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ABSTRACT

The 40-year-old Busemann G-space conjecture states that all n-dimensional G-
spaces (with n < oo) are n-manifolds. I have shown that the conjecture is true when
n = 4, and the bulk of this paper is dedicated to assembling the elements of metric
geometry, algebraic topology, and modern decomposition theory required in the proof.

In his classic text The Geometry of Geodesics, Herbert Busemann set out to create

an analogue of differential geometry in metric spaces having apriori no analytic struc-
ture. He invented the notion of a geodesic space, or G-space, and his theory has a
significant impact in the study Riemannian geometry. Examples of non-Riemannian G-
spaces are found by considering certain Finsler spaces and also the Teichmiiller moduli
space of complex structures on any closed Riemann surface of genus > 2.

In 1955, Busemann established that all 2-dimensional G-spaces are surfaces using
purely geometric techniques. In 1968, the polish mathematician Krakus applied a topo-
logical 2-sphere recognition theorem of Borsuk to show that the conjecture is true in
dimension 3.

The next part of this paper is a study of non-positively curved 4-manifolds. The
classic theorem of Cartan-Hadamard states that every n-manifold with non-positive
sectional curvature is covered by euclidean space. If the notion of curvature is relaxed
to that of Aleksandrov’s CAT(¢)-inequalities, Gromov asked in 1981 whether every
simply connected, non-positively curved n-manifold is necessarily euclidean. For n < 3,

work of Rolfsen and Brown yield an affirmative solution. For n > 5, counter-examples
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have been constructed by Davis and Januszkiewicz in 1991. When n = 4, I am able

to establish a partial result in the affirmative, provided the 4-manifold has a single

metrically tame point.

Finally I establish a 3-manifold recognition criterion. A compact, finite dimensional
metric space is a 3-manifold if and only if it is a homology 3-manifold and it admits an
inner metric having curvature bounded above by some positive constant. As there exist

non-manifold homology 3-manifolds, the curvature condition can not be discarded.
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CHAPTER 1

Introduction

The interplay between the studies of the geometry and topology of metric spaces is
fascinating and the techniques of one of these two disciplines can impact the other with
unexpected consequences. The class of metric spaces for which these phenomena are

most evident are the intrinsic or inner metric spaces.

1 Geometry on Metric Spaces

Definition 1.1 Let (X,d) be a metric space. X is said to be an inner metric space
provided for all z, y € X, d(z,y) = inf{length(c) | ¢ : [0,1] — X is continuous, ¢(0) = z,

c(1) = y}.

There are two consequences of this definition that warrant closer inspection. First
in order to insure that the metric is well defined, it must be the case that X is path
connected. Second since by convention all metrics have values in [0, 00) , any two points
z,y € X are necessarily joined by a rectifiable path. Any metric space with these two
properties is said to be finitely path connected.

Note that R™ equipped with Euclidean distance is a complete inner metric space.
Similarly any complete Riemannian manifold (M™", g), where g denotes the Riemannian

metric tensor, is also a complete inner metric space. In both of these examples, the



infimum of the lengths of curves joining z to y is realized by a geodesic segment, i.e.,

an isometry v : [0, p] — {M™,R"} such that v(0) = z,7v(p) = y ,where p = d(z,y). The
emphasis here is on the parameterization of the curve.

Of course inner metric spaces need not be manifolds. Given any finite path connected
(X,d), one can define the induced inner metric space (X,d) by defining d : X x X —

[0,00) for all z,y via
d(z,y) = inf {lengthy(c) | ¢ is a path from z to y}.

This construction allows us to produce a wealth of examples of inner metric spaces, but
the reader should be warned that (X,d) and (X,d) might have different topologies.

In this paper I will study two types of inner metric spaces: Busemann G-spaces and

manifolds equipped with metrics of non-positive curvature.

2 Busemann G-spaces

As the field of differential geometry matured, people noticed that many of the results
could be established without the assumption of differentiability. Mathematicians such
as A.D. Aleksandrov [1], Paul Finsler [47], L.M. Blumenthal [17], and Jacques Tits [89],
to name just a few, noticed that the analysis employed on a Riemannian manifold is
often directed at understanding the behavior of the geodesics in the manifold. The
question which metric geometers soon began to ask was this: What are the minimal
hypotheses that a metric space must have so that it has a geometry similar to that of a

Riemannian manifold, i.e., what additional assumptions must one make concerning the



geodesics? !

Beginning in 1942, Herbert Busemann [26], [27] developed the notion of a G-space
as a way of putting a Riemannian-like geometry on a metric space. Further developed
by Busemann in [28], the theory of G-spaces continues to be an active area of research.
Busemann’s problems list found in the appendix of [28] contains several questions which

are still open as of this writing.

Definition 1.2 Let (X,d) be a metric space. X is said to be a G-space provided it

satisfies the following Azioms of Busemann:

1. Menger Convexity Given distinct points z,y € X , there is a point z € X — {z,y}

so that

d(z,z)+d(z,y) = d(z,y).

2. Finite Compactness Every d-bounded infinite set has an accumulation point.

3. Local Extendibility To every w € X, there is a positive radius p,, such that for

any pair of distinct z,y € int B(w, py), there is z € int B(w, pw) — {z,y} such that

d(z,y)+ d(y,2) = d(z, 2).

4. Uniqueness of the Extension Given distinct ¢,y € X, if there are points 21,23 € X

for which both

d(z,y)+ d(y, z;) = d(z,2) for i =1,2,and

"Modern geometry came into existence, in part, as an attempt to understand Euclid’s Five Postulates.
In asking this question, geometers had, in some sense, come full circle in their studies.
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hold, then zy = 23.

How much of the spirit of Riemannian geometry is captured by the G-space axioms?
In particular is G-space theory the study of the geometry of manifolds or perhaps some
more general spaces? In his text [28, pages 2 and 49], Busemann conjectured that

G-space theory is the study of geometry on manifolds.

Conjecture 1.1 (The Busemann Conjecture) Every finite dimensional G-space is

a topological manifold.

(Here dim X < n < oo is covering dimension.) Busemann verified the conjecture
when n = 1,2 in his text [28, (9.7)pages 46-47 and (10.4) page 52]. The case n =3
was established in 1968 by Krakus [58] as an application of Borsuk’s 2-sphere recogni-
tion theorem. Busemann’s own prediction concerning the future of the conjecture was

amazingly accurate:

Although this (The Busemann Conjecture) is probably true for any G-space,
the proof, if the conjecture is correct, seems quite inaccessible in the present

state of topology.2

The modern theory of 4-manifolds developed by Michael Freedman and Frank Quinn

in [48], [79] and [49] has rendered the 4-dimensional version of the problem accessible.

The first part of this paper is devoted to establishing the following result.

?page 49, The Geometry of Geodesics, 1955.




Theorem 1.1 Every /-dimensional G-space is a 4-manifold.

Here is an outline for the strategy of the proof.

Step 1. Show that every finite dimensional G-space is a ANR homology manifold.
This involves the use of elementary properties of G-spaces together with sheaf-theoretic
results of Dydak-Walsh [45].

Step 2. Specialize to 4D G-spaces and show that the geometry of these objects
allows one to embed arbitrarily small 2-spheres, 3-cells and 3-spheres in such a G-space.
The recent result of W.J.R. Mitchell [67] is used in combination with classical 2-manifold
recognition theory.

Step 3. Use the geometric objects identified above to show that Quinn’s resolution
obstruction vanishes on every 4D G-space. That is, every 4D G-space, X, is the image

of a genuine 4-manifold,

m* L ox, (1.1)

where f is a continuous surjection such that for all z € X, f~1(z) is a cell-like subset
of M4,

Step 4. Generalize Daverman’s theory of singular regular neighborhoods [36] and
apply this theory to the space X in question. This step will verify that X has a useful
local structure, called semi-nicely spherical.

Step 5. Establish the 4D semi-nicely spherical shrinking theorem. This can then
be applied to show all maps of the form (1.1) are approximable by homeomorphisms

and thus establish the desired result.



