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ABSTRACT

The applicability of a hardware efficient realization of the
distributed arithmetic approach for implementing digital filters was
the concern of this study. To this end, 2 sixth order Butterworth
filters were implemented. The first had a cutoff frequency that was
20% of the Nyquist frequency while the second had a cutoff frequency
that was 2% of the Nyquist frequency. Each filter was implemented as 3
cascaded second order sections. The output roundoff error of the
filters was reduced by choosing coefficients for each second order
section so that the noise due to that section was minimum. Ordering of
the cascaded sections was also chosen to reduce the output roundoff
error. The procedures for defining filter coefficients and ordering
the second order sections are presented and applied to the implemented
filters.

The resulting filters were evaluated and shown to accurately
reproduce the desired transfer function. The cost of the 20%
implementation was compared to that of 3 alternative implementations.
The distributed arithmetic approach proved cheaper than the other
alternatives. In addition, the output roundoff error of the
implemented filters was estimated and found to be 29 times less than
the output roundoff error of a comparable minimum multiplier filter.
Thus, the implemented filters were concluded to be a cost effective

implementation of reduced roundoff error filters.
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CHAPTER 1

INTRODUCTION

Before the introduction of digital systems, signal processing was

accomplished by analog techniques. The errors associated with rep-
.resenting system variables were negligible because system variables
could take on a continuous range of values. In digital systems,
however, system variables and coefficients are represented by finite
length words. Therefore the variables and coefficients can assume

only discrete values which lead to errors arising from coefficient
quantization and computation roundoff as well as nonideal behavior such
as overflow oscillations and limit cycles.

Coefficient quantization errors are errors in the filter output
resulting from quantizing the filter's coefficients. Quantizing of the
coefficients results in a finite number of realizable pole and zero
locations in the vicinity of the desired locatioms. The realizable and
desired pole and zero locations may not match; so, the realizable poles
and zeros closest to those desired are generally chosen for the filter.
Low coefficient sensitive structures help reduce the error due to
coefficient quantization.

Roundoff errors occur as a result of quantizing stored filter
variables. These errors are modelled by injecting, at the point of
rounding, a uniformly distributed white noise signal having a zero mean
and a variance, cz. This variance can be shown to be:

02=€2/12 (1.1)

where € is the quantization step size. For normalized filters (all



variable values < 1) utilizing 2's complement arithmetic:

€=1/2n-1

(1.2)
where n is the number of bits in the storage word.

When the value of a filter variable becomes larger than repre-
sentable, overflow occurs. Overflow presents large nonlinear
transients to the filter. If the filter response to such a transient
does not decay to zero, the output oscillates and the filter is said to
support overflow oscillation. Filters that are otherwise stable can
exhibit this phenomenon. Overflow oscillation characteristics of a
filter are known to depend on the filter's pole-zero location and upon
the filter's structure, but the relation between overflow oscillation
and filter structure is not well known. Nevertheless, certain struc-
tures have been found that do not support the phenomenon of overflow
oscillations. Thus, overflow oscillations can be prevented By
selecting one of these structures or by severely scaling the filter to
render the overflow condition impossible.

Limit cycles occur when the input is changed to a constant value
and the output either sustains an erroneous constant value or oscil-
lates about the predicted value. Limit cycle characteristics of a
filter are influenced by pole-zero location, filter structure and
roundoff technique (truncation or rounding).

Initial approaches for designing digital filters concentrated on
reducing the number of multiplications required to realize the filter.
The resulting minimum multiplier structures are known as canonical
forms. These forms reduce the cost of the filter and might also be

expected to reduce the roundoff error since fewer roundoffs are



required. This expectation, however, has been unfounded. For example

the direct form state-space structure of a second order filter shown in
Figure 1.1 is a practical minimum multiplier structure. This direct
form structure, however, is notorious for having large roundoff errors.

A growing interest has emerged in recent years in determining the
requirements necessary for a digital filter that would possess minimum
roundoff error. Attention has been largely restricted to state-space
structures.

Approaches for minimizing the roundoff for these structures are
beginning to emerge and show capabilities of achieving the minimum
possible roundoff error [1], [2]. These minimum roundoff error
structures, however, require many more multiplies than canonical
structures [3]. For an nth order filter, having a single input and a
single output, the minimum roundoff error state-space structure
requires (n+l)2 multiplies [3] compared to 2n+l multiplies for the
canonical form [4]. Therefore minimum noise structures rapidly become
more complex than the canonical form. An alternative approach which
reduces rather than minimizes roundoff error in higher order filters is
to cascade or parallel lower order sections that have been individually
and independently optimized with respect to roundoff error [2], [3].
For example, a sixth order filter can be realized by cascading 3 second
order sections for which the roundoff error has been individually
minimized., Such filter structures, called sectionally optimum filters
[3], provide a good compromise between minimum roundoff error filters
and filter complexity.

One second order filter structure has been found that possesses
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low coefficient sensitivity, minimum roundoff error (for the given

structure), and does not support overflow oscillation [3]. The
structure for this second order filter is shown in Figure 1.2. It
requires 9 multiplies which is 3 more than the number of multiplies
required by the direct form of Figure 1.1. Techniques for deter-
mining structure parameters from the desired transfer function, H(z),
have also been presented in the literature [3]. This filter structure
is ideal for developing a sectionally optimum filter.

A proposed method for implementing digital filters utilizes the so
called distributed arithmetic approach. In this approach precalculated
partial products are placed in a look up table in memory, recalled at
approbriate times, and summed in order to mimic the process of multi-
plication. In this manner expensive multiplier chips can be replaced
with memory chips. Because memory requirements increase exponentially
with filter order, the distributed arithmetic approach provides an
effective implementation in terms of cost/speed trade-offs for lower
order filters. Arjmand and Roberts [5] have found the distributed
arithmetic approach for implementing a second order digital filter
whose variables were represented by 12 bit words to be up to 5 times
more efficient than implementations using multiplier chips.

The goal of this work was to establish the applicability of the
distributed arithmetic approach to implementing reduced roundoff noise
filters. To this end, 2 sixth order low pass Butterworth filters whose
structures consist of 3 cascaded second order sections having the
structure of Figure 1.2 were implemented and evaluated. One filter

had a bandwidth of 20% of the Nyquist frequency while the other had a
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bandwidth of 2% of the Nyquist frequency. The filter's performance
was evaluated by comparing the observed response with the predicted
response. The operating filter was used to establish cost performance

which was then compared to some selected alternative implementations.



CHAPTER II

DIGITAL FILTER STRUCTURES

Digital filters having low roundoff noise have recently been
developed using state-space structures. State-space formulations of
digital filters are known to be able to obtain the minimum achievable
roundoff error when properly designed. These minimum roundoff error
filters, however, rapidly become complex as the filter order increases.
Alternatively, filters implemented by cascading individually and
independently optimized, second order, state-space sections have been
proposed. Such structures reduce the roundoff noise of the filter. In
this chapter, the development of a minimum roundoff noise, second
order, state-space section is reviewed. In addition, the direct form
filter is derived to provide a benchmark for the comparison of filter
complexity. The direct form was chosen for this comparison since it

provides a minimum multiplier practical filter.

General Second Order Digital Filter

The general, minimum delay element, state variable description

of a second order system with a single input and a single output is

given as:
x(k+1) = Ax(k)+bu(k) (2.1)
y(k) = crx(k)+du(k) (2.2)

where x(k) is a 2xl vector representing the state variables at time Kk,
A is a 2x2 system matrix, b is a 2x1 distribution vector, ¢ is a 2xl

output vector, u(k) is the scaler input at time k, d is a scaler, and
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y(k) is the scaler output at time k. The system is assumed to be time

invariant; that is, A, b, ¢ and d are independent of k. These
equations are equivalent to the set of simultaneous difference
equations:

xl(k+l) = allxl(k)+a12x2(k)+b1u(k)

x2(k+1) = a21x1(k)+a22x2(k)+b2u(k)

y(k) = clxl(k)+c2x2(k)+du(k).
Taking the Z transform of each equation gives:

zXl(z) = a11X1(2)+a12X2(z)+b1U(z)

zXz(z) = a21X1(z)+a22X2(z)+b2U(z)

Y(z) = clxl(z)+c2X2(z)+dU(z).

(2.3)
(2.4)

(2.5)

(2.6)
(2.7)

(2.8)

A signal flow graph corresponding to this state variable representation

is given in Figure 2.1.

The Direct Form Filter

The direct form filter is obtained by balance scaling the

controllability canonical form. One controllability canonical form is

derived by transforming the state variable equations, (2.1) and (2.2),

by the transformation [6]:

(2.9)

(2.10)
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The vector ez is obtained from the controllability matrix,

M= [b Ab]. (2.11)
Assuming the system is completely controllable, then M is nonsingular
and H_l exists. For a second order filter H-l may be represented as:

e
w! -

H=4HA

(2.12)
e

[\

where e and e2 are 2x1 column vectors. For this case e becomes

ez and P is:

e
(2.13)

HNo

e Al.

3]

The equations resulting from substituting (2.9) into (2.1) and (2.2)
are:

P lw(k+1) = AP tw(k)+bu(k) (2.14)

y(k) = TP Lu(k)+du(k). (2.15)

Equation (2.14) can also be written as:
w(k+1) = PAP lw(k)+Pbu(k). (2.16)

Using (2.11), (2.12) and the definition of the inverse matrix,
e? 10
¢|[b Ab] = (2.17)
e 01].

Pb, therefore, can be seen from (2.17) to be:

-— -

b 0
= (2.18)
e Ali{b lj.

L =3

l’AP-1 can also be deduced using (2.17). First PAI’_l can be

written as [PA]P-I. But l’_1 may be represented as [f1 f2]. Then,

eTA

-1 2
T,2
2

PAP = =
e

[£. £,1. (2.19)
A 1 —2



Using the definition of an inverse matrix:

-1 eg 1 O
PP T [f1 fZ] =
L?ZA 0 1

from which egAfl equals 0 and egAfz equals 1.

Therefore,
-1 0 1
PAP = =
T,2 T,2
ezA f1 e2A f2
Let
T,2
—ao = ezA f1
T, 2
-a1 = eZA fz.
Then
0 1
pap! -
3 T

e

Substituting (2.18) and (2.24) into (2.16) yields:

wl(k+1; 0 1 wl(k) 0
= + u(k).
w2(k+1) -8, -3 wz(k) 1

The corresponding output equation is:

x % wl(k)
y(k) = [cl cz:I +du(k)
w, (k)

where

* % T -1
[c1 c2] =cP ",

12

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

Multiplying the matrices gives the following simultaneous system of

difference equations:
wl(k+1) = wz(k)

wz(k+1) = -aowl(k) - alwz(k) + u(k)

(2.28)

(2.29)
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y(e) = cjw, (k) + eywy (k) + duk). (2.30)

Taking the Z transform of the equations yields:

le(z) = WZ(Z) (2.31)
zWZ(z) = -aowl(z) - alwz(z) + U(z) (2.32)
Y(z) = W (2) + eyWy(2) + dU(z). (2.33)

From these results the signal flow graph of Figure 2.2 is derived.
The direct form filter is obtained by scaling the controllability
canonical form. For this discussion, balance scaling using the L2 norm

is used. The L, norm, denoted by //h//2 is defined by:

//h//§ = I /h /2 (2.34)

i=1 1
where hi is the unit pulse response between the nodes of interest. For
the controllability canonical structure, the filter needs to be scaled
so that state variables at nodes 2 and 3 do not overflow. To scale

node 2, the incoming branches to node 2 are divided by the square of

2
branches are multiplied by //f1//§ as shown in Figure 2.3. The

the L, norm from the input to node 2, //f1//§, while the outgoing

procedure at node 3 is identical except that the square of the L2 norm
from the input to node 3, //f2//§, is used. The resulting filter is
shown in Figure 2.4. From Figure 2.2, //fl//g and //f2//§ are seen
to be equal since nodes 2 and 3 are connected by a delay element and a

unity gain branch. Therefore,

2 2
I1£,115 = 11£,1]5 = T+ (2.35)
- * -% * —%
Now denoting 1/T by b2, clr by 4 and c2r by ¢y gives the filter of

Figure 2.5. This filter structure is the popular direct form. The

direct form is notorious for possessing large roundoff noise. It
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also supports overflow oscillations and possesses large coefficient
sensitivity.

The number of multiplies required to implement the second order
direct form is 6. This is 1 larger than the number of multiplies
required by the controllability canonical form. Since scaling in
general increases the number of multiplies required to implement a
filter, the direct form filter structure of Figure 2.5 is a practical

minimum multiplier structure.

Second Order Minimum Roundoff Error Filter

The determination of the minimum roundoff error, second order,
state-space filter requires a derivation of the output noise expression
for the filter followed by minimization of this roundoff noise. For
this determination, the roundoff error is modelled as noise injected at
the points at which rounding occurs as shown in Figure 2.6. In this
model, the roundoff error is represented as uniformly distributed, zero
mean white noise inputs having a variance of

o? = e2v/12 (2.36)
where ¢ is the quantization step size and v is the number of quantiza-
tions at the error source per calculation. For a filter using 2's
complement arithmetic, normalized to a full scale of unity and having
m binary digits (bits) at each node,
e = 1/2%°L, (2.37) 1
Also,

v=1 (2.38)

if quantization occurs following addition. Therefore,
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o = e%/12. | (2.39)

The above model is good if the overflow condition does not occur at a
variable node. This condition implies that the filter has been scaled.
In the following discussion, scaled filter parameters are denoted by
primes.

Let gi(k), and gé(k) represent the unit pulse responses at time k
from the state variables, X and Xy respectively to the output of a
second order, state-space, balance scaled filter. Also, assume that
each filter variable is represented by equal bit length words. Then
for the noise model given above, the output noise can be shown to be:

2 2. 2
ap = ON[ E

giz(k)+ z géz(k)+1] (2.40)
k=0 k=0

where US is the output noise variance and 0; is the noise variance
due to rounding at Xy X, and the output. The first two terms in the
right side of (2.40) are the square of the L2 norms from nodes 2 and 3
respectively to node 6 of Figure 2.6. They are denoted by //gi//% and
//gé//%. Using this notation, (2.40) can be written as:
ob = GEU/1g] /1541 I8yl 2411, (2.41)

Since the variance provides a measure of power, (2.41) gives a measure
of the output random noise power due to roundoff at the filter
variables. This output noise power is to be minimized to obtain the
minimum roundoff error filter. Therefore a state-space, second order,
scaled filter where gi and gé minimize the roundoff noise at the
output is desired.

