics, developed nearly at the same time as
the nuclear shell theory. The statistical theory, whose nature is essentially
different from the study of individual levels, reveals new features of the sys-
tem. Even for regular systems where the individual levels are known from
semiclassical quantization, statistical methods are still essential for a more
complete understanding. The situation is analogous to that in statistical me-
chanics where, instead of the positions and momenta of individual particles,
the quantities such as temperature and entropy are very often more useful
for many-body systems. In this chapter, the elementary measures of level
statistics are discussed.

3.1 Different level sequences
Consider an interval of energy 6 E centered at E where E is measured from

the energy of ground state. This interval is much smaller than E, whereas it
contains many levels; that is

E>6E >< AE >, (3.1)

22



where < AE > is the mean distance between neighboring levels. The energy
levels distributed in the interval form a sequence of (Ey, F3,--). In order to
compare the level sequences from different systems, we first need to express
the level spacings in common units. This can be done by rescaling the levels
by its average spacing

en=E./ <AE>. (3.2)

The procedure is known as “unfolding of the spectrum” which has been used
in Eq. (1.7). After unfolding, the system-dependent mean level spacing has
been eliminated and the new sequence {¢,} has a universal mean spacing of
unity

<Eny41 —En>=1 (3.3)

where <> denotes the average over the interval éE. The density of the
sequence {¢,} is constructed by

ii(e) = z 8(e — €n). (3.4)

As a consequence of Eq. (3.3), we have
Tlay = 1. (3.5)

The integrated density of the unfolded spectrum {e;} is given by

N(e) = / de'fi(<"). (3.6)
—00

Fig. 3.1 displays a few examples of level series. The Poisson sequence (a)
is generated randomly by a uniform distribution with no correlations. There
are many near-degenerate pairs or sometimes even near-degenerate triples
of levels as well as large gaps in this sequences. The sequence of prime
numbers (b) is quite similar as the Poisson sequence, i.e. it is characterized
by both quasi-degeneracies and large gaps. The excited levels of 1’ Erbium
within a subspace of given angular momentum and parity (c) is obtained
from experiments. Small spacings in this sequence have a small probability
of occurrence, and the case is similar for large spacings. But it is still far
from being equally spaced. Sinai’s billiard is defined as a particle moving
freely inside the area specified by the inequalities, y > 0,z > y,2 < 1/2, and
z? 4+ y* > R where R is a parameter; i.e. the area bounded by 1/8 of a unit
square and a circular arc whose center is the midpoint of the square. The
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Figure 3.1: Some typical level sequences. (a) Poisson series. (b) Sequence
of prime numbers. (c) Slow neutron resonance levels of the Erbium 166 nu-
cleus. (d) Energy levels of Sinai’s billiard. (e) The zeros of the Riemann zeta
function on the line Re z=1/2. (f) A sequence of equally spaced levels (har-
monic oscillators). Reprinted from O. Bohigas, R. U. Haq and A. Pandey, in
Nuclear Data for Science and Technology, edited by K. H. Bockhoff, (Kluwer
Academic Publ., Brussels, 1983), p.809.

24



system is classically chaotic. Its spectrum (d) appears similar as the spectrum
of 17 Er. This observation is surprising considering the Hamiltonian of Sinai’s
billiard is much simpler than the Hamiltonian of the heavy nucleus '’Er. The
Riemann zeta function is defined by ((z) = > oo, n~* for Re z > 1 and its
analytical continuation for other values of z. The spectrum of the zeros of this
function in the line Re z=1/2 (e) is more uniform than previous examples.
The spectrum of one-dimensional harmonic oscillator (f) is equally spaced.

It is evident that there are both differences and similarities among the
level sequences in Fig. 3.1. The level statistics provides a quantitative descrip-
tion of these properties. The simplest statistical measure is the distribution
of the nearest-neighbor-spacings.

3.2 The distribution of the nearest-neighbor
spacing

Let (Ei, Eq,- -+, Eg) be the positions of the successive levels in the interval
OF and let (ey,€2,--,€5) be the corresponding unfolded spectrum. We de-
fine the relative spacing s, = €,+1 —€,. The nearest-neighbor-spacing (NNS)
distribution P(s) is defined by the condition that P(s)ds is the probability
for any s, to have a value between s and s+ds ie.

P li 6(s — sn) 3.7
(s) = Nl_I}; Z (s—s (3.7)
Let g(A)dA denote the pair correlatlon functlon i.e. the conditional proba-
bility for finding a level in the mterval [e+A,e+ A+ dA) when there is one
at ¢, 1.e.

" g(A) = average over €, of Z (A — (em — €n)). (3.8)

Then P(s) can be expressed as g(s)x (the probability for not having another
level within spacing s). Therefore

P(s) = g(s) /°° P(s)ds'. (3.9)

This equation establishes an one-to-one relation between P(s) and g(A).
Solving it for the level spacing distribution, one finds

P(s) = gls)exp(~ [ g(a)da). (3.10)
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For the case of Poisson sequence in which the positions of the energy levels
are generated randomly by a uniform distribution with no correlations, the
probability for any ¢, to fall between ¢ and ¢ + de is independent of ¢ and is
simply given by de. Consequently,

g(A) = 1. (3.11)
Substitution of (3.11) into (3.10) immediately leads to
P(s)=¢"* (3.12)

which is the Poisson distribution of Eq. (1.8).

For a complex system with many degrees of freedom like a heavy nucleus,
detailed properties of the spectrum are not readily accessible to calculation.
Random matrix theory (RMT) makes the hypothesis that the local statistical
properties of the energy levels of such systems behave as if they were obtained
from the eigenvalues of a matrix with randomly distributed elements. Based
on the assumptions that the matrix elements are independently distributed
and that the distributions are invariant under orthogonal transformations,
the distribution of the Hamiltonian matrix for the systems with the symmetry
of time reversal is given by the Gaussian orthogonal ensembles (GOE) [22] ,
i.e. the distributions of diagonal elements H;; and off-diagonal elements H;;
are given by

P(Hy) = (1/2)2eHis2
P(H;) = e ™5 (3.13)

Notice that )
2< H} >=< H} >= 5 (3.14)

T
We have chosen the value of < HZ > such that the average spacing is equal
to one. For a small spacing where the two-level approximation is valid, the

eigenenergies are determined by

Hy —¢ Hy, _
det ( Hi  Hyp o 6) =0. (3.15)

After a straightforward calculation, one finds

Ae = Er—E_= \/(Hn — H22)2 + 4H122 (316)
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Figure 3.2: NNS distribution for *’Erbium. The histogram shows the first
108 levels observed. The solid curves correspond to Poissonian and Wigner
distributions. Reprinted from H. I. Liou et al., Phys. Rev. C5, 974(1972).

Hence the NNS distribution becomes [9)

P(S) ~ /5(3— \/(Hn — H22)2 +4H122)P(Hn)P(Hzg)P(Hu)dHlldHQQdle

= gse_"s2/4. (3.17)

This is the Wigner distribution of Eq.(1.9). From (3.17) one finds (Eq. (3.10))
9(A) ~ %A. (3.18)

Fig.3.2 compares the NNS distribution of the first 108 levels of ’Erbium
with Wigner distribution. The overall agreement is obvious.

The remarkable discovery of quantum chaos investigations [23] is that,
although the Hamiltonian of a classically chaotic system with a few degrees
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Figure 3.3: NNS distribution for Sinai’s billiard. The histogram shows the
the distribution of calculated energy levels. Reprinted from O. Bohigas, M.
J. Giannoni and C. Schmit, Phys. Rev. Lett. 52, 1(1984).

of freedom is simple and the elements of the Hamiltonian matrix are well-
defined, the fluctuations of energy levels for such a system still follow the
predictions of the random matrix theory. Fig. 3.3 shows the NNS distribution
of Sinai’s billiard compared with the GOE distribution.

The results of the spectral fluctuations for classically regular systems are
also surprising [24]. Apart from untypical exceptions, i.e. one-dimensional
systems and harmonic oscillators, the classically integrable systems have
scaled levels that are locally uncorrelated and well described by the Pois-
sonian sequences.

Therefore, dependent on the underlying classical dynamics, the NNS dis-
tributions of quantum spectra belong to different universality classes. The
main feature is that the spectra of classically regular systems are dominated

by level clustering,

PPoisson(S)sqo =~ 1, (319)
while the spectra of classically totally chaotic systems with time reversal
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symmetry are characterized by linear repulsion , i.e.
Pw,'_qner(s),_.o X 8. (3.20)

The level repulsion is caused by avoided crossings between adjacent levels
when a nonintegrable perturbation is turned on. Avoided crossings provide
the microscopic mechanism for the transition of the spectra from Poissonian
distribution to a GOE distribution. The properties of avoided crossings will
be discussed in Chapter 5.

The situation concerning fluctuations in mixed systems, which is the
generic case, is more complicated and less clear [25]. In order to under-
stand the level statistics in the transition regime, Brody [26] suggested an
empirical formula which describes the NNS distribution for generic systems
of Eq. (2.25) quite well

g(A) = AA". (3.21)

From Eq. (3.10) we get
P(s) = As"exp(—Bs't®) (3.22)

where A = (1+&)B, B =T""*((2+«)/(1+)), and « is found by fitting the
“experimental” NNS distribution (usually obtained from large-scale matrix
diagonalization) with a distribution of the form Eq. (3.22). The Brody distri-
bution (Eq.(3.22)) interpolates between the Poissonian distribution (x = 0)
and the Wigner distribution (k = 1). As X in Eq. (2.25) increases, & should
(not always monotonically) increase from 0 to 1. A microscopic analysis of
the behavior of the Brody parameter x(A) will be given in Chapter 6.

Fig. 3.4 illustrates the NNS distribution for the coupled Morse oscillators
(histogram) with a superimposed Brody distribution where the Brody pa-
rameter £ is determined by the best fit of Eq. (3.22) to the histogram. The
energy levels contributing to the statistics are within the interval of 0.754+0.1
in the units of the dissociation energy. In the integrable region, £ = 0 and
therefore the distribution is Poissonian while in the mostly chaotic region,
k = 0.8, indicating a Wigner-type distribution.

Fig. 3.5 displays the corresponding pair correlation functions for the cou-
pled Morse oscillators (histogram) with Eq. (3.21) where the Brody parame-
ter « is taken from the NNS distribution. In the integrable region, the data
are described by a Poisson distribution quite well corresponding to an ap-
proximate constant (= 1) pair correlation function. In the mostly chaotic
region, a “hole” appears near the origin and g(A) saturates (= 1) for large
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Figure 3.4: NNS distribution for coupled Morse oscillators P(s) (histograms)
for: (a) in the integrable regime (A = 0) where the dashed line is the Brody
distribution with & = 0. (b) in the mostly chaotic regime (A = 0.9) where
the dashed line is the Brody distribution with x = 0.8.
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Figure 3.5: Pair correlation function g(A) for coupled Morse oscillators (his-
togram): (a) in the integrable regime (A = 0) where the dashed line is
Eq.(3.21) with « = 0. (b) in the mostly chaotic regime (A = 0.9) where the
dashed line is Eq. (3.21) with x = 0.8.
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A, representing the existence of short range (A < 1) correlations and large
range randomness. We note here an interesting correspondence: the pair
correlation function in the regular domain resembles that of a gas while g(A)
for the mostly chaotic domain resembles that of a liquid. This gas-liquid
transition will be discussed in Chapter 7. Note that in the classically mostly
chaotic regime, Eq.(3.21) fits the data only in the range of A < 1. For
larger A, it increases continuously rather than saturating around a constant.
The interesting observation is that although g(A) (Eq.(3.21)) does not be-
have correctly for large A (Fig.3.5b), the corresponding P(s) (Eq.(3.22))
still gives overall a good description of the distribution (Fig. 3.4b) indicating
that P(s) is insensitive to the behavior of g(A) in the region of large A. The
reason is that for large s, P(s) is exponentially small, hence the contribu-
tions as well as deviations become unimportant. Consequently, if one knows
P(s),—0 o s*, one can approximately obtain P(s) for all s by Eq.(3.22)
without introducing a significant error. This is the standard procedure for
deriving the Wigner distribution [22], and we will use it in Chapter 6.
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Chapter 4

Semiclassical quantization
theory

Although the random matrix theory describes the universality classes of the
fluctuations of quantum spectra very well, it is an empirical theory. We
need to justify the application of such a theory. Ensembles involving a large
number of energy levels for a given Hamiltonian represent properties of the
quantum system in a state of high excitation far away from the ground state
and can therefore be described by semiclassical mechanics. The success and
failure of semiclassical mechanics to provide insights into the origin of the
universality classes in level statistics will be discussed in this chapter. We
shall apply the semiclassical quantization to the system of a hydrogen atom
in a magnetic field and show that the analysis of isolated unstable periodic
orbits can lead to a deeper understanding of the structure of complex spectra.

4.1 Semiclassical trace formula for the den-
sity of quantum states

We start with the eigenfunction expansion of the propagator K(¢',q,t)
K(qd,q,t)= Ze"E"t/h < nlg >< g|n > (4.1)
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where < g|n > is the coordinate representation of the eigenvector |n >. Its
Laplace transform leads to the Green’s function

1

G(¢',q,E) = s / eERK (¢!, g, t)dt. (4.2)
0

This gives an expression for the density of physical energy levels
n(E)=Y_ 6(E - E,) (4.3)
in terms of the Green’s function:
n(E) = 2Re/quG(q,q, E). (4.4)

Feynman'’s path integral [27] provides a general connection between clas-
sical paths and the quantal propagator K(¢',q,t):

K(dsa,t) = / DlgleiS6s/n, (4.5)

where
S(¢,a,) = / dr(p(r)a(r) — H(p(7),4(r))) (4.6)

is the action along a path ¢(7), p(7) (possibly classically forbidden) with the
boundary condition ¢(0) = ¢, ¢(t) = ¢’ and D[q] denotes the functional inte-
gration over all paths with the above boundary conditions. The path integral
is therefore a natural starting point for semiclassical mechanics [28]. In the
semiclassical limit (S/h — o0), the contributions of €*/* to the functional
integral have a sharp maximum around the saddle point of the action S,
i.e. for the classically allowed path, and the contributions from other points
cancel each other since e*/* fluctuates rapidly around these points. Then
one can expand the action S to second order in the departure éq from the
saddle point and evaluate the resulting Gaussian integrals. This method is
called the stationary phase evaluation. After stationary phase evaluation of
Eq. (4.5) one gets the semiclassical approximation of the propagator (“van
Vleck propagator”) [29]

1 LS, aum
K,c(Q',q,t)=WZIDAI”GXW(?- 5 ) (4.7)

v
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where v denotes different classically allowed orbits, S, the action round the
vt trajectory, a, the number of caustics encountered along orbit v, and

9%S,
. 4.

DV(q,a q, t) = det(_

Caustics are the envelopes of the families of classical orbits which are given
by det(8gi(t)/dp;(0))q0) = 0 [28]. After substitution K,. into Eq.(4.2), the
integration over time can be easily performed by stationary phase evaluation
and one has the semiclassical approximation of the Green’s function

, _ 1 2 . S T
Gac(q ’q7 E) - zﬁ(27rzﬁ)(N"1)/2 Z IAVI expz(—h— - 2 ) (4'9)
with Ao (P gy B B, 9SS, w10)
v = "\BE? “\BE? 8409  0q'OF 6q0E’ ‘

However, the evaluation of the trace [ d"g in Eq.(4.4) for a generic system
is not obvious. If the underlying Hamiltonian is integrable, the trajectories
form continuous families of tori and it is possible to transform to action-
angle variables. Then the operation of taking the trace corresponds to a
trivial multiplication [30]. On the other hand, if all closed trajectories are
isolated, the trace can be evaluated by the method of stationary phases
[31]. This is the case for totally chaotic systems and one-dimensional (hence
integrable) systems. Therefore, these two extremes, the case of the existence
of tori and the case of the isolated periodic orbits, are equivalent only for one-
dimensional systems and do not, in general, contain each other. Nevertheless,
they lead to the similar expressions for the spectral density

A, .
n(E) = ngy + Z,,: Py exp(¢ r §a,,). (4.11)

In this formula, v labels either all isolated periodic trajectories for totally
chaotic systems or all rational tori which are formed by families of periodic
trajectories for integrable systems, including multiple traversals (negative —
i.e. retracings — as well as positive) so that the sum is real. The information
about the stability of trajectory v is contained in the real amplitude A,.
For a regular system with N freedoms the exponent p is given by %(N -1)
(periodic trajectories form (/N —1) parameter families filling tori), while for a
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totally chaotic system it is zero (isolated unstable periodic trajectories form
zero parameter families). ng, is given by the Thomas-Fermi approximation

[32]
Mgy = 27rh / dVpd"q6(E — H(p,q))- (4.12)

This result is the old quantum mechanics rule that there is one quantum
state per Planck cell in phase space. Consequently, the mean level spacing
is in the order of

< AE >=1/ng, x BV, (4.13)

We can see from Eq. (4.11) that the spectrum of eigenvalues is determined by
a background contribution from the whole energy surface, n,,, and oscillatory
modulations from the periodic orbits, ny;:

n(E) = Nay + nj1. (414)

For an integrable system [33], Eq.(4.11) is convergent resulting in the
familiar Einstein-Brillouin-Keller (EBK) quantization rule

Y (4.15)

En =H(In)’ In=(n+ 4

which provides the essential information about individual levels. Using the
EBK quantization, Berry and Tabor [24] proved rigorously that the distri-
bution of nearest-neighbor spacings P(s) for an integrable system is indeed
a Poissonian distribution. The two exceptions are harmonic oscillators and
one-dimensional systems. Berry and Tabor showed that there is no general
NNS distribution for multi-dimensional harmonic oscillators. Based on the
EBK quantization, we show in Appendix B that the unfolded spectra of one-
dimensional systems form a universality class of equally spaced sequence and
the NNS distribution for such systems is (s — 1). Therefore, semiclassical
theory provides the dynamical origin for the existence of universality classes
in the spectrum fluctuations of integrable systems.