3 Manifolds of Non-Positive Curvature

As previously noted, every Riemannian manifold, (M™",g), naturally admits the
structure of a inner metric space. It is a consequence of the Hopf-Rinow Theorem (see
[54] or [34, page 146)) that if (M",g) is complete, then the natural inner metric is a
complete metric and M™ is a G-space. One of the main objectives of classical Rieman-
nian geometry is to characterize manifolds (M™, ¢) in terms of geometric invariants such
as sectional curvature. Hadamard’s theorem (see [51] or [34, page 149]) is one of the

earliest of such characterization results.

Theorem 1.2 (Hadamard) Let (M",g) be a complete Riemannian manifold such
that for all p € M™ and for every 2-dimensional subspace o0 € Tp(M), the sectional

curvature of M, K(p,0) <0 . Then the exponential map
expp: Ip,M — M
is a covering map for all p € M. In particular, if T{(M™) = {1}, then M"™ = R".

In light of Hadamard’s theorem and in keeping with the theme of this paper, i.e.
geometry sans derivatives, one can ask two questions.

Question 1: What is the correct generalization of sectional curvature in the absence
of a differentiable structure?

Question 2: (Gromov [50]) Does Hadamard’s Theorem generalize ?

A limited answer to question.1 is supplied by triangle comparisons and the notion
of curvature bounded from above and/or below. Let [z,y] denote a geodesic segment

from z to y.



Definition 1.3 Let(X,d) be a complete, locally compact inner metric space. Let M?(e)

be the unique simply connected space form of constant sectional curvature €.

a.

We say X satisfies the C AT (¢)—inequality and write curv X < ¢ provided for
each p € X, there is a neighborhood U, such that : of T is a geodesic triangle in
U, with vertices zo,z1 and z2, then there is a geodesic triangle T in M?(e) with the
same .edge lengths as T such that for every y € [z1,z2] , the corresponding point

7 € [z1,73) has the property

and we impose the condition that the perimeter of T be < % in case € > 0.

We write curv X > ¢ provided for each p € X, there is a neighborhood U, such
that : if T is a geodesic triangle in U, with vertices zo,z1 and x5, then there is a
geodesic triangle T in M?(e) with the same edge lengths as T such that for every

y € [z1, 2] , the corresponding point § € [T1, T3] has the property

d(zo,y) > d(Z0, ), (1.3)

2

3

and we impose the condition that the perimeter of T be < in case € > 0.

S

Remark. Let M be a complete Riemannian manifold. It is a consequence of the

Rauch’s Theorem (see [34, page 215]) that sectional curvature of M non-positive implies

M satisfies C AT(0). Topogonov’s Theorem (see [35] ) gives that sectional curvature of

M non-negative implies curv M > 0 in the sense of Definition 1.3 and, moreover, the

triangle comparisons hold globally.



Intricately related to the concept of bounded curvature is that of a convex distance

function.

Definition 1.4 Let (X,d) be complete, inner metric. The metric d: X x X — [0, 00)
is said to be convez provided for any geodesic segments y1,72 : [0, p] — X with y1(0) =
p = v2(0), the function ¢ : [0,p] — [0,00) given by ¢(t) = d(71(t),72(t)) is a convex

real-valued function.

Remark. It is well-known that d convex implies (X, d) contractible. The interested
reader is referred to [9, page 64].
It is a consequence of the Cartan-Hadamard-Aleksandrov Theorem (see [3]) that

3. Thus question 2 may be

(X,d) simply connected, curv X < 0 implies d is convex
re-interpreted as follows.

Question 3: Does there exist a convex metric on any manifold M™ other than R"?
That is, if (M",d) is a complete inner metric structure on a topological manifold M",
and d is convex, can M™ be topologically different from R™ ?

Unlike the classical Hadamard Theorem, question 3 is heavily dependent on n =
dim M.

n = 3 : The answer is no. This is essentially due to Rolfsen [82]. Actually it is an
easy corollary to Rolfsen’s work together with Morton Brown’s theorem on manifolds
which may be regularly exhausted by cells[20].

n > 5: The answeris yes. Davisand Januszkiewcz[43] constructed examples in every

dimension n > 5 of manifolds M™ admitting metrics for which curv M < 0 and whose

3Riemannian manifolds have non-positive sectional curvature if and only if the natural inner metric is
locally convex. See Manifolds of Non-Positive Curvature by Ballmann, Gromov and Schroeder,1985
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universal covers M are not simply connected at infinity?, and hence M # R"™. Ancel

and Guilbault[5] have shown that the interior of every compact, contractible n-manifold
with boundary, n > 5, admits a metric of non-positive curvature.

n = 4: This question is open at the time of this writing. The second part of this
paper is devoted to establishing some partial results when the metric has a single tame

point.

Definition 1.5 (topological tame point) Let (M™,d) be a conver manifold (i.e. a man-
ifold metrized as a complete inner metric space so that the metric d is convez). A point
z € M is said to be topologically tame with respect to d provided for every r > 0,
the closed metric ball B,(z) is a manifold-with-boundary whose boundary is the metric

sphere S.(z).

As an application of Daverman’s theory of singular regular neighborhoods, we can
obtain an equivalent definition of topologically tame points by requiring only that the
metric spheres S,(z) be codimension 1 submanifolds of M™.

Another useful notion is that of metric tameness.

Definition 1.6 (metric tame point) Let (M™,d) be a conver manifold. Then z € M 1s
said to be metrically tame with respect to d provided for every i > 0, each metric sphere
S.(z) admits a compatible metric p, under which curv §,(z) < K, < oo, where K, is a

constant depending on the radius .

Some partial answers to Question 3 are provided by the next two results.

*The universal cover of a space of non-positive curvature naturally inherits a metric of non-positive
curvature, called the covering metric.




Theorem 1.3 Let (M*4,d) be a convezr {-manifold having at least one topologically tame

point. Then M* is topologically equivalent to R*.

Theorem 1.4 Let (M*,d) be a convez 4-manifold having at least one metrically tame

point. Then M* is topologically equivalent to R*.

Remark. The high dimensional non-euclidean non-positively curved examples of
Davis-Januszkiewicz and Ancel-Guilbault have metrically tame points.

Theorem 1.4 follows from Theorem 1.3 and the 3-manifold recognition theorem
recorded below. In order to establish Theorem 1.3, it suffices via Freedman [48] to
show that M? is simply connected at infinity. To this end, it is sufficient to show that,
given € M* topologically tame, each metric sphere S,(z) is bicollared in M*. For this
rather quickly implies that M4 — {z} = §,(z) x (0,00), for every 7 > 0. A moment’s
reflection then permits us to see that .5, (z) = {1} for every 7 > 0 and hence M* will

then be shown to be simply connected at infinity.

Theorem 1.5 Let Y be a locally compact, finite dimensional hausdorff space. Then'Y

is a 3-manifold <= the following two conditions are satisfied:

0, ift#3
1. Y isahomology 3-manifold, i.e., forally € Y, H;(Y,Y —{y}; Z2) &

Z, ifi=3
2.  Each component of Y admits a compatible, complete inner metric for which curvY <

K |, for some K < cc.

Remark. Berestovsky has shown that every finite polyhedron, P™, admits a

metrization that turns it into a 1-domain (cf. [12]). The induced inner metric on each

10



component yields the same topology on P™ and has the property that curv P™ < 1.
In light of the Bing-Moise 3-manifold triangulation theorems (cf.[13],[69]), the forward
implication of Theorem 1.5 is immediate. The reverse implication depends on n = 3 and
fails in higher dimensions. Simple high-dimensional counter-examples are obtained by
suspending triangulated non-trivial homology n-spheres and imposing the Berestovsky
1-domain metric on the suspension. For other applications of the Berestovsky metric,

the interested reader is referred to [12] and [5].
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CHAPTER 2

Elements of G-space Theory

The purpose of this chapter is to provide the reader with a sufficient understanding
of both the classical and modern theories of G-spaces used in the remainder of this
paper. No prior familiarity with G-space theory is assumed. By the classical theory,
I am referring to Busemann’s work in [28], e.g., and the related topics of intrinsic
geometry as described by Rinow [83]. I use the phrase ‘modern theory’ to refer to the
study of the topology of finite-dimensional G-spaces as in [58] and continued here. The
difference is mainly the point of emphasis. In the classical theory, one looks at various
kinds of geometric constraints (curvature restrictions, Desarguian space-form, etc.) and
attempts to discover the global properties of the G-space. In the modern theory, one
is concerned with the structure of arbitrary G-spaces and brings to bear such tools as

algebraic topology and the theory of retracts.