Consider a filter that is balance scaled using the L, norm. Such

2

a filter has unit pulse responses from X and X, to the output of:

o
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- 2
g = g, //£,1/5 (2.42)

and,

2
g, = 8,/ 15,115 (2.43)
where f1 and f2 are the unit pulse responses from the input to 3 and

x, respectively of the unscaled filter. Substituting (2.42) and (2.43)

2
into (2.41) gives:
o2 = 62U/ 1g /1311811541 18y115] 1£,1 /3411 (2.44)

Two matrices K and W can be defined for the state-space, second
order structures. K is defined to have elements:
o«
kij = kiofi(k)fj(k) (2.45)

while W has elements:

W by gi(k)gj(k) (2.46)

13 7 k2o

where 1 and j may be 1 or 2, The diagonal elements of these matrices

are the L, norms:

2
Ry, = [I£,11] (2.47)
and,
v, = [lg,1/2. (2.48)
ii i"72
Equation (2.44) can, therefore, be written as:
02 = o2l jwy Hey g, *1l (2.49)

The use of matrices K and W allow the minimum achievable output
noise variance (power) to be determined. Mullis and Roberts [1] have
shown that:

n

n
1/n 2k, ,w,, 2 [1/2 2 u,]
i EAC T e

2 (2.50)
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where n is the order of K and W, and H,, i=1 to n, are the eigenvalues

i’
of the matrix KW. For the second order filter n=2 and (2.50) gives:
2
1/2[k11w11+k22w22] 2 [1/2(u1+u2)] (2.51)
or,
2
k11w11+k22w22 2 2[1/2(u1+u2)] . (2.52)

The minimum output error is obtained when equality occurs in (2.52).

Therefore,

o2 = a2201/26u +uy) 1041 (2.53)

Since the eigenvalues of the matrix KW are invariant under state
variable coordinate transformation, the minimum output noise power can
be obtained from KW even when the K and W matrices used to obtain KW do
not produce equality in (2.52).

The minimum roundoff error filter can be realized by finding
filter parameters that produce equality in (2.52) subject to the
constraints that the filter be scaled and that the state variable
description realize the desired transfer function. The existence of
a minimum roundoff error filter has been guaranteed by Mullis and
Roberts [l]. They have found that a transformation T exists such
that (2.52) is satisfied with equality. In addition necessary and
sufficient conditions for achievement of this equality have been found
to be:

W' = DK'D (2.54)
where D is a diagonal matrix and,
kiiwii = kijwjj (2.55)

for all i and j.

The necessary and sufficient conditions of (2.54) and (2.55) can




be translated into conditions for the system matrix A, distribution

matrix b, and output matrix c. Recall that in the above discussion the
filter was constrained to be scaled. Balanced scaling using the L2
norm can be obtained by transforming the system coordinates with the
transformation Q such that Q is diagonal and,

qyy = /kii. (2.56)
The K matrix following a coordinate transformation T can be shown to

be:

| T,-1
Rerans = T Forsg(T) (2.57)

where K is the K matrix before the transformation and K is the
orig trans

K matrix after the transformation. Therefore,
K' = Q'lx(QT)’l. (2.58)
Equations (2.56) and (2.58) give:
' -
kii 1 (2.59)
for i=1,2. Substituting this result into (2.55) gives:

LI, |
Vig wjj' (2.60)
These last two results can be used to rewrite (2.54) as:
ab dl 0 le d1 0
= (2.61)
Lf %_ -P d2 £1i{0 d2
which reduces to:
a g} df ed1d2
= 2 (2.62)
l—c ad _fdldz d2 .
Equation (2.62) is satisfied by choosing d1=d2. This gives:
D = pI (2.63)

where p is a scaler and I represents the multiplicative identity

matrix. Substituting (2.63) into (2.54) gives:
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wl = DZK'o (2-64)

K' is a symmetrical second order matrix with equal diagonal elements.
Such a matrix is invariant when multiplied on the left and right by N

where:

N = (2.65)
1 0j.

Equation (2.64), therefore, can be written as:

W' = p?NK'N. (2.66)

The unit pulse responses fi and fé can be determined from the

state variable equation. Let f' be defined as:

£1(k)

fé(k) .

f'(k) = (2.67)

Then substituting the unit pulse sequence {1,0,0,...} into (2.1) gives:
£1(k) = A% e, (2.68)
In terms of £'(k), K' may be written as:

K'= I £'(K)E' (k). (2.69)
k=0

Substituting (2.68) into (2.69) produces:
K' = z (A'k-lb')(A'k-lb')T
k=0

. (2.70)

Similarly a g'T(k) can be defined as:

g1 (k)
g'T(k) 2101 (2.71)
gy (k) |-

Applying a unit pulse sequence to the state variables of a state-space

structure gives:

1Tyok-1

g'(k) = ¢ (2.72)



In terms of g'(k), W' is:

W= I og'l(k)g'(K). (2.73)

k=0
Substituting (2.72) into (2.73) gives:

o
W o= 7 (erTarkl)TerTyrkel

k=0

Equations (2.70) and (2.74) can now be substituted into (2.66) to

give:

5 [(A,k-l)'rc,] [C,TA,k-l] .
k=0

k=0
From (2.75), A' proves to be:
A,T 1
Using N, as defined by (2.65), and carrying out the matrix multi-
plication gives:
| B | ]
811 %21 _ |%22
| B | )
312 222 212 %11}°
By equality of matrices,
! = a!
a1 " %22
for a minimum roundoff error, L2 norm balanced scaled, second order

filter.

Also, from (2.75), ¢' can be shown as:

c' = pNb'. (2.79)

Since b' can be represented as:

1
b1

bi ,

b' =

)e (2.74)

P l: 'k'ln‘lnu'p] [pb'TNN-l(A'k_l)TN]. (2.75)

= NA'N . (2.76)

(2.77)

(2.78)

(2.80)



(2.79) becomes:

\ ] 1
cil |2

] B p ]
c2 b1 .

Again, using equality of matrices,
/R = At /R!
c1/b2 cz/b1
or,
Lt = ATR?
clb1 czb .
Therefore, for a second order, L2 norm balanced scaled, minimum
roundoff error filter, the necessary and sufficient conditions of

(2.54) and (2.55) reduce to:

1) equivalent diagonal elements of the system
matrix and

2) b' and ¢' related by (2.83).

(2.81)

(2.82)

(2.83)

The procedure for obtaining a second order, minimum roundoff error

filter having L, norm scaling and a transfer function H(z) is as

2

follows. First a state variable representation of the given transfer

function must be obtained (ie. A, b, ¢, and d must be specified).
state variable representation must satisfy:

Y} = ¢pbyreyb,

Y, =€ b,a,,+c, b a

1°2%127%2%1%217 b

¢1byay97Cybyay,

By = 21139272123
By = ~(ay,*a;))
d=4d

when the transfer function H(z) has the form:

2

H(z) = (vyz o4ypz )/(Byz 248,z +1)+d.

The

(2.84)
(2.85)
(2.86)
(2.87)

(2.88)

(2.89)

Once the state variable description is determined, a transformation is
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desired such that the resultant filter is balance scaled using the L2

norm, and (2.78) and (2.83) are satisfied. Two approaches for

obtaining the suitable state variable equations have been presented in

the literature [2], [3]. For one approach, scaling of the filter is

inherent in the equations. These equations with inherent scaling are

presented in Table 2.1.

The resulting second order filter has several desirable

characteristics other than minimum roundoff error. Firstly the filter

has low coefficient sensitivity which means that the error from coef-

ficient quantization is reduced. Secondly, this filter does not sup- |
|

port overflow oscillation. The 9 multiplies required to implement the

filter, however, is larger than the 6 required for the direct form.



Table 2.1.

Equations for Deriving Filter Parameters from a

Given Transfer Function H(z)-

DESCRIPTION EQUATION
2
Q(z) qzz + qlz + qo
Transfer Function H(z) = = 3 3 2.90
P(z) 2" - 20z +a” + B
Poles of H(z) A,=a + jB 2.91
é 8§ chosen for desired overflow probability
*
Y Y = lQ)|/8 2.93
* *
¢ ¢ = ARG[-Q(X )] = ARG[Q(A )] + = 2.94
1 1
Yo, Y Y, = (1/2) - | — 2.95
12 "2 1 2 2
1-]x| 1-a
1 1
v, = (1/2) + | — 2.96
2 N 1,2
8 8 = -(1/2)ARG(1-2%) 2.97
d,, d d2 = 62[ cosz(6-¢/2) + sin2(6—¢/2)] 2.98
1° 9 1 " Y2 :
& = GZ[Ylsin2(6-¢/2) + Y,cos”(8-6/2)] 2.99
P -g(d,/d.)
A A= 21 2.100
_B(dlldz) o
a’ain(d>/2)/d1
b b= 2.101
c08(¢/2)/d2
T T
c ¢ = Y[dlcos(¢/2) dzsin(¢/2)] 2.102
d d=d 2.103




CHAPTER I1I

REDUCED ROUNDOFF NOISE SIXTH ORDER

LOW PASS BUTTERWORTH FILTER

In the previous chapter the technique for determining coefficients
to implement second order minimum roundoff noise filters realizing a
given transfer function were presented. In this chapter, this tech-
nique is applied to the transfer functions of 2 sixth order Butterworth
filters. The procedure consists of factoring each filter into 3 second
order sections by grouping pairs of complex conjugate poles. To these
second order sections, the technique of Table 2.1 is applied to deter-
mine the desired filter coefficients. The resulting second order
sections can then be cascaded to provide the sixth order filter. The
resulting filter is sectionally optimized and provides reduced roundoff

noise.

Sixth Order Butterworth Filter Transfer Function

The transfer function of a sixth order Butterworth filter having a

cutoff frequency of wg is:

H(s/ag) = 1/(ABC) (3.1)
where,
A = [S/wo_ej(0.58)ﬂl[S/wo_ej(l.42)ﬂ] (3.2)
B = [s/ug-e? O 7T (s/uy-e3 12T (3.3)
¢ = [s/uy-ed (09" /0 -ed (10T, (3.4)

This analog filter can be converted to a digital filter by using the

Bilinear transformation:

s = [2/T]{(z-1)/(z+1)]. (3.5)




T represents the sampling period and is related to the sampling
frequency by:

T = 1/f_. (3.6)
Since the Bilinear transformation nonlinearly maps frequencies in the
s-plane to frequencies in the z-plane, the cutoff frequency of the
filter must be prewarped so that the desired cutoff frequency is
realized. This prewarping is accomplished by:

a-= (Z/T)tan(on/Z). (3.7)
For a Butterworth filter in which g is 2% of the Nyquist frequency,

Wy = (0.02ws)/2. (3.8)
The prewarped frequency, a, becomes:

a = 6.29x107f . (3.9)
Let ¢ be defined by: |

z = s/a. (3.10)
Then ¢z is easily shown to be the following function of z:

g(z) = 31.8(z-1)/(z+1). (3.11)
The Bilinear representation of equation (3.1) is found by substituting

t(z) for s/w0 in that equation. With this substitution,

H(z) = 1/(DEF) (3.12)
where,

D = [g(z)-ed (038 Ty [g(5)-ed (1-42)T) (3.13)

E = [£(z)-ed (0727 g(5)-ed (12907 (3.14)

F = [2(z2)-e3 02T [g(z)-ed (1:08)T), (3.15)

The pulse transfer function H(z) is easily factored into second
order sections with real coefficients by grouping complex conjugate

pairs. Therefore:



B (z) = 1/D (3.16)

Hy(z) = 1/E (3.17)

Hy(z) = 1/F. | (3.18)
Equation (3.11) can be used to write equations (3.16)-(3.18) as:

H, (2) ,q=[1/(1.03x10%) ][ (2+1)2/ (2% 1. 9642+.9680) (3.19)

H2(2)2%=[1/(1.06x103)][(z+1)2/(zz—1.911z+.9150)] (3.20)

H3(z)zz=[l/(l.08x103)][(z+1)2/(z2-1.8822+.8856)]. (3.21)

Applying the identical procedure to a 20% cutoff frequency filter

gives:
By (2) ,0q=1/(12.07) 1[(2+1)%/(27-1.4042+.7359) | (3.22)
B (2) ,0,=[1/(16.82) [ (z+1)2/(7-1.1432+.4128) (3.23)
H3(z)20%=[1/(16.42)][(z+1)2/(z2-1.0322+.2757)]. (3.24)

Filter Coefficients for a Sixth Order Low Pass Butterworth Filter

The equations of Table 2.1 (pg. 28) can be applied to the 2% and
20% bandwidth Butterworth filter pulse transfer functions to determine
the filter coefficients for the corresponding minimum noise filters.
The application of these equations to a single second order section of
the 2% filter is presented in this section. The method is easily
extended to the other second order sections. The results for both
filters are then given.

Consider (3.19) assuming the gain term to be unity; that is,
consider:

H(2) = (z2+22+1)/(z°-1.9642+.9680). (3.25)

Comparing this with the form of the transfer function in Table 2.1

the following relationships can be established:



o2+ = .9680

from which B8 is expressed as:

8 = 5.968x10 2.

Therefore, the complex conjugate poles are:

A =2z, = .9821+3(.05968)

1

)\* = 2 = 09821_:](‘05968)'

2
From (2.93) of Table 2.1 (pg. 28):
y = laa®) |/
.where,
2
Q(z) = (z+1)".
Equations (3.31) - (3.33) indicate that:

Y = 65.89.

The next step is to determine ¢, the argument of -Q(A*).

~QOA%) = ~{[.9821-j(.05968) ]+1}°
or,

-Q(A*) = -3.925+.23663.
¢ is the argument of (3.36); therefore,

¢ = 3.081 radianms.

Next, Yl, YZ and 0 are determined and used to find d1 and d,.

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

But,

(3.35)

(3.36)

(3.37)

2

To determine Y, and Y, the terms 1/[1—|A|2] and |1/(1—A2)| must be

determined. But A is given in equation (3.30); therefore,

1/(1—|A|2) = 1/(1-|.9821+.05968j|2)

(3.38)
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1/(1-1a1%) = 1/{1-1(.9821)2+(.05968)%1} (3.39)

1/(1=[A]%) = 31.27 (3.40)
and,

|1/(1-A2)| = l/|1-(.9821+.05968j)2| (3.41)

11/(1-22)| = 1/]1-.9821%-2(.9821) (.05968)1+(.05968)" | (3.42)

11/(122)| = 1/]3.911x1072-. 11724 | (3.43)

[1/(1-2%)] = 8.092. (3.44)

From these results and (2.95) and (2.96) of Table 2.1 (pg. 28),

Y, = (1/2)(31.27-8.092) = 11.59 (3.45)
and,

Yy = (1/2)(31.27+8.092) = 19.68. (3.46)
6 can also be easily found by:

6 = -(1/2)arg(1-A%) (3.47)

6 = -(1/2)arg(3.911x10"2-.11723) (3.48)

8 = .6244 radians. (3.49)

NN

For a scaling parameter, §, equal 5, then di and d, are determined
from (2.98) and (2.99) of Table 2.1 and values for Yis Yo»

and ¢ to be:

2
4

417.0 (3.50)
and,

d

2 = 364.7. (3.51)
All the parameters required for calculating the filter coeffi-

cients of a second order minimum roundoff error filter realizing Hl(z)

have been determined. The procedure for calculating these coefficients

requires the appropriate substitution of values derived above into

equations of Table 2.1 for the system matrix A, the distribution

o



vector b, and the output vector c.

1]
A

¢

27

T

2%

0.06382
L

0.04895

0.001576

b

[0.03843

0.9821 -0.05581

0.9821

1.193].

Applying this procedure gives:

(3.52)

(3.53)

(3.54)

The above procedure was applied to HZ(Z) and H3(z) to give:

A,

and,

2%

0.07363

-

0.06732

0.002534

=N

[0.02757

0.08231

0.06880

0.002917

b

[0.02677 0.6314].