For a chaotic system, on the other hand, the trace formula Eq.(4.11)
is divergent [34]. The reason is that the number of orbits with period T
proliferates exponentially with T [35], or more precisely,

number of orbits with periods between T and T + dT
p(T) = o7

= exp(hgsT)/T T — o (4.16)
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where hgs is the Kolmogorov-Sinai entropy defined by the sum of the Lya-
punov indices larger than 0, i.e.

hKS = Z ;. (417)
o:>0

The explicit expression of the trace formula for chaotic systems [31] is given
by
i, t,
=new + 1 . 4.18
n(E) = ney + m;whl—t, (4.18)

with
t, = exp(tS,(E)/h —ia,7[2 — hgsT,[2), (4.19)

where the sum runs over all primitive periodic orbits ¥ and we have used the
long period limit for the expression of the stability matrix. In this limit, we
can replace the sum in (4.18) by [ dTp(T) resulting

ng /dTexp(thT/Z) (4.20)

which is divergent. From the uncertainty principle for energy and time
AEAT ~ h, (4.21)

one expects that the orbits that contribute to resolve the structures on the
scale smaller than the mean level spacing (Eq. (4.13)) have periods

T > bng, oc A~-V"Y 5 00 when h — 0. (4.22)

Because of divergence, the trace formula Eq.(4.18) is, in general, unable
to provide the detailed information on a large number of individual highly
excited levels for chaotic systems [36] and fails to give the dynamical origin
for the existence of the Wigner-type NNS distribution. This result suggests
the need of other approaches.

4.2 Application of semiclassical quantization

to hydrogen atom in a magnetic field
Although the trace formula (Eq.(4.18)) is divergent and not suited to give
the information on individual levels, it is still useful to understand the clus-

ter structures in quantum spectra qualitatively or some times even quantita-
tively, because those structures are related to either one particular trajectory
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[37] or a set of trajectories as we will show in this section for the system of
hydrogen atom in a magnetic field. In order to improve the convergence of
the trace formula for a given set of trajectories, we consider the integrated
density of states, i.e. the number of states with energy < F

E
Because of the classical identity
dfE 1
P (4.24)

the convergence of the integrated density M(E) is improved by the factor
1/T for a given set of classical trajectories compared with the density of
states n(F) and hence N is easier for a numerical calculation. Substitut-
ing Eq. (4.18) into Eq. (4.23) and using Eq. (4.24) to change the variable of
integration from energy to action, we have

]
Nou(E) = oo [ "pi"e0(E - H(p.a)). (4.25)

and p
Nﬂ = = (4.26)

where 0 is the argument of the complex number [] (1 —¢,).
The Hamiltonian of a hydrogen atom in a uniform magnetic field [6] is
given by (in atomic units m, = e =k = 1)

1 v ol 2
H___r L,+8p, (4.27)
where the direction of the field is taken as the z-direction and ¥ = B/By(By =
2.35 x 10°Tesla). The derivation of (4.27) is briefly discussed in Chapter
1 (see Eq.(1.2)). The azimuthal component of angular momentum L, is
conserved because of rotational symmetry and it can be therefore replaced
by a number. The z-parity 7 defined with respect to reflection at the zy-plane
which is perpendicular to the direction of the magnetic field is also conserved.
In each L7 subspace of the Hilbert space, the Schrodinger equation defined
by the Hamiltonian (4.27) remains nonseparable in the two coordinates z,
parallel, and p, the cylindrical coordinate perpendicular, to the field. Leaving
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out the contribution of the normal Zeeman term L, because it contributes
a L,-dependent but trivial additive constant to the energy, the Hamiltonian
(4.27) is of form of Eq. (2.25) with A oc 42, This system is an experimentally
accessible physical system that has been studied in the laboratory [38] and
provides a prototype for the study of quantum chaos. We apply now the trace
formula Eq. (4.26) to this system and show that the analysis of the classical
dynamics, and in particular of the important role of isolated unstable periodic
orbits embedded in the chaotic part of the phase space, can lead to a deeper
understanding of the structure of complex spectra. We restrict ourselves to
the case of L, = 0.

In the limit of large magnetic field ¥ — oo, the motion in p-direction is
strongly bounded by the diamagnetic term 781p2, therefore < p > K< 2 >.
The problem approaches that of a one-dimensional hydrogen atom parallel
to the field [39] with the potential

1 1 < p>2
—-r—-——(140 4.28
-~ -1+ 02 (4.28)
and the spectrum is given by
1

Enn=(N+1/2)y- (4.29)

2(n — p)?
which form a sequence of Rydberg series converging to the respective ion-
ization threshold (N + 1/2)y, where N (= 0,1,2,---, the Landau quantum
number) and n (the principle quantum number) are the quantum numbers in
p and z directions respectively, and p is the quantum defect (in fact, quantum
excess since p < 0) caused by residual coupling between z and p directions.
As the field strength is reduced to values around vy = 1, the Rydberg series
associated with the different Landau channels begin to overlap and couple.
At the laboratory field strength (v ~ 107°), a huge number (~ 10%) of Ryd-
berg series are overlapping and the interchannel coupling makes the spectrum
extremely complicated.

However, in the region of ionization threshold, the structures on the scale
of the average spacing was revealed by the high resolution (~ 10~8) experi-
ments at fields around 6T (v ~ 107°) by Iu et al. [40] and confirmed by a
numerical diagonalization of 90,000 x 90,000 complex matrices by Delande
et al. [41]. Fig.4.1 is the result of experiment. The ionization threshold is
around 2.8cm™! (lem™! = 0.4556 x 10~° atomic units). The most striking
feature of the observed spectra is the existence of Rydberg series which are
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The ionization threshold lies at approximately +2.8cm™!. Reprinted from C.

Iu et al., Phys. Rev. Lett. 63, 1133(1989).
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disturbed by a number of widely spaced strong lines with large slopes with
the magnetic field. Avoided crossings and other phenomena associated with
level couplings are apparent, but they do not completely destroy the orderly
structures.

The detailed investigation of the structure is based on Eq.(4.29). A
Rydberg series has two features. The slope of the family is determined by
its Landau quantum number

dEN .
dy

~ (N +1/2), (4.30)

and the spacing between the family members is given by the principle quan-
tum number

Ennt1 — Eng = 1/(n —p)® (4.31)

After using Eq. (4.30) to get N, one can express n* = n — u as a function of
E (Eq.(4.29)) and therefore an implicit function of the magnetic field. The
right part of Fig.4.1 plots the dependence of n* on the magnetic field. A
progression of Rydberg states appears as a series of lines with unit separation.
The other striking feature revealed by this plot is that the Rydberg series
very near the ionization threshold is not convergent to the nearest threshold
(N =0, i.e. the jonization threshold itself) but to the next one (N = 1),
while those Rydberg series relatively far away from the ionization threshold
are indeed convergent to the nearest threshold (N = 0). The third striking
feature is that the members of the Rydberg series, in general, have fine
structures. Therefore they are not individual levels but modulations of the
spectra.

The existence of the Rydberg series at the laboratory field strengths range
(v ~ 107°) is a priori not expected because the classical dynamics is fully
chaotic and the coupling between two directions (z and p) should, at first
glance, destroy the Rydberg progressions. This leads naturally to the ques-
tion whether the correspondence between quantum and classical mechanics
is broken in the region of ionization threshold. We use the trace formula
Eq. (4.26) to answer this question. The cross section of a photoabsorption
measurement is proportional to

< D¢i|G(q, g, E)|Dip; > (4.32)

where 1; is the initial state, G(¢/, ¢, E) is the Green’s function (4.2) and D is
the component of the dipole operator in the direction of polarization of the
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exciting electromagnetic field. Substitution of semiclassical approximation
of Green'’s function (Eq. (4.9)) into (4.32) leads to a simple physical picture
explaining how the absorption spectrum is correlated with closed classical
orbits [37]. Initially, the electron is located near the nucleus. When the
atom absorbs a photon, the electron propagates away from the nucleus to
large distances as an outgoing wave. Through the semiclassical approxima-
tion (Eq.(4.9)), the outgoing wave fronts are guided by outgoing classical
orbits. A pencil of trajectories are turned back by the magnetic field; some
of them return to the nucleus, and the associated waves become incoming.
The interference between outgoing and incoming waves produce the observed
spectrum. Hence one expects those orbits which pass by the nucleus to be
important. Since the amplitude A, in the trace formula decays exponen-
tially with the increase of the Lyapunov exponents, we also expect that the
main contribution to the spectrum is from those orbits with the smallest
Lyapunov exponents. The family of trajectories which satisfies these con-
ditions are shown in Fig.4.2. We have calculated the first 140 members of
this family at the laboratory field strength B = 6.1T and extrapolated their
actions, periods and Lyapunov exponents as functions of k, the number of
intersections of the orbit with z-axis. When & — oo, the trajectories spend
most of their time in the nearly separable region (2 >> p) and the actions
and the periods reach their asymptotic forms[42]

T, = k27 /~, (4.33)

S, = 27r§[13 + 1.5(%)2/3]. (4.34)

The most important input are the Lyapunov exponents. We find that for
large k (or equivalently large T}), the stability constant defined by the prod-
uct of Lyapunov exponent and period increases logarithmically with k or T,
as shown in Fig.4.3. Therefore, the amplitudes Ay (see Eq. (4.11)) of these
orbits decrease with k algebraically rather than exponentially. Substituting
these classical quantities into Eq. (4.26) we get the fluctuations of the inte-
grated density as a function of energy as shown in Fig.4.4. First we notice
the discontinuity around threshold. This is due to the algebraic decay of the
amplitudes Ay as a function of Tk, therefore the effect of long orbits accumu-
lates and resolves the structure near the threshold. This is consistent with
the full quantum calculation [41]. Experiments with finite resolution aver-
age over these fine structures and therefore observe a continuous spectrum
around the threshold. Note that some irregular patterns near the threshold
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are due to the numerical noise since a huge number (around 150,000) of orbits
are included. There are two main modulations around the threshold. The
one on larger scale forms Rydberg series convergent to the next threshold.
The positions of the modulations are given by Eq.(4.29) with N = 1 and
n ~ 130, hence AE ~ 0.1cm™! (Eq. (4.31)). The other on a finer scale is the
Rydberg series convergent to the nearest threshold. Its positions are given by
Eq. (4.29) with N = 0 and n > 360 so that AE < 0.005cm™! by Eq. (4.31).
The latter appears as the fine structure of the former. Hence, near the ioniza-
tion threshold, the experiments with finite resolution observed the dominant
Rydberg series of larger scale which has fine structure and convergent to the
next threshold. When the energy range is far away enough from the ioniza-
tion threshold that the resolution can resolve the structure of the Rydberg
series with smaller scale, one observes the Rydberg series convergent to the
nearest threshold. These are the qualitative features observed in the exper-
iments. We conclude therefore that the existence of the Rydberg series is
due to the existence of such families of classical orbits which, though chaotic
(i.e. with nonvanishing Lyapunov exponents), spend most of their time in
the near separable region (z > p), thus their actions and periods behave as
separable ones.
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Chapter 5

Molecular-dynamics approach
to quantum spectra

The difficulty of the semiclassical theory to describe the dynamical origin of
the Wigner-type NNS distribution for classically chaotic systems suggests the
need for another method to be applied to the investigation of the validity of
random matrix theory. The parametric level dynamics provides an attractive
alternative approach. This method uses a set of differential equations to de-
scribe the deformation of the quantum spectrum as a function of the control
parameter for the strength of a perturbation. As we will show in this chapter,
because these differential equations closely resemble Newton’s equations of
motion, the parametric evolution of the quantum spectrum is formally equiv-
alent to the molecular dynamics of a many-body system with each particle
representing an energy level. Equilibrium as well as non-equilibrium proper-
ties of this equivalent many-body system are expected to be directly linked
to the quantum dynamics of classically chaotic systems. The basic micro-
scopic mechanism of the parametric level dynamics is the collision between
particles, i.e. avoided crossing between adjacent levels. The distribution and
morphology of avoided crossings is therefore an important local property of
quantum chaos. We suggest a simple formula for the distribution of avoided
crossings for generic systems and introduce a statistical measure for overlap-
ping avoided crossing which is sensitive to the fraction of classically chaotic
phase space.
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5.1 Molecular-dynamics calculation of energy
levels

As discussed by Pechukas [43], and further developed by Yukawa [44] and
Nakamura and Lakshmanan [45], the deformation of the energy levels of
quantum system Eq.(2.25) as a function of A can be described completely
by a set of coupled ordinary differential equations

—z, =< n|V|n >=V,,, = p,

dA
d Va
o= = o
1#n
d B 1 1 Vin(pi —pn)
d_/\‘/;n—ZMJV?"(xi_zj+xn—xj)_ Ty — Tn

where z,(A) = E,()) are the energy levels. For reasons of simplicity we have
assumed in the above equations the coupling matrix V;, to be real (i.e. a
system with time-reversal symmetry). Furthermore, the spectrum is assumed
to be entirely discrete. We will relax these conditions and discuss the effects
of the continuum in Chapter 8.

We give first a short outline of the derivation of Egs. (5.1). Differentiating
the Schrodinger equation (1.6) with Hamiltonian (2.25) with respect to A,
we find
dln > dz, dln >

d\  d) d\ -
Forming expectation values with < m| in (5.2), we get the first equation of
(5.1) for m = n, provided we choose the phase of eigenvector |n > such that

Vin> +H (5.2)

|n > 4z,

[46]
dln >
n| o = 0, (5.3)
and d v
n> mn
| d\  Tn—Znm (54)

for m # n. We have used the Hermitian property of the Hamiltonian, i.e.
< m|H =< m|E,(= ¢n). Repeating this process for p, and V,, we ob-
tain the second and the third equations of (5.1) with the help of Egs. (5.4)
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and (5.3). This set of coupled ordinary differential equations is an obvi-
ous generalization of the Hellman-Feynman theorem (the first equation of
(5.1)) and will be referred to in the following as Hellman-Feynman equations
(HFE) of motion. Extensions to the quasienergies of kicked systems [47],
to the systems with multiple nonintegrable-parameters [46] and to quadratic
parameter-dependent perturbations [48] have become available. We stress
that the linear dependence of a perturbation on X is essential in arriving at
(5.1).

Heretofore, the HFE have been primarily used to analyze the energy level
statistics in the semiclassical limit invoking statistical mechanics arguments.
“Quasi-equilibrium” is expected to be attained during the A-evolution. This
state of quasi-equilibrium should represent the energy level distribution of an
irregular quantum system. This approach goes back to Dyson’s observation
[49] that different ensembles of random matrix theory can be mapped onto
the equilibrium statistical mechanics of a circular one-dimensional Coulomb
gas at different temperatures embedded in a two-dimensional space. These
works leave several key hypotheses to be verified by a numerical calculation.
We have developed a code to numerically integrate HFE for a large number
of energy levels (presently up to 10* levels) [50] by a 5'* order Runge-Kutta
integrator with variable step size. Our approach is directly modeled after
molecular dynamics (MD) calculations for classical liquids [51]. We identify
Eq. (5.1) as Newton’s equations of motions for N (= number of levels) parti-
cles with canonical coordinates (z,, p,), each particle representing one energy
level. The particles move in a one-dimensional space and interact pairwise
via a singular repulsive potential U;, with “time”-(\-)dependent “charge”
Vi

Uin =2V21n |z, — ;] (5.5)

We chose a linear configuration where the position coordinates form an or-
dered sequence (z; < z3 < -+ < z5) which will be conserved because of the
singular repulsive force between levels of given exact symmetry. This sin-
gularity is a direct manifestation of level repulsion. The only non-standard
feature in HFE are the additional degrees of freedom of fluctuating “charges”
Vin(A) whose variations are coupled to the parametric motion. The ini-
tial conditions (z,(0), pn(0), Vin(0)) are calculated from the eigenvalues and
eigenvectors of the integrable Hamiltonian Hy. Avoided crossings which are
generic for nonintegrable systems correspond to collisions between particles
within the MD approach.