1 Classical Concepts

In order to understand the geometric structure in an arbitrary G-space, it will be

necessary to further study Definition 1.2 and identify several important consequences.

Theorem 2.1 Let (X,d) be a G-space. Then (X,d) is a complete inner metric space

which is locally compact.

12



Proof. Let {z,}22, be aCauchysequencein X. Given € = 1, thereisan index N > 0

so that if n,m > N , then d(z,,z») < €. Note that {2, },»>n is contained in B(zn,¢).
Via finite compactness, it follows that {z,, }m>n has a limit point y € B(zn,¢) which
implies {z,}52, converges to y.

To verify that (X,d) is an inner metric space, recall that the length, L(v), of a

continuous path 7 : [a,b] — X is given by

L(y) =sup ) d (7(t;),7(t5+1)) (2.1)

where P is a partition of [a,b] of the forma =t <t; <...<t, =b. Nowfix z,y € X.
It is an immediate consequence of the triangle inequality that if v : [a,b] — X is any
path such that y(a) = z and v(b) = y , then L(7y) > d(z,y). Hence to show that d is an
inner metric, it suffices to construct a path 54 for which L(vy) = d(z,y).

To this end, choose 7 > 0 sufficiently large so that z,y € B(z,7).

Existence of Midpoints: Consider the set of points C = {z € X |d(z,2) + d(2,y) =

d(z,y)}. Note that C C B(z,r) and, via the continuity of the distance function, if
{2} C C is any convergent sequence with z; — z9 as k — oo, then d(z, z0) + d(20,y) =
d(z,y). Thus C is closed, bounded and therefore compact, via finite compactness of
X. Next define a map f : C — [0,¢) by f(z) = min{d(z,z2),d(y,z)}. Then f is
continuous and obtains its maximum p = f(m). I claim that m is a midpoint for z,y,
ie p= %d(z, y). Suppose to the contrary that p # %d(z, y). Without loss of generality,

let p = d(z,m) < d(y, m) and consider the set

K ={z € X \{m}ld(m, z) + d(z,y) = d(m, y)} (2:2)

13



{Note: such z are said to be between y and m.} Via definition K is bounded and via

Menger convexity, K # 0. To see that A" is compact, it suffices to establish that K is

closed. Observe that for all z € K,

d(z,y) = d(z,m) + d(m,y)
= d(z,m)+d(m,z)+d(z,y)
2 d(z,2) +d(2,y)
> d(z,y)-
Therefore all such z are between z and y, and m is between z and z. Now z € K implies
f(2) < f(m), since m maximizes f. Since f(m) = p = d(z, m), and since m is between

z and 2, it must be the case that for all z € K

p=d(z,m) < d(z,z) (2.3)

Thus f(z) = d(2,y) and moreover

d(z,y) < d(z,m)=p (2.4)

holds for all z € K. Applying 2.4, note that for all z € K

d(m,z) = d(z,y) - {d(e,m)+d(z,9)}
> d(z,y) — 2d(z,m)
= B8>0
where 3 is independent of the choice of z € K. To see that K is closed, let {z;} C K be
any convergent sequence in A" and let lim z; = w. Continuity of the distance function

guarantees that w satisfies the equation of 2.2. Since d(m, z;) > 8 > 0 for all j, we have

14



that w # m and hence w € K. Thus K is closed and bounded and therefore compact,

via finite compactness. Consider the function
dim,): K — (0,00)

This function obtains a positive minimum at some point 2o € K. Apply Menger con-
vexity and obtain z; distinct from and between {m, 2} . This implies that d(m,21) <

d(m, zp). However 2; € K since

d(m,y) = d(m, z0) + d(20,y)

I

d(m,z1) + d(z1, 20) + d(20, )

> d(m,z) + d(z1,9)

> d(m,y)
and this contradicts the minimizing property of zp on K. It must therefore be the case
that p = 1d(z,y), which establishes the existence of midpoints.

Existence of Segments: The goal is to construct an isometry 7 : [0,2p] — X with

7(0) = z and 7(2p) = y. I claim there is a countable dense set A C [0,2p] and an isometry
v : A — X such that {0,2p} C A, with 7(0) = z,v(2p) = y. This is accomplished by
inductively halving the interval [0, 2p], and choosing corresponding midpoints. As X is
complete, there is a continuous extension of 4 to the entire interval, and continuity of

the distance function implies that this extension is an isometry. O

Corollary 2.2 Any two points in a G-space are joined by a geodesic segment.

Proposition 2.3 (Local uniqueness of joins) Let (X,d) be a G-space and let z € X.

There is a positive radius v, such that any two points y,z € B, (z) in the closed ball

15




are joined by a unique segment in X.

Proof. Via Definitionl.2, given z € X, there is a p; > 0 such that segments with
endpoints in B,,(z) may be extended uniquely. Set 7, = 3p; and let y,z € BTI(:rj. Via
Corollary 2.2 above, there is a segment v joining y to z. Let 73,2 be segments joining
y to z. There is a third point w € B, (z) such that z is between y and w. Necessarily
w ¢ {im~y;,im~2}. Apply Corollary 2.2 to construct a segment 3 joining z to w. It
is immediate that L(y; U~s) = d(y,w) = L(y2 U 73). Let —y3 be y3 with the reverse
orientation. Then —v3 has extensions —y; U —y3 and —72 U —73. Via uniqueness of
extensions, —y; U —y3 = —72 U —7v3, and hence 7; = 2 , as desired. O

One useful feature of G-spaces is the local cone structure. Recall that the cone over

a space Y, A(Y), is the space obtained from the quotient map

YxI—

where ~ identifies Y x {0} to a point. In light of Proposition 2.3, it is reasonable to
define a similar structure called the geodesic cone * Y over a subset Y of some G-
space X as the union of the images of all segments joining z to a point y € Y. The next
proposition states that locally these two concepts agree in a G-space whenever Y is the

boundary of a sufficiently small metric ball.

Proposition 2.4 (Local cones) Let (X,d) be a G-space and let x € X. There 1s a
positive radius e, for which the closed metric ball B, (z) is homeomorphic to the cone

over its boundary. That is,

16



where S (z) denotes the metric sphere about z.

Proof. Let ¢, = %rz, where 7, is given from Proposition 2.3. By definition, the
geodesic cone * Se,(z) is the union of all (images of ) segments ~, joining z to y, where
y € S..(z). (Note that by Proposition 2.3 and the axiom of uniqueness of extensions,
T * S..(z) is a non-singular cone.) It is an immediate consequence of this definition
that z * S..(z) C Be,(z). To see that B, (z) Cz * Se.(z), let z € B, (z) \ {z}, and
let s = d(z,2). If s = ¢, we are done. Assume that 0 < s < €z,and let v, be the unique
segment joining z to z. We aim to show that 7, may be extended to the boundary
Se.(z) . To this end, let 7, be a maximal extension of 7, in X (which exists via finite
compactness) and consider the length of 7;, L(7;). Now L(¥;) > €z = irg, for otherwise
we may apply local extendibility and extend 7, which contradicts maximality. Hence
z€7.([0,e]) C + S..(z),and therefore B, (z) = * Se.(z) as sets.

To see that z * Se,(z) =2 A (S, (z)) consider the map
A A(Se,(2) — 2 * Se.(x)

defined via the following rule. Each point [y,t] € A (Sc,(z)) is sent to the unique point
AMy,t) €z * S..(z) on the segment from z to y satisfying d(z, A(y,t)) = td(z,y). It

is clear that A is a well-defined bijection. It remains to be seen that A is continuous,

and therefore a homeomorphism between compacta. To this end, let{[yn,tn]}re, C

A (Se,(z)) be a sequence where [yn,t,] — [v0,%0] as n — o0.

Case to # 0 : In this case, y» — yo and t, — to as n — oo. Thus y, = A(Yn,1) —
o0

Ayo,1) = yo. Let {'yn :[0,e7] — 2 * Ssr(z)} be the isometries with v,(0) = z and

n=0
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Yn(€z) = Yn. This family of isometries is equicontinuous and locally bounded. Hence
by the Arzela-Ascoli Theorem, some subsequence uniformly converges to a continuous
map
P :[0,e5] — * Se,(T).