0.9556 =0.02454

0.9556

0.7321]

0.9410 -0.002853

0.9410

(3.55)

(3.56)

(3.57)

(3.58)

(3.59)

(3.60)

The procedure was also applied to the 20% Butterworth filter with

0 equal to 1.

1
A

20%

The resulting state variable coefficients were:

0.7022

0.5270

-0.4608

0.7022




and,

r0.6758

L9.2092

[0.1759 0.5681]

0.5715 -0.1695]

0.5085 0.571%J

—0.8698-|

0.281%}

[0.1262 0.3899]

0.5160 -0.01806

0.5213 0.5160

0.8639

0.2970
A

[0.1225 0.3564].

35

(3.62)

(3.63)

(3.64)

(3.65)

(3.66)

(3.67)

(3.68)

(3.69)

The sixth order low pass Butterworth filters described above are shown

in Figure 3.1 for a cutoff frequency of 2% of the Nyquist frequency

and Figure 3.2 for a cutoff frequency of 20%Z of the Nyquist

frequency.

Second order sections cascaded to produce the sixth order filters

of Figures 3.1 and 3.2 were arranged to reduce the output roundoff

noise.

reducing the output noise variance.

Reduction of the output roundoff noise can be accomplished by

This output noise variance can be
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estimated, assuming the output roundoff noise is white, by applying the

equation:
2 2 2 2 2. 2
0y = o1/ /H,(2)By(2)/ [3+0y/ [i3(2)] [y+a% (3.70)
where © 0. and O, are the noise variance of each isolated

1> "2 3

section. The output noise variance was reduced by choosing the
sections such that //Hz(z)H3(z)//§ and //H3(z)//§ were minimized.
//Hz(z)H3(z)//§ and //H3(z)//§ were calculated by applying Parseval's
Theorem to all possible permutations for ordering the second order
sections. The results of these calculations are given in Table 3.1 for
the 27 filter and Table 3.2 for the 20% filter. From these results,
the selected ordering of the cascaded sections for the two filters can

be seen to reduce the output roundoff noise of each sixth order filter.



Table 3.1. L. Norms for all Combinations of the Second Order
Sections for the 2% Filter.
Order of Filter Section //Hz(z)H3(z)//§ //H3(z)//§
H, H, H 0.0135 0.0169
Ly 299 32z
H, H, H 0.0135 0.0224
Lyg 322 22z
H, H, H 0.0255 0.0169
299 Log 327
H, H, H 0.0255 0.0580
299 32z log
H, H, H 0.0371 0.0224
399 1oz 223
H, H, H 0.0371 0.0580
399 227 lag -
Table 3.2. L. Norms for all Combinations of the Second Order
Sections for the 20% Filter.
Order of Filter Section //Hz(z)H3(z)//§ //H3(z)//§
Hl H2 H3 0.1820 0.2076
20% “20% ~20%
H1 H3 H2 0.1820 0.2296
20% ~20Z T20%
H2 H1 H3 0.2357 0.2076
20% “20% ~20%
H2 H3 Hl 0.2357 0.4087
20% “20% “20%
H3 H1 HZ 0.2860 0.2296
20% “20% “20%
H3 H2 Hl 0.2860 0.4087

20% “20% “20%
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CHAPTER IV

A DISTRIBUTED ARITHMETIC APPROACH FOR IMPLEMENTING

THE SIXTH ORDER BUTTERWORTH FILTER

A sixth order, reduced roundoff error, low pass Butterworth filter
was presented in the previous chapter. This filter was to be
implemented using the so called distributive arithmetic approach. 1In
this chapter, the basis of the distributive arithmetic approach is
developed and applied to a typical second order section of the filters
given in Figures 3.1 and 3.2. The hardware required to implement the
distributive arithmetic for the sixth order Butterworth filter is
developed in general terms. The distributive arithmetic approach is
shown to require the storage of specific functional values in memory
and the control of data flow and digital chip functions by a control
unit. Determination of the function values to be stored in memory,
however, are deferred to a later chapter as is the design of the

control unit.

Distributed Arithmetic

The signal flow graph of the digital filters to be implemented
are shown in Figures 3.1 and 3.2. For the present discussion consider
a single second order section which is shown in its general form in
Figure 2.1 (pg. 10). Nodes 2, 3 and 6 of this figure represent vari-
ables which must be calculated. A typical node to be calculated in a
state variable representation is shown in Figure 4.1. 1In this figure
D represents the node to be calculated. It is fed from 1 nodes each

having a transmittance a, {1=0,1,2,...1} . The variable at n_ is:
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1
z

vs(k) = vi(k) (4;1)

i=1

where vs(k) represents the value of node n_ and Vi(k) represents the
value of node i at time k. Consider that each variable has a word
length of m bits and is normalized so that the value of each variable

is less than 1. Also assume that the variables are represented by 2's

complement representation. Then,
-1 -(m-1)

0
vs(k) = -VSOZ +vs(_1)2 +"°+vs(—(m—1))2 (4.2)
m-1 .
vik)= Zv 279y 20 (4.3)
s s(-j) s0 ‘
j=1
and
- 0 -1 -(m-1)
vi(k) “Vi0 2 +vi( 1) +"'+vi(-(m-1))2 (4.4)
m-1 j 0
Substituting equation (4.5) into (4.1) yields:
1 m-1 0
vs(k) =.iZla ( Py vi( j) viOZ ) (4.6)
which can be written as:
m-1 1 1
v(k)= Z (ZIa )2 ( b) a )2 . (4.7)
8 j=1 1=1 1Vi(- -j) 1710
A function F(j) can be defined as:
1
12 a vi( -1) j=1,2,000,m1
F(j) =
1
T a,v j=0 (4.8)
{=1 i'10

Equation (4.7) then becomes:
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m-1
v.() = 1 F(§)27-F(0). (4.9)
j=1
Consider a single term F(j)2—j used in the calculation of vs(k).
Since multiplication of F(j) by Z—j can be accomplished by right
shifting F(j) j times, acquiring F(j) is of particular interest. 1In
the second order filter to be implemented each node tolbe calculated is
fed by 3 branches so that 1 equals 3. Therefore:
F(j) = alvl(_j)+a2v2(_j)+a3v3(_j). (4.10)

While v and v may either be 0 or 1, ars a, and a, are

1(=3)* V2(-1) 3(-1) 3
constants. Therefore, F(j) may have 23 or 8 different values. Assume
that the value of F(j) for vl(—j)’ V2(—j) and v3(_j) all zero is
calculated and stored in a memory location addressed 000. Similarly

assume the value of F(j) for Vl(-j)’ v both zero and v3(_j) equal

2(-3)
1 is calculated and stored in location 00l and so on for all permuta-
tions of vl(-j)’ v2(-j) and v3(_j). The appropriate value of F(j)
could then be accessed by the circuit of Figure 4.2.

Each function value F(j) accessed by Figure 4.2 must be combined
according to equation (4.9) to determine vs(k). Assume that the speed
requirements of the filter allow the additions and subtraction of
equation (4.9) to be accomplished serially. The calculation of vs(k)
can be accomplished by the hardware of Figure 4.3. A total of m clock
pulses are required to determine vs(k). Initially latch B is reset and
F(j) for j equal m~1 is fed to side A. The add/sub line is high so
that F(m-~1) appears at the output. The output is fed back to the

inputs to latch B and hardwired in such a manner that the result is

" right shifted 1 digit with the most significant bit (MSB) duplicated
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and the least significant bit (LSB) lost as shown in Figure 4.4. On
the next clock pulse the output is latched into B, and F(j) for j equal
m-2 is fed to A. The result is:

R = F(m-2)+F(n-1)2"1. (4.11)

This process is continued through j equal 1 at which point
1 —(m-Z)-

R = F(L)+F(2)2 Y4 . 4+ (@=2)2" "3 sr(m-1)2 (4.12)
On the final clock, pulse A becomes F(0), B becomes
B = F(1)2 14F(2)2 %4, . 4P @-2)2" 2 4p(p-1)2~ (D) (4.13)

and the add/sub line is low. Thus the result following the clock

pulse is:

R = —F(0)+F(1)2 1+F(2)2 %+, ..

+F(m-2)2" "2 sp(mo1)2~ (@D (4.14)
m-1 _
R = I F(§)273-F(0). | (4.15)
j=1
R = v_(k). (4.16)

The result is the value at the desired node n_.

Distributed arithmetic provides a mechanism for efficiently
calculating the value of a variable which is the sum of many terms each
having an implied multiplication. It consists of distributing the
computation over the bits of variables in the computation, defining a
function which has a finite number of possible values, using the bits
of the variables to determine the proper function value and right
shifting and adding the function values to obtain the result. The

hardware required is summarized in Figure 4.5.
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Digital Filter Implementation Using Distributed Arithmetic

The calculation by distributed arithmetic of a variable at a node
having 1 incoming branches was discussed in the previous section and
the implementation for 1 equal to 3 was presented. In this section
the implémentation is expanded to calculate the required variables
for the digital filters given in Figures 3.1 and 3.2 (pgs. 36,37).

For the moment consider only the first second order section of either
Figure 3.1 or 3.2 which is shown in Figure 4.6. Note that for this
section there are 3 nodes, 0,5 Mg and . which are fed by 3
branches and must be calculated as in the previous section. All of
these nodes are fed from nodes 0y0s Dyuo and n, ¢ but through branches
having different transmittances. These results mean that 3 separate
functions denoted Fli(j) where 1 can be 1,2, or 3 with each having 8
possible values must be defined to calculate the values of nodes ny,,
04 and e Also note that the values of 0, and n, are values at
0, and 0,4 respectively delayed by one delay element. Therefore, the
feeding node values would be v12(k)’ v13(k) and vll(k+1) for calcu-
lating the node values vlz(k+1), v13(k+1), and v16(k+1) at time k+1.
If the -jth bit is designated by v12(-j)(k)’ v13(_j)(k) and
vll(-j)(k+1)’ the functions Fli(j) are defined as:

Fll(j) = dlvll(—j)(k+l)+c11v12(-j)(k)+c12v13(—j)(k) (4.17)

Flz(j) = bllvll(-j)(k+1)+8111V12(-j)(k)+3112v13(-j)(k) (4.18)

F13(j) = b12V11(-j)(k+1)+3121v12(-j)(k)+3122v13(-j)(k) (4.19)
where the subscripts 1, 2, and 3 on the function Fli(j) designates the
calculation of nodes Dy Dyos and n, respectively. A total of 24
memory locations is needed to store the possible values of Fli(j) for 1

equal 1, 2, or 3.
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The sixth order Butterworth filters of Figure 3.1 and 3.2 (pgs.
36,37) have 3 second order sections. The results for the first second
order section can be generalized as:

Fnl(j) = dnvnl(—j)(k+1)+cn1vn2(-j)(k)+cn2vn3(~j)(k) (4.20)

)(k+l)+an )(k)+a )(k) (4.21)

Fnz(j) = bnlvnl(—j 11vn2(—j n12vn3(-j

Fn3(j) = bn2vn1(-j)(k+l)+an21vn2(-j)(k)+an22vn3(-j)(k) (4.22)
where n designates the filter section. For 3 filter sectiomns, 72
memory locations are needed to store possible function values.

The circuit of Figure 4.5 must be modified as shown in Figure 4.7
to implement the sixth order Butterworth filter. The modifications
include an expanded memory which requires 4 additional address lines,
A3 - A6' These lines, which designate the section and node corre-
sponding to the function Fni(jj to be accessed, can be supplied by a
control unit for the filter.

The design of the control unit will be comnsidered in a later
chapter. The immediate goal is to develop hardware that can be used to
determine addresses A0 - AZ' For any node the addresses are created
from bits feeding the node to be calculated (see section on Distributed
Arithmefic). For the sixth order Butterworth filter of Figure 3.1 or
3.2, these bits are vnl(_j)(k+1), vn2(-j)(k)’ and vn3(-j)(k)' Recall
that calculation of a node variable by distributed arithmetic begins at
the LSB and proceeds to the MSB. The bits of the appropriate variables
must be supplied to address lines AO - A2 in this order. This can be
accomplished by using right shift registers to store variables at
feeding nodes with the LSB of the shift registers wired to A0 - A,.

2
This modification is shown in Figure 4.8.
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Variables stored in the shift registers are required for the
calculation of all 3 nodes of each second order section. The values
can be retained in the shift registers by feeding the LSB from a shift
register back to its MSB during a shift. The variable then contin-
uously cycles through the shift register. By inserting a 2 to 1l
multiplexer, the MSB of the shift register can be fed with its LSB or a
bit from a different location. This mechanism can be used to recycle
the values of feeding nodes of one section or to load values of the
feeding nodes of a subsequent section while calculating the last node
of the current section. The expanded hardware to access Fni(j) is
shown in Figure 4.9.

Implementing the distributed arithmetic calculations for the
digital filter can be completed by generating the next variable to be
stored into the shift registers. The next variable to be used in
accessing Fni(j) is the node values, Voo and V.30 calculated during the
last filter cycle (at time k), and the value A calculated from the
current filter cycle (time k+l). The next variable is obtainable by
passing the result from the arithmetic logic unit (ALU) through delay
latches which ultimately feed the shift registers that supply A0 - AZ'
The appropriate circuit is shown in Figure 4.10. Variables vnl(k+1)
are represented by shift registers 1 and 9, variables vnz(k) are
represented by shift registers 5-8, and variables vn3(k) are repre-
sented by shift registers 2-4. Understanding of the circuit is
perhaps best construed by tracing the data through a filter cycle.

Consider the initiation of a calculation of the filter variables
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at time k+l. The cycle can be initiated by calculating the variable at
12° P13 16° Select node n, . as the initial node to be
calculated. At this point the shift registers contain the following

node n s, OT N
information: 1) shift register 1 (SR1) has been parallel loaded with
the filter input; 2) SR8 and SRY contain no information of interest; 3)
SR2, SR3 and SR4 contain v13(k), v23(k) and v33(k) respectively; and
SR5, SR6 and SR7 contain vlz(k), sz(k) and v32(k) respectively.
Address lines A, - A

0~ A2 T V11 ((@-1))**) V12 (=(n-1)
v13(_(mrl))(k) respectively. Assuming the control unit is designating

)(k) and

the function Fll(j)’ the value accessed by memory is Fll(m-l) as
desired. The multiplexer is set so that the LSB of SR1, SR2 and SR5
are fed back to the MSB of SRl, SR2, and SR5 respectively. During the
next m clock periods, address lines A3 - A6 remain constant while
accessing function Fll(j)' At the end of m clocks, the result from the
ALU, R, is v21(k+1) (see the Distributed Arithmetic section). This
value is stored in SR9. At this point SR1-SR8 are the same as when the
calculation was initiated and SR9 contains v21(k+1).4

The control lines are then changed to access Flz(j) and the
multiplexer continues to cycle the bits of SR1, SR2 and SR5. Operation
is as above with R after m clock periods being vlz(k+1) which is stored
in SR8. Now, SR1-SR7 and SR9 contain the same information as at the
start of the calculation of vlz(k+1).