The analogy to molecular dynamics reaches much further: From MD cal-

49

o




culations of classical liquids it is well known that the propagation of ensembles
is facilitated by the fact that the number of N(N —1)/2 mutual interactions
in the N particle system can be reduced to those within a reaction range
of J nearest neighbors provided the forces are sufficiently short-ranged. The
number of interaction pairs of particles is thus reduced from N(N —1)/2 to
N x J/2 where J < N. Application of such a reaction window to Eq.(5.1)
implies the use of an A-dependent self-adjusting “banded” Hamiltonian ma-
trix, which is crucial in gaining computational speed. Since the forces in
HFE are short-ranged only if Vi,()) — 0 as |¢ — n| > 1, the convergence as
a function of the reaction range J must be checked. We find the convergence
as a function of the reaction range to be rather slow for individual levels
(typically, J > 50); however, it is much faster for ensemble properties. To
illustrate the effects of the reaction range, we use a solvable system with
long-range couplings between energy levels

n P
H= 51+§2—+:1:f/2+x§+/\$1.1:2. (5.6)
Because the parity is conserved we have calculated 1000 levels (including
ground state) with positive parity. The error is measured by the absolute
values of the differences between the exact levels and calculated levels, i.e.

error, = |t — peelevlated) | « AF > (5.7)

where < AE > is the mean spacing. This is a very sensitive measure as it
heavily weighs small absolute errors by < AE >~!. We use the criterion
that if error, is smaller than the tolerance used in the calculation (here the
tolerance = 10~®), the value of level E,, is considered exact. Fig. 5.1 displays
the fraction of the “exact” levels as a function of reaction range J. One can
see that for this system most levels become exact when J > 50.

Another key feature of MD simulations of which we can make use is
the choice of appropriate boundary conditions. Instead of periodic bound-
ary conditions used in calculations for classical liquids, we use at the lower
end of the stretch of spectrum (ground state z;) the correct open boundary
conditions while at the top (z5) we use a boundary layer (z5,,, ", Z5,;)
whose thickness J is determined by the effective range of the coupling and
whose A motion is explicitly prescribed. The boundary layer delimits the up-
ward motion of particles, taking into account the level repulsion by truncated
levels and thereby reducing truncation errors. If we choose open boundary
conditions on the top instead, the method yields results identical to those of
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Figure 5.1: Fraction of “exact” energy levels as a function of reaction range
for the solvable coupled harmonic oscillators (see text).

matrix diagonalization at fixed A. The effects of boundary conditions can be
beautifully demonstrated by the solvable model of one-dimensional harmonic
oscillator in an electric field
p?r 72

H= 3 +?+/\x. (5.8)
Fig. 5.2 shows the errors (see Eq. (5.7)) caused by different boundary condi-
tions as a function of the state n (counted from the ground state up) where
the number of the levels involved in the calculation is 1000. The “hard-
wall” boundary condition is given by fixing the position of the last level, i.e.
px(A) = 0. It is clear that the hard-wall boundary condition takes into ac-
count the level repulsion by truncated levels and thereby reduces truncation
errors compared with the result of open boundary condition (or equivalently
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Figure 5.2: Errors caused by boundary conditions of level dynamics for the
system of a harmonic oscillator in an electric field (Eq. (5.8)) as a function
of the state n (counted from the ground state up), where the field strength

A= 6.3

the result of diagonalization). Another interesting aspect of Fig. 5.2 is that
the influence of boundary conditions decays abruptly and there exists a level
n. independent of the boundary conditions imposed below which (n < n.)
all the levels are weakly influenced by boundary conditions. This behavior

is system-independent. We define the quantity

ba(A) =~ 3 | < $u(N]e(0) > [PIn(] < Yu(N)[x(0) > P), n < N

k:]\.f-{-l
(5.9)

where [p,()) > is the perturbed state under the consideration and [4+(0) >
are the unperturbed states. This quantity is the amount of the informa-
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tion (“information entropy”) needed from the truncated levels to calculate
level z,. It can be used to describe the influence of boundary conditions to
the given level z,. The information entropy b,()) increases with the per-
turbation A\. When b,()) deviates significantly from zero, the level z, is
strongly influenced by the boundary conditions. For systems in which the
coupling between levels is short-ranged (as for the system Eq. (5.8)), the ma-
jor contribution to the information entropy b, is from the first truncated
level, < ¥, (A)|¥x,,(0) >, when b, is near zero. From the semiclassical ap-
proximation for wavefunctions, we know that when the turning point of the
wavefunction |1,(A) > coincides with the turning point of |¢5,,(0) >, the
product < 1,(A)|¥5,,(0) > should be large. Hence, for a given A the state
[#n.(A) > is the state whose turning point coincides with the turning point
of the state |15, ,(0) >. This leads to

n(A) = N +1— V2N +3)+22/2. (5.10)

which fits the numerical observation very well.

One difficulty of the MD approach lies in the occurrence of singularities in
the integrable limit (A — 0). The completely integrable Hamiltonian H, pos-
sesses typically non-accidental degeneracies of energy levels, z;(0)—z;(0) = 0,
which result in singular, ill-defined initial conditions of Eq.(5.1). The nu-
merical convergence problems associated with degeneracies are very likely
one reason why systematic numerical investigations of HFE are, up to this
point, rare [52]. However, these singularities can be removed by applying
lowest-order nonvanishing perturbation theory for AA < 1, yielding non-
degenerate initial conditions z;(A)) — z;(A)) # 0 which are then suitable
for propagation to large A according to Eq.(5.1). A similar complication
arises from isolated avoided crossings (or hard collisions) during the A evo-
lution. As will be discussed in the following sections, these near singularities
can be removed by treating them analytically. On the other hand, a major
advantage of the MD simulation over matrix diagonalization or the Feit-
Fleck Fourier transform method [53] lies in the fact that a single molecular
dynamics run provides “en route” the spectra of H()) for all A in the in-
tegration interval, thereby giving detailed information on the deformation
of spectra during the transition from a regular to a chaotic classical phase
space structure. In analogy to the dynamics of liquids we will refer to our
numerical solutions of HFE as molecular dynamics simulations ( or computer
“experiments”). Analytic predictions of distributions and dynamical correla-
tion functions for the pseudo-Newtonian many-body system (Eq. (5.1)) will
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be tested by comparing with our computer experiments. It is important to
realize that despite its classical appearance, Eq.(5.1) is fully equivalent to
the original Schrodinger equation (1.4) for the quantum system of Eq. (2.25).
It should be noted that the terms “classically regular” or “chaotic motion”
will in the following always refer to the dynamics governed by the original
Hamiltonian system (Eq.(2.25)) and not to the pseudo-Newtonian N-body
system (Eq. (5.1)).

Although the systematic comparison of the relative computational efhi-
ciencies of the MD approach and traditional matrix diagonalization is not
yet completed, a simple estimate can be given. Virtually all modern eigen-
system routines diagonalize non-sparse matrices by a sequence of similarity
transformations [54]. The number of operations for each transformation is
proportional to N3 [53] where N is the dimension of the matrix. To resolve
the spectrum in the interval of A, the number of diagonalizations is propor-
tional to A(Nac + 1) where Nyc is the number of avoided crossings. Con-
sequently, the computation time for matrix diagonalization is proportional
to A(Nac + I)N 3. On the other hand, the computer time for the evaluation
of parametric dynamical equations is proportional to N (14+J + J?) and the
number of evaluations is proportional to A(N4c + 1). Hence the computer
time required is proportional to A(Nac + 1)N(1 + J + J?). Therefore, the
ratio of the computer time of the MD approach to the matrix diagonalization
is
1+J+J?

J
T C(ﬁ)"’. (5.11)

Tepu = C
where C is system-dependent. Consequently, in general, when J/ N <1 our
MD approach will be more efficient.

5.2 Parametric trajectories of quantum lev-
els

The parametric trajectories of energy levels for the solvable (and therefore
integrable) systems are analytic, smooth and structureless. We discuss now
the parametric level dynamics of generic systems whose classical counterparts
possess a mixed phase space of regular and chaotic motion. The model system
we use is the coupled Morse oscillators (Eq. (2.26)) with molecular parameters
of H-C-C. The coupling to the continuum is neglected.
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Fig. 5.3 depicts the A-trajectories of a few particles in the (x,p) phase
space of the N particle system representing the energy levels of the coupled
Morse oscillators. The trajectories of low-lying states are obviously smooth
while for high-lying states the trajectories very much resemble those of Brow-
nian particles undergoing a seemingly erratic motion and sharp turns which
are due to close collisions (avoided crossings) with adjacent particles. Note
that 2 — 0 is a short-hand notation for the approach to the semiclassical
limit. The complexity increases with decreasing k. This indicates that the
properties of semiclassical spectrum (i.e. high-lying levels) can be quite dif-
ferent from the properties of the levels near ground state and there may be
interesting structures in those high-lying levels.

Fig. 5.4 shows an example of the dependence of energy levels (or the posi-
tion coordinates of the particles in the language of MD) of excited states on A
for coupled Morse oscillators in mostly chaotic region. This plot shows the ab-
sence of any obvious regularity of the spectrum, suggesting that a statistical
description would be appropriate. Another feature of Fig. 5.4 is the existence
of a large number of avoided crossings between high-lying energy levels. It
is well-known [55] that for H(A) with no additional symmetry the quantum
levels generally do not cross each other as A varies. Instead, two levels may
approach and recede from each other along two branches of a hyperbola.
This behavior is termed avoided crossing (AC) . As indicated in the figure,
there are “isolated” and “overlapping” avoided crossings and even “triple”
avoided crossings which essentially involve three levels. Avoided crossings
play an important role in parametric level dynamics. From the viewpoint of
molecular dynamics, avoided crossings (collisions between levels) redistribute
the “kinetic energies” and “potential energies” of particles and therefore pro-
vide the microscopic mechanism for the transition from nonequilibrium state
to equilibrium state. During such an avoided crossing, the properties of two
levels involved are mixed and hence the original quantum numbers are not
“good” any more. According to the EBK quantization (Eq.(4.15)), these
processes correspond to the destructions of classical tori, therefore the clas-
sical motion changes from regular to chaotic. Avoided crossings are fine
structures in quantum spectra and, based on the uncertainty principle for
energy and time (Eq. (4.21)), they should be very sensitive to the long-time
behavior of the underlying classical dynamics. Thus the distribution and
morphology of the avoided crossings is an important property of quantum
chaos. Such an interconnection had been proposed in early studies as the
fingerprints of classical chaos [56], though at that time only on a qualita-
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Figure 5.3: “Phase space” trajectories of energy levels of the coupled Morse
oscillators for the interval of perturbation strength 0 < A < 0.7: (a) ground
state n = 1 and (b) excited state n = 700.
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Figure 5.4: “Coordinate space” trajectories of energy levels of the coupled
Morse oscillators for excited states (700 < n < 730) in the classically mostly
chaotic region. Due to the finite resolution of the plot, some narrow avoided
crossings look like crossings.

tive level. The HFE (Eq. (5.1)) are particularly convenient to study avoided
crossings quantitatively [57, 58]. Virtually all two-body collisions within a
given X interval can be found by searching for zeros in the relative momentum
Ap = pny1(A) — pa(A) with positive slope Ap’ > 0. Extensions to three-body
collisions (i.e. triple avoided crossings) or multiple collisions are straight-
forward. It is important that the interval of A within which the avoided
crossings are counted for statistics must be small compared to the range of
A when the classical phase space of Eq. (2.26) undergoes structural changes.
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5.3 Width distribution of avoided crossings

Around the point of the closest approach, A., the distance between two levels
involved in an avoided crossing can be approximated by the Wigner-von
Neumann formula

AE = Eni(A) = Ea()) = 1/C? + 4AX2V2 (5.12)

where C = En41(X:) — En().) is the minimum distance, Vo = V; n41(Ac)
is the coupling among two levels at the point of the closest approach, and
Ad=)- ).

Eq.(5.12) corresponds to the “adiabatic” representation (in the terminol-
ogy of collisions) of an isolated avoided crossing. A more detailed quantitative
criterion for an isolated AC will be given below. An alternative diabatic rep-
resentation follows from the description of the effective 2x2 Hamiltonian for
the levels (n, n + 1), denoted by (1,2) in the following, by the matrix

moted = (3 )

where A /2 is the coupling matrix element between two diabatic levels and
a is the slope with which the levels approach each other and would cross if
A would be zero. Solving the eigenvalue problem (5.13) and comparing with
(5.12) leads to the correspondence

(5.13)

A=C

a=V,. (5.14)

Note the interchange of the role of (off-)diagonal elements in the (a-)diabatic
representation

A =2 < 1|Heppl2 >4i0= (< 2|H|2 > — < 1|H|1 >)44ia- (5.15)

Note, furthermore, that A and a in (5.13) are assumed to be independent
of A), i.e. the diabatic state vectors |1,2 > to be invariant under variation
of A for small AX. The latter plays an important role for the correlated
motion of energy levels near avoided crossings.

It is worth noting that the HFE (5.1) describe the parametric evolution
of the matrix element V;, in the adiabatic representation. In the following,
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Figure 5.5: Scatterplot of widths, in units of the local mean level spacing,
for avoided crossings in the interval 0 < A < 0.7.

we use this set of equations for determination of the width distributions and
the A (“temporal”) correlation between avoided crossings.

Fig.(5.5) displays the scatterplot of widths in units of the mean level
spacing within the interval 0 < A < 0.7. We may speak of mild avoided
crossings when C is of the order of the mean level spacing < AF > while
hard avoided crossings correspond to C << AE >. The most remarkable
feature in Fig.(5.5) is the dramatic increase of the lower bound of C for a
given A as a function of A by orders of magnitude as the classical dynamics
undergoes a transition from regular to chaotic motion. Near the integrable
limit there exist extremely small avoided crossings (=~ 10~° mean spacing)
while mild collisions become prevalent in the region of chaotic motion. Ex-
tremely narrow avoided crossings have been first observed for hydrogen in a
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strong magnetic field and could be traced to the existence of an adiabatic
invariant [6]. The C distribution spans many orders of magnitude in the
regular regime while it becomes much more uniform in the chaotic regime.
Since small C corresponds to near-singularities in Eq. (5.1) we arrive at the
somewhat paradoxical conclusion that the evolutions of levels and avoided
crossings described by the HFE become smoother at the same time the un-
derlying classical dynamics becomes more chaotic.

For quantitative studies of the distribution of avoided crossings, we re-
strict ourselves to those avoided crossings which are dominated by a two-level
interaction such that two-level approximation (Eq. (5.12)) is locally valid near
the point of the closest approach A.. The validity of the two-level approxi-
mation can be easily tested for each avoided crossing within our calculation
by requiring that the residual forces exerted by other levels (see the second
equation of (5.1)) on the two levels in question, F, are negligible compared
to the dominant two-level force, F,, between the two levels. i.e.

2 2

v, /A
Fy=Mazepnn(2 Y, ——|) K F=—204 (5.16)

Tg— T T - T
k#nntl 8 k n+1 n

for Ay £ A = A; < A; where A, ; denotes the “time” the two particles enter
(leave) the isolated-collision region as shown by Fig.5.6. We have found
numerically that for Fy/F; < 0.1 the two-level approximation is sufficiently
accurate and used therefore this criterion to define A; ;. We note that the
results are stable against the variation of the cut-off criterion, provided that
Fn < F,. We also note parenthetically that within this interval (A, Az)
the trajectories z, and z,4; can be propagated analytically according to
Eq. (5.12), thereby removing the near-singular terms associated with two-
body collisions in Eq. (5.1).

For classically completely chaotic, metrically transitive systems, random
matrix theory predicts a Gaussian distribution of the width of an avoided
crossing. In its simplest form, the underlying argument can be phrased as
follows [59]): The two free parameters in H.ss in the diabatic representation
(Eq. (5.13)), a and A, are independent Gaussian random numbers, while the
width of the avoided crossing is given by A (=C, Eq. (5.14)). Consequently,
RMT predicts

2 —C?/(n 2
P(C) = m‘e C*(r<C>%) (517)

with < C > the mean value of the width in the ensemble of avoided crossings.
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Figure 5.6: Illustration of two-level avoided crossings.

In the quasi-integrable limit, on the other hand, invariant tori fill most
of the accessible phase space. The Hamiltonian system can be quantized via
torus (EBK) quantization. Energy levels are characterized by complete set of
compatible quantum numbers (N actions (I;, ¢ =1,---, N) of the N-torus),
ie.