Apply semi-continuity of the length function (L(¢) < liminf L(7,)) and continuity of the
distance function to see that 1 is an isometry. It follows via Proposition 2.3 that ¢ = ~,.
Next let {)\(ynj,tn])} be any convergent subsequence of {A(yn,t,)} with limit point
weEzT x Se.(z) ( these exist via compactness) and, without loss of generality, suppose
that the corresponding subsequence of isometries v,, — 7. Note that AM(Yn,»stn;) =
Tn, (tn;) = Yo(to) = w as desired. To see that the original sequence {A(yn,tn)} converges
to w = vo(to), use finite compactness.

Case tg = 0 : Use continuity of the distance function to see that every convergent
subsequence of {A(yy,t,)} converges to z and then apply finite compactness to guarantee
convergence of {A(yn,?,)} as in the above case. O

Using the local cone structure, Krakus determined a pair of retraction inequalities
{see [58, pages 738-39]} which he used to determine the topology of low dimensional
G-spaces. The setup for these inequalities is as follows. Let 2 € X , let €5 > 0 be a cone
radius about z, and let 0 < €2 < %. Use the radial segments to define a continuous
retraction r : B, (z) — {x} — S.,(z). Next call a pair of points a,b € S,,(z) antipodal

if z lies on the unique segment joining a to b.

Proposition 2.5 (First retraction inequality) Let a,b € S,,(z) be non-antipodal points

and let y be in the interior of the unique segment joining a to b. Then we have the
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following strict inequality

d(y,r(y)) < d(y,a).

Proof. Suppose to the contrary that d(y,r(y)) > d(y, ) and consider the two cases.

d(y,r(y)) = d(y,a): If r(y) is on the segment [z, y], note that via additivity of the

length function

L([z,a]Ula,y]) =  L([z,a])+ L([a.9])
= e2+ L ([r(y),9])
= L([z,7(y)) + L([r(¥),9])
= d(z,y).
Hence {z,a] U [a, ] is the unique segment [z, y], and therefore a = r(y), since d(z,a) =
€2 = d(z,7(y)). Apply local extendibility and uniqueness of extensions to see that [z, a]U
[a,y] U [y,b] is a segment, which contradicts the choice of b € S, (z).

However if r(y) is not on the segment [z, y], then we have

L(lz,y]Vly,a]) = L([z,9])+ L([y,a])
= L([z,9]) + L(y,r(y))
= d(z,7(y))
Hence [z,y]U [y, a] is the unique segment [z, a] and hence y € [z,a], which contradicts

a, b non-antipodal.
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d(y,r(y)) > d(y,a): Note that

e2= d(z,a) < d(z,y)+d(y,a)
< d(z,y)+d(y,r(y))
= d(z,7(y))
= €2

which yields an immediate contradiction. O

Corollary 2.6 (Second Retraction Inequality) Leta,b € S.,(z) be non-antipodal points
and let y be in the interior of the unique segment joining a to b. Then the following
strict inequality holds

d(b,r(y)) < d(a,b).

Proof. Apply Proposition 2.5 to get that d(y,r(y)) < d(y,a). Then

d(b,r(y)) < d(b,y)+d(y,r(y))
< d(b,y)+d(y,a)

= d(b,a).

Definition 2.1 A space Y is called homogeneous provided for any two points z,y € Y

there is a homeomorphism of pairs h: (Y,z) — (Y,y).
Compare the next result with Busemann homogeneity property [28, page 49].

Theorem 2.7 Fvery G-space is homogeneous.
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Proof. Let X be a G-space. Via Corollary 2.2, X is path-connected. Fix z¢o € X
and let A = {z € X| 3 homeomorphism ¢ : (X,z) — (X, z0)}. It suffices to show that
A = X. Note that A # 0 since z, € A

A is open: Let a € A ,choose ¢, > 0 a cone radius about @ as in Proposition 2.4,
and set § = <. It suffices to show that int Bs(a) C A. To this end, let y € int Bs(a)
and let w € 9Bs(a) be the unique boundary point such that y is contained in the
interior of the segment joining a to w. Note that via the triangle inequ.a,lity, Bgzm(w) C
int B, (a). Hence & is a cone radius for w. Let ¢, = d(w,y) and let A : [0,%] — [0, 5]
be a piecewise linear homeomorphism sending 0 — 0,%, — £, and & — <. Apply
Proposition 2.4 to find the homeomorphism ¢ = A~! : Bgza.(w) — A (S%a.('(l])) . Define
a homeomorphism © : A (S%a(“))) — A (S%a_('U))) via O ([z,1]) = [z, h(t)]. Observe
that

¢: Bea(w) — .Bé_zu.(’U)) given by

¢:’¢_1090’Ib

is a homeomorphism sending y to a and fixing the boundary of Bgzg(w) Extend ¢ to a
homeomorphism @ : (X,y) — (X, a) by declaring ® to be the identity on X — Bi_za.,(w).
Then y € A, as desired.

A is closed: Let {a,}32, C A be a convergent sequence such that nlLIgO a, = a.
Choose a cone radius ¢, > 0 about a and find a, € int Bs_f(a). Let w € 8B544(a)
be the unique such point so that a, is in the interior of the segment joining w to a.
Arguing as above, find a homeomorphism ¢ : B%a(w) — B%,L(w) fixed on the boundary
and sending a, to a. Extend to a homeomorphism @ : (X,a,) — (X, a) as before.

Therefore a € A as desired.
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Since X is connected, it must be the case that A = X and thus X is homogeneous. O
Remark. Busemann asked ([28, page 403]) whether every G-space is locally homo-
geneous in the sense of Montgomery [70], i.e., can the homogeneity homeomorphisms
be chosen so that each is isotopic to the identity. Upon closer inspection of the proof of
Theorem 2.7 above, one notices the answer is affirmative, either as a local consideration

or as a global one.

2 Modern Concepts

A litmus test for an arbitrary space to be a topological manifold is that it must be a
generalized manifold, i.e. a finite dimensional ANR homology manifold. It is the aim of

this section to establish that every finite dimensional G-space is a generalized manifold.

Definition 2.2 (ANR) Let Y be a metric space. Y is said to be an Absolute Neighbor-
hood Retract provided for every closed embeddinge : Y — Z of Y into a metric space
Z, there is an open neighborhood U of the image e(Y') which retracts to e(Y'). That is,

there is a continuous surjection
r:U —e(Y)

with r(z) = ¢ for all z € e(Y).

The following recognition theorem for ANR’s is mainly due to Kuratowski [59] and

more general statements of this theorem are found in [37, page 119] and [90, page 237].

Theorem 2.8 LetY be a finite dimensional, locally contractible separable metric space.

ThenY is an ANR.
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Recall that a space is separable if it has a countable dense subset. For metrizable

spaces, the Lindelof property (every open cover has a countable subcover) implies sep-

arability (see [72, page 194]). As an immediate corollary to Theorem 2.8 and finite

compactness in G-spaces, we have the following result.

Corollary 2.9 Every finite dimensional G-space is an ANR.

Proof. Apply Proposition 2.4 to see that every G-space X is locally contractible. To
see that X has the Lindeldf property, note that X is the monotone union of compact

metric balls

and hence is Lindeldf. O

Remark. Whether or not every G-space is an ANR is apparently unsettled at the
time of this writing. At the heart of the matter is the Busemann finite dimensionality
question: Are all G-spaces finite dimensional [28, page 403]7 A partial affirmative answer
was obtained by Berestovsky [11]. See [29, page 64] for an outline of Berestovsky’s work

on this problem.

Definition 2.3 (homology manifold) Let Y be a topological space and let n € N be a

positive integer. Y is said to be a homology n-manifold provided for every y € Y,

H:(Y,Y - {y}; 2)= H; (R*,R" — {0}; )

where H;(-,; Z) denotes singular relative homology with integral coefficients.
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The sheaf-theoretic approach to homology manifold recognition theory was begun

by Bredon [19] and continued in the subsequent work of Bryant [22], and Dydak-Walsh

[45]. All three of these results can be applied to the G-space setting to establish the

desired conclusion. As a matter of convenience, the reader is referred to [45, page 84]

for a proof of the following result.