Next the control lines access F13(j). Following this calculation,
the variables vll(k+1), vlz(k) and v13(k) will not be required in SRI,
SR2 and SR5; therefore, the multiplexer is set to shift the variables

for calculating nodes in the second stage of the filter into SR1, SR2
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and SR5 as variable v13(k+1) is calculated. The variables required for
calculation of stage 2 are v23(k), v22(k) and v21(k+1) which are stored
in SR3, SR6 and SR9 respectively. Therefore, these registers are set
to shift during the next m clock periods. In addition the remaining
registers are also set to shift, thus preparing the filter for calcula-
tions of stage 3. After the m clock periods, R which is v13(k+1) is
loaded into SR4. Shift register values are then as follows: SRl
contains v21(k+1); SR9 and SR8 contain no information of interest; SR2,
SR3 and SR4 contain v23(k), v33(k), and v13(k+1) respectively; and SRS,
SR6 and SR7 contain v22(k), v32(k), and vlz(k+1). Verification that
repeated application of the above sequence accomplishes the task of
placing the appropriate variable in registers SR1, SR2, and SRS is
possible. Therefore, if the appropriate values are assigned to A3 - A6

by the control unit, the filter variables are obtained.

Control of Digital Filter Hardware

The basic hardware for calculating filter parameters for the
digital filter is presented in Figure 4.10. Control lines must be
provided to allow the orderly sequence of data passage and chip
functions required to carry out these calculations. An algorithmic
state machine (ASM) was used to supply this control. The ASM consists
of memory in the form of an EPROM (or PROM) having selected outputs fed
back to its address lines to control the next state of the machine.
Additional output lines are provided to control the filter.

The memory of an ASM must be programmed to provide the required

control lines. The programming of the ASM is deferred to Chapter V in
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which detailed documentation of the filter is presented. The basic ASM

hardware, however, is shown in Figure 4.11.
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CHAPTER V

DISTRIBUTED ARITHMETIC IMPLEMENTATION OF TWO SIXTH

ORDER LOW PASS BUTTERWORTH FILTERS

In this chapter the distributed arithmetic implementation of the
reduced roundoff error Butterworth filters developed in Chapter III are
presented. Each filter was to possess a 1 MHz clock and accept an
analog sine wave input. Initially both filters were implemented using
8 bit length words for variable representation. The resulting 20%
bandwidth filter behaved as expected with the output following sinu-
soidal inputs having frequencies within the filter's bandwidth. The
output of the 2% filter, however, did not follow sinusoidal inputs.
These results were explained by the choices of the scaling parameter §.
The appropriate § for the 20% filter was 1 while § for the 2% filter
was 5 (pgs.33,34). Since the roundoff error increases with &(all
other factors equal), a higher roundoff error in the 2% filter could
explain the poor output. The variable length for the 27 filter,
therefore, was increased to 12 bits to reduce the roundoff error.

After this increase, the 2% filter behaved as expeéted.

Because of the extra bits in the 27 filter's implementation, the
2% filter was more complicated than the 207 filter. Therefore the
implementation of the 20% filter is first presented; then modificatioms
to realize the 2% filter are presented. In both cases, the hardware is

presented followed by a development of the software.




Implementation of the 20% of Nyquist Frequency Bandwidth Filter

Hardware. The hardware required to implement the 20%Z bandwidth
filter could be divided logically into 5 major sections. These
sections are shown in Figure 5.1 along with the necessary communica-
tion between sections. These sections are the input, output, clock,
control, and computational sections. The clock section provided a 1
MHz signal for synchronizing events in the computational and control
sections. The control section, in turn, provided signals for function
synchronization in the input, output, and computational sections.
Analog signals applied to the filter were converted into an 8 bit 2's
complement representation in the input section. This 8 bit 2's
complement signal was then passed to the computational section where
the digital filter algorithm operated on the input to produce an 8 bit
2's complement output. The output section converted this 8 bit output
into an analog signal. Detailed circuit diagrams and functional

descriptions of each section are presented in this chapter.

Clock section. The clock section provided the filter with a 1 MHz

square wave for synchronization. This square wave was provided by a
74LS124 voltage controlled oscillator excited with a 1 MHz crystal.
Logical ANDing of the 1 MHz square wave with an enable signal allowed
the filter to be turned on or off. The enable signal was provided by a
switch debounced with a 74LS74 D flip-flop. With the switch in the on
position, the output of the D flip~flop was high enabling the 1 MHz
square wave to propagate through the AND gate. When in the off

position, the output of the D flip-flop was low, thus maintaining the
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output of the AND gate at the low level. Paralleling 2 AND gates was

used to improve the fan out. The circuit is shown in Figure 5.2.

Input section. The input section sampled an analog input and

converted the sampled value to an 8 bit 2's complement representation.
This function was provided by a commercial sample-and-hold chip, the
AD582, in conjunction with a commercial analog-to-digital converter
(ADC) chip, the AD570. The AD582 and.AD570 were configured to convert
a +5V signal into 00 to FF hexadecimal (represented as OOH and FFH).
This configuration is shown in Figure 5.3. From the ADC a OOH corres-
ponded to -5V, 80H corresponded to OV, and FFH corresponded to +5V.

The inverter gate was included to complement the MSB of the ADC. This
produced the 2's complement representation in which 80H corresponded to
-5V, OOH corresponded to OV, and 7FH corresponded to +5V.

Outputs from the AD570 ADC were buffered with a 74LS244 octal
buffer. This buffering was required because the AD570 is slow compared
to the clock period. The AD570 has a typical conversion time of 25us
measured from the lowering of the B/C pin. The 1 MHz clock however
provided a lus window for the computation section to read the input.
Thus, the B/C pin had to be lowered at least 26 clock periods before
the computational section was instructed to read the output from the
input section. Since the output from the ADC was to be placed on a
data buss, the 74LS244 octal buffer was required to prevent buss
contention by the AD570 and the shift registers which shared the buss.
This buffer has a maximum propagation delay of 30 ns from the enable to

the output. Therefore, with the 74LS244 disabled, the AD570 could be }
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instructed to convert the input long before the read cyclé. When the
computational section was ready to receive the data, the 74LS244 was
enabled, thereby presenting the data from the input section to the
computational section within 30 ns. This data was then latched by a
shift register in the computational section at the next low to high
clock transition. After this clock transition, the buffer was disabled

and returned to its high impedance state preventing buss contention.

Qutput section. The results emerging from the computational

section were converted to an analog signal by the output section. This
conversion was accomplished with an 8 bit commercial digital to analog
converter (DAC), the AD558. The AD558 was wired as shown in Figure
5.4. Line ASM7 was connected to the CE pin of the DAC. A low to high
transition on this line caused data from the computational section
(R2-R9) to be latched into the DAC. The inverter on data line R2 was
used to convert the 2's complement representation from the
computational section into an unsigned base 2 representation for the
DAC. ASM7 was fed to the DAC from the control section. The control
line, ASM7, and the data buss had to satisfy the following 3 timing
constraints for the DAC to latch data reliably: 1) data hold time of
10 ns, 2) data setup time of 100 ns, and 3) minimum low pulse width of
100 ns. These constraints will be considered in the discussion of the

control section.

Computational section. The distributed arithmetic approach for

calculating filter variables was discussed in Chapter IV. An outline

of the hardware required to perform these calculations was also
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developed. In this section, the hardware and commections used for
calculating filter variables for the 20% Butterworth filter are
presented in detail.

The circuit diagram for the computational section is shown in
Figure 5.5. In this diagram, Ul-U9 are 8 bit shift registers
corresponding to SR1-SR9 respectively in Chapter IV. Modules Ul0-Ul2
are octal buffers, Ul3 is a quad 2 to 1 multiplexer, Ul4 and Ul5 are
octal edge triggered latches, U16-Ul8 are ALU's and Ul19-U20 are EPROMS
holding the partial products for the filter calculation. When the
filter was turned off, the clock enable signal (CLE) discussed in the
clock section was used to asynchronously reset the shift registers and
latches. Therefore, when the filter was turned on, the filter
proceeded through the 72 step sequence of the ASM, which calculated all
9 filter variables, with all shift registers and the latches.containing
zeros. During this time, the input section sampled the input and
converted it into an 8 bit, 2's complement representation so that at
the beginning of the next 72 step sequence the sampled input could be
parallel loaded into Ul. The filter operated on this data as discussed
in Chapter IV by using the bits of appropriate filter variables to
address lookup values in memory. The lookup values were combined to
produce the desired filter variable. When the output variable was
calculated, the data was latched into the DAC of the output section
where the 2's complement representation was converted to an analog
signal.

Filter calculations were performed using fixed point arithmetic

with the assumption that filter variables were always scaled to be less
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than 1. For the distributed arithmetic approach in which several

additions and 1 subtraction were required to determine a filter
variable, intermediate results from the additions were not guaranteed
to remain less than 1.0. Additional bits in the ALU, Ul6-Ul8, were
required to handle the largest expected intermediate value. Since the
ALU 74LS181 chips used in the filter were 4 bits wide, 3 of them were
paralleled giving a total of 12 bits to the arithmetic logic unit. The
data, represented in the ALU as XXX.XXXXXXXXX, allowed for intermediate
values as large as 3.996.

Two 74LS273's, Ul4 and Ul5, were used as register B of the ALU.
The 12 bit result from the ALU was latched into the B register and
hardwired so that the result was right—shifted 1 bit with the MSB
duplicated. Right shifting the output from the ALU divided each
intermediate result by 2 as discussed in Chapter IV. Two MM2716
EPROM's, U19 and U20, were used as the function memory to provide
12 bit functional values to the A side of the ALU. These functional
values were stored in the format of the ALU as XXX.XXXXXXXXX.

The remainder of the computational section was 8 bits wide. Nine
shift registers, 3 buffers, and a quad 2 to 1 multiplexer comprised the
remainder of the computational section. The 9 shift registers, U1-u9,
were 74LS299's while the quad 2 to 1 multiplexer, Ul3, was a 74LS157.
The 3 74LS244 buffers, Ul0-Ul2, were required to buffer the multiplexed
1/0 ports of shift registers 4, 8, and 9 from the outputs of the ALU.
Otherwise, when these shift registers were in the shift mode, the
outputs of the ALU would be driving outputs of the shift register.

Thus, a total of 20 modules were required in the computational section.



Control section. The control section shown in Figure 5.6

provided signals to control the sequence of logic functions to be
performed by the hardware, as well as, timing requirements for these
functions. These control signals are provided by an ASM which
consisted of a 74LS273 latch and three MM2716 EPROM's. Some of the
outputs of the memory were fed back to the 74LS273 to be latched on the
next clock pulse. These outputs provided the next address for the
memory. For the 20% filter, 72 clock pulses were required to calculate
all filter variables by the distributed arithmetic approach. There-
fore 72 sequential steps or memory locations were needed for filter
control data. Seven address bits were required to address these 72
locations.

An additiomal 13 outputs were used to control filter functions.
Of these 13 outputs, 11 could be provided as direct outputs of the ASM.
In the computational section of the filter, the memory and ALU acted
as asynchronous devices while the shift registers and register B acted
as synchronous devices. The synchronous devices were synchronized by
the clock. Each clock period began immediately following a low to high
transition on the clock and ended immediately after the next low to
high transition. Control signals from the ASM informed the synchronous
devices as to the function they were to fulfill upon the next low to
high transition of the clock. The asynchronous devices were also
informed as to the data to display or the functions to perform during
the clock period. Data to the synchronous devices must become valid
before the low to high transition of the clock and meet the setup and

hold times of the device.
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Two signals, ASM6' and ASM7', however, had to be reshaped to meet
critical timing criteria. One control line requiring shaping provided
the control signal to asynchronously reset latch B. Consider the last
clock period of a calculation of a filter variable, for example, clock
period 56. During this period the ALU must be instructed to subtract.
After the data from the memory has settled, the output from the ALU
would become the valid filter variable. The appropriate shift
register, either U4, U8 or U9, meanwhile would be instructed to
parallel load the resulting variable value on the next positive clock
edge. Calculation of the next filter variable would begin during the
next clock cycle, for example, the 57th clock period. Sometime between
latching the valid value into the appropriate shift register and the
next positive clock edge, register B must be reset. However, if the
ASM instructed register B to reset during the next clock period, for
example, clock period 57, then register B would continue to reset at
the 57th positive clock edge rather than latch the initial results
for the calculation of the next filter variable. The B register,
therefore, should be instructed to reset only for the first half of the
next clock period so that it could also latch the ALU results on the
57th clock transition. The above statements are illustrated in Figure
5.7.

The results of Figure 5.7 can be used to develop the desired

control signal. The truth table for the desired signal,

ASMR' CLOCK ASMR
0 0 1
0 1 0
1 0 1
1 1 1
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can be used to derive the relationship between ASMR, ASMR' and CLOCK

which is:

ASMR = CLOCK + ASMR' = CLOCK + ASMR' (5.1)
where ASMR' represents the signal from the ASM, and ASMR represents the

reshaped signal. The circuit realizing this relationship is:

J\>¢ ASMR

A new timing problem, however, would develop if this circuit was used.

CLOCK

Refer again to Figure 5.7. Some time after the low to high clock
transition at the end of the 56th clock period, ASMR' would go low.
This lowering of ASMR' would cause ASMR to fall as desired. Halfway
through the clock period, the clock would also go low bringing ASMR
high. To this point the operation would proceed as desired. At the
57th positive clock edge, however, the operation would falter. When
the clock returned to the high state, ASMR' would not immediately rise
to the high state. Therefore ASMR would return low for a short time
till ASMR' returned high. This transition would produce a glitch on
the asynchronous reset of register B and erase the data latched during
the clock transition. This glitch would occur because the delay from
the positive clock edge to the positive edge of ASMR' would be longer
than the delay from the positive clock edge to the inverters high to
low transition.

The above problem was easily overcome with the use of a fast D
flip-flop. The ASMR' pulse was advanced by 1 clock period and fed to a

74874 D flip-flop to delay the pulse to the original clock period.
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ASMR' then corresponded to ASM6'. The nor-not circuit was connected to
the output of this D flip-flop; these connections are shown in Figure
5.6 (pg. 73). Referring again to Figure 5.7, ASM6' went low during the
56th clock period. However, the D input of the flip-flop was high on
the 55th clock transition, therefore, its output was high during the
56th period. At the 56th positive clock edge, ASM6' was low so that
the D flip-flop output went low during the 57th clock period. This
caused the output of the nor-not circuit to go low for the first half
of the 57th clock period as before. At the 57th positive clock edge,
however, the current circuit behaved differently than the previous
circuit. At the time of this transition ASM6' was high so that the
octal D flip-flop output went high with a maximum delay of 9 ns. The
741804 inverter, however, required 15 ns maximum for the transitiom.
Therefore the ASM6' high transition to the nor gate preceded the low
transition of the CLOCK pulse precluding the undesirable glitch. The
resulting hardware is shown on ASM6 of Figure 5.6.