En()) = H(Ii,/\)1.=h(n,+%x)- (5.18)

The levels obtained by (5.18) generally do not exhibit any inhibition to cross
under the variation of one parameter when the number of degrees of freedom
N > 2. Consider an N-dimensional space with axes ny,n,,---,ny. In this
space, the function H(I; «x n;,A) = E defines a energy surface of dimension
(N —1). As shown in Fig. 5.7, an allowed quantum energy eigenvalue arises
from the intersection of the energy surface with a discrete lattice point, say
n;, of the primitive cubic space where all components of the vectors are non-
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Figure 5.7: Illustration of the level crossing from EBK quantization.

negative. For a fixed value of ), an energy surface will not, in general, inter-
sect two lattice points simultaneously. The energy surface intersecting n} will,
however, smoothly deform upon changing A. By properly choosing A, it can,
in general, intersect with a second lattice point. The case of harmonic oscilla-
tors is exceptional for which the energy surface is a hyperplane. Apart from
such exceptional surfaces, one concludes that primitive (i.e. non-uniform)
semiclassical quantization (Eq.(5.18)) therefore gives crossings rather than
avoided crossings. Uniform quantization [60] lifts these degeneracies and in-
duces small splittings due to dynamical tunneling between tori and narrow
phase space zones within which the non-integrable perturbation destroys tori.
As other quantities due to the tunneling, the size of avoided crossings in the
near integrable limit is of the order exp(—S/h) where § is the classical action
associated with the tunnelling [61]. The size of AC is therefore very small
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compared to the average spacing (o< A", Eq. (4.13)) in the semiclassical limit
(A — 0). On the scale of the average spacing between energy levels, the
distribution for these avoided crossings can be approximately described by a
6 function

P(C) = §(C). (5.19)

We note that any other sharply peaked function (on the scale of the mean
spacing) is admissible as well, while the advantage of a § function is that it
is without additional free parameters. For generic quantum systems with a
mixed classical phase space consisting of regular islands and chaotic seas, we
expect P(C') to consist of two components: One with fraction 1 —+ is formed
by avoided crossings involving two adjacent levels from the quantization of
the classical tori of regular islands and Eq.(5.19) applies. The other group
with fraction v involves at least one level embedded in the chaotic seas.
The Gaussian distribution (Eq.(5.17)) should be applicable to this group.
Therefore, the distribution for all AC’s reads

P(C)=(1-9)§C)+ 7\/? exp(—DC?) (5.20)

where D is determined by the average width

+?

D —_ m. (5.21)

This distribution interpolates between a é distribution Eq.(5.19) (y = 0)

and a Gaussian distribution Eq.(5.17) (¥ = 1). The parameter 4 can be

determined by fitting the results of numerical experiments for quantum spec-

tra. At the same time, we expect v to be closely related to the fraction of
the classically chaotic phase space.

Fig. 5.8a displays the AC distribution for coupled Morse oscillators in the
perturbative regime (0 < A < 0.1) where C is in units of the average spacing.
The circles are the values of Eq.(5.20) averaged over each window of size
AC = 0.05 and the numerical results are represented by histograms. The
dominant feature is clearly the sharp peak near the origin C = 0. Note the
peak width is not intrinsic but is determined by the window size AC. The
sharp peak near the origin signifies the approximate separability and the per-
sistence of KAM tori in the classical phase space. A very weak Gaussian com-
ponent at large C' is recognizable. For strong perturbations (0.5 < A < 0.8)
chaotic motion becomes prevalent, though some regular islands still exist (see
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Figure 5.8: The AC distribution (a) in the near-integrable regime (0 < A <
0.1) and (b) in mostly chaotic regime (0.5 < A < 0.8) where C is in units
of the average level spacing. The circles are the averages of the distribution
function Eq. (5.20) over the window of the histogram (0.05 of mean spacing).
The numerical results for coupled Morse oscillators are given by histograms.
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Figure 5.9: Quantum parameter v (diamond) and the fraction of classically
chaotic phase space in the energy shells contributing to the energy level
statistics, @, (triangles) as a function of A for coupled Morse oscillators.

Fig.5.9). Fig.5.8b shows that the corresponding AC distribution consists of
two components: a dominant Gaussian tail and a small peak near the origin,
as predicted by distribution Eq. (5.20). Fig. 5.9 displays the A\-dependence of
quantum parameter v and the fraction of classical chaotic phase space Qu
in the energy hypershells within which the quantum energy levels lie. We
averaged the fraction @y within each window of AX = 0.1. One can see
that v closely follows Q.. The AC distribution changes from a §-type to a
Gaussian one as the corresponding classical system undergoes a transition
from regular to chaotic motion.

As a consequence of (5.20), we find that the validity of the RMT pre-
diction (Eq.(5.17)) for small C cannot be tested for a mixed system since
the region near the origin is always “overshadowed” by the é contribution
due to regular islands. Only in the limit of completely chaotic systems, or
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systems whose regular islands are too small to accommodate any quantum
state, the C' — 0 limit of RMT becomes accessible. For several such systems
(strongly “kicked” top, billiards, hydrogen in strong magnetic field) recent
investigations [62] found systematic deviations which were detected in the
cumulative distribution

C
1C) = /0 dC'P(C"). (5.22)

The width of the avoided crossings for billiards has been recently linked to
very long periodic orbits [63]. According to the GOE result (Eq. (5.17), or
Eq. (5.20) with v = 1), I(C) should be proportional to C in the limit of small
C for chaotic systems. Using a sample of & 10,000 AC’s, it was shown in
Ref. [59] that I(C) does not grow linearly with C. As found by Goldberg and
Schweizer [62], I(C) grows instead quadratically with C for small C, i.e.

P(C) = %1(0) xC C—0 (5.23)

The origin of this deviation is not yet clear. In order to test the proposal
that the deviations are due to small ensemble sizes, we generate two samples
of 10,000 random numbers and plot the integrated distributions for small C
in Fig. 5.10 where C is in units of the average width < C >. The triangles
are generated from the GOE result (Eq.(5.17)) which is proportional to C
with the slope \/4/7. The circles are generated from Eq. (5.23) which fits the
data of the kicked-top model of Ref. [59] very well. This result shows clearly
that the sample size of the numerical data of model systems are large enough
to verify the GOE result in the limit of small AC, and the discrepancies are
not due to the small sample size. As recently suggested, another possibility
would be numerical errors in the determination of the width distribution
[64]. The third possibility is strong parametric correlations among matrix
elements and effects of overlapping avoided crossings [65]. We will in the
following analyze the distribution of non-isolated avoided crossings.

5.4 Overlapping avoided crossings

A multitude of overlapping avoided crossings has been proposed from early
on as a signature of classical chaos in quantum spectra [66]. Numerical calcu-
lations supported this criterion qualitatively, but a quantitative description
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Figure 5.10: The cumulative distributions of 10,000 non-uniform random
number distributions. The triangles are generated from Eq. (5.17) (dashed
line) and the circles are generated from Eq. (5.23) (solid line) which fits the
data of the kicked-top model of Ref.[59]. C is in units of the average width
<C>.

for the amount of overlap has only recently begun to develop by our MD ap-
proach. One measure is the mixing angle describing the incomplete exchange
of diabatic state vectors across an avoided crossing due to the presence of
other nearby levels. The change of the wavefunction during a two-body col-
lisions can be parameterized as [67]

[n(A2) >= cos(¥/2)|n(A) > +sin(¥p/2)|n + 1(A;) >

|n+ 1(A2) >= cos(¥/2)|n + L(A1) > —sin(yp/2)|n(A;) > (5.24)
in term of mixing angle ¥. Note that when ¥ = 27, |n,n + 1(A;) >=
—|n,n + 1(A;) >, where “—” represents the remnant of Berry’s phase [68].

For isolated two-body scattering the mixing angle ¢ accumulated between
A1 and A; is 7, leading to an “exchange” of the two state vectors. However,
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if the residual force Fiy due to the coupling to other nearby levels becomes
nonnegligible before the exchange of state vectors is complete, the accumu-
lated mixing angle ¢ in the close collision region (\;, A;) is less than 7, and
the two state vectors remain mixed. We use this property to quantify the
amount of overlap of avoided crossings as a function of A. Fig.5.11 displays
the frequency distributions of 3 for two-body collisions of coupled Morse os-
cillators in the intervals 0 < A < 0.1 (a) and 0.5 < A < 0.7 (b). The former
lies in the classically regular region while the latter lies in the predominantly
chaotic regime. As expected, the distribution is peaked near 7 in the reg-
ular regime. The distribution of mixing angles shifts dramatically towards
smaller values in the chaotic region, indicating the increasing statistical sig-
nificance of overlapping avoided crossings. A peak near ¥ ~ 7/2 leads to a
rapid spread of probability amplitudes over many states of the unperturbed
basis. The latter is a prerequisite for wavefunctions in the chaotic domain to
become pseudo-random number distributions [69] in the semiclassical limit.

The definition of mixing angle used above involves the properties of wave-
functions though their calculations are completely determined by the HFE
(Eq.(5.1)). We introduce now an alternative measure that is solely based
on the parametric variation of the energy levels without explicit reference
to wavefunctions. The parametric equations of motion HFE provide a con-
venient framework in which to analyze the parametric correlations among
matrix elements. Specializing to the two level system involved in an isolated
avoided crossing the HFE become

AE =p
. V2
AE = 4A_112? (5.25)
- p
Viz = =V,
12 HAE.

The Wigner-von Neumann formula for AE()X) (Eq.(5.12)) solves the sys-
tem (5.25). Moreover, we find an explicit expression for the A\ dependent
adiabatic coupling matrix element

C
VO +4H{AXNV)?
From the third equation of (5.25) follows that AE(A))Vi3(AA) is a constant

of A motion, in particular

AE(ANVip(AN) = VoC (5.27)

Viz(AX) = Vo (5.26)
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Figure 5.11: Histogram of mixing angles due to two-body collisions (avoided
crossings) in (a) the classically mostly regular regime 0 < A < 0.1, and (b)
in the mostly chaotic regime 0.5 < X <0.7.
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Figure 5.12: Illustration of the multiple avoided crossings.

for all AX. In the limit of “large” A (but still within the range of validity
of the two-level approximation), i.e.

|AA] > AVl (5.28)
the matrix elements become
Vi2(AX) ~ —C— sign(VoAX)
2A
AE(AX) ~2|AAV|. (5.29)

Eqgs. (5.28) and (5.29) are now used to define a measure for overlapping
avoided crossings. As above for wavefunctions, the latter are characterized
by a breakdown of the Wigner-von Neumann formula for isolated avoided
crossings (Eq. (5.12)). As shown by Fig.5.12, the two-level approximation
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(Eq. (5.25)) underlying Eq. (5.12) becomes invalid due to the presence of lev-
els with which one of the two levels undergoes a subsequent avoided crossing.
The avoided crossing can be considered to be isolated if the asymptotic form
of the level separation (Eq.(5.29)) is reached prior to the encounter with
other levels. Denoting the distance between two adjacent avoided crossings
in A parameter space involving the same level by A)g, the ratio

c_
28 V0

R=| (5.30)
measures the amount of overlap. An isolated avoided crossing corresponds
to R << 1 while R ~ 1 implies strong overlap.

The ensemble average R provides a measure of the overlap of the avoided
crossings for the system. Because R varies by orders of magnitude in the
classical transition regime, it is convenient to employ for an ensemble of
avoided crossings the geometrical mean

<R>= YRR, - Rn. (5.31)

Fig.5.13 depicts < R > as a function of A averaged over all AC’s within
a given window of AX = 0.1. In the perturbative regime (0 < A < 0.1),
< R >= 1072 indicating the avoided crossings are mainly isolated. When
0.7 < A £ 0.8, < R > has risen to ~ 0.5 indicating the prevalence of
overlapping avoided crossings. In order to illustrate the correspondence to
the classical phase space structure we have overlaid the fraction of classical
chaotic phase space Q.. The relative position and scale between the two
axes (left-hand side Q. and right-hand side < R >) were determined by a
least-x? fit

x* = Min4 g Z[loglo < R>(\) - (4Qu(X) + B)%. (5.32)

As expected, the amount of overlap is directly correlated to the fraction of
chaotic phase space.
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Figure 5.13: Overlap parameter < R > (circle) and the fraction of classically
chaotic phase space in the energy shells contributing to the energy level
statistics, @, (triangles) as a function of A for coupled Morse oscillators.
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Chapter 6

Thermal equilibrium
distribution of parametric
dynamics

Whether the parametric dynamical system described by Eq. (5.1) can reach
thermal equilibrium and what kind of equilibrium is reached are two long-
standing problems. It is a major advance that our MD simulations can put
these hypotheses to the test of computer “experiments”. Using the model
system of coupled Morse oscillators, we show in this chapter that the ther-
mal equilibrium of the parametric dynamical system is indeed reached. The
equilibrium distribution allows a direct determination of the Brody parame-
ter in the predominantly chaotic regime and confirms the Wigner-type NNS
distribution in this regime.

6.1 Approach to equilibrium

The conceptual beauty of Eq.(5.1) is its generality. The form of Eq. (5.1) is
independent of the properties of Hamiltonian (2.25) and the specific features
of Hamiltonian only influence the initial conditions (z,(0),p.(0), Vin(0)).
From Figs. (5.3) and (5.4), we expect that in the limit of large A, the many-
body system described by Eq. (5.1) may “forget” its initial states due to the
huge number of avoided crossings, and reach the state of “thermal equilib-
rium” which should represent a universal energy level distribution of irregu-
lar quantum systems. Equilibration should occur typically within a “mean
free path” Aprp for collisions which should approximately correspond to the
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critical value A\, where the transition from mostly regular to mostly chaotic
motion occurs.

It was shown [45] analytically, however, that Eq.(5.1), though compli-
cated and highly nonlinear, constitutes a completely integrable system with
internal complex vector space. The integrability is not surprising since
Eq. (5.1) is equivalent to the diagonalization of an N x N matrix. Therefore,
the output of the HFE is connected with its initial input by a unitary trans-
formation, hence the HFE can be solved completely algebraically, which ex-
cludes any exponential separations among solutions which are initially close.
We will construct this unitary transformation explicitly in Chapter 8.

While the integrability of the HFE guarantees the stability of our MD
numerical solutions, it challenges the notions of equilibrium statistical me-
chanics since these notions implicitly invoke ergodicity (or even mixing) which
in general requires the system to be nonintegrable. Therefore, a quantitative
verification of the thermal equilibrium conjecture which seems conflicting
with the integrability of Eq.(5.1) is needed. Since our method amounts,
in essence, to the study of non-equilibrium statistical mechanics of the one-
dimensional many-body system of the HFE, it is well suited to quantitatively
test this conjecture. In order to improve the statistics we have rescaled
Planck’s constant & to A/3 (or equivalently, the dissociation energies D; to
9D;) in this and the next chapters for coupled Morse oscillators with pa-
rameters for the triatomic molecule H-C-C, thereby increasing the number
of bound states below the dissociation limit to =~ 1480 in the interval of
0<A<1.

The ensemble averages discussed contain a stretch of energy levels from
the 400th to the 1000th level (counted from the ground state up) with energies
of about 0.75 £ 0.1 in units of the dissociation energy.

Based on the correspondence between Newton’s equation and the HFE,
the thermal equilibrium of system Eq. (5.1) should be signaled by a Maxwell-
Boltzmann distribution for the single-particle kinetic energy p?/2, i.e.

3 N
P(pla' °e ,p]\-/') = exp[_azpf] (61)

i=1

with
Bl =<pl>. (6.2)

In the present case, the mean momentum vanishes, < p, >~ 0. This test for
a Maxwell-Boltzmann distribution has the advantage of being not directly
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dependent upon the properties of the fluctuating charges < V;2 > and of
the absence of free parameters. Fig.6.1 displays the distribution function
for the kinetic energy at various “times” A. Note that the peak at zero
momentum (all p, = 0) at A = 0 is a peculiarity of the system of coupled
Morse oscillators. With increasing A the distribution indeed approaches a
Maxwell-Boltzmann distribution represented in Fig.6.1 by a straight line
with “temperature” 571

Fig.6.2(a) displays the temperature, the ensemble averages < V2 >
and the subset of nearest-neighbor couplings < V2, > as a function of
A, while Fig. 6.2(b) gives x? for a least square fit with a Maxwell-Boltzmann
distribution. Obviously, equilibrium is reached for A =~ 0.6 as reflected in
both an approximately constant value of 3~! and small x? values. The values
of the temperature 3~! and of the average couplings < V2 > are system-
dependent, but the ratio, 28 < V2, >, is independent of the units and is
closely related to the Brody parameter in the equilibrium state as shown in
the next section.