Theorem 2.10 LetY be locally compact, metrizable. SupposeY satisfies the following

properties:

P, Y is homologically locally connected with respect to singular homology, i.e. given a
point y € Y and a compact neighborhood Ay of y, there is a compact neighborhood

B, C Ay such that inclusion induces the trivial homomorphism
iw: Hy(By; 2) — Hio(Ay; 2).

P,] Y has constant integral cohomological dimension dimzY = n, t.e. for each open

subset U # 0, the cohomology with compact supports has the property
HXU;2)=0, fork>n

and there is some open subset V for which H (V;Z) # 0.

P3] For any two points z,y € Y the local Steenrod homology groups are isomorphic,
i.e.

SHL(Y,Y —{y}; 2) 2 *He (Y)Y —{z};Z) for k=0,1,...n.

P4) Each Steenrod local group *H (Y,Y — {y}; Z) is finitely generated.
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Then'Y is a homology n-manifold.

It is an immediate consequence of Proposition 2.4 that every G-space satisfies P1].
If X is a finite dimensional G-space, then by Theorem 2.7, both P;] and P3] hold.
The next result, which is due to James West [91], is an important property of compact

ANR’s and will be used to verify Pg4].

Theorem 2.11 (West) Every compact ANR has the homotopy type of a finite polyhe-

dron.

Theorem 2.12 Every finite dimensional G-space X satisfies Property 4] of Theorem

2.10, and consequently every such X is a homology manifold.

Proof.  The strategy is to first show that sufficiently small metric spheres in X are
compact ANR’s and then apply West’s Theorem in order to deduce P4]. To this end,
let z € X , let £1 be a cone radius of z and let 0 < e < §. Fix a point a € Se,(z) and

set
Qs(a) = Se,(z) N Bs(a)

where 6 is a cone radius about @ such that § < e5. Note that no pair of points in
Qs(a) is antipodal. Exploiting the cone structure of Bs(a), we may naturally define
the continuous deformation H : Qs(a) x I — Bs(a). Composing with the retraction of

Proposition 2.5, we obtain a deformation

roH :Qs(a) x I — S ().
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Apply Corollary 2.6 to see that the image of r o H is contained in @s(a) and hence

roH :Qs(a) x I — Qs(a)

is a contraction of Qs(a) in itself. Apply Theorem 2.8 and the hypothesis that dim X <
oo to see that S, (z) is an ANR, as desired. O

We now extend Definition 2.3 to include a notion of boundary.

Definition 2.4 (homology manifold with boundary) A space Y is said to be a homology
n-manifold with boundary providedY can be written as the disjoint union of subsets A, B
so that

a. Forallac A, H.(Y,Y — {a}; Z2)= H.(R",R" - {0}; Z)

b. Forallbe B, H.(Y,Y — {b}; Z) 20

As a corollary to Theorem 2.12 and the local cone structure, we obtain the following

result.

Corollary 2.13 Let (X,d) be a G-space, dim X = n < o0o. Then for all sufficiently

small > 0 and z € X, we have that

1. B.(z) is a homology n-manifold with boundary 0B.(z) = 5-(z)

2. S.(z) is a homology (n — 1)-manifold with empty boundary.

Proof. Choose r < e, where ¢, is the cone radius about z. Via Theorem 2.12, X
is a homology n-manifold. Therefore int B,(z) is also a homology n-manifold. Since

int B.(z) is contractible, it is necessarily orientable (see Dold {44, page 255]) . Let

26



z € S.(z) and apply the cone structure of B,(z) to see that B,(z) — {2z} is contractible.

Hence

H.(B:(z), B:(z) - {z}) = 0

which establishes part 1.

For part 2, apply the cone structure to find a homeomorphism
e: S (z)x(-1,1) — U

where U is an open set in int B,(z) containing S-(z) and e(S,(z) x {0}) = S.(z).
Necessarily U is an orientable homology n-manifold. Let y € S.(z) and J = (-1,1).

Use duality to obtain that

H*(ST(QI),ST(III) - {y}) = H. (S-,.(CL') X J, Sr(x) xJ - {y X ‘]}) = HZL_* (y X ']) :

- Z ,x=n-1
Via [88, page 322], HP~*(y x J) & H"=*(S!) = and therefore S,.(z)

0 ,otherwise

is a homology (n — 1)-manifold. O
With this homology data in place, it is relatively straightforward to verify Buse-

mann’s conjecture for dimensions < 3.

Corollary 2.14 Let X be a G-space with n = dim X < 3. Then X is a n-manifold.

Proof. Use the retraction of Proposition 2.5 to see that sufficiently small metric
spheres S.,(z) are connected and locally path connected. Therefore such S,,(z) are
Peano continua. Utilizing Corollary 2.13, note that such S.,(z) are themselves homology

(n— 1)-manifolds. Now apply classical manifold recognition theory in dimensions 1 and



2 (see [92]) to recognize such S, () as topological manifolds. This now allows us to find,
using the local cone/product structure in Be,(z) — {z}, points in X having manifold
neighborhoods. Now apply Theorem 2.7 to see that every point in X has a manifold

neighborhood. O
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CHAPTER 3

Cell-Like Maps

Modern decomposition theory of manifolds is the study of proper, surjective maps

of the form

FiMT— X (3.1)

where M™ is a manifold and each fiber of f, f~1(z), is a compact subset of M™. (Recall
that f is said to be proper provided f~Y(C) is compact for each compact C.) One
of the principal concerns of the theory is to determine when maps of the form (3.1)
can be approximated arbitrarily closely by homeomorphisms. If f is approximable by
homeomorphisms {or ABH}, one is able to immediately determine the topological type
of X as being that of M™.

A necessary condition that a map of the form (3.1) be ABH is that each fiber f~*(z)
be a cell-like set [37, page 35], and such a map is said to be a cell-like map. However
this condition is not sufficient and the interested reader may find a plethora of non-
ABH examples in [37, Section 9 and Chapter VI].

Given a space X, we are naturally led to ask two fundamental questions.

Question A: When does there exist a manifold M™ and a map of the form (3.1)

having cell-like fibers?

Question B: Given such a map, when is it ABH?
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This chapter is devoted to answering Question A when that X is a 4D G-space.
1 Cell-Like Sets and Resolutions

Definition 3.1 (Cell-Like Set) Let C' be a compact metric space. C s said to be cell-
like provided given any embeddinge : C — Y, where Y is an ANR, and given any open

subset U C'Y such that e(C) C U, there is a contraction H : e(C)x[— U.

Examples of cell-like sets include all contractible metric compacta. Non-contractible
1

cell-like examples include the sin — continuum and Whitehead’s continuum. See [37,
T

Chapter III] or [90, Chapter 7] for an introduction into this field of study. The survey

[68] gives a good account of the current state of topology of cell-like maps and includes

an extensive list of open questions in the area.

Definition 3.2 Let Y be a separable metric space. Y is said to be resolvable provided
there is a manifold M™ and a cell-like surjection f : M™ — Y. Such a map is said to

be a resolution of Y.

Remark: It is a trivial (but, as we will see, a nonetheless useful) observation that
every manifold is resolvable.

If Y is a finite-dimensional separable metric space, then a necessary condition that
Y be resolvable is that ¥ be an ANR homology manifold as defined in Chapter 2
(cf. [37, Section 26]). As we have seen, every finite dimensional G-space is an ANR
homology manifold and these spaces are therefore candidates for resolvability. One must

proceed carefully as it has recently been shown there are non-resolvable ANR homology
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n-manifolds when n > 6 (cf. [24]), and it is conjectured that such examples exist for all

n 2> 4.

Definition 3.3 (admissible) Let Y be a homology n-manifold.
a. If0Y = 0, then Y is said to be admissible to resolution theory provided Y 1is a
locally compact, connected, finite-dimensional, separable, metrizable ANR.

b. If Y # 0, then Y is said to be admissible to resolution theory provided both Y — Y

and 8Y are admissible homology manifolds with empty boundary.
The basis for all resolution theory is the following theorem due to Quinn [80].