A similar timing problem occurred on the signal line controlling
latching of data into the DAC. The control line providing this signal
was ASM7'. With ASM7' connected to pin CE of the DAG, a low to high
transition on ASM7' instructed the DAC to latch the data at its input.
For this data to be latched reliably, it had to meet the DAC's
requirements of a 100 ns setup time and a 10 ns hold time. Also the
signal to CE needed a minimum strobe pulse width of 100 ns. Assume
that ASM7', an output of the ASM memory, was directly connected to CE
of the DAC. In this case the ALU was instructed to subtract during the

clock period in which the filter output became valid. This output was
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valid on the following positive clock edge; thérefore, ASM7Y instructed
the DAC to latch the data at this time. To provide this signal, ASM7'
was low during the clock period when the filter output became valid and
went high during the next clock period. However, the ASM memory took
around 100 ns to make the transition. By this time, the master reset
of register B was active and the data from the ALU was no longer valid.
In other words, the hold time required by the DAC was not met.

To overcome this timing violation, the positive edge of CE needed
to occur before the reset signal to register B became active. Refer-
ring to Figure 5.6 (pg. 73), the propagation delay from the clock tran-
sition to reset signal for register B (ASM6) was 39 ns maximum. The
propagation delay for register B was 27 ns maximum, and the propagation
delay for the 74LS181 ALU chips was 38 ns maximum. Therefore, the
total delay to the ALU outputs from the clock transition was 110 ns
maximum. The setup and hold times for the DAC were met using a scheme
similar to that for ASM6. The ASM7' pulse was advanced 1 clock period.
This output of the ASM was connected to the D input of a 74874 D flip-
flop. This flip-flop delayed the pulse to the desired clock period;
however, the propagation delay from the clock transition to the
transition on the output of the D flip-flop was reduced to that of the
74874 which was 9 ns maximum. Since this delay was less than the 110
ns delay to the ALU outputs, the hold time of 10 ns was easily met.

Therefore, valid data was latched into the DAC.

Software. Two sets of memory had to be programmed to obtain an

operating filter. These memory sets were the memory for the ASM
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(filter control) and the memory containing the functional values used
in the distributed arithmetic calculations. Programming of the ASM
memory to provide filter control is first presented followed by a
presentation of the contents that must be programmed into the function
Memory.

Normally ASM's are programméd by using ASM flow charts. For the
digital filter, the ASM proceeded repeatedly through 72 sequential
steps; no branching was required. Therefore, rather than using an ASM
flow chart, the ASM memory was programmed by developing a table of the
desired chip functions for each of the 72 steps of the sequence. These
functions were translated into signals required to select the proper
chip functions for each clock period. The signals were compared and
combined when possible to reduce the number of outputs required from
the ASM.

Table 5.1 presents the functions that each chip must perform for
the 72 clock periods required to calculate filter variables. These
functions coincide with the function sequence described in Chapter IV
on the use of distributed arithmetic for calculating filter variables.
The signals required to realize these functions are presented in Table
5.2.

In addition to the outputs of Table 5.2, outputs for controlling
the sequence of the ASM must be included in the ASM. Since the ASM was
to sequence through the 72 steps without branching, these outputs
formed an arithmetic sequence with a difference between terms of unity.
The revised ASM signals are presented in Table 5.3. The entries of

Table 5.3 were converted to hexadecimal notation for the programming of
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Functions to be Performed to Calculate Filter

Table 5.1.
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EPROM's used for the ASM. The tables for these EPROM's are shown in
Tables 5.4-5.6.

Functional values for the distributed arithmetic approach were
stored in the function memory. An equation for the desired function
value was developed in Chapter IV. This equation was:

£,(3) = a;v (=3) + ayvy(=1) + agvy(-~3) (4.8)
where ay was the transmittance of the ith branch and vi(-j) was the
-jth bit of the value of the ith node. Now consider node 12 of Figure
4.6 (pg. 50). The 3 transmittances into this node are bll’ a;19° and
age The corresponding nodes feeding node 12 are node 11, node 15,

and node l4. Therefore the jth functional value would be:
£19(3) = Byyvy (RI) + a)g5vy5C) * a3 (5.2)

There were, however, 8 possible combinations of vll(-j), vls(—j) and

vlé(—j) in binary representation. One of these was vll(—j) = 0,
vi5(=3) = 0 and v ,(=3) = 0. In this case,

le(j) = 0. (5.3)
Another possibility was vll(—j) =1, vls(-j) =0 and v14(-j) = 0 which
would give:

flz(j) = bll' (5.4)

A list of the possible combinations of vll(—j), Vs -j) and v14(-j)
along with the corresponding value for flz(j) is given in Table 5.7.
Here the values for bll’ 2112 and a1 in Figure 3.2 (pg.37) have been
used to determine the value of flz(j)' In a similar manner, functional
values for each node to be calculated in the filter were generated.
These values are shown in Table 5.8. The results were then converted

to 2's complement representation corresponding to the format of the




Table 5.4.

EPROM Table 1 for 20% Filter.
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ASM EPROM ASM EPACM ASM EPRCM
STATE CONTENTS | STATE CONTENTS | STATE CONTENTS
QQ Q/ /|E /9 J S/
Q/ Q2 /G /A S/ 32
Q2 Q3 [A /B 32 23
Q3 Q4 (2 [C 23 =4
o4 Q5 [1C 10 24 39
@) Q6 1D [E 38 6
Q6 oz = IF 36 S7
or Q8 IF 20 37 38
o8 Q9 20 2/ 38 33
Q9 QA 2/ 22 59 JA
OA @)=] 22 23 JA S8
0B _ QC 23 24 S5 SC
ocC oD 24 25 SC S0
oD QE 25 26 30 SE
QE OF 26 27 SE SF
OF (O 27 28 3= 40
[Q [/ 28 29 40 4/
[/ /12 29 2A 4/ 42
12 [3 24 2B 42 43
[3 /4 28 2C 43 44
/4 15 2C 20 44 49
5 6 20 2E 45 46
16 17 25 2F 46 47
V4 /18 2F S0 47 =0




Table 5.5.

EPROM Table 2 for 20% Filter.

ASM ELPACM ASM EFLECM ASM EPRCOM
STATE CONTENTS STATE CCNTENTS STATE CONTENTS
Q0 60 18 60 3C 60
0/ 60 /9 60 31 60
02 60 14 60 32 60-
o3 60 /B 60 33 60
oY 60 /IC 60 34 60
05 60 /D &0 35 60
06 60 IE 60 36 60
07 54 IE 54 37 oo,
| 08 60 20 60 38 60
09 60 2l 60 39 60
QA 60 22 60 34 60
OB 60 23 60 3B 60
ocC 60 24 60 3C 60
oD 60 25 60 k12 60
oF 60 26 60 3E 60
OF 42 27 42 3F 42
1O 78 28 78 40 E8
e 78 29 73 4/ _£8
|2 78 24 78 42 E8
/13 78 2B 78 43 £8
14 78 2 78 44 ES
15 78 2D 78 45 ES
/6 78 e 78 46 E8
|7 59 2F 59 47 C9




Table 5.6. EPROM Table 3 for 20% Filter.

ASM

EFRCM

ASM

EPRCM

ASM

EPRCM

STATE CONTENTS STATE CCONTENTS STATE CONTENTS
Q0 o8 18 OF 20 13
ol 08 IS OF 3/ /3
Q2 o8 1A CE 32 /13
o3 08 = OF 33 13
04 o8 IC OF 34 /13
o5 o8 /D CE 35 /13
06 08 = IE 36 13
Q7 o8 /E /6 37 /13
o8 ocC 20 /1 38 /17
09 oc 2/ /1 39 /17
QA ocC 22 /] 34 /7

OB ocC 23 /1 3B 4
oC _oc 24 L/ 2C 17
oD ocC 25 1/ 30 /17
OE ocC 26 /1 3E 4
OF oC 27 /] 3~ 7
/0 QA 28 /5 40 @,
/] o) 29 /15 4/ Q
/2 QA 24 /5 22 /0

/3 QA 28 /5 43 /O
/14 QA 2C 15 a4 [0
/5 0A 2D /5 45 /0
/6 0A ce /5 46 /0
17 QA 2F /5 47 /0




Table 5.7. Partial Products for Calculating Node 12.
v (-9 V14 £,
0 0 0
0 0 4112
0 1 ‘111
0 1 2112 ¥ 411
1 0 by,
1 0 511 Y 32
1 1 b tamn
1 1 + a + a

111 112

87
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Table 5.8. Partial Products for Calculating all Nodes of the 20%
Filter.
POSSIBLE POSSIBLE i POSS/BLE
FUNCTION | FUNCTION FUNCTION | FUNCTION iFUNCﬂDN FUNCTION
VALUE VALUE VALUE
e Q F) G o Fu () o)
£, | 00698 - | B | ooses | F® | 00698
R | ouzse | Ra® | Qlzez Fa® | 01225
RO | opa57 | @ | 0960 F30) | 0J924
R | 0868l F@ | 03899 Fa@) | 03564
FD) | 06350 | FB® | Qas597 | Fa® | 04262
F,O | omao | B | 056 Fat) | 04790
Fiw | 08138 R0 | 05859 Fat) | 05488
Fa® ) Fa20) 0 Fsp0) o)
Fi2¥ 06758 F.0) | o698 | Fu) | 08639
Fa® 07022 | F2) | 057/5 Fz0) | 0560
Fed | 13780 R | 1443 | Fp® | 13799
Fo® | -04608 | B0 | -01695 Fo® | -0018)
Fa0) | 0250 F.0) | 07003 | Fe | 08458
Fo® | ooala | B | Qaopo | F®) | 04920 |
Fa®) | 09172 Rl | 1.2718 FoolD | 12609 |
Fia® o) Fas® 0 Fu®) o |
Fs® | 02092 Fos) | 02815 Fe®) | 02070 |
Fo | nson | Fs® | 05085 | Fe® | 0523
Fe) | 07362 Fos) | 07000 | 5@ | 0883 |
Fs® | ozozz | Fas® | 057i5 F20) | 085ED
Fsd | 09//4 Fos® | 08829 | Fs®) | 0813
R0 12292 | Fa® | 10800 | P | 10373
e | ja384 | Fs® | 3605 Fel) | 13343




filter ALU (ie. XXX.XXXXXXXXX) as shown in Table 5.9. The 2's

complement representation was then converted to hexadecimal represen-
tation to produce the EPROM tables for function memory shown in Table

5.10 and 5.11.

Implementation of the 2% of Nyquist Frequency Bandwidth Filter

Hardware. The hardware realization of the 207 filter, with minor
modifications, was used to implement the 2% filter. The modifications
required were: 1) an increase in the shift register width to 12 bits
and 2) an increase in the ALU width to 16 bits. These modifications,
which occurred in the computational section, are shown in Figure 5.8.
The clock, input, output, and control sections were identical to those
of the 20%Z filter.

To increase the width of the shift registers, 4 bit shift
registers were cascaded with the 74LS299's. The 4 bit shift registers
chosen for this purpose were the 74LS194's. The mode select inputs for
the 74LS194 and 7415299 were identical; therefore, the control lines
used to control the 74LS299's were used to control the 74LS194's. The
7418194's, however, did not need buffers since their inputs and outputs
are separate pins rather than multiplexed pins.

Development of a 12 bit filter implies that a 12 bit ADC should be
used to sample the data. An 8 bit ADC, however, was all that was
available. Therefore, the 8 bit ADC was used to establish the upper 8
bits of the digital signal input. The inputs of the 74LS194 which
comprised the lower 4 bits of SRl were tied to ground. Thus, when SR1

parallel loaded the signal input, the upper 8 bits were established by
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Two's Complement Representation of Partial

Products.

Table 5.9.
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Table 5.10.

EPROM Table 4 for 20% Filter.

FUNCTION| POSSIBLE FUNCTION| POSSIBLE ~ |FUNCTION | POSSIBLE
EPAOM | FUNCTION EROM FUNCTION EROM FUNCTION
LOCATION VALUE LOCATION|  VALUE ) LOCATION VALUE
Qo0 ox /8 QX 30 QX
o) 4X /9 4x | 3 4X
o2 AX J7A\ /X 32 FX
Q3 EX /B 4x 33 3X
Q4 3X Ic 8X 34 X
o5 /X /B BX 35 AX
Q6 DX E. 8X 36 oX
Qo7 1 X IF cX 37 oX
Q8 X 20 X 38 oX
@) AX 21 DX 39 AX
OA 8x 22 5x | 2 8X
QB | 2x 23 2x | 3B 3X
QcC 4x 24 oX 2C 7X
QD EX 25 7X 30D 1X
QE cX 26 EX SE FX
QOF 6X 27 BX 3F oX
10 QX 28 X 40 oX
[/ BX 29 X 4/ aX
12 DX 2A 4x 42 BX
13 9X 2B 5X 43 SX
14 8X 2C 5X 44 8X
15 IX 20 5X 45 ox
/6 s | o | ox 46 32X
17 ox | oF 1 ox 47 BX




Table 5.11.

EPROM Table 5 for 20% Filter.

| FuNCTION

PQSSIBLE

FUNCTION
EPROM

POSSIBLE

{ FUNCTION

POSSIBLE

EPROM FUNCTION FUNCTION EPROM FUNCTION
LOCATION VALUE LOCATION VALUE LOCATION VALUE
00 00 18 00 20 00

o) 02 /9 02 3/ o2
_o2 05 1A 04 32 03
03 o7 8 o6 33 06

04 12 C | oc 34 OB

05 /4 /D OF 35 oD

06 17 IE /0 36 OF

o7 /A IE /2 37 /1

o8 00 20 co | 38 00
09 /5 2/ /8 39 /8
‘; o4 16 22 12 A 10
e):; 2C 23 2F 3B 2c

oC £l 24 FA x FF

oD 06 25 /6 2D B

OF o7 26 oC 3E OF

OF /D 27 28 3F 28 |

10 00 28 00 40 o |

[/ o6 29 09 4/ 09 |

12 /0 24 /0 42 1O |

/3 /7 28 /9 43 14

14 /6 2C 12 44 /O

15 D 2D /8 45 14

6 27 2E 22 46 2/

17 2E oF 28 47 24
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the ADC and the lower 4 bits were 0 which mimicked a 12 bit input.

As was the case for the 20% filter, the ALU for the 27 filter had
to be wider than the filter variables to handle intermediate variable
overflow. Thus an additional 74LS181 was used making the ALU 16 bits
wide. A 16 bit wide function memory and B register were also required.
The bits of the ALU were configured as XXX.XXXXXXXXXXXXX. Functional

values, therefore, were stored in memory in this format.

Software. Increasing the shift register widths from 8 bits to 12
bits also increased the clock cycles required to calculate a filter
variable from 8 cycles to 12 cycles. Therefore, calculation of the 9
filter variables in the 2% filter required 108 clock cycles. As a
result the program for the ASM memory had to be increased by including
4 additional right shifts for SRl (modules Ul and U21), SR2 (modules U2
and U22) and SR5 (modules U5 and U25) during the calculation of each
filter variable. The EPROM tables for the 20%Z filter, Tables 5.4 -

5.6 (pgs. 84~86), were easily revised to accommodate this requirement.
The first 8 entries of these tables correspond to the calculation of
the first filter variable. The entries are 086001, 086002, 086003, ...,
086007 and 085408. The first 7 values begin with 0860 and end with the
increasing sequence of 01, 02, 03, 04, 05, 06, and 07. The increasing
sequence produced the next address of the ASM while the constant 0860
produced the filter control signals. Since 4 additional shifts were
required by the 2% filter, 4 additional 0860's were required to be
programmed into the ASM memory for the 2% filter. Thus, the first 12

bits became 086001, 086002, ..., 08600B, 08540C. The 0854 control



signal and subsequent control signals slipped 4 addresses to accom-

modate the additional shifts. This was done for each variable
calculation to produce Tables 5.12 - 5.14, the tables for the ASM
EPROM's used to control the 2% filter.