6.2 The source of ergodicity and equilibrium
distribution

There are at least two proposals to explain the apparent contradiction be-
tween our numerically verified approach to thermal equilibrium and the com-
plete integrability of the HFE system. Yukawa’s [44] proposal that the intro-
duction of boundary conditions reduces the number of constants of paramet-
ric motion and thereby restores the ergodicity of the HFE faces the following
difficulties: firstly, numerical studies with some classical many-body systems
[70] indicate that integrability persists irrespective of imposed boundary con-
ditions; secondly, boundary conditions are a characteristic of the model de-
pendent truncation of the Hilbert space rather than of the Hamiltonian itself.
It is therefore unsatisfactory to rely on model dependent approximations in
order to approach an “equilibrium” level distribution which is considered to
be generic for irregular dynamics.

An alternative proposal was developed within the framework of our molec-
ular dynamics approach [71]. The key observation is that the HFE system
lives in an extended phase space with 2N + N (N — 1)/2 dimensions incor-
porating the dynamics of the charge fluctuations V;, as internal degrees of
freedom. The 2N dimensional phase space, in which the distribution function
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Figure 6.1: Histogram of the single particle kinetic energy distribution at
three different “times”: (a) A =0, (b) A = 0.10, and (c) A = 0.65, where the
horizontal axes is in the units of < p? >. The dashed line is the Maxwell-
Boltzmann distribution with temperature 8~ =< p? >.
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Figure 6.2: (a) Temperature 8! (dashed line), < V.2 > (dotted line), and
< V2,41 > (solid line). The perturbation V is in units of the dissociation
energy. (b) x? for a Maxwell-Boltzmann distribution as a function of .
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0.(t)  Ox(t)Q5(t)  Oylt)

Figure 6.3: The classical system of charged strings. The pairwise coupling
potential is given by Qi(t)@x(¢)In |z; — z,| where Q;(t) is the time-dependent
charge density of the string.

of (zn, pn) is to be defined, therefore represents a subspace of the extended
phase space. In the semiclassical limit, N — oo, Eq. (5.1) for the N particles
embody the nonequilibrium statistical mechanics of a small system with 2N
degrees of freedom coupled to a large reservoir (with ~ N2/2 degrees). Al-
most inevitably, the N particle distribution function will become canonical
irrespective of details of the coupling to the reservoir, provided the coupling is
sufficiently strong to ensure equilibration within the available “time” interval
A.

We note first that the canonical equations of motion for the 2N phase
space variables (z,, p,) are generated from an effective A “time”-dependent
model Hamiltonian

) N, N
IOVEDY -2 VE(A) In|z; — za). (6.3)
n=1 <n

Eq. (6.3) is similar to the Hamiltonian for a classical system of charged strings
with infinite length moving along the x-dimension, as shown in Fig.6.3. The
system of Eq.(6.3) is coupled to a heat bath with N(N — 1)/2 degrees of
freedom through A-dependent coupling parameters (“charges”) Vi,(}). In
the semiclassical limit, N = 00, the reduced density function of a small
system (with 2N degrees of freedom) coupled to a reservoir with ~ N2/2
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degrees of freedom is expected to be canonical,

N
P(H) = expl~BH] = expl~5 3" pF]expl28 Y < V2 > Infes - 2] (6.4)
=1

i<n

The essential assumption underlying (6.4) is that the fluctuations in V;,(X)
are fast on the time scale of the motion in the 2N phase space so that we
can replace V2 by its average < V2 > [68]. This procedure is similar to
deriving the rate equations from the Liouville’s equation by averaging over
the quantities of the heat bath [72]. The origin of the rapid fluctuations of V2
are close collisions (i.e., avoided crossings) between adjacent energy levels.

In order to verify this assumption we study the linear correlation between
variables X and Y measured by the covariance

oxy =< (X—<X>)(Y-<Y>)>. (6.5)

Ifoxy = 0, X and Y are said to be linearly uncorrelated [73]. The normalized
covariance of X an Y is defined as

pxy = oxy[/(< X ><Y >). (6.6)

Let X = V?2 ., and Y = 1/|zn41 — 2., then pxy provides a measure of the
correlation between the two factors (charge and distance) in the two-body
forces

F, =2V, 1 /|Tns1 — zal. (6.7)

Fig. 6.4 displays the correlation between these two factors of F, as a function
of A. It fluctuates strongly in the nonequilibrium regime while becoming
close to zero when thermal equilibrium is reached. Therefore, V2.4 and
1/|Zn41 — | are not correlated in the equilibrium state. This result provides
a justification of replacing V2 by its average < V2 > in Eq. (6.4). In Fig. 6.2,
the ensemble averages < V;2 > show remarkably little variation as a function
of A. This is the key characteristic of a heat bath which has so many degrees
of freedom that the effect of the interaction with the small system (here is the
2N-dimensional subsystem of (z,,p,) ) is negligible. The heat bath remains
described by several macroscopic constants, irrespective of the amount of
energy diffusing into or out of the small system.

Note that tracing out all position coordinates, Eq. (6.4) predicts a Maxwell-
Boltzmann distribution for the single-particle kinetic energy Eq. (6.1), as ex-
pected. The joint particle-(level-)distribution function follows from Eq. (6.4)
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Figure 6.4: Correlation between the couplings and the positions of the nearest
neighbors.

upon tracing out all momentum coordinates,

P(zy,-zg) = [[ loi — 2afP<¥0>. (6.8)

i<n
Eq. (6.8) implies for the NNS distribution for small s
P(s)xs™ s—-0 (6.9)
where s < z,4; — =, and
Mm=28<Vi > (6.10)

Therefore, Eq.(6.8) agrees locally with the GOE prediction P(s);—0 x s
(Eq. 3.20) if the exponent of it happens to attain the value

28 < V2 >=1. (6.11)

80




Figure 6.5: Brody parameter & (dashed line), 4; (solid line), and fraction of
classically chaotic phase space @y (A) as a function of A.

Extending Eq.(6.9) to large s using the standard procedure (see Chapter
3) for deriving the Wigner distribution [22] yields a Brody-like distribution
(Eq. (3.22)) with 4, playing the role of the Brody parameter «. The important
result is that 4, can be directly determined in terms of the equilibrium kinetic
and potential energy of the HFE Hamiltonian H (see Eq.(6.10)) provided
that equilibrium has indeed been reached. In turn, when

K&y, (6.12)

a direct numerical determination of the Brody parameter becomes possible.

Fig. (6.5) displays both the Brody parameter « determined from fits with
NNS distributions and v; determined from Eq. (6.10) together with the frac-
tion Q« of the classically chaotic area on the energy hypersurface E = 0.75
which lies approximately in the center of the stretch from the 400th to the
1000th quantal eigenvalue entering the statistics. We note first that the tran-
sition to classical large-scale chaos (Q4 > 0.6) occurs simultaneously with
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the approach of the statistical equilibrium of the energy-level distribution as
described by HFE (X > 0.6). At the same time the exponent v; agrees well
with the Brody parameter x determined from fits to histograms, in agreement
with the hypothesis Eq. (6.12). In line with investigations of other systems
[16] we find that & (or 1) stays below the GOE predictions, probably because
of residual islands of regular motion. In the near regular regime (A < 0.3)
the ensemble is far from statistical equilibrium and v, deviates strongly from
k. Contrary to Yukawa’s assumptions, the Poissonian distribution cannot
be derived from equilibrium statistical mechanics for HFE. The latter is a
consequence of the fact that in the regular regime avoided crossings become
quasi-crossings (i.e. very narrow avoided crossings. See Chapter 5). In this
limit the N-body system behaves like an ideal gas which remains its initial
distribution of single-particle kinetic energy and does not attain equilibrium.
On the other hand, because of the simplicity of such a gas, one can easily de-
rive its properties, such as a Poissonian distribution for the nearest-neighbor
spacings [74].

A quasi-crossing implies a weak coupling between the two levels, i.e.
Van+1 ~ 0. This is another signal of quasi-integrability since it leads to
[H,V] ~ 0, i.e. V is an approximately conserved constant in the subspace
spanned by the levels E, and E.4;. Therefore, the ratio of the averaged
nearest coupling over the averaged coupling,

O=<V2>]<Vi>, (6.13)
should be small in the near-integrable region while it becomes of the order
of unity in the mostly chaotic region. Fig.(6.6) displays this quantity as a
function of A. In the near-integrable region, O decreases very rapidly from a
system-specific value to a generic small one. When chaotic motion becomes
significant, O increases to the values around one. Therefore, O provides
another measure for the study of quantum chaos.

82




| | 1 | 2 | PR |

00 01 02 03 04 05 06 07 08 09
A

Figure 6.6: The ratio of the couplings as a function of A.



Chapter 7

Parametric Correlations and
Diffusion in Quantum Spectra

Apart from the efforts to confirm random matrix description, the HFE (5.1)
have also been used to identify other fingerprints of classical chaos on quan-
tum spectrum [75]. Eq.(5.1) exhibits structures in the parametric motion
of energy levels, such as solitons [76] and the universal distribution of the
curvatures (i.e. the second derivative of the energy levels with respect to A
) [77]. Parametric motion of energy levels, in particular the sensitivity of
the spectra with respect to small changes in ), was proposed very early as
one fingerprint of classical chaos [66]. The study of parametric correlations
is important for two reasons. Firstly, they measure the correlations between
Hamiltonians at different values of A, and therefore provide criteria for the
statistical independence of spectra such that level statistics can be obtained
by treating spectra at different values of X as effectively independent ensem-
bles. Secondly, they are sensitive to the changes in the underlying classical
dynamics and therefore provide new diagnostic tools for quantum chaology.
In this chapter, we investigate the relaxation processes in the parametric mo-
tion of energy levels. As is well-known from the theory of liquids and, more
generally, disordered many-body systems, the dynamics of relaxation can be
described in terms of correlation functions [78]. We analyze in the following
for the first time the velocity autocorrelation function and the friction kernel
of its generalized Langevin equation. One important result [79] is that the
frequently invoked picture of the parametric motion of energy levels as that of
a “gas” is correct only in the near-integrable regime. The dynamic correlation
functions resemble, in the mostly chaotic regime, that of a strongly coupled
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liquid. Moreover, we find the transition from classically regular to classically
chaotic motion to be associated with a “liquid-glass” type transition in the
parametric energy level dynamics characterized by the disappearance of dif-
fusion [80]. A simple analytic approximation for the spectrum of the velocity
autocorrelation function whose form is suggested by the periodic orbit (PO)
quantization Eq. (4.11) in the semiclassical limit reproduces our results of the
molecular dynamics simulation quite well.

7.1 Parametric number variance

The molecular dynamics simulation (Eq.(5.1)) yields the physical energies
(z1(A), -+, zx(A)). For the implementation of level statistics the spectrum is
rescaled by Eq. (3.2) to yield the unfolded spectrum (g1(A),---,ex(A)). One
parametric measure we use in this chapter is the parametric number variance

(PNV) proposed by Goldberg et al. [81]
Ve(A) =< (N(e, A+ A) = N(g,)))* > (7.1)

where N is the A-dependent integrated density of the unfolded spectrum
{en(A)} (Eq. (3.6)), A is the increment of the parameter A and the average is
over A. PNV measures the fluctuations in the number of energy levels lying
below the reference point ¢ and it can be understood pictorially as follows:
The “coordinate space” trajectories of the unfolded levels are roughly hori-
zontal lines as in Fig. 5.4. The net number of crossings of a given horizontal
line at height € by levels between A and A + A are counted. This number is
equivalent to the difference between the number of levels below ¢ at A + A
and the number of levels below € at A\. The average over \ of the square of
this number is the parametric number variance. Notice that the values of A
are confined within intervals of A in which the classical phase space structure
does not appreciably change. The semiclassical estimate for PNV is given in
the Appendix C. For classically integrable systems, we have

Vp(A) =< |y| > naA (7.2)

where y = (05/0)). /T with S the action and T the period of classical orbits.
For classically totally chaotic systems, PNV is given by

< |yl > naA A~0

VP(A) ~ { %ID(A) + constant + O(WIM‘”\.) < |y| > N, A > 1 (73)
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Figure 7.1: Parametric number variance for coupled Morse oscillators. tri-
angle: integrable region (0 < A < 0.3) and circle: chaotic region (0.6 < A <
0.9). The dashed line is given by Eq. (7.2) and the solid line is given by (7.3)
where unknown constants are determined by fitting.

Notice that in the semiclassical limit & — 0, n,, o« 1/&" is large. In the
regime of < |y| > ng,A > 1, the behavior of PNV is sensitively dependent
on the underlying classical dynamics and therefore provides a new measure
of quantum chaos. Fig.7.1 displays the PNV for coupled Morse oscillators
which is described by Eqs. (7.2, 7.3) quite well. As in Chapter 6, the ensemble
averages discussed in this chapter contain an interval of energy levels for the
coupled Morse oscillators from the 400" to the 1000* level with energies of
about 0.75 £ 0.1 in units of the dissociation energy. @, the fraction of the
classically chaotic area on the energy hypersurface E = 0.75, is small (@ <
0.3) when A < 0.3, while the phase space becomes mostly chaotic (Qq = 0.8)
when A > 0.6. Averages will extend over the interval of 0.0 < A < 0.3 for
classically mostly regular case and over the interval of 0.6 < A < 0.9 for
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classically mostly chaotic case.

As discussed in Appendix C, a modification is needed for Eq. (7.3) when
A reaches the limit of large values (A < |[y| > > < S/T >). One can rewrite
Eq.(7.1) as

Vp(A) =< (N(e, A+ A) = Now)? > + < (N(6,A) = Naw)? >
—2< (N(g, A+ A) = No)(N(e, ) = Na) > (7.4)

where N,, = ¢ by the construction of the unfolded spectrum. Each of the
first two terms of (7.4) is simply the number variance (see Appendix C), £(e),
of the levels in the range 0 to €. When the value of A is quite large, the third
term vanishes for totally chaotic systems as there is no correlation between
its two factors due to the multitude of overlapping avoided crossings. Thus
it is expected [81] for chaotic systems

Vp(A) = 28(e) A — oo. (7.5)

7.2 Self-diffusion and the Velocity Autocor-
relation Function

The motion of a tagged particle in an interacting many-body system can be
described by a generalized diffusion coefficient D(A) as a function of “time”
A which is defined as the slope of the mean squared displacement < z?(A) >,

D(A) = %% <2X(A) > (7.6)
with
< () >=< (ea(A + A) — ea(N)? > . (1.7)

We denote ensemble averages by brackets <> which can represent either
averages over ensembles of particles at a given A or averages over different
values of the “time” A. These averages are equivalent only if the dynamics
is stationary and ergodic. In order to improve the statistics we will use both
ensemble and time averages. In the limit of large A and in the presence
of diffusive motion, Eq. (7.6) leads to the Einstein relation for the Langevin
diffusion of a Brownian “tagged” particle

< z*(A) >=2DA (7.8)
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with D = D(A — oo) the ordinary diffusion coefficient. Large A’s imply a
“time” large compared to the average “collision” time (i.e. the interval be-
tween avoided crossings) but still small compared to the A values where the
classical phase space structure undergoes a transition from regular to chaotic
motion (or vice versa). A phase transition to a glass-like system is char-
acterized by a vanishing diffusion constant D = 0 and, hence, the absence
of diffusive motion according to Eq.(7.8). The generalized diffusion coeffi-
cient D(A) can be expressed in terms of the velocity autocorrelation function
(VAF) describing the microscopic decay of the momentum correlation of the
tagged particle in the many-body system

P(A) =B <pa(A+A)pa(}) > (7.9)

where §~! is the mean squared momentum given by Eq. (6.2). The VAF is
normalized, i.e. (A = 0) = 1. Notice that the momentum distribution of
the energy level dynamics described by the HFE (5.1) is, in general, non-
Maxwellian. Only in the limit of large-scale classical chaos the momentum
distribution approaches a Maxwell-Boltzmann distribution. Expressed in
terms of the VAF, the generalized diffusion coefficient becomes

A
D(A) = 871 /0 dAN'yp(A') (7.10)

and the mean squared displacement is given by

A
< z}(A) >=287"1 dA'(A — A)p(A). (7.11)
0
Eq. (7.11) allows the determination of < z2(A) > when the diffusion constant
vanishes. The properties of the VAF can be most conveniently analyzed in
terms of its frequency spectrum

Glw) = /0 ” dA cos(wA)b(A). (7.12)

The motion of the particle contains both diffusive and vibratory components.
The diffusive component is characterized by a non-zero value of G(0) while a
vibratory component appears in G(w) as a peak at non-zero frequency. The
long-“time” behavior of < 2%(A) > is determined by G(w = 0), i.e. it mainly
depends on the existence of the diffusive component but is insensitive to the
vibratory component. Accordingly, the diffusion coefficient is given by

D = B71G(0). (7.13)
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The VAF satisfies a generalized Langevin equation

d A ' ' '
ﬁwMz—AcMKM—AWM) (7.14)

with K(A) the friction kernel containing the memory of the interaction of
tagged particle with the surrounding particles. Closely related is the force
correlation function

f(A) =< F,(A+ A)F(A) > (7.15)
which is given in terms of (A) by

d?
“h(h) = —BS(A). (7.16)

The mean squared force in the ensemble, < F2 >= f(A = 0) can be expressed
in terms of the second moment of the spectrum of the VAF, G(w), as

ﬂﬂ%:<&>=%£m@0@w? (7.17)

The friction kernel K(A) satisfies an analogous generalized Langevin equa-
tion with the relaxation kernel playing the role of memory kernel. Egs. (7.10),
(7.11) and (7.14) are the first members of a hierarchy of equations of mo-
tion for correlation functions known as the Mori-Zwanzig projection operator
formalism [82]. Simple approximations to the memory kernel for the higher
order members of the hierarchy of equations of motion induce increasingly
accurate approximations to the generalized diffusion coefficient and other
correlation functions. Phenomenological approximations consist of choices
for the memory kernel which reproduce transport coefficients such as the
diffusion coefficient (Eq. (7.13)), the friction coefficient 5, and frequency mo-
ments < w* > (k =1,2,--) of the VAF (Eq.(7.17)). The latter determine
the short-time dynamics of the velocity correlation. Alternatively, a closed
system of coupled equations of motion for a truncated set of correlation func-
tions can be developed which can be solved self-consistently and numerically.
(This approach underlies the mode-coupling approximations [83].) In the
following we restrict ourselves to phenomenological approximations to the
memory kernel which allow a simple analytic description of the VAF and the
generalized diffusion coefficient and give direct insights into the parameter
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dependence. Accurate numerical results will be generated by the molecular
dynamics simulation (Eq. (5.1)).