Theorem 3.1 (Quinn’s local index)Let n > 1 and let Y be an admissible homology
n-manifold . There is a ‘local indez’ i(Y) € (1 + 82) defined, which has the following

properties.

1. For every non-empty, open U C Y, {(U) = «Y).
2. IfdY # 0, then {0Y) =i(Y).
3. If X is admissible, then (X xY) = i(X) xi(Y)

4. If dimY > 5, or if dimY = 4 and Y is either empty or a 3-manifold, thenY is

resolvable if and only if {(Y) = 1.

There are some immediate and striking corollaries to Theorem 3.1 and the seemingly

innocuous remark following Definition 3.2.
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Corollary 3.2 LetY be an admissible homology n-manifold, n > 4. Assume 3Y = (.

a. If there is a single pointy € Y having a manifold neighborhood Uy, C Y, then «(Y) = 1

and Y 1is resolvable.

b. IfY is polyhedral, then {(Y) =1 and Y s resolvable.

Proof. For part al, since Uy is a manifold, i(U) = 1. Apply Property #1 of the local
index to see that i(Y') = 1. Part b] follows after applying part a] to any point y lying in

the interior of a top dimensional simplex. O

Corollary 3.3 Let Y be an admissible homology n-manifold, n > 4. Assume 0Y = 0.
If there is an embedding e : N*~! — Y of an topological (n — 1)—manifold N"~!such

that e(N™1) locally separates Y, then {(Y) =1 and Y s resolvable.

Proof. Find a neighborhood W C Y and an open cell D*"1 C e(N) for which
W — D"~1 is the disjoint union of two open subsets W; and W, whose common boundary
is D*=1. Set X = W; U D™ ! and note that X is an admissible homology manifold
whose boundary is the open n — 1 cell D"~'. Let Z = X |J {D™!x[0,1)} be the
adjunction space formed by attaching an open collar to (9X.D(')lt_)1serve that for every open

set U contained in the collar, i(U) = 1. Via Property #1 of the local index, 1 = i(U) =

i(Z) = i(W7) =1i(Y), and hence Y is resolvable . O
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2 Resolving 4D G-spaces

The overall strategy to verify resolvability of a 4D G-space X is to construct a
locally separating embedding e : D3 — X and apply Corollary 3.3 above. Recall the
definition of Qs(a) = SEQ(Z)HB(a), for suitably chosen ¢, and §, and consider the
frontier of Qs(a), Ks(a), given by Ks(a) = Se,(z) N Ss(a). It is precisely Ks(a) which

we wish to analyze using the following recent theorem of Mitchell [67]

Theorem 3.4 (Mitchell) LetY be a locally compact, first countable homology n-manifold
with boundary. Assume that dimzY < co. Then either

1. 9Y s empty, or

2. 8Y is a homology (n — 1)-manifold with empty boundary. Moreover if Y # 0, then

Y is cohomologically locally connected over Z.

We say that a space Y is cohomologically locally connected over Z provided for every
y € Y and every neighborhood Uy, there is a sub-neighborhood Vj, so that inclusion
induces the trivial homomorphism i* : H*(Uy; Z) — H*(Vy; Z). (Compare with P1] of

Theorem 2.10.) We now apply Mitchell’s Theorem to analyze the topology of 0Qs(a).

Proposition 3.5 Let X be a G-space, with dimX = n < o0, let z € X and let Qs(a)

be as in the proof of Theorem 2.12. Then Qs(a) has the following properties.

1. Qs(a) is a homology (n — 1)-manifold whose boundary 0Qs(a) = Ks(a).
2. Ks(a) is a homology (n — 2)-manifold .

3. Ks(a) is cohomologically locally connected over Z.
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Proof. Via Corollary 2.13, S, (z) is 2 homology (n—1)-manifold (with no boundary).

Thus int Qs(a) = Ssz(x)ﬂint Bs(a) is a homology manifold with empty boundary.
Recall the contraction 7 0 H : Qs(a) x I — @s(a) from page 25 and, applying the
second retraction inequality, note that for each w € Kjs(a), the restriction r o H| :
Qs(a) — {w} x I — Qs(a) — {w} is a contraction of Qs(a) — {w}. Therefore the local
homology groups H.(Qs(a),Qs(a) — {w}; Z) vanish which implies 0Qs(a) = Ks(a). By
Mitchell’s Theorem, Ks(a) is a homology (n — 2)-manifold which is cohomologically
locally connected over Z. O

At the core of the proof of Theorem 1.1 is the following recognition result.

Proposition 3.6 Let n = 4 and let Ks(a) = dQs(a) be as above. Then 0Qs(a) is

topologically equivalent to the 2-sphere, 52.

Proof.  Via Proposition 3.5 above, 8Qs(a) is a homology 2-manifold. Since Qs(a) is
contractible, it is orientable over Z {see [4]}. Via the proof of Theorem 2.12, Qs(a) —
dQs(a) is also contractible. Apply Lefschetz Duality (cf. White [93, Thm. 4.3]) to see
that

H.(0Q5(a)) = H.(S?) (3:2)

which gives that Qs(a) is connected (among other things). Apply the third conclusion
of Mitchell’s theorem and [53, page 348] to see that 0Qs(a) is locally connected. Since
0Qs(a) is compact, it is necessarily a Peano continuum. Classical 2-manifold recognition
theory (see [92]) guarantees that every homology 2-manifold which is a Peano continuum

is a genuine 2-manifold. From the homology data in (3.2), d@s(a) is seen to have the
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homology of S2. Now apply [62, page 26] to recognize 9Qs(a) as §%. O

Corollary 3.7 Every 4-dimensional G-space is resolvable.

Proof. Given X% a G-space, let 8Qs(a) be as above and consider the (non-singular)
geodesic cone z * 0Qs(a) C Be,(z). Via Proposition 3.6 and the cone structure of
Be,(z), we are able to recognize z * 0Qs(a) as being a genuine 3-cell. Moreover since
0Qs(a) separates Se,(z), duality guarantees that = : dQs(a) separates B.,(z). Now
apply Corollary 3.3 to see that i(X ) = 1 and hence X* is resolvable by Quinn’s Theorem
3.1.0

Remark. Notice that in the proof of the above corollary, we have a choice of either
of two 3-cells having the separation property: D =z * 0Qs(a) and D3 =a * 0Qs(a).
That is, coning over 8Qs(a) from either z or a yields an embedded 3-cell in X. It
is an immediate consequence of the second retraction inequality that these two 3-cells
D% and D3 meet only in their common boundary 0Qs(a) = S2. Therefore D3IU D2 is
a topological 3-sphere embedded in X which separates. Consider the unique segment
[z,a] and let y be in the interior of this segment. Clearly a component of X — D3u D3
is a neighborhood of ¥ and the boundary of this neighborhood is an embedded 3-sphere.

A space X each of whose points have arbitrarily small neighborhoods with n-sphere
boundaries is said to be locally n-spherical. The next result establishes that each 4D

G-space has this local structure.

Proposition 3.8 Let X be a 4-dimensional G-space. Then X is locally 3-spherical.
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Proof. Let y € X and let W, be an arbitrary open neighborhood of y in X. The
goal is to produce an open neighborhood V,, C W, having a 3-sphere boundary. To this
end, choose ¢ such that 0 < ¢ < %y and with the property B.(y) C W, (here ¢, denotes

the cone radius about y). Choose a point z € int B.(y) so that
y € int B,(z) C B,(z) C int B.(y)

for some 0 < r < % Note that the unique segment [z, y] has a natural extension to the
boundary S.(z) and this extension meets the boundary in a single endpoint which we
denote by a.