EPROM tables for the function memory were created in the same
manner as EPROM tables for the 207 filter. Filter constants from
Figure 3.1 (pg. 36), however, were used in place of those from Figure
3.2 (pg. 37). The resulting EPROM tables are given in Tables 5.15 -

5.16.



Table 5.12. EPROM Table 1 for 2% Filter.
ASM EPROM ASM EPROM ' ASM ERPROM ASM EFRCM
STATE |CONTENTS | STATE |CONTENTS : STATE |CONTENTS || STATE CONTENTS
oc | oy B | e 136 | 37 15 | 5
or L o2 Vil i 1371 38 | 521 53
c2 1l o3 |l e 1381 39 |53 | 54
07 | o4 el /r 1391 24 |54 | 55
loe | 05 Vi | 20 124 | 38 155 | 56
c5 | o6 |20 | 2 3Bl 3k 15 | 57
c6 | o7z L2 | 22 V3| 3p |57 1 58
ozl o8 loz | 23 - 1lam| 3k |58 | 55
o8|l o9 12z | 24 12| 35 |59 | 54
09 | oA loa| 25 12F | 40 |54 55
Al oB 125 | 26 a0 | 4 58 | 5C
o8 | oc 126 | 27 Va | 42 |5 | 5p
ocl op oz | 28 laz | a3 | 5p | 5
o0l o |28 29 a3 | 44 | &= | 5F
EL OF 129 | 24 laa | 45 |55 | 50
OF | 10 Joal|l 2B las | a6 |60 | 6
XY, 28 | 2c a6 | 47 | & | e
/1 2 lec| ap Vaz' a8 |e2 | 63
2 1 13 lop| o8 a8 | 49 | e3 | ca
3 | a4 Joe | 25 |49 | 4n | ea | 65
| 5 lor | 30 lan | 45 |65 | 66
5 | e o | 3 28 | ac | 66 | 67
€ | 17 13 | 32 lac! ap | e7 | 63
z | 8 2| 33 lapl ag | e3 | 6o
/18 /9 =z | 324 4E | 4F €9 | 64
;o | 14 | za | 35 lar | 50 lea | cB
Ll | B 35| 36 lsc 5 Jes | g0




Table 5.13. EPROM Table 2 for 2% Filter.
ASM EPRAOM ASM EPROM || ASM ERPROM ASM ERPRCM
STATE |CONTENTS | STATE |CONTENTS ; STATE |CONTENTS | STATE |CONTENTS
oC | 60 |8 78 13 | 60 |5 60
o/ | 60 1 78 137 | 60 |52 | eo
22 | 60 | D | 78 138 | 60 153 | 20
03 | 60 | E | 78 139 | 60 V54 | 60
o4 | 60 V| 78 134 | 60 |5 €0
05 | 60 lco | 78 138 | 42 15 | 40
c6 | 60 |2 78 Vx| 78 V57 | 60
o7 | 60 lo2 | 78 13| 78 158 | 60
c8 | 60 (23| 59 VFE| 78 159 | €0
09 | 60 loa |l 60 V3F | 78 | 54 | 60
ca | 60 125 | 60 V40| 78 158 | 60
08 | s4 125 | 60 | a4 78 Lsc | 60
oc | 60 2z | 60 Va2 | 78 | 5D | 60
oD | 60 128 | 60 143 | 78 |5 | 60
CE | 60 129 | 60 laa | 78 | 56 | a2
OF | 60 Vo8| 60 145 | 78 160 | F8
O | 60 1ol 60 |4 | 78 | &l £8
7 60 loc| 60 laz | 59 |62 | £8
12 60 120 | 60 |48 | 60 163 | E8
3 | 60 1ol 60 a9 | 60 |64 | 8
4 60 | 2F | 54 | 4 60 | &5 £8
/5 60 | 30| 60 14| 60 les | £8
/€ 60 | 3 60 lac | 60 |67 | £3
74 42 2 60 4D 60 £8 £R
8 | 78 I | 60 4| 60 |69 | £8
o | 78 | 24| 60 lar | 60 | ea | £8
L | 78 35| 60 150 | 60 18| co
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Table 5.14.

EPROM Table 3 for 2% Filter.

ASM EPROM ASM ERPROM ASM EPROM ASM EFRCM
STATE |CONTENTS || STATE |CONTENTS | STATE |CONTENTS || STATE |CONTENTS
QQ Q8 B QA4 36 1/ 5/ L3
Q/ Q8 C QA 37 L/ 22 13
Q2 o8 /b Q4 38 [/ 53 L3
Q3 Q8 /3 QA4 39 L £4 7
Q4 o8 [F Q4 A Ll o} /7
Q5 | 08 20 | QA 38 i g6 1z
Q6 Q8 21 Q4 3c /5 57 17
Q7 | 08 22 QA 3D 5 a8 7
o8 o8 23 QA JE /5 59 [z
Q9 o8 24 oF IF 15 sS4 | _I7
QA Q8 25 QF 40 5 28 1z
Q8 Qo8 26 (o) 4/ 5 £c [z
ocC QocC 27 QF 42 5 D [z
op ocC 28 QF 43 £ o= 7
QF | oC 29 oF 44 /5 ol 17
OoF | o¢ 24 QE 45 5 o0 /Q
Q QC 2B 03 46 /5 el Q
[l QC 2¢ 0)3 47 /5 62 /2
2 oc 2D 0/ 48 13 €3 Q
13 QC 2E [E 49 13 €4 1Q
4 oc 2F /6 44 L3 €5 Q
15 oc 0 i <8 /3 €6 10
1€ oc 3/ 1/ ac | 3 &7 /Q
74 ocC 2 i 4p 51 &8 0
18 QA 3 Ll 4 13 69 12
19 oA 2 i 4F | 13 | ea lo;
m | oa 35|y 5ol y3 lse | 12




99

Table 5.15. EPROM Table 4 for 2% Filter.
FUNCTICN POSSIBLE FUNCTION ~CSS/IBLE FUNCTION ~SSI8LE
EPROM FUNCTICN EPROM FUNCTION EPROM FUNCTICN
(WLCATION VALUE LOCATICN VALLE LOCATICN VALLE

o0 olo il M-} 0l0) k) oo |

CJ o8 ) 08 3/ ok

02 38 | s _E2 2 Iolo

oz 23 1 /8’ £A ks: £3

oY 29 | c 60 24 35

5 3y /o) 75 G k1s)

0} 64 /= 4F 25 //

o7 6C = 57 37 /9

oL 00 20 0k, 38 00

09 9/ |2 28 29 34

04 ge | 22 95 2 |

o e | o3 BC 33 5

oc 35 | 24 37 7 £9

oD cz | os 5E D D

OF. A4 | 25 c3 E 06

OF 34 27 £2 bl 39

10 co 28 00, 40 20

/] oo | 29 /5 a/ /8

12 oc | 24 =8 42 A2

k1 /9 128 70 43 2a |

14 ge___ 1 2c 95 44 o

8 78 1 2P 29 a5 25 |

A 7o | 2 EF 26 | _BF

17 g6 2F 04 a7 D7 |




Table 5.16.

EPROM Table 5 for 2% Filter.

FUNCTICN POSSIBLE FUNCTICN FOSSIBLE FUNCTION PrSsiaLEe
ERPROM FUNCTICN EPACOM FUNCTION EPROM FUNCTICN
LOCATION YALUE LOCATION VALUE LOCATICN VALLE
20 oo I g 20 30 cc |
O/ - 00 /9 QQ 3 ool
02 o), /A 00 22 9.0
c3 o) 8 00 7z oC

Q4 26 e 7 74 7

o5 26 10 24 5 /4

o6 27 = /8 26 /5

o7 27 E /8 7 /5

ca 00 20 o 33 20

09 QJ | 2 Q2 79 c2
oA IE 22 IE z £

2 20 | 22 20 38 20

-z eI 24 EE ko = |
o, | o= o) D 02 |
oE D |26 D = IE i
CE E__ | 27 IE 3 20 |
0 co | 28 o 20 | oo |
/] 20 1 29 00 4 | oo
2 c2 | oa 02 22 | o2
3 | o2 | 28 o2 43 | oo
VR - IE 4a | g
T ), IE a5 | g
e | o 2= 20 46 20 |
iz 2F 2 a7 20 |




CHAPTER VI

PERFORMANCE OF SIXTH ORDER BUTTERWORTH FILTERS

IMPLEMENTED WITH DISTRIBUTED ARITHMETIC

The implemented filters were evaluated in 3 areas. First, each
filter's output was compared with the predicted response. By making
this comparison, the filters were shown to achieve the desired transfer
functions. Second, the cost of the distributed arithmetic implemen-
tation was compared with three alternatives. This comparison demon-
strated the appeal of the distributed arithmetic approach. Finally,

the roundoff error of the filters was estimated.

Filter Performance

Qualitative considerations. For a low pass Butterworth filter,

the output due to a sinusoidal input should be a delayed sinusoid of
identical frequency. If phe frequency of the input is in the passband,
the magnitude of the output should approximately equal the magnitude of
the input multiplied by the filter gain. Outside the passband the
magnitude should roll off at a rate that is dependent upon the filter
order. Since the filter gain for the implemented filters was unity, a
sinusoid of identical frequency and approximately the same magnitude as
the input should appear at the output of the filter if:

1) the frequency of the input is in the passband, and

2) the magnitude of the input does not produce overflow
within the filter.

As the frequency of the input increases, the phase shift between the
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input and output should increase, nevertheless, no distortion should
appear in the output.

The response of the 20% Butterworth filter is shown in Figure 6.1
for several inputs. In this figure the bottom trace corresponds to
filter inputs while the top trace corresponds to filter outputs for
each photograph except 6.la in which the positions of the trace are
reversed. The vertical deflection is set at 1V/division for 6.la -
6.1d while the horizontal deflections are 50 msec/division, 5 msec/
division, 0.5 msec/ division and 0.2 msec/division respectively. From
these settings, the frequency of the inputs can be calculated to be
S5Hz, 50Hz, 500Hz and 900Hz. The frequency of the output can also be
seen as identical to the input frequency in all cases. As the
frequency increases, however, the output begins to lag the input until
at 500Hz the output and input are 180° out of phase. At 900Hz the
output lags the input by more than 180°. Additionally, the output is
free of distortion as desired.

The magnitude of the output is approximately equal to the mag-
nitude of the input for 5Hz, 50Hz and 500Hz, but it is attenuated at
900Hz. For the 20% filter running at 1MHz, the input was sampled once

every 72 clock cycles. Therefore the sampling rate fs was:

fs = 1MHz/72 (6.1)
20%
which produced a Nyquist frequency fn of:
fS (1MHz)
fn = — = —— = 6944Hz. (6.2)
2 2(72)

Since the bandwidth was 20% of the Nyquist frequency, the bandwidth
was:

B.W. = .20(6944Hz) = 1389Hz. (6.3)
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Therefore, the attenuation was due to the input frequency of 900Hz

approaching the filter bandwidth. Since this attenuation was expected,
and the output was free of distortion while exhibiting the anticipated
magnitude characteristics, the filter was qualitatively performing
correctly. Similar results were noted for the 2% filter with the
exception that the magnitude began attenuating at a lower frequency

since the bandwidth was 92.6Hz.

Quantitative analysis. To insure that the filter implementations

were realizing the desired transfer functions, the magnitude and phase
of the desired filter transfer function were compared to the measured
magnitude and phase for both filters. The desired transfer functions
for the 2% and 20% filters were given in Chapter III, pgs. 30,31. The
magnitude and phase of these transfer functions were calculated. The
results are shown in Table 6.1 for the 20% filter and in Table 6.2 for
the 2% filter.

Bode plots of the measured and calculated magnitude and phase are
shown in Figure 6.2 for the 20% filter and in Figure 6.3 for the 2%
filter. From these plots the measured magnitude and phase can be seen
to agree with the calculated values. For the 20% filter, the magnitude
agreement was within 4dB while for the 2% filter the agreement was
within 1.28dB. Discrepancies between the measured and calculated
values were maximum when the slope was large while being negligible
when the slope was small. These discrepancies, therefore, were
attributed to errors in the frequency of the input that was used to
measure the magnitude response. A similar correspondence between the

calculated and measured phase supported this conclusion. As in the



Table 6.1. Magnitude and Phase of 20% Filter.
Frequency . /8(w)/ Phase
Hz . dB °

SHz 8.69x10™° -1.34
10Hz 1.74x1078 -2.68
208z 2.61x1078 -5.36
30Hz 2.61x10™% -8.04
40Bz 8.69x10"° -10.72
50Hz 4.34x10°8 -13.41
60Bz 4.34x1078 -16.09
708z 1.30x1078 -18.78
80Hz 1.74x1078 -21.47
90Hz 5.21x1078 -24.17
100Hz 4.34x1078 -26.86
2008z -1.37x10~7 -54.11
300Hz -2.42x107° -82.18
400Ez -7.98x10"% -111.65
5008z -1.23x1072 -143.46
600Bz -1.16x10"} -179.38
7008z -7.44x107} -222.08
800E:z O 3.06 -270.67
900Hz =-7.56 =314.52

1000Hz -12.98 -347.31
11008z ~18.40

1200Hz -23.57 —_—
13008z -28.49 _
20008z -58.73 _




Table 6.2. Magnitude and

Phase of 2% Filter.

Frequency /H(w)/ Phase
Hz dB °
5Hz -1.08x107% -11.95

10Hz -1.06x107% -23.93
20Hz -9.92x107° -48.08
30Hz -9.40%107° -72.67
40Hz ~2.55x10" -97.99
50Hz -2.72x107> -124.47
60Hz -2.37x1072 ~152.81
70Hz ~1.49x107" -184.18
80Hz -6.93x107" -220.07
90Hz -2.33 -259.75
100Kz -5.47 -297.37
1108z -9.50 -327.74
120Hz -13.71 -350.96
130Hz -17.77 ~369.03
1408z -21.60 -383.55
150Hz -25.18 -395.55
160Hz —_— ——
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magnitude plot, the calculated and measured phases agreed closely when
the phase changed slowly with frequency, but began to disagree somewhat
when the slope increased. Therefore, the implemented filter realized
the desired transfer function within the measurement error of
approximately 2%. The agreement between the measured and calculated
magnitude and phase responses of the filters substantiates the
conclusion that the filters were performing properly.

Comparison of the Distributed Arithmetic Implementation Cost to the
Cost of Other Implementations.

One major criteria in choosing a digital filter implementation is
its cost. In this section, the cost of several possible implemen-
tations for the 20% Butterworth filter are compared to establish the
feasibility of the distributed arithmetic implementation. The cost of
the different implementations consists of component costs, power supply
costs, printed circuit board costs and manufacturing costs. Manufac-
turing costs, however, were not considered in this comparison since
they do not reflect a basic difference in the costs of the various
implementations. Also, cost estimates were pursued only for those
parts of the filter where a cost difference between the implementations
would occur.