A useful interrelation between the spectrum of the VAF and the friction
kernel can be found using the Laplace transform

~

P(s) = / dA exp(—sA)y(A), Re(s) > 0. (7.18)
0

where s is the variable of the Laplace transform (not to be confused with

the variable for the nearest-neighbor spacing, see Eq.(1.7)). The spectrum

of the VAF is given by

Gw) = 5(B(iw) + B(=iv). (7.19)

The generalized Langevin equation (7.14) can be solved by a Laplace trans-
form to give

K(s) = 1/4(s) — s. (7.20)
Furthermore, combining (7.19) and (7.20) yields for the Fourier transform of
K(A), Kp(w) 3 3
Kp(w) = G(w)/ (¥ (w)p(—iw)). (7.21)
The interrelation between K(A), 1/;(3) and G(w) implies that an approxima-
tion for any of these functions uniquely determines the others, in particular
the VAF, the generalized diffusion coeflicient, and the mean squared displace-
ment of the tagged particle.

7.3 Semiclassical Estimates for Correlation
Functions

In this section we use general semiclassical arguments to suggest properties of
the spectrum of the VAF. The choice of an approximate form of the spectrum
(or equivalently, the friction kernel) of the VAF for the energy level dynamics
is expected to depend on the classical dynamics of the Hamiltonian system
(Eq.(2.25)). Classically regular and chaotic motion should manifest them-
selves in characteristic, possibly universal, properties of the spectrum of the
VAF, and hence, in the self-diffusion of levels.

In establishing a correspondence one is faced with a fundamental diffi-
culty: as described in Chapter 4, the semiclassical quantization of the clas-
sically chaotic phase space using the Gutzwiller trace formula Eq. (4.11) (or
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variations thereof) for unstable periodic orbits describes fluctuations of the
density of states rather than positions of individual levels. Self-diffusion of
the “tagged particle”, on the other hand, is concerned with the parametric
motion of individual levels and therefore with the finest scale structure of the
quantum spectrum. It is therefore unlikely that a one-to-one correspondence
between the spectrum of the VAF and the semiclassical limit of the quantum
spectra exists. However, we conjecture that the near-zero frequency behavior
of the VAF, G(w = 0), is directly related to the semiclassical quantization
for regular and chaotic systems. This conjecture is based on the observation
that according to Eq.(7.13) the low frequency limit of the VAF determines
the large “time” limit A — oo of the self-diffusion. Only for large times
can the mean squared displacement become comparable to the mean level
spacing and be associated in the large scale fluctuations of the spectral den-
sity. As above, “large” A are restricted to intervals in which the classical
phase space structure does not appreciably change. In this regime of A, the
mean squared displacement should be proportional to the parametric number

variance (Eq. (7.1))
< 2%(A) >x< (N(gg, A+ A) — N(eo,A))? >= Vp(A) (7.22)

with a coefficient of proportionality of the order of unity. In Eq.(7.22), ¢
is assumed to be in the vicinity of the Brownian particle ¢, whose mean
squared displacement (left hand side) is measured. Eq.(7.22) follows from
the expansion of the spectral staircase function,

N(eo,\) = ZN (€n 4+ €0 — €ny A)
° ()
= — Z[n + (g0 — €x)N'(Eny ) -] (7.23)
° (n)

where the sum (n) extends over N, energy levels (Brownian particles) in the
vicinity of €0 and we used N(e,,A) = n. The number fluctuation is therefore
approximately given by

N(Eo,/\ + A) - N(60,/\)

~ i Z{[sn en(A + A)]it(en, A + A)
(n)
+leo = en(N)][(€ny A + A) — 7i(en, A)]} (7.24)
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where 7 = N’ is the density of the unfolded spectrum. If one now approxi-
mates the spectral density 7 in (7.24) by its mean value 7,, = 1 and neglects
quadratic cross correlations in 7 and €, one arrives at (7.22). The latter
is only justified when the mean squared distance the Brownian particle has
travelled is comparable to the mean spacing between the levels, i.e. for large
A. The semiclassical results of the PNV (Egs. (7.2, 7.3)) for large values of
A applies for the mean squared displacement (Eq. (7.22))

A regular

In(A) chaotic (7.25)

< z%(A) > {

For the limit of A — oo, the PNV saturates for chaotic systems at a constant
value (Eq. (7.5)). Accordingly,

< 22(A) > 25(g0) A — oo. (7.26)

For regular systems no such saturation is observed within the range of ad-
missible A.

The semiclassical long-“time” limit of the mean squared displacement
(Egs. (7.25) and (7.26)) implies in turn for the spectrum of the VAF near
zero frequency

G(w) x w, w—0 (7.27)

with u = 0 for the classically regular systems and v = 2 for the classically
chaotic systems.

Using the semiclassical constraints (Eq.(7.27)) of the spectrum of the
VAF and the properties of the molecular dynamics (HFE), it is now straight-
forward to construct approximate friction kernels. For the classically regu-
lar case, the molecular dynamics resembles that of a weakly interacting gas
(Chapter 5). Interactions between particles proceed through hard binary
collisions (i.e. narrow and isolated avoided crossings). Subsequent collisions
are uncorrelated. The sequence of collisions forms a Poisson process. An
approximate friction kernel is given by

K(A) = né6(A) (7.28)
with the friction coefficient 7

n = (DB). (7.29)
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From Eqgs. (7.19) and (7.20) we find

G(w) = LG—w (7.30)

which conforms with (7.27) in the classically regular region. It should be no-
ticed that the § peaked decay of memory (Eq. (7.28)) is an idealization which
leads to an inaccurate representation of the short-time (large frequency) be-
havior. One consequence is the divergence of the moments, < w?* > (k > 1)
of the frequency distribution. An improved friction kernel can be derived us-
ing a narrow Gaussian friction kernel. The approximation (Eq.(7.28)) does
not, however, affect the long-time limit while providing simple analytic re-
sults. The velocity autocorrelation function follows from inversion of (7.12),

P(A) = exp(—nA). (7.31)

The exponential decay of the VAF is due to poles on the imaginary frequency
axis, w = 7. For the generalized diffusion coefficient we find from Eq. (7.10)

D(A) = D(1 — exp(—nA)) (7.32)
and finally
< z3(A) >=2D(A)A — 2D(A)/n + 2DAp(A), (7.33)
which, in the limit A — oo, reproduces the Einstein relation for Brownian
motion (Eq. (7.8)).

For the classically chaotic case we incorporate semiclassical result (7.27)
for the spectrum of the VAF into the ansatz

= A— >
G(w) A(w e w>0 (7.34)
with the normalization constant
A= %(n — 1)(n = 2)(n - 3)wp~2 (7.35)

determined from the normalization condition ¥(0) = 1. The two free param-
eters in (7.34), wp and n, can be determined from the short-time dynamics,
i.e. frequency moments < w?* > (k = 1,2). Eq.(7.34) allows the analytic
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determination of ¥(A), ¥(s), D(A) and < z%(A) >, given in the Appendix
D. In the long-time limit, A — oo, we find

(n=1)(n—-2)(n-23)

D(A) ~ e (7.36)
and (n=(n—3), nn-1)
< () >~ 5 =20 - T (7.37)

in agreement with the semiclassical result (Eq.(7.22) and (7.26)). The fric-
tion kernel can be determined numerically from the inverse Fourier transfor-
mation

K(A) = % / " dwkp(w) cos(w) (7.38)

with Kr(w) given by (7.21).

7.4 Comparison with Molecular Dynamics
Simulations

Fig. 7.2 presents the friction kernel for both the regular and the chaotic
regimes for the spectra of coupled Morse oscillators. In the classically regu-
lar case, the two parameters in the memory kernel description (Egs. (7.28)-
(7.33)), B! (Eq.(6.2)) and G(0) (Eq.(7.13)), are determined from the MD
calculation. In the classically (mostly) chaotic case, in addition to 4!
(Eq. (6.2)), the second and fourth moment, < w? > and < w* >, which
describe the mean-squared force and the mean-squared time-derivative of
the force have been used since Eq. (7.13) is no longer well-defined. The fric-
tion kernel is approximately 6 shaped for the regular motion while it displays
a sharp peak at A &~ 0 and a long-time tail o< 1/A? for chaotic motion which
is responsible for the dramatic alteration of the long-time behavior of corre-
lation functions.

Fig. 7.3 presents the “time” dependence of the force-correlation function
for which a direct comparison with the MD experiment is possible. As ex-
pected, in the classically regular case, the force correlation rapidly decays
while the classically chaotic case displays a characteristic negative “over-
shoot” signifying persistent (anti)correlation due to the “cage” effect in a
dense interacting medium. The time-dependence of the VAF (Fig. 7.4) resem-
bles the corresponding dependence of the force correlation function. While
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Figure 7.2: The friction kernels K(A) for the classically regular regime 0.0 <
A < 0.3 (Eq.(7.28), dashed line) and the classically chaotic regime 0.6 <
A < 0.9 (determined from Egs.(7.21), (7.34), and (7.38), solid line) for the

vibronic energy levels for coupled Morse oscillators.
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Figure 7.3: The normalized force correlation functions f(A) (f(0) = 1) for the
classically regular regime 0.0 < A < 0.3 (using the approximation Eq. (7.30),
dashed line) and the classically chaotic regime 0.6 < A < 0.9 (using the
approximation Eq. (7.34), solid line) compared with the results of MD simu-
lations: 0.0 < A < 0.3, triangle; 0.6 < A < 0.9, circle.
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Figure 7.4: The velocity autocorrelation functions (A) for the classically
regular regime 0.0 < A < 0.3 (using the approximation Eq.(7.30), dashed
line) and the classically chaotic regime 0.6 < A < 0.9 (using the approxi-
mation Eq. (7.34), solid line) compared with the results of MD simulations:
0.0 < A < 0.3, triangle; 0.6 < A < 0.9, circle.

in the classically regular case velocity correlations decay exponentially they
display a non-exponential decay pattern including negative values for the
classically chaotic case. It is quite remarkable that our results for the VAF
for the molecular dynamics of the pseudo-Newtonian dynamics of energy lev-
els (Eq. (5.1)) closely resemble those of Rahman in his pioneering study of the
(three-dimensional) Argon liquid [84] shown in Fig.7.5. Another similarity
of the pair correlation function between our level dynamics and real fluids
was already noted in Chapter 3. One is led to the correspondence between
dilute gases and classically regular systems on one hand and between liquids
and classically chaotic systems on the other hand. The latter correspondence
requires, however, a refinement when one investigates the long-time limit of
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Figure 7.5: The velocity autocorrelation functions of Argon compared with
the VAF of a gas (the solid circles). The continuous curve is the mean of a
set of 64 curves from the calculation of Rahman. The two members of the
set which have maximum departures from the mean are shown as circle and
as cross. Reprinted from A. Rahman, Phys. Rev. 136, A405(1964).

diffusive motion, which is not yet apparent in Fig. 7.4. The MD results as well
as the predictions of the approximate correlation functions for the generalized
diffusion coeflicient are presented in Fig.7.6. While for the regular system
the generalized diffusion coeflicient approaches a constant value, D(A) — D,
it decays to zero as A — oo for the classically chaotic case. A vanishing
diffusion coeflicient appears to be a signature of parametric level dynamics
in classically chaotic systems. Therefore, the identification with the dynamic
state of a liquid is incomplete. While the short time dynamics of ¥(A) closely
resembles a liquid, the long-time limit D(A) — 0 corresponds to that of a
glass [82]. Fig. 7.7, finally, presents the results for the mean squared displace-
ment, < z? >, of the energy levels. Energy levels in the classically regular
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Figure 7.6: The generalized diffusion coefficients D(A) for the classically
regular regime 0.0 < A < 0.3 (using the approximation Eq.(7.30), dashed
line) and the classically chaotic regime 0.6 < A < 0.9 (using the approxi-
mation Eq.(7.34), solid line) compared with the results of MD simulations:
0.0 < X < 0.3, triangle; 0.6 < A < 0.9, circle.
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Figure 7.7: The mean-squared displacements < z?(A) > for the classically
regular regime 0.0 < A < 0.3 (using the approximation Eq.(7.30), dashed
line) and the classically chaotic regime 0.6 < A < 0.9 (using the approxi-
mation Eq.(7.34), solid line) compared with the results of MD simulations:
0.0 < A < 0.3, triangle; 0.6 < A < 0.9, circle.

regime perform a Langevin diffusion satisfying an approximate Einstein re-
lation (Eq.(7.8)). Energy levels in the classically chaotic regime show an
approximately logarithmic growth of the mean squared displacement which
for large A will ultimately saturate. Diffusive motion is suppressed due to the
strong coupling of each level with many of its neighbors (i.e. due to the mul-
titude of overlapping avoided crossings). Notice that near A & 0 no difference
in < z2(A) > between classically mostly regular and mostly chaotic regimes
exists, since levels move as free particles during such short “times”, hence
the behavior of < z2(A) >oc A? is “ballistic”. This is a pure quantum effect
and the semiclassical limit is not yet reached. It is worth noting that all MD
simulations for the complete set of correlation functions and transport coeffi-
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cients (Figs. 7.3-7.7) are well reproduced by single analytic approximation to
the memory kernel chosen in accordance with the semiclassical limit of the
parametric number variance (Egs. (7.25) and (7.26)) and with a single set of
parameters determined by the lowest frequency moments. This is particu-
larly remarkable in view of the fact that due to the coupling of the fluctuating
charges, V;,;(A), to the parametric motion (Eq. (5.1)), the dynamics is, unlike
liquids, non-Newtonian.

7.5 Some Remarks

We have found characteristic differences for the parametric motion of energy
levels of a simple quantum system whose classical counterpart is chaotic.
In the classically regular domain the energy levels undergo a Langevin-type
diffusion resembling a gas while in the classically chaotic regime diffusion of
energy levels is suppressed, characterized by a vanishing diffusion constant
(D = 0) resembling a glass. In the classically regular regime the velocity
autocorrelation function (VAF') displays a near-exponential decay typical for
a gas. In the classically chaotic regime the VAF decays non-exponentially
with a rebound characteristic for liquids. These results are consistent with
the properties of the parametric number variance (PNV) for semiclassical
energy level statistics. Simple approximations for the friction kernel provide
a satisfactory description of the molecular dynamics data for the velocity
autocorrelation functions and the generalized diffusion coefficients.

While sharp differences in the long-time behavior of transport coefficients
are clearly established, an accurate quantitative determination of the leading
term of the long-time behavior is complicated since the characteristic range
of the control parameter A is limited by the constraint that the classical
phase space structure should be invariant. Consequently, it is difficult to
accurately determine the decay law of the velocity autocorrelation function,
¥(A) o« A™7. Furthermore, the presence of a small regular component in
phase space may also alter the transport coefficients.