Arguing as in Corollary 3.7, we see that both D3 = = * 0Q-(a) and D3 = a *
0Q.(a) are 3-cells whose union forms a 3-sphere 3. We claim that £° is contained in
int B.(y), as £ is contained in B,(z)U B,(a). This can be obtained as follows. By our

choice of r and z, we have B,(z) C int B.(y). Moreover for any w € B,(a), we have

d(w,y) < d(w,a)+d(a,y)

< r+d(a,z)
< r4r

< 2r

< €

and therefore B,(a) C int B.(y), yielding 3 C int B.(y). Via duality and contractibility
of int B¢(y), we have Hy (int B¢(y) — £%;2) = H3(X3 Z) & Z. Hence L3 separates
int B.(y) into two components having £3 as the common boundary (see Raymond (81,

Thm. 2, page 12]).
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By our choice or r, neither z nor a is an element of 9Q,(a). An application of

uniqueness of joins reveals that int[z,a] ¢ ¥3. In particular y ¢ £° and the desired
open neighborhood V,, is the component of int B.(y) — £* containing y. O

It was shown in Corollary 2.14 that all G-spaces of dimension < 3 are locally spher-
ical. However, in this low dimensional setting, these local spheres are both tamely
embedded and compatible with the local cone structure in the sense that coning over
these spheres yields embedded cells. Neither of these features is readily apparent in
dimension 4 and the next chapter is devoted to constructing local spheres which, while

not completely tame, are sufficiently well-behaved for our purpose.
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CHAPTER 4

Locally Spherical Spaces

In the previous chapter, we saw every 4D G-space X is in fact resolvable and locally
spherical in the sense that points have arbitrarily small neighborhoods whose boundaries
are topological 3-spheres. It is precisely this local spherical structure which will allow
us to establish that every cell-like surjection f: M* — X* of a manifold onto the 4D
G-space is ABH and thus establish Theorem 1.1.

Let f : M™ — Y be a cell-like surjection of an n-manifold onto a locally spherical
space Y. In the absence of tameness conditions on the (n — 1)-spheres in Y, deciding
the ABH question for f is difficult, and indeed f need not always have this property.
Armentrout [7] has constructed a non-ABH example when n = 3 and the general
question remains unsolved for n > 4 as of this writing. The goal of this chapter is to
establish a certain tameness criterion on the local 3-spheres in a 4D G-space, called

Semi-niceness.

1 Singular Regular Neighborhoods: The Manifold Case

Let ¥"-! ¢ R™ be an embedded codimension 1 sphere. We say that ¥"~1 is flatly
embedded (or simply flat) provided there is a homeomorphism & : R® — R" sending
¥n-1 to the standard sphere S™~1. Via Morton Brown’s solution to the generalized

Schoenflies conjecture [21], "1 is flat precisely when it is bi-collared, i.e., when it has
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a neighborhood W parameterized by a homeomorphism
$:S" I x(-1,1)— W

such that ¢ (S*~! x {0}) = "1,

More generally, a codimension 1 submanifold N*~! C M™ is said to be locally flat
in M™ provided each point ¢ € N™~! is contained in a sufficiently small, bi-collared cell
D"=1. One of the principal tools for detecting local flatness is the following theorem
due to Bing [14] for n = 3, Freedman and Quinn [49, Thm. 9.3A] for n = 4, and

independently to Daverman [40] and Cernavskit [33] for n > 5.

Theorem 4.1 Let N*=1 ¢ M™. Then N™=1 is locally flat in M™"1if and only if N*~1

1s 1-LCC embedded in M™.

A subspace X C Y is said to be I-LCC at the point z € X provided for every open
neighborhood U, C Y there is a subneighborhood V; C U, so that every map of the
form ¢ : S! — V, — X can be extended to a map ® : D? — U, — X. X is 1.LCC
embedded if it is 1-LCC at each of its points. It is an elementary exercise that each
flatly embedded sphere £*~1 ¢ R", n > 3, is 1-LCC embedded in R".

Detecting the 1-LCC condition is a difficult task in general, but strategies exist in the
presence of certain types of deformations. In particular, the notion of a singular regular
neighborhood due to Hempel [52], and later studied by Cannon [32] and Daverman [36]
has shown to be particularly useful in detecting 1-LCC-ness in the case that Nr—lc M

is a codimension 1 submanifold.

Definition 4.1 Let X C Y be a subspace separating Y into two components U and V.
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a. X has a singular regular neighborhood in U provided there is a homotopy

H:XxI—T

such that Hy = 1x and Hy(z) € U for allt > 0 and for all z € X.

b. Given z € X, X is said to be locally singularly collared at z from U provided there
is a neighborhood W, C X and a homotopy H : W, X [ — U such that Hy = 1y,

and Hy(z) € U for allt > 0 and for all z € W,.

c. Given z € X, X is said to be locally singularly bi-collared at z provided it is locally

singularly collared at z from both U and V.

Theorem 4.2 (Daverman [36]) Let N"~! C M"™ be a submanifold separating the man-

ifold M™into two components U and V.

1. If z € N™! and N""is locally singularly collared at z from U, then N*=1 is 1-LCC

inU at 2.

2. If z€ N™ ! and N™Vis locally singularly bi-collared at z, then N*~1 is 1-LCC in

M™ at 2.

3. If N1 has a singular reqular neighborhood in both U and V, then N*~1isl-LCC

embedded in M™.

Our aim is to generalize Daverman’s Theorem so that it applies to the local spheres

in a 4D G-space. Using the notation of Theorem 2.12, recall the contraction

roH :Qs(a) x I — Qs(a).
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As an application of the second retraction inequality, note that the restriction of this map

roH|:0Qs(a)x I — Qs(a) gives rise to a singular regular neighborhood of 8Qs(a) in

Qs(a). We would like to conclude from Daverman’s Theorem that the 2-sphere dQ)s(a) is
1-LCC embedded in Qs(a). However Daverman’s Theorem does not immediately apply
as S.,(z), although separated by 0Q(a), is not necessarily a topological manifold. All
is not lost, for S, (z) is a homology manifold and it retains enough of the homological

properties of a manifold to allow Daverman’s Theorem to be extended to this setting.

2 Algebraic Preliminaries

Let H*(Y; Z) denote Cech cohomology with compact supports and integral coef-
ficients for the space Y. For the definition of this group see Spanier [88, page 327 or
358]. An important fact to note is that HX(-;Z) is a contravariant functor from the
category of topological spaces and proper maps to the category of Abelian groups and
homomorphisms. Moreover H*(+;Z) is a proper homotopy functor in the sense that if
G :Y x I — X is a proper map then Gy and G; induce the same homomorphism

between H*(X;Z) and Hx(Y;Z2).

Definition 4.2 (orientable) Let Y be an admissible homology n-manifold with 8Y =
(as defined on page 31). Y is said to orientable provided if U C Y is any connected
open subset with U compact, then inclusion j : U — Y induces an isomorphism j* :

H™MU;2) — HX(Y;Z). Here j* is the homomorphism in the eract sequence of the
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o HETNY - U3 2) — BV 2) 25 HX(Y;2) =

Proposition 4.3 Let Y be an admissible homology n-manifold, 0Y = 0.

1. Y is orientable if and only if HMY ;Z) = Z.

2. Y orientable implies every non-empty connected open subset U C Y 1is orientable.

w

. 'Y orientable implies H(A;Z) = 0 for every proper closed subset A g Y.

4. Y orientable implies every covering Y of Y has orientable components.

Proof. See Wilder [92], Raymond [81], or Dold [44, Section VIIL.2]. O

Let [X] and [Y] denote generators of H7(X;Z) and H*(Y;Z) respectively where X
and Y are orientable admissible homology n-manifolds. The degree of a proper map
f: X — Y is the integer deg f such that f*([Y]) = deg f [X]. This integer is unique
up to sign.

The following result, which is due to Olum (see [75], [46]) in the manifold setting,

is a key ingredient in Daverman’s Theorem and its generalization.

Theorem 4.4 Let f : X — Y be a proper map between orientable admissible homology
n-manifolds such that deg f = +1. Then f induces an epimorphism of fundamental
groups

f# H 7I'1X — 71'1Y
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Consider the following commutative diagram

Y

X Yy (4.1)

f

where p: Y — Y is the covering map associated to the subgroup fa(mX) C m1Y. Note
that f proper implies f is proper. Let j = [mY : fg(m1X)] be the index of fg(m X ) in

m1Y. It is well known ( see {72, page 342]) that p is a j-fold covering.

Lemma 4.5 j = co implies deg f = 0.

Proof. Lety € Y and set K = f~!(y). Since f is proper, K is a compact subset
of X and via commutativity of (4.1), f(X) is a compact subset of p~!(y). Therefore
f(K) is a finite collection of points {§,...,7x}. Consider the pairs (X, X — K) and
(Y,Y - {y}).