Any estimate of cost will vary depending upon a number of factors.
One of these factors is the volume in which the product is to be
produced. Volumes not only affect the price of each individual module,
but may also dictate what component will be used. One example of this
is mask programmable ROMs. In the manufacture of mask programmable

ROMs, the vendor charges a one time mask fee for producing the mask.



This charge is small if a large number of ROMs are to be purchased.

1f, however, a small quantity of ROMs is required, the one time charge
makes ROMs an expensive choice. For large volume production,
therefore, a ROM would be the component of choice. For small volume
production, however, an EPROM or PROM would be the compoment of choice.
In the following cost estimates, ROMs were chosen to provide
non-volatile memory. Since all of the alternatives required
non-volatile memory, the mask charge was assumed to be equal for all
alternatives and was, therefore, neglected. The choice of ROMs implies
that a large volume of the filter was to be produced. Volume quotes
for the components, however, were not available. For this reason
manufacturer suggested prices found in trade magazines were used for
LSI components. For MSI and SSI components prices from mail order
companies were used in the comparison. Though these prices apply to
small volume purchases, they are sufficient for this comparison since
the purpose is to establish the feasibility of the distributed
arithmetic implementation of digital filters.

For the comparison, the distributed arithmetic implementation of
the 20% Butterworth filter presented in Chapter V was compared to 3
alternate implementations. All of the alternatives used 8 bit
implementations as did the distributed arithmetic implementation.
Differences in the implementations occurred in the computational
section; therefore, only the computational sections of the alternatives
are considered.

The first alternative implementation is presented in Figure 6.4.

In this implementation an 8 bit parallel multiplier/accumulator is used
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to calculate the inner product reqﬁired by the digital filter
algorithm. For this comparison, the ADSP-1008 CMOS multiplier/accum-
ulator was chosen. This multiplier is capable of performing a
multiply/accumulate function in 150ns maximum while producing a 16 bit
product. Since the filter was scaled so that the magnitude of its
variables were less than 1, only the 8 LSBs were used as the result.

The 74LS273 latches shown in Figure 6.4 were used to store filter
variables and to provide a mechanism for presenting these variables to
the multiplier/accumulator in the order required by the filter
algorithm. These latches perform a similar function as the 9 shift
registers used in the distributed arithmetic implementation; however,
instead of addressing partial products stored in ROM, the bits of
latches Ul, U2 and U5 are fed to one side of the multiplier as a
multiplicand. The other multiplicand, the filter coefficients, is
provided to the multiplier by a ROM. For the sixth order Butterworth
filter, this ROM must be 27 bytes deep.

The second alternative, shown in Figure 6.5, is a variation of
alternative 1. As in alternative 1, an 8 bit parallel multiplier/
accumulator is used to calculate the inner product for the filter
algorithm. The same multiplier/accumulator used in alternative 1 was
chosen for alternative 2. As in alternative 1, a ROM was used to
provide the filter coefficient multiplicand to one side of the
multiplier/accumulator. The latches used in alternative 1 to provide
the filter variable multiplicand to the multiplier, however, have been
replaced with an 8 bit wide RAM. This RAM must be 18 bytes deep.

These 18 bytes are divided into 2 groups. Each group contains 9 bytes,
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the number oflvariables contained in the filter. As the variables in
one group are used té calculate a new set of variables, the new set is
stored in the other group. Otherwise, as each new variable is
calculated, the old variable would be lost. The old variable, however,
is required to calculate other new variables.

Alternative 3, shown in Figure 6.6, makes use of a digital signal
processor. One such processor is the TMS 32010 manufactured by Texas
Instruments. This processor with 3K bytes of on chip ROM, 288 bytes of
on chip static RAM, a 16 bit parallel multiplier and 32 bit ALU
contains all the essentials for implementing the computational section
of a digital filter. Therefore, the computational section for this
alternative consists of only this module. The calculation of the
filter algorithm is similar to alternative 2 except that programming
the algorithm consists of writing a program for the TMS 32010 rather
than programming an algorithmic state machine. This alternative,
however, may violate the basic assumption that the other blocks of the
digital filter are similar. The use of the TMS 32010 could conceivably
make the control section of the filter much simpler, thereby producing
some cost saving. Also, this processor provides for a 16 bit filter
though only 8 bits are being used.

The comparison of these alternatives was made by estimating the
board area and power of each alternative, converting these estimates
into a cost and adding the results to the cost of the modules to obtain
a total cost. The parameters used to make these estimates are given in
Tables 6.3 = 6.6. A summary of the board area requirements for each

alternative is given in Table 6.7. The total board area was obtained
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by multiplying the module area by 2 to account for wiring the circuit.
The costs were estimated by assuming the cost of a double sided printed
circuit board is $0.20 per inz. The results indicate that alternative
3 requires the minimum amount of board area at 2.64 in2 and a cost of
$0.53. Next comes alternative 2 at $5.62 in2 and a cost of $1.12.
Third is alternative 1 at 10.2 in2 and a cost of $2.04, while last is
distributed arithmetic at 17.0 in2 and $3.40.

The power supply requirements for each alternative are summarized
in Table 6.8. The total typical power supply current, ITtOtal, for

each alternative was obtained by adding the typical current required

by the modules used in that alternative. The maximum current is the 30

l1imit. The formula used to obtain the total maximum current, I s
total
is:
N N (Tyy - Im)z
IM = I kIT +3/Z% k (6.4)
total 1i=1 i=1 3
N N 2
or, I = I kI + T k[r, ., -1I..1 (6.5)
Mtotal i=1 T i=1 Mi T *

The maximum current was used to determine the power supply costs for
each alternative. This estimate was made by deriving a cost versus
current curve from the costs of Acopian power supplies. This curve was
normalized to a power supply cost of $30.00 for a 1 amp supply. The
required current was then substituted into the cost curve and the
resulting estimate obtained. From these estimates, alternative 2
requires the minimum current requiring 120 mA typical and 183 mA
maximum. The estimated cost of such a supply is $19.30. Alternative 3

requires the next lowest power at 190 mA typical. The maximum current
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for the digital signal processor was not available, therefore, the

maximum was estimated from other processor data to be 250 mA. Using
this estimate, the power supply cost is $20.20 for this alternative.
The typical and maximum currents required by alternative 1 were 203 and
266 mA respectively. The cost for this requirement was estimated as
$20.40. The power supply current required by the distributed
arithmetic approach is much higher than for any of these alternatives.
The requirement was 640 mA typical and 750 mA maximum. The cost of
this requirement was estimated as $27.00.

Thus far, the distributed arithmetic approach requiring more board
area and more supply current than the other alternatives has not been
competitive. The distributed arithmetic approach, however, gains a lot
of ground when the module costs are considered. The estimates of
module costs are presented in Table 6.9. The cost of the modules used
in the distributed arithmetic approach is $45.72 which is much lower
than the next closest alternative, alternative 2, at $93.00. Alter-
native 1 follows at $101.50 while alternative 3 is last at $120.00.

The board cost, power supply cost and module cost were added to
give the total estimated cost for each alternative. These results are
summarized in Table 6.10. The distributed arithmetic approach is the
least expensive approach at $76.12 which is much lower than the next
closest alternative, alternative 1, at $111.94. Alternative 2 is third
at $113.42 while the digital signal processor approach is the most
costly at $140.73.

To help put these results in perspective, the speed of each

alternative was estimated. The speed was measured in terms of the




Table 6.9. Module Cost of the Computational Section for Several

Implementations.
Alternative Module Cost
$
Distributed Arithmetic 45,72
1 101.50
2 93.00
3 120.00

Table 6.10. Cost Comparison of the Computational Section for

Several Implementationms.

Alternative Cost
$
Distributed Arithmetic 76.12
1 111.94
2 113.42
3 140.73




maximum sampling frequency allowed by each approach. For the

distributed arithmetic approach, the maximum sampling frequency is
dependent upon the access time from addresses valid for the function
memory and upon the ALU propagation delay. For 3 cascaded 74LS18ls,
the maximum ALU propagation delay was 96ns. Assuming the ROM has a
maximum access time of 150ns, the minimum cycle time is 246ns. For
this case the maximum sampling frequency is:

1 samples

f = = 56500 — . (6.6)
s ns qycles) sec

(246 cycle)(72 sample

If a ROM with a 200ns access time is used, the resulting sampling
frequency is approximately 47000 samples/sec; while a ROM with a 250ns
access time would allow 40000 samples/sec. The estimated cost was
determined for a 200ns access time; therefore, the comparison is based
upon a 47000 sample/sec speed. For alternative 1, the maximum
multiplication cycle time is 150ns. Approximately 11 cycles would by
required to calculate one filter variable. The filter has 9 such

variables; therefore, the maximum sample rate is estimated as:

! samples
o (150 B _y(1; —cycles ) g variables, = 67000 —S—;—— .
cycle variable sample e

(6.7)
The sampling rate for alternative 2 is identical to that of alternative
1. For the digital signal processor, 5 million instructions can be
performed per second giving a 200ns cycle time. Calculation of the
variables in each second order section would require approximately 34
instructions. Since 3 second order sections are used in the filter,

the maximum sampling frequency is:
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1 samples
£ = = 49000 — — . (6.8)
$  3(34)(200ms) sec

Therefore alternative 1 and 2 are slightly faster than alternative 3
and the distributed arithmetic approach using ROMs with a 200ns access
time.

The cost and speed of the alternatives can be incorporated into a
single measure of performance by dividing the maximum sampling rate by
the filter costs. Such a calculation accords the following results:
1) distributed arithmetic approach yields 617; 2) alternative 1 yields
599; 3) alternative 2 yields 591; and 4) alternative 3 yields 348.
Since the higher the performance measure the more desirable the

approach, the advantage of the distributed arithmetic is evident.

Output Noise of the Implemented Filters

The output roundoff error for the 27 and 20% filters is estimated
in this section. The estimate is made assuming that the generated
output roundoff noise is white. With this assumption, the output
roundoff noise can be estimated from:

o = G118, /151 Inyhol[5wci 15 ) 115] Ihyhat [
262/ Inyhal 1242 15y 1121 10 ) 13+ 18,01 121 Mgl 15
+ [ gl 24P [g 113+ Igo 1 12+ (6.9)
where og is the variance of the output roundoff noise, ? - o are

1 9

the roundoff variances introduced by rounding at the locations shown in

Figure 6.7 and the other parameters are the L2 norms defined in an
earlier chapter. The cross correlation terms are not included since
the output noise was assumed to be white. Mills, Mullis and Roberts

[ 3 1, however, have shown that this is a good assumption.
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"The variances o% - °§ are found from (2.36)(pg. 18). Since all
filter variables have equal word widths, 0% - og are equal for both
filters. Kammeyer [ 7] has shown that for the distributed arithmetic
approach the maximum roundoff may be estimated by using av of 4/3 in

(2.36). For the 20%Z filter € was:

e =277 (6.10)

while for the 2% filter ¢ was:

-11

€= 2 (6-11)

-7.2
Thus for the 20% filter, of - o0, were (4/3}££I§l—-and for the 2%
-11
filter oi - °§ vere (4/3)—%2—).

W

The L2 norms used in the calculations for each filter were

calculated using Parseval's theorem. The results of these calculations
are given for both filters in Table 6.11. From the results for the 207
filter given in Table 6.11 and u% - og for the same filter given

above, the output roundoff error for the 20% filter can be estimated

as:

og = 1.4x107°. (6.12)
20%

Similarly from the results for the 2% filter given in Table 6.11 and

o% - °§ given above for the same filter, the output roundoff error

for the 2% filter can be estimated as:

og = 2.27x10"". (6.13)
2%

Since v for a normal multiplier implementation is 1, if rounding occurs
after addition, the error due to the distributed arithmetic
implementation is at most 1.33 times as large as that using a

multiplier approach.



Table 6.11. L

of the 20% and 2% Filters.

2

Norms Used to Calculate the Output Roundoff Noise

L2 Norm Value for the Value for the
2%Z Filter 20% Filter
/g, /1% 23.78 7077
811772 . .
2
//ng//2 23.78 .7077
2
//h2h3//2 0.0135 .1820
) )
//g21//2 4.73 .2009
2
//g22//2 4.73 .2009
I Ingl 15 0.0169 .2076
2
//g31//2 3.37 .1702
2
//332//2 3.37 .1702
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The roundoff error for the implemented filters should be less than
that for a filter implemented by cascading three direct form sections.
The roundoff error was calculated for the 207 filter implemented using
the direct form and found to be 4.02x10-4 for an 8 bit implementation.
This roundoff error is 29 times higher than the roundoff error in the
implemented filter. These results demonstrate the effectiveness of the

reduced roundoff error filter in reducing the roundoff error.

Summary

The predominant goal of this work was to demonstrate the
applicability of the distributed arithmetic approach to implementing
digital filter algorithms. Therefore a hardware efficient
implementation of the distributed arithmetic approach was used to
implement two sixth order Butterworth filters. In this implementation,
each sixth order filter was divided into 3 second order sections which
were cascaded to provide the filter. The hardware required to
implement one of the second order sections was shared to calculate the
variables of the other sectionms.

The implemented filters were sixth order Butterworth filters, one
of which had a cutoff frequency which was 20% of the Nyquist frequency,
the other a cutoff frequency which was 2% of Nyquist frequency. An 8
bit implementation of the 20% filter produced the desired tramsfer
function. A 12 bit ALU and function memory, however, were required for
this 8 bit implementation. A 12 bit implementation was required for
the 27 filter. In this case a 16 bit ALU and function memory were

required. With these implementations, the filters implement the



required transfer functions within the measurement error of 2%Z. No

visible distortion was evident at the output.

Comparison of the distributed arithmetic implementation with 3
alternate implementations revealed its economic advantage. The 3
alternatives included 2 multiplier approaches and 1 digital signal
processor approach. The results indicate that the costs of the
computational section of the distributed arithmetic implementation were
68% of the costs of a multiplier approach in which latches are used to
delay filter variables, 67% of the costs of a multiplier approach in
which RAM is used to delay filter variables, and 54% of the costs of
the digital signal processor approach. The lower costs prevail even
though the computational section of the distributed arithmetic approach
requires more board area and current than any of the alternatives. The
costs savings primarily reflect the high costs of multiplier chips and
digital signal processors.

The filter coefficients for the implemented filters were chosen to
reduce the output roundoff error of the filters. The use of 3 cascaded
second order state-space sections simplified the hardware but sacri-
ficed the achievement of minimum possible roundoff error. By
minimizing each second order section independently and ordering the
sections to minimize the noise gain, the reduced output roundoff error
was obtained. The techniques for deriving the filter coefficients of a
second order section were presented and applied to the 20% and 27
Butterworth filter sectionms.

The maximum output roundoff noise for the 20%Z and 2% filters was

estimated. For the 20% filter with an 8 bit implementation, the output
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roundoff error was estimated as 1.4x10-5. For the 2% filter using a 12
bit implementation, the output roundoff error was estimated as
2.27x10-7. The roundoff error using the distributed arithmetic
approach is a maximum of 1.33 times that for an implementation using
multipliers with rounding following addition. The estimated roundoff
error of the 20% filter was 29 times lower than an equivalent filter
implemented using direct form second order sections. Thus the

implemented filters represent a cost effective compromise between

reducing roundoff error and reducing the filter costs.