We like to point a possible direct observation of the diffusive motion of
energy levels. It would require (a) the excitation of a group of excited states
within a narrow band of energies (z,, -+, Zn4q), for example by a short laser
pulse, and (b) the adiabatic change of the control parameter X as a function
of real time t. By mapping the pseudo-time A of the parametric energy
level motion onto the real time t adiabatically such that the wavepacket can
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follow the changes of the energy levels, parameter-dependent diffusion could
be measured. According to Egs. (7.33) and (7.37) we expect a rapid spread of
the energy of the wavepacket over a wide range of energies for the classically
regular regime and a slower non-diffusive growth for the width of the band
of energy levels in the classically chaotic domain. Such a scenario could be
realized for laser or collisionly excited atoms in strong time or parameter-
dependent external fields.
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Chapter 8

Parametric dynamics of
quantum spectrum with
continuum

Strictly speaking, the HFE (5.1) are valid for bound systems only. The
effects of continuum on the parametric motion of quantum levels are not a
priori obvious. In this chapter, we therefore generalize the HFE to include a
structureless continuum and show that the resulting parametric dynamical
system is still regular. Furthermore, the parametric motion for resonances are
also investigated for the first time. We demonstrate that, because resonances
live in a two-dimensional manifold (i.e. position and width), the existence of
the repulsion between resonances is independent of the underlying classical
dynamics. Therefore, parametric correlations may play a crucial role in the
identification of classical chaos.

8.1 The effects of continuum on parametric
dynamics

We generalize now the HFE equations to the case of a Hamiltonian with both

bound states and the continuum present [85]. We consider an autonomous

system described by the Hamiltonian of Eq. (2.25) with a structureless con-
tinuum. An example for such systems is the anisotropic Kepler problem
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[86]
2 2
p p 1
_ z_ . 8.1
H= 5 -}-/\2 " (8.1)

This system is totally chaotic when the energy is negative but is regular for
positive energies. The case of resonances is discussed in next section. A
manifold with given exact symmetry is considered so that the spectrum is
nondegenerate. The bound (|n >) and continuum (|E >) eigenvectors form
a complete orthogonal basis

Z In >< n| + /dEIE >< E|=1. (8.2)

They are normalized as follows
<nlm>=ébpm

< E|E'>=6E-E') (8.3)
<nlE>=0

Note that the discrete eigenenergies E,, are the solutions of Schrodinger equa-
tion (Eq.(1.6)) thus are A dependent, while the continuous eigenenergies are
A independent, i.e.

d
~E=0 (8.4)

Keeping this in mind and forming expectation values and differentiation with
respect to A in Eq. (1.6), we get the parametric dynamical equations for the
eigenvectors

d V ’ VEn !
2B >= > e jm >+ [dEPEEEIE S (30
E - E—-F

where P denotes the principle part of the integration, Vgy =< ¥|V|¥' >,
and |¥(¥') > can be either |n > or |E >. Note that the formal solution of
the equation

Ebg = Vpig + E'bEl (8.7)
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where E—E’ may be zero is given by [87]
Vs
E—-F
Here Z(E) remains to be determined. We choose the phases of eigenvectors

such that [46]

bg: = P + Z(E)§(E — E'). (8.8)

<V |\I:> 0. (8.9)

The parametric dynamical equatlons for the eigenenergies are consequently
given by

d
ﬁEn - Vnn =Pn
d _ |Vnm|2 ’ anEl
ﬁpn - 2(771-',t‘-‘n Eﬂ - Em * /dE E EI)
d Pm — Pn 1 1
E‘A‘V an——"’E —En +k§n mGan(Em _ Ek + En —_ Ek)+
+ / AE V5 Virm (e 4 )
mE'VE'n Em —E En _FE
L o =V, +Y) V ( L, 1 )+ (8.10)
A E”E E = Em Vmn( E.  E,-En '
+ [ dEVepVem(P—— + ——)
e VEm(PE— E’ E_E
1
—VEE’ ZVEm me( Em + E’—Em)+
1 1

+/dE”VEE"VE"E'(PE o + P_E' — E//)

The parametric motions of eigenenergies and eigenvectors are completely
described by Egs. (8.5), (8.6) and (8.10) which contain obviously Pechukas’
results as a special case with V,,g = 0 and Vgg = 0.

We show now that these equations, though looking complicated and
highly nonlinear, are completely regular. The regularity is not surprising
since the output of the equation is connected with its initial input by a uni-
tary transformation. We rewrite Egs. (8.5) and (8.6) as follows

d
’}Klq’ >=G|¥ > (8.11)
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with V] |
. > ><
i Z |m >< m|V|n nlL

G= E.—E,

m,n(ms#n)

E' >< EF'lVim><m m><m|V|E' >< E'
.S / ap((E2< EWVim><m] , |m >< VD he (8.12)
/dE’/dE” |E' >< E’|V|}2’:>< E”|]

where Eq. (8.3) has been used. G has two important properties: it is defined
for all states and it is a Hermitian operator

G =G*. (8.13)

For small change of A, G is approximately independent of X, and the solution
of Eq. (8.11) is given by

[T > (A+ AN = [T > (X) —iANG|T > (V)

~ e\ > ()). (8.14)

Therefore, Eq. (8.11) is analogous to the time-dependent Schrédinger equa-
tion. For large changes of A, G()) cannot be treated as A-independent and
it is itself the solution of the equations.

G is the generator of the unitary transformation underlying Eq. (8.11)
which contains all the information of Egs. (8.5), (8.6) and (8.10). We change
now our “Schrédinger representation” of parametric dynamics which is conve-
nient for the systems with continuum spectrum to the form of the “Heisenberg
representation”. For any operator W, we have

d , d < V| , d|v’ > aw . _,
< U |\wiw > o Wi > + < U|W < VY 0 ¥’ >
1
= —<\Il|[W G]l\Il’>+<\I!| |\Il' (8.15)

If we define a generalized matrix W = (W\p\p') with the rule for matrix
multiplication

Wih)gw = > Wanlhny + / dEWyrUgpy, (8.16)
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then Eq. (8.15) can be written as

d 1 ow
W =~ _— 1
d/\W i[w,g]+ R (8.17)

which is the “Heisenberg representation” of the transformation. Let W be
H, V and F = [H, V] respectively, we have

d 1
="+, (8.18)
d., 1
d 1
ol =59 (8-20)

These equations are exactly in the same forms of the corresponding equations
for the case of totally bound systems [88]. From Eqs. (8.18-8.20) we can derive
our original set of equations (8.4) and (8.10).

By using Eq. (8.14) repeatedly, Eq.(8.11) can be solved in a completely
algebraic way:

¥ > (A) = UN)|E > (0), (8.21)

where U()) is a unitary operator defined in terms of the time(\)-ordering
operator T), i.e.

U(\) = Ty exp[—s /0 ' dNG(N)] (8.22)

which excludes any exponential separations among initially close solutions.
This regularity is another manifestation of the absence of chaos in quantum
mechanics in the sense of non-vanishing Lyapunov exponents.

8.2 The parametric dynamics of resonances
and measures of quantum chaos

In the real world, excited states of physical systems have a finite lifetime.
An unstable state decays, for example, into open channels due to coupling to
vacuum fluctuations. Therefore, in addition to the ordinary time evolution

factor exp(—%t-), there is another factor to describe the decay of the states,
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exp(—5i-), where to is the lifetime of the state. Combining these two factors,
the eigenenergy becomes complex, i.e.

EF=FEr+:E; (823)

where Ep is the ordinary energy, and E; = —h/(2to) < 0. A state with non-
zero Fy is called a resonance. Up to this point, the parametric dynamical
equations Eq.(5.1) are applicable to discrete stationary levels only. The
parametric dynamics for the resonances has not been investigated in detail.
On the physical grounds, one would expect that the level repulsion at small
distances (AEr < |E;|, where AER is the spacing of the real energy of
resonances) should be modified. In this section, the complex level dynamics
for resonances will be analyzed.
Since

< Yulphn >= / dqv i

= / dq(p1)"¥2 + ¥1(@)¥2(9)/tlgmco =< P12 > +97(0)2(q)/Elg—o0
d (8.24)

where we have used p = 74, 10 the coordinate representation, the ordinary
Hamiltonian (more precisely, the momentum operator) is Hermitian within
a square-integrable Hilbert subspace where the wavefunction vanishes suffi-
ciently fast when a coordinate approaches infinity so that the surface term
of the right hand side of Eq. (8.24) vanishes. In order to get complex eigen-
values like Eq. (8.23), we need to expand the Hilbert space to include non-
square-integrable basis functions which give the boundary condition for the

resonances (Siegert boundary condition) [89]
U(q) ~ exp(ikq) g — 00 (8.25)

where k o« VE. Under this outgoing-wave boundary condition, the surface
term of the right hand side of Eq. (8.24) is not zero, hence the Hamiltonian is
not Hermitian any longer, and eigenvalues can be complex. In this standard
approach, bound states and resonance states are associated with different
boundary conditions. In order to derive the parametric dynamical equations
for resonances, one needs to treat both bound and resonance states on the
same footing. Complex rotation theory [90] provides a method for this pur-
pose. The coordinates ¢ are “rotated” into the complex plane by an angle 6,
0<f<m/f2:

q— ge'’ (8.26)
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Figure 8.1: Effects of a complex rotation transformation on the spectrum.
Bound states are invariant to the transformation while the continua rotate
about their respective thresholds, exposing complex resonances eigenvalues
in appropriate strips of the complex plan. Reprinted from C. Cerjan et al.,
Int. J. Quantum Chem. 14, 393(1978).

The original Hamiltonian is transformed into a non-Hermitian operator H(6)
by replacing ¢ with ¢ge¥, i.e.

H(0) = ——e—m—v—2 + V(ge* 8.27
= 5 qe'). (8.27)
For a group of potentials (“complex rotation analytic”) V(q), the spectrum
of the rotated Hamiltonian H(0) contains the following elements (Aquilar-
Balslev—-Combes (ABC) theorem ) [91].

(1). The real discrete eigenvalues of H(8) are identical to the bound states
of the original Hamiltonian H.

(2). The complex discrete eigenvalues of H(6) correspond to the reso-
nances of H.

(3). The scattering thresholds are invariant under this transformation.

(4). The continua of the original H are rotated around the corresponding
thresholds by an angle of —26 into the lower complex plane.

The idea is illustrated in Fig.8.1. Upon the rotation of the coordinates
g, the resonance boundary condition (Eq.(8.25)) is transformed into

U(q) ~ expli(krcost + krsinb)q + (kjcos — kpsinf)q] ¢ — 0o (8.28)

where we have used the second part of the ABC theorem that the complex
energy E (or equally k) of a resonance is unchanged under the rotation.
For 6 > arctan(kr/kr), Eq.(8.28) becomes the boundary condition for a
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bound state and the resonance is “exposed”. Therefore, H(6) exhibits square-
integrable eigenfunctions with complex eigenvalues.

Thus, the complex rotation on the Hamiltonian provides an approach to
obtain the eigenvalues for both bound and resonance states via the same cal-
culation using only square-integrable basis functions. Choosing the square-
integrable basis functions to be real, Blimel and Reinhardt [92] obtained a
closed set of first order differential equations for the motion of the bound and
resonance eigenvalues E, = z, of the Hamiltonian Eq. (2.25) in the complex
plane

d
zl_xxn = V;m =Pn
d Va
ar = 22 Tn — T (8:29)
i#n
d _ 1 1 ‘/m(pz _pn)
d)\vm - Z V”V}"(:c,-—a:j + Tn -—zj) B Ti— ITp

J#in
where V;,, (= [¢ >T V|n >= V,;) is complex symmetric, and the left eigen-
vectors |t >T are the transposed values of right eigenvectors |i >. Eq. (8.29)
has the same form as Eq. (5.1) except for the fact that the domain is com-
plex. As for the HFE, the beauty of Eq. (8.29) is its generality. It describes
the dynamics of resonances for all Hamiltonians of the form Eq. (2.25). The
characteristics of a particular Hamiltonian enter only in the initial conditions.

We study now the evolution of the parametric motion in complex plane.
One of the important findings is the existence of repulsion between reso-
nances in the complex energy plane, i.e. two resonances avoid each other in
their parametric motion. This situation can be analyzed with the help of a
two-state approximation, since the coupling of these two states with other
resonances can be neglected when two resonances (denoted by 1 and 2) be-
come very close in the complex energy plane (|AE| = |E; — E;| — 0). The
behavior of these two resonances is described by an effective Hamiltonian

Hll H12
. 8.30
<H12 H22> (8.30)

Note that the effective Hamiltonian is complex symmetric after complex ro-
tation. Solving the eigenproblem of (8.30) gives

AE=z+1y (8.31)
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where z and y are the solutions of following equations
o -y = (Hyj — Hy,)* — (Hyy — Hp)" + 4(H{; — HD)(HY; + H), (8.32)
zy = (H{} — H3)(Hiy — Hy) + 4H1’§H{2. (8.33)

Therefore, in general one needs to adjust two control parameters to get AE =
0 (r = y = 0). This conclusion was obtained by von Brentano [93] using a
different approach. We show now the impact of this result on the statistics
of resonances. When we vary the perturbation A, the curve (z()),y(})) in
general does not cross the origin (zr = y = 0), and two resonances avoid
each other even though one of the two components of the force may become
attractive. If the curve cross y (or z) axis the real (or imaginary) parts
of two complex energy cross each other while the imaginary (or real) parts
avoid each other. Following the similar argument of Berry [68] for the NNS
distribution of bound system, the resonance spacing distribution in the limit
of small |AF| can be expressed by

P(AE]) = / dedyW (z,y)8(|AE] — /22 £ 57) (8.34)

where W(z,y) is the distribution function of z and y. By simply rescaling
the integration variables in Eq. (8.34), one obtains

P(|AE)) = |AE| / dzdyW (|AE|z, |AEly)§(1 — /22 + 3?) |AE| — 0.

(8.35)
The statement of genericity of Hamiltonian H requires W(z, y) to be a smooth
function without singularities. Because W in (8.35) depends on |AE|(~ 0)
very weakly, we find the interesting result

P(|AE|)jaB|—0 < |AE]. (8.36)

It is important to notice that Eq.(8.36) is valid for both integrable and
chaotic systems, because the integrable systems are the limiting cases of
H,; = 0, while Hy2 = 0 does not lead to z (or y) identical to zero. Therefore,
Eq.(8.31) and Eq.(8.36) are still valid. This means that the existence of
resonance repulsion is independent of the underlying classical dynamics. We
show now, by using a result obtained by Hertz about 100 years ago, that this
“repulsion” for integrable systems is due to the fact that the resonance energy
“live” on a two-dimensional manifold. The fact that Hy;; — 0 implies that
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the parametric motion of the resonance energies for the integrable systems
resembles the motion of two-dimensional ideal gas. Hertz [94] showed that
the nearest-neighbor spacing distribution for an ideal gas in an N-dimensional
coordinate space is given by

——= exp[—n4un(r)] (8.37)

where n,, is the coarse-grained number density and vy (r) is the volume of a
N-dimensional sphere of diameter r. It is well-known that

7FN/2 r

N

= — ()", 8.38
() = FE 2 (8.38)
Some examples are vi(r) = r, vy(r) = r’r/4, va(r) = r37/6. It is now

remarkable that after “unfolding” the spacing
s =nNp, (8.39)
Eqs. (8.37) and (8.38) lead to the Brody distribution (Eq. (3.22)) with Brody
parameter K = N — 1. Hence, in one dimension Py=1(s) = exp(—s) is

the Poisson distribution (Eq.(3.12)) which shows particle clustering while
in two dimension Pn=3(s) = 7/2sexp(—7s?/4) gives a Wigner distribution
(Eq.(3.17)) which shows particle repulsion. Therefore, we conclude that
repulsion between resonances can be simply a consequence of the dimen-
sionality of the problem. We call such repulsion “geometric repulsion”. In
particular, geometric repulsion can produce the same effects as dynamical
repulsion. We conclude that, in the limit of small spacing, the dynamical
repulsion (Hy; # 0) is “buried” by the geometric repulsion. Therefore the
NNS distribution is not sensitive to the underlying dynamics for resonances,
unlike for bound states. For isolated resonances, the NNS distribution be-
comes more sensitive to the underlying dynamics since Eq. (8.36) is valid only
in the range of |AF| << |Ef| >.

For the case of overlapping resonances (|AE| ~< |Ej| >), we need to
find other measures to diagnose the properties of classical dynamics. Here
the parametric correlations may play crucial roles to distinguish classical
regular and chaotic motion. The condition that the system “forgets” its
initial conditions after an interval of A and reaches a thermal equilibrium
state is the existence of strong and complicated couplings between resonances.
This is a purely dynamical condition. Therefore, a well-defined temperature
and a Maxwell-Boltzmann distribution for the single particle’s momentum of
the system (Eq. (8.29)) is conjectured as the manifestation of classical chaos.
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8.3 Example: the parametric motion of res-
onances for hydrogen atom in a strong
electric field

Besides insights into the dynamics of the resonances, Eq. (8.29) also provides
a numerical method to the problem. In general, numerical solutions for large
numbers of resonances are much more complicated than the similar problem
of bound states. This is not only due to the complex domain which needs
more computing time and space, but is also due to the delicate coupling to
the continuum which is essential for resonances. Compared with other meth-
ods, the major advantage of parametric dynamics approach lies in the fact
that a single solution provides “en route” the resonances for all parameters
in the integration interval. Therefore, each resonance can be easily identified
in contrast to other methods when the density of resonances is high and res-
onances begin to overlap. Using this equation, we determine the parametric
motion of resonances for a hydrogen atom in a strong electric field. While the
system of a hydrogen atom in a magnetic field plays the role of paradigm for
the study of quantum chaos, hydrogen in an electric field is a prototype of a
classically integrable atomic system and has attracted considerable attention
[95]. However, many interesting questions remain to be answered [96]. The
purpose of the investigation is two-fold. One is to test the numerical appli-
cability of Eq.(8.29), and the other is to gain more physical understanding
of this prototype quantum system, especially in terms of classical mechanics.

For the sake of simplicity, we consider the system in one dimension, i.e.
the Hamiltonian of the system is given by (in atomic units)

2

Hz%—%—)\zzzo (8.40)

where A is the strength of the electric field. The reason for this approxima-

tion is that, in a strong electric field, the radial part of an excited state of

hydrogen atom approaches the limit of a one-dimensional state closely resem-

bles the Schrédinger equation of the one-dimensional model [97]. Therefore,

the one-dimensional model Eq. (8.40) should catch the essence of the three-
dimensional physics. The EBK quantization (Eq. (4.15)) gives

1 /e 1
—/ \/2(13 +-+A2)dz=n+1/2 (8.41)
T Jo z
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with the turning point at a = 3 (|E| — VE? — 4X). If we scale
E, = E.n* A= \n? (8.42)

then E, depends on n through the variable (1 + ;1;) i.e. the EBK quanti-
zation implies that E, is independent of n for highly excited states. We use
these scaled quantities to plot our results of full quantum calculations.

Fig. 8.2 displays the scaled complex energy of excited states (n = 7—11) as
a function of the scaled electric field together with the value of the potential
barrier. One striking feature is that the semiclassical scaling law is well
satisfied in the domain of strong electric fields indicating the validity of the
EBK quantization. Another striking feature is that while the real part of
energy passes the barrier continuously, the width (imaginary part of the
energy) behaves very differently. When the energy lies below the barrier, the
width is negligible as expected from the tunnelling. In this regime, the state
can be treated as a bound state and perturbation theory is valid. When the
state lies above the barrier, the width becomes significantly large and grows
with an algebraic law of A7, where 7 is close to but slightly smaller than 1.
In this regime, perturbation theory breaks down and the state is short lived.
The dramatic change of the behavior of resonances around the barrier is an
example of a quantum system following the corresponding classical dynamics.
The classical trajectory is totally bounded when energy is below the potential
barrier while it becomes totally unbounded when energy is above the barrier.
The approximately linear dependence on the electric field of the width above
the barrier is also observed [98] in the problem of three-dimensional hydrogen
atom in an electric field. This behavior can be qualitatively understood by
a classical argument. The time for the electron travelling from the origin

(z0 = 0) to the saddle point (z, = 1/v/}) is determined by

1/VA dz
At = x (1/A)¥ X 5 . (8.43)
o V2AE+1/z4)2)

By the uncertainty principle for energy and time, the width (imaginary part)
of the energy should be proportional to 1/At. Therefore, classical theory
predicts 4 = 3/4 which is close to 1.

Fig.8.3 shows the trajectories of resonances of excited states (n = 7 —
11) in the complex energy plane. The resonances move essentially on a
one-dimensional manifold embedded in the two-dimensional complex plane.
Therefore, the system is far from generic and the unfolding procedure of the
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Figure 8.2: Complex energy of excited states (n = 7 — 11) as a function of
the electric field where the dashed line represents the value of the barrier.
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Figure 8.3: The trajectories of resonances of excited states (n = 7 — 11) in
the complex energy plane.

eigenvalues should follow Eq.(3.2) instead of Eq.(8.39). For a given value
of A, E, is a function of the quantum number n. In the vicinity of ng, the
semiclassical limit is given by (n — ng)/no — 0 (see equivalent condition
Eq.(3.1)). Hence E, = E,, + (n — ng)dE,,/dn and the NNS distribution is

P(s) = 6(s — 1) (8.44)

as predicted for one-dimensional systems in Appendix B.

Fig. 8.4 displays the scaled momentum of resonances of excited states
(n = 7 —11). As the energy itself, the momentum obeys the semiclassi-
cal scaling law and displays changes around the barrier. Notice that |p/|
decreases slightly with A, confirming that v < 1. If we use the classical
approximation 7 = 3/4, then E! o nA%4, Therefore p. « n and the dis-
tribution of momentum p! is far from a Maxwell-Boltzmann distribution as
expected for a one-dimensional non-generic system.
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Figure 8.4: The scaled momentum of resonances of excited states (n = 7—11)
as function of electric field.
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Chapter 9

Conclusions

We have investigated the parametric motion of quantum spectra for classi-
cally chaotic systems. It is shown that the classical transition from predom-
inantly regular motion to global chaos is accompanied by a transition from
a nonequilibrium state to an equilibrium state in the parametric motion of
quantum energy levels. The equilibrium distribution function provides an ex-
planation of the Wigner-type NNS distribution for classically totally chaotic
systems. The microscopic mechanism for the transition from a nonequilib-
rium state to an equilibrium state is the existence of avoided crossings. The
width distribution of avoided crossings is closely related to the fraction of
the accessible classical phase space in which the motion is chaotic. The over-
lapping of avoided crossings is a fingerprint of classical chaos. The study of
relaxation processes in the parametric motion of energy levels reveals that the
parametric correlation functions are sensitively dependent on the underlying
classical dynamics, and the transition from classically regular to chaotic mo-
tion manifests itself in the disappearance of parametric diffusion in quantum
spectrum. The discussion of the parametric motion of resonances indicates
that due to the existence of geometric repulsion, the nearest-neighbor spac-
ing distribution is not sensitive to the underlying dynamics for resonances.
Instead, the parametric correlations may play a crucial role in the identi-
fication of classical chaos. We suggest that the transition to the thermal
equilibrium state in the parametric motion of resonances is the signature of
classical chaos. Therefore, besides providing a new numerical method for cal-
culating spectra, the parametric dynamics approach connects the quantum
eigenproblem with both equilibrium and nonequilibrium statistical mechan-
ics and molecular dynamics. In this way, it is not only capable of confirming
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the universality of fluctuations in quantum spectra for classically chaotic sys-
tems but also reveals rich structure in the parametric motion of energy levels
itself.
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Appendix A

Solution of the stability matrix
near the integrable limit

The stability matrix of a Hamiltonian system obeys the differential equation

d 0*H
M =I5 M (A.1)

with initial conditions M(0) = 1, where J is given by Eq. (2.6).

We discuss now the solutions of the stability matrix for those periodic tra-
jectories which are continuously deformed from the integrable limit. There-
fore, we can use perturbation theory

INI()'*'AI’

0~ 0o+ N0’ (A.2)
M~ My + M

where the action-angle variables are exploited so that 7gHy = 0. Because
of Eq. (2.32), we only need to solve Eq. (A.1) within one period. To the first
order in A we get

2

M(T) = exp(Jaaon)(l +ATA) (A3)

where 882_;{:0_ is a 2N X 2N matrix with elements a%zgg— and A is another
i0Z;
2N x 2N matrix

2

a* 0°Hy
t)Jﬁ[I (t) . VIoHO + V] exp(J 922 t) > (A4)

8°H,
O0z?

A=<exp(-J
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where < > denotes time average over one period.

Note that from Eq.(2.39) the largest eigenvalue of the stability matrix
M(T) is always larger than 1 ({; > 1) for the unstable case. Thus the periodic
trajectory appears as a hyperbolic fixed point [10] in the Poincaré surface of
section, i.e. a nearby trajectory stays on a single branch of a hyperbola in
the Poincaré surface of section. The inverse-hyperbolic case ((; < —1), i.e.
the points of a nearby trajectory in the Poincaré surface of section appear
alternatively on both branches of a hyperbola [10], is excluded because the
trajectory is not continuously deformed under the perturbation.
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Appendix B

Unfolding of the spectra of
one-dimensional single-well
potential systems

We discuss the unfolding of one-dimensional systems
H=p"/2+V(q) (B.1)

where V(q) can be any single-well potential as illustrated in Fig. B.1.
Unfolding can be performed via

en = Nuo(En). (B.2)

where N,, is the averaged integrated density of the physical energy levels
(Eq. (4.25)). Eq.(B.2) is equivalent to Eq. (3.2) when levels are contained in
an energy interval as defined by Eq. (3.1) so that we can expand the averaged
integrated density of states

Nav(En) ~ Nav(E) +N¢:u(Eﬂ - E) (B'3)
Notice that N, = n,, =1/ < AE >, then Eq. (B.2) leads to
én = Enf < AE > +constant (B.4)

which is equivalent to Eq. (3.2).
The averaged integrated density of states, Eq. (4.25), is

1

" 2rh E>p?/24V(q)

Nowo(E) dpdq
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vV(q)

Figure B.1: One-dimensional single-well potential with two turning points a
and b.

b
_ 2 / VolE = V(9)dq (B.5)

© 27k J,

where a and b are the turning points and I( E) is the action variable (Eq. (2.21)).

The unfolded spectrum is given by
en = Nao(En) = I(Eq)/h. (B.6)

Inverting the EBK quantization (Eq. (4.15)) for a one-dimensional single-well

potential, we have

I(E.) = (n + %)h. (B.7)

Here we have used fact that there are two turning points, so @ = 2. Therefore

1
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We see that after unfolding, the spectra of one-dimensional single-well po-
tential systems form a universality class of the harmonic oscillator type irre-
spective of the anharmonicity and the presence of the continuum. The NNS
distribution is then

P(s)=6(s—1) (B.9)

Notice that several well-known spectra, e.g. the spectrum of one-dimensional
hard-square potential, the spectrum of one-dimensional Coulomb potential
and therefore the spectrum of three-dimensional Coulomb problem within a
given subspace of angular momentum (! and L.) belong to this class.
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Appendix C

Semiclassical relations between
the number variance and the
parametric number variance

The correlations between consecutive level spacings are probed by the number
variance

S(L) =< (m(L) - L)? > (C.1)

where m(L) is the number of the unfolded levels {¢,} in the interval (¢ —
L/2,e + L/2), and, by the definition of unfolding,

<m(L) >= L. (C.2)
Random matrix theory [22] predicts for a Poisson sequence
Ypoisson(L) = L, (C.3)
and for the GOE systems
2 ui
2

(nL+In2+4v+1-2) (L>1) (C.4)

Yeore(Ll) ~ - 3

where v is Euler’s constant.
Using the semiclassical trace formula (Eq. (4.11)) one finds [99]
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S(L) = — [ arx

=2u
h* Jo

sin(LT/(2hn4,))., S, — S
( - )? < ;AuAE cos(==—)5(T -

T"—;E) >  (C.5)

and the similar result [81] for the parametric number variance

8 [>dT S, — S

T, + T, . 5 Tyseh
Ve(A) = : Tz < 2 AvAg cos( - )5(T_T€)smz(2_hf)>
U'e

(C.6)
where y,¢ = (y, + y¢)/2 and y, = (8S,/0))./T,. We derive now a semiclas-
sical relation between £(L) and Vp(A). In the semiclassical limit (h — 0),
factors of the form cos(s"—;lsi) eliminate the contributions from those pairs
with (S, — S¢) > k hence the main contributions are from the pairs with
(S, — S¢) < k. Therefore A,A; cos(f";—s{)é(T - T"—;T{) is smooth while
sin®(Ty,eA/(21)) is a fast oscillating factor which thus can be replaced by its

average value
T Yue

. A *® . o, TyA
2 2
sin’(—9=) [ _ dyply)sin* () (€.7)
where p(y) is the probability distribution function of y. Substituting (C.7)
into Eq. (C.6) and comparing with Eq. (C.5), we get

Ve(8) = [ dup(u)Svinah). (C.8)

Substitution of the results of the random matrix theory (Egs. (C.3) and (C.4))
into Eq. (C.8) leads to Egs. (7.2) and (7.3). We note that Goldberg et al. [81]
did not discuss the PNV for integrable systems and their approximation of
the PNV for chaotic systems differs from our Egs. (7.2, 7.3). Our result
is, however, within the numerical uncertainty, consistent with the numerical
results of Ref. [81] for the hydrogen in a magnetic field as well as the present
results for the coupled Morse oscillators, as shown in Fig. 7.1.
Note that the derivation of Eq. (C.6) assumes that

S > |(85/0)).|A. (C.9)

The values of A in quantum calculations are confined within the intervals of
A in which the classical phase space structure does not appreciably change.
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Within these values (A < 0.2 for the coupled Morse oscillators), the condition
(C.9) is satisfied for classically regular systems because S is a smooth function
of the perturbation strength A. On the other hand, it may not be valid for
chaotic systems when A reaches the limit of large values since the action S
becomes sensitively dependent upon the perturbation and |(85/8)).| can be
large. In this limit, a modification for the semiclassical estimate Eq. (7.3) is
needed and is given by Eq. (7.5).
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Appendix D

Measures of parametric
diffusion for chaotic systems

We give in this appendix explicit expressions for the velocity autocorrelation
function (VAF), ¢(A), its Laplace transform, 1}(3), the generalized diffusion
coefficient D(A), and the mean squared displacement < z?(A) > for the
classically chaotic regime. All expressions are determined from the approxi-
mation (Eq. (7.34)) to spectrum of the VAF.

We can express %(A) in terms of G(w) by inverting Eq. (7.12)

B(A) = % / dwG(w) cos(wA). (D.1)
0
Substitution of Eq.(7.34) into the above equation gives
24 &
¥(A) = — =5 H(wo, An) (D.2)
with A is given by Eq.(7.35) and
*  cos(wA)
H(wo,An) = — [ dw-22%2)
(wo, A, ) /0 (@ + wo)"
S LR D.3
Kn =D\ g U (w0h): (D-3)

U(z) is defined by

241

U(z) = / " ) _ / PGl




= Ci(z)sin(z) — (Si(z) — 7/2)cos(z) (D.4)

where Si(z) and Ci(z) are the sine and cosine integrals, respectively. It is
straightforward to get D(A), < z%(A) > and 9(s) by substitution ¥(A) into
Eqgs. (7.10), (7.11) and (7.18):

24 d
D(A) = %HH(wOa A, n)a (D5)
z? _ i wo, A, n !
< 2(8) >= (oo, ) + ) (D)
and
. As?® 1 K 1 s
P(s) = — ((wo n is)n(ln(s/%) - 25) - m(ln(s/%) tig
p L1l L1 1.1
(n—=1) (wo+is)"V'wy 18" (wo—18)" 1wy s
1 = k+1 1 1 k+2
+(n —1)(n —2) ; w(’)“?”k((wo + is)"+2(w_o + (n—3—Fk)(wo+ zs))

1 1 k+2
B m(w_o + (n -3 - k)(wo —is))))’

where s is the variable of the Laplace transform.

(D.7)

138



Curriculum Vitae

Xiazhou Yang was born on June 23, 1954 in Kunming city of Yunnan
province, P. R. China. He has one older brother and one older sister. He
spent his childhood with much love from his family and the beauty of the
nearby Dianchi lake, the biggest mountain lake in southeast Asia.

In 1966, the Cultural Revolution began. He was moved from one village
to another with his parents in the remote mountainous areas of the province
until 1972, when he fortunately had a chance to enter the most prestigious
high school in the province, the high school affiliated with Kunming Nor-
mal University, where teachers were teaching sciences under the risk of being
classified as the “enemy of the people”. After graduation from high school in
1973, he worked on a farm and then in a factory. When the Cultural Revo-
lution was over and universities reopened, he passed the first entrance exams
in eleven years, and in 1978, he became a freshman of Yunnan University.
He obtained the B.S. in the spring of 1982 and entered Beijing University
as a graduate student majoring in particle physics. Beijing University is
the center of science and democracy in China and has had great impact on
China’s history. Xiazhou Yang graduated with his M.S. in 1984 under the
guidance of Professor Chongshou Gao. Then he joined the theoretical high
energy physics group of Professor Benhao Sa in the Institute of Atomic En-
ergy, the largest national laboratory in China. Two years later, introduced
by Professor Yongshou Chen of the Institute, he became a graduate student
of Professor Joachim Burgdorfer at the department of physics, University of

Tennessee. He is working on the theory of quantum chaos and expects to
receive his Ph. D. in August 1993.

139