List of References



LIST OF REFERENCES



(1]

(2]

(31

[4]

(5]

(6]

[7]

LIST OF REFERENCES

C. T. Mullis and R. A. Roberts, "Synthesis of Minimum Roundoff
Noise Fixed-Point Digital Filters," IEEE Trans. Circuits Syst.,

Leland B. Jackson, Allen G. Lindgren, and Young Kim, "Optimal
Synthesis of Second Order State-Space Structures for Digital
Filters," IEEE Trans. Circuits Syst., Vol. CAS-26, pp. 149-153,
March 1979.

William L. Mills, Clifford T. Mullis, and Richard A. Roberts,
",ow Roundoff Noise and Normal Realizations of Fixed Point IIR
Digital Filters," IEEE Trans. Acoust., Speech, Signal Processing,
Vol. ASSP-29, No. 4, pp. 893-903, August 1981.

Bruce W. Bomar, "A Framework for the Comparison, Analysis and
Design of Digital Filter Structures," Dissertation Proposal,
University of Tennessee, Knoxville, p. 59, May 1982.

M. Arjmand and R. A. Roberts, "Efficient Hardware Implementations
for Fixed Point Digital Filters," Proc. 1980 Int. Symp. Circuits
System., Houston, Texas, pp. 1092-1096, April 1980.

David G. Luenberger, Introduction to Dynamic Systems., New York:
John Wiley and Sonsj; 1979, p. 293.

K. D. Kammeyer, "Quantization Error Analysis of the Distributed
Arithmetic, " IEEE Trans. Circuits Syst., Vol. CAS-24, No. 12,
pp. 681-689, December 1977.




APPENDIX



- 136

APPENDIX
SELF TEST

Self testing and diagnostics have recently become an integral part
of equipment design. In the past, hardware has been relatively
expensive and labor relatively cheap. Today, however, the decreasing
costs of digital hardware, especially microprocessors and memory chips,
make the added hardware and design costs for self test less expensive
than the labor costs required to debug a piece of equipment. The
additional memory area of the 2KX8 EPROM's used in the digital filter's
ASM and function memory can be used to provide self-test capability for
the éomputational section of the digital filter. 1In this appendix, one
possible self-test approach is outlined for the 20% bandwidth
Butterworth filter.

The approach that is presented is a divide and conquer scheme.
Dividing the filter into 4 or 5 sections that can be tested separately
or using previously tested sections facilitates programming the ASM for
self-test and analyzing the results. The sections would include 3
shift register bank sections, an EPROM, ALU, B register section and an
EPROM, ALU, buffer section.

Testing the filter would begin by testing the shift register
banks. Shift register bank 1 would consist of U9, Ul, and one of the
quad 2 input MUX's (MUXla). Shift register bank 2 would be composed of
U4, U3, U2, and another of the quad 2 input MUX's (MUX1b). U8, U7, U6,
U5, and a third unit of the quad 2 input MUX (MUXlc) would comprise

shift register bank 3. Assume that the filter has been reset so that
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all bits of the filter contain O's. At this time the ASM would apply a
1 to pin 11 of U4, U8, and U9 for 1 clock period. Meanwhile the shift
registers would be instructed to shift right. On the next clock edge,
a 1 would be shifted into the MSB of shift registers U4, U8, and U9.
The ASM would then return pin 11 of U4, U8, and U9 to O and instruct
all shift registers to shift right for the next 16 clock transitionmns.
During these clock periods, MUXl would be configured by the ASM to
supply LB9 to output MX1, LB3 to MX2, and LB6 to MX3. The 1 applied to
pin 11 of U4, U8, and U9 would ripple through the shift register banks
appearing at Q'h of SRl at the end of the 16th clock transition.

Now assume that Q'h of Ul, U2, and U5 are connected to an 8 to 1
MUX (MUX2) whose output is an input to the ASM as shown in Figure A.l.
Three outputs of the ASM dedicated as inputs to S

Sl’ and S, of MUX2,

0° 2
select one of MUX2's 8 inputs as an input to the ASM. In this way, the
ASM could monitor one of 8 inputs from the filter. Finally assume that
Q'h of Ul is connected to IO’ Q'h of U2 is connected to Il’ and Q'h of

U5 is connected to IZ‘ With this configuration, SO’ Sl’ and S, outputs

2
of the ASM would be 0 for the 16 clock periods following the appli-
cation of a 1 to pin 11 of U4, U8, and U9. The output of MUX2 should
be 0 until after the 16th clock transition at which time the output
should be 1 for 1 clock cycle. During these 16 clock cycles, the ASM
monitors Q'h of Ul as it proceeds through the self-test program. If an
error occurs, an errant address would be seen by the ASM. The contents
of all possible errant addresses could contain information to turn on

an LED to indicate that shift register bank section 1 is bad and also

hang up the ASM at that address. If these errant addresses are not
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encountered, the ASM would select I1 of MUX2 after the 16th clock tran-
sition allowing the ASM to momnitor Q'h of U2. For the next 7 clock
periods, MUX2's output should be 0, but after the 24th clock tramsition
the output should become 1. Again, an errant address to the ASM could
turn on an LED indicating that shift register bank 2 is bad and hang up
the ASM at the errant address. As before, barring an encounter of an
errant address, the ASM would continue to proceed through the self-test
program. A similar situation would apply for shift register bank 3.
After the 24th clock transition, input I2 of MUX2 would be selected to
allow the ASM to monitor Q'h of U5. For the next 7 clock cycles, Q'h
of U5 should be 0, but after the 32nd clock transition, the output
should become 1 for 1 clock cycle. As before, if an errant address is
encountered, and LED indicating a bad shift register bank 3 lights up
and the ASM hangs up at the errant address. If an errant address is
not encountered, the self-test algorithm proceeds. A flow chart
presenting the self-test for the shift registers banks is shown in
Figure A.2.

Caution must be exercised when programming the ASM for self-test
to ensure that errant locations as well as expected locations of the
ASM are reserved for the proper control data. To demonstrate the
significance of this statement assume that 1 input from the filter is
being monitored by the ASM. Also, for simplicity, assume that only a 4
address ASM is required. This situation is shown in Figure A.3. The
program that the machine is designed to execute resides in addresses
0000 to 0011. The self-test algorithm resides in the upper addresses

1000 to 1111. The input to be monitored by the test program is



140

RESET

FILTER

ASM applies a 1 to Pin
11 of U4, U8 and U9.
MUX2 configured so that
Q'h of Ul —=MUX2 output.

\

Shift right. MUX2 con-
figured so that Q'h of
Ul ==MUX2 output. MUX1
configured so that

LB9 —»MX1.

yes
16th shift?)
Turn on Ul, U9
no or MUX1 bad
"1 indicator
1

Figure A.2. Flow chart for shift registers self test.
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®©

Shift right. MUX2 con-
figured so that Q'h of
U2—»MUX2 output. MUX1
configured so that

LB3 —»=MX2

yes

no no

L i

Turn on U2, U3,
no - U4 or MUX1 bad
T indicator

Figure A.2. (Continued)




Shift right. MUX2 configured
so that Q'h of U5 ~=MUX2 output
MUX1 configured so that

LB6 —=MX3,

yes

no

yes
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Turn on U5, U6,
U7 and MUX1 bad
indicator.

Figure A.2. (Continued)
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connected to address A2. Also assume that when the ASM is in state
1010, it is instructed to monitor the input. The next state of the ASM
will be 1111 assuming that A2 is expected to be a 1. The actual state
to which the ASM will proceed, however, will be 1011 or 1111 depending
upon the state of A2, Both locations must contain relevant control
information for the possible outcomes of the input. The location 1111
would contain information allowing the self-test algorithm to proceed
while the location 1011 would contain information to indicate that A2
was erroneous.

If the filter has performed as expected in the above tests, the
assumption of properly functioning shift registers can be made. These
functioning shift registers can be used along with the ASM to test the
function EPROM's, ALU and B register. In this test the shift registers
and 5 outputs from the ASM could be used to address the function
EPROM's. Data at the addressed locations would be added to or
subtracted from data in the B register by the ALU. The results would
be latched into register B. After a few additions and subtractions, a
location in the function EPROM containing the expected results of the
additions and subtractions would be addressed putting the expected
results into side A of the ALU. Side A would then be compared with the
actual results contained in register B. If the data are equal, the ALU
produces a signal which would be monitored by the ASM. If the signal
is detected when expected, the self-test algorithm continues. If the
signal does not occur when expected, the ASM hangs up and produces an
indication that the function EPROM's, ALU or register B are bad.

The above scheme would be carried out in the following manner.
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First register B of the filter is reset. The lower 3 address bits of
the function EPROM's, A0 - A2, are placed on pin 11 of U4, U8, and U9
by the ASM. These address bits are shifted through the shift register
banks ultimately appearing at Q'h of Ul, U2, and U5. An appropriate
bit string must be placed on pin 11 of U4, U8, and U9 to obtain the
proper addresses. One address bit string producing the desired results
would be:

011000110011100100001111011000110011100100001111...

This bit string produces the lower address bit nibble sequence:

X000 X000 X000
X001 X100 X010
X011 X101 X110
X010 X001 X100
X110 X011 X101
X100 X010 X001
X101 X110 X011
X111 X111 X1l1l1.

The address bits A3 - A7 are to be supplied directly by outputs of the
ASM as in the normal filter mode. A valid address then appears at the
function EPROM, 32 clock transitions after the lower 3 bits are first
placed on pin 11 of U4, U8, and U9. The address bit string, however,
can begin immediately after the 1 was placed on pin 11 of U4, U8 and U9
for testing the shift registers. Thus, the addresses for this test
would be available immediately after the 3rd shift register bank was
tested.

The above address bit string will not address locations of the
function EPROM sequentially, but this fact does not pose a problem
since the function EPROM's would be programmed in the nibble sequence

that will occur. Supplying the data of the addressed location to side



146

A of the ALU, which is set to add or subtract by the ASM control lines,
causes data from the EPROM's to be added to or subtracted from data
residing in register B. Register B then latches the results of each
addition and subtraction right shifted 1 position (the inputs to
register B are hardwired to perform this right shift) and in turn
presents the latched data to side B of the ALU for the next addition or
subtraction. After the additions and subtractions have been completed
and the result latched in register B, the ALU is instructed to
subtract. The EPROM is again addressed; however, the data in the
addressed location contains the value expected to be in register B. If
the data in register B is the anticipated result, the inputs to both
sides of the ALU are equivalent. The ALU acknowledges this by placing
alon fhe A = B output. Since the A = B outputs are open collector,
they can be and-tied to one of the 8 inputs of MUX2 which is configured
by the ASM to pass the A = B output to the ASM. In this manner, the
ASM can monitor the A = B output. If A and B are equivalent, the
resulting ASM state allows the self-test algorithm to continue. If,
however, A and B are not equivalent, the unexpected state is programmed
to hang up the ASM and turn on an indicator announcing that the EPROM,
ALU or B register is bad. Figure A.4 presents a flowchart for this
test.

The self-test algorithm is completed by providing a means to test
the 74LS244 buffers for the inputs to shift registers U4, U8, and U9.
To test these buffers, data can be transferred from the function
EPROM's through the ALU and buffers to U4, U8, and U9. Shift registers

U4, U8, and U9 would then be instructed to latch the information from



¥

RESET
FILTER

'

Place lower address bit
string on Pin 11 or U4,
U8 and U9.

»‘

Shift right all three
shift register banks
with MUX1 configured
so that LBY9 - MX]1,
LB3 - MX2, LB6 - MX3,

31lst shift}

Shift right all three shift register

banks. MUX1 configured so that LB9 - MX1,
LB3 - MX2, LB6 - MX3, ASM output addresses
A3 - A7. MUX2 set so that GND input - MUX2
output. ALU set to add. Register B set to
latch on next clock edge.

addition? no

Figure A.4. Flow chart for EPROM, ALU, and B register

self test.




yes

A |

Shift right all three shift
register banks. MUX1 configured
so that LB9 - MX1l, LB3 - MX2,
LB6 - MX3. ASM output addresses
A3 - A7. MUX2 set so that GND
input - MUX2 output. ALU set

to subtract register B set to
latch on next clock edge.

no

ALU set to subtract. Shift

right all shift register banks.
MUX1 configured so that LB9 - MX1,
LB3 - MX2, LB6 - MX3. ASM output
addresses A3 - A7. MUX2 configured
so that A = B signal - output.

Do

Figure A.4. (Continued)

Hang up ASM. Turn

on indicator that

EPROM, ALU or register
B bad.
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the buffers. If the buffers are working properly the data latched into
the shift registers should be identical to bits R2 - R9 from the ALU
which in turn should be identical to G2 - G9 of the function EPROM.
Assuming the function EPROM has been programmed with a known value, the
value that should be in U4, U8, and U9 would be a known value. The
shift registers could then be instructed one at a time by the ASﬁ to
shift their contents right 8 times. The output of the shift registers
would be fed to MUX2 allowing the contents of the shift registers to be
monitored by the ASM. If the contents of the shift registers are
proper, the algorithm proceeds through the test; however, if the
contents are erroneous, the ASM hangs up and indicates that the buffer
is bad or that U4, U8 and U9 erroneously latched the data.
Implementation of the above scheme is similar to the scheme for
checking the function EPROM, ALU, and B register. First register B of
the filter is reset. Since the shift register banks have not been
reset, the address sequence from the previous test remains valid. The
location that is addressed, which is programmed with a known value,
will output its contents to the ALU. The ALU, meanwhile, will be set
to the addition mode by the ASM. Since register B is reset to zero,
the output of the ALU will be equal to the output from the function
EPROM. Bits R2 - R9 of the ALU output are fed to the buffers which
pass the information to shift registers U4, U8 and U9. These shift
registers latch the input on the next clock transition. Once the data
is latched, shift register U4 shifts its data right 8 times while shift
registers U8 and U9 hold. Q'h of U4 is fed to one of the inputs of

MUX2 which presents this input to the ASM. In this manner the ASM
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monitors the data latched into shift register U4. If an érroneous bit
occurs at the output of the MUX, the ASM indicates an error in buffer
Ul0 or shift register U4's parallel load function. The ASM hangs up in
this state. If no erroneous bits appear the self-test algorithm
continues.

Upon the continuation of the self-test algorithm, shift register
U8 is instructed to shift right 8 times. As for shift register U4, Q'h
of U8 is fed to one of the inputs of MUX2. While U8 is shifting right,
MUX2 passes U8's output to the ASM which monitors the data in shift
register U8. Shift register U9 then shifts right 8 times with its
output monitored by the ASM. If while monitoring the data in U8 or U9
the ASM sees an erroneous bit, the ASM hangs up and indicates that the
appropriate buffer is bad. If the filter passes all these tests,
another set of data can be passed from the function EPROM to the shift
registers and the test repeated. Four sets of data that might be used
to test the buffers are 00H, FFH, AAH, and 55H. If the filter passes
all these tests, then the computational section of the filter is deemed
fit to run. The filter algorithm of the ASM EPROM is called and the
filter begins to perform its function. A flow chart for testing the

buffers is presented in Figure A.5.
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Reset register B. Set ALU
to ADD. Enable buffers.
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Flow chart for buffers self test.
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