Let Cy denote the collection of all compact subsets Y . Any compact subset of ¥ is
contained in a compact, connected subset, for we may first cover such a set by a finite
number of connected open sets having compact closure, then join the elements of this

finite cover by arcs. This says that the collection of continuum of Y, Ky, is cofinal in

Cy in the sense of Dold [44, Def.VIIL.5.16]. This implies that
AZ(Y)=lm{A"(Y,Y - C)|C € Cy } = lim {fm(v,y -c")|C' € Ky}
Apply universal coefficients to see that

A" (Y,Y — C) 2 H*(Y,Y — C') 2 Hom (H,(Y,Y - C"), Z)®Ext (Haer (V.Y = C'), 2) .
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Orientability implies that Ext (H,_1(Y,Y = C"),2) 2 0, H,(Y,Y — C') = Z. (See [44,
Section VIII.3].) These isomorphisms are compatible with inclusion and hence we obtain
an isomorphism

ay : HMY,Y = {y}) — HZ(Y).

as {y} € Ky. Naturality yields a map ax and a commutative diagram

(X)) =—2— fn(X, X - K)
fr f*
HY(Y) = oY, Y - {y}) (4.2)

Using diagrams (4.2) and (4.1), we obtain the following commutative diagram

Ar(X) =2k A*(X,X - K)
f f f
H2(Y) g A"(V,Y = g}) ——— B (V.Y = p7 ) (49)

To see that deg f = 0, it suffices to show that ax o f* : H” (17,}7 - p‘l(y)> —

H?(X) is the zero homomorphism. Use excision to produce the isomorphism
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allowing us to identify A" (Y, Y — p‘l(y)> with the right hand side of (4.4). Consider
the restriction f*| : H™ ()7,)7 -~ Hy) W, - ..,@k}> — H"(X,X — K). There is a

commutative triangle

(X, X - K)

# (7,7 = p () U, - 30)

f*

AHYX,X)=0

which implies that this restriction of f* is zero.

Next fix i € {1,...,k} and consider the composition
rn (Vv -~ f* TN s\ XX Ign
i (V.7 - {5:}) £ (X, X - K) 2% HX(X).

To see that this map is zero, let z € p~'(y) — {#1,..., ¥} and consider the following

diagram
HY(X,X - K) =X HM(X) = bx HYX,X)=0
f f* T
i (V.Y - {5)) ———— H2(V) ——% g (V.Y - {2))

This establishes that f* is the zero homomorphism and thus deg f = 0, as desired. O
Now under the hypothesis of Theorem 4.4, deg f # 0. Hence, by the Lemma 4.5

above, 7 is finite and therefore p is a proper map. The result will immediately follow
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from functorial properties and the following lemma which is stated under the hypothesis

of Theorem 4.4.

Lemma 4.6 Letp:Y — Y be a j—fold cover where j is finite. Then degp = j.

Proof. Since Y is orientable, we may orient Y and Y consistently by insisting that
p be orientation preserving over some evenly covered, connected, open subset U C Y
where U is compact. Specifically, p~}(U) = _[i|1 U; where the restriction p| : U; — U is
a homeomorphism and we choose the orientation on Y so that pis orientation preserving
on each U;. We compute the degree of p by considering (as in [44, page 268]) the induced
map of pairs

. Ha, (f’,Y - p-l(ﬁ)) — H, (Y,Y - TJ‘) .
Using excision and the compatible orientations, we have that p, is equivalent to the

J J
homomorphism €@ Z — Z which maps a j—tuple (ny,...,n;) — Y n;. Therefore
~

=1 I3

(1,...,1) — j, and hence deg p = j, as desired. O

Proof of Theorem 4.4. Functorial properties and commutativity of (4.1) imply that

deg f = £1 = degp deg f = jdeg f

and hence j = 1, which implies that fx : 711X — mY is surjective. O
3 Singular Regular Neighborhoods: A General Case

The goal of this section is to establish the following generalization of Daverman’s

Theorem.
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Theorem 4.7 Let ¥ be a compact, orientable admissible homology n-manifold. Assume
that ¥ is a homology sphere, i.e. H.(Y) = H.(S™). Let N*~! C X be a compact
topological (n — 1)-manifold which separates ¥ into two components U and V. If N is

locally singularly collared in U, then N is 1-LCC imbedded in U.

The proof of Theorem 4.7 closely parallels Daverman’s argument in [36]. As in [36],

we begin with the following lemma.

Lemma 4.8 Let D! be an (n — 1)-cellin N*~' and f: D x I — U is a map such
that f(d,0) = d and f(d,t) € U for alld € D andt € I. Then there is a connected open
subset W C U satisfying

intD CW C f(Dx1I) (4.5)

Proof. Let A: N" ! —0,1] be a Urysohn function such that A=1(0) = N —int D.

Define a homotopy G : N x I — N U f (D x I) by the rule

f(z,A(z)t) ,z€D
G(z,t) =
T ,z¢D
and notice that G satisfies three conditions:
Condition 1. Go(z) ==z, forallz € N
Condition 2. Gy(z) ==z, forallz € N —int D
Condition 3. Gy(z)N N =0, forallt > 0 and all z € int D.

Our first aim is to show that G1(/V ) separates X. To this end, note that via conditions

1-3 above it is possible to write G1(N) = (N —int D) U G1(D) where (N —int D) N
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G1(D) = §7=2 = 9D. Consider the inclusion induced homomorphisms of homology

iyt Hy_o(8§™"%) — Hp_o(N —int D)

Ju t Hyo(8™2) — H,—2(G1(D)).
In each case a generating cycle of H,_2(S™"2) is sent to a bounding cycle and hence
ix, and j, are the zero homomorphisms. This implies that the induced maps of Cech

cohomology i* and j* are trivial as well. Consider the Mayer-Vietoris sequence

co o BN —int D) @ B 2(Gy(D)) 2 72572 L A (Gy(N)) - .
(4.6)
Since ¢* + j* is trivial and the sequence is exact, H"(5""2) Y gm2(Gy(N)) is a
monomorphism. In particular we have that H"~1(G1(V)) # 0.
Since ¥ is a homology sphere, it is orientable and hence by generalized Alexander

duality we have that
Hi (2,2~ Gi(N)) = H"HG1(N)) # 0.
Upon considering the long exact sequence of the pair (X, — G1(N)), we have
0= Hy(S) = Hy (5,5 — G1(N)) = Ho(E ~ G1(N)) = Ho(Z) =0

and thus G;(NV) separates X.

Letting V denote the component of ¥ — G1(N) containing int D, we set W = unv.
To see that W is the desired open subset of U, suppose to the contrary that there is
point

weW - f(DxI)CW —-G(N xI).
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Let S™~! be the standard (n—1)-sphere in R", and express S™~! as the union of its upper
and lower hemispheres £, and E_. Let § : E, — E_ be a homeomorphism which is
the identity on the common boundary S®~2. Name a homeomorphism h : E; — D.

We define a map ¢ : S*~! — X via the rule

h(z) ,forz e Ey

Grohof(z) ,forze E_

and, via a Mayer-Vietoris analysis as above, H"1(im ¢) # 0 which implies that im ¢
separates ¥. Enumerate the components of ¥ —im ¢, A1, Ag, - - - and assume the labeling
is such that w € Ay. Choose a connected open neighborhood Q,, such that Q,, C Q, C
Ay — f(D x I). There are two cases to consider.

Case 1. X — f(D xI)C Ay

We claim there is a j > 2 so that W* = A; — G1(D) satisfies (4.5) above. To this

end, note that ¥ — f (D x I) C A; implies that

AyUA3U---CE=A; C f(DXI)

and hence the union A3 U AzU ---is an open set contained in f(D X I). Let z € int D
and let F»~1 be a subdisc of int D with z € int F. Let O, be a connected open subset
so that O, C ¥ — G;(D) and int F separates O, into two components A, and A;. Note
that A; and A, are subsets of ¥ — im ¢.

We aim to show that A; and A; lie in different components of ¥ — im ¢. Consider
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the following commutative diagram

~J

= Hn

C

Ho (O, — int F)

(O —int F)

Ho (T - im ) — Hr (S —im ¢) (4.7)

where k and f are induced by inclusion and the horizontal maps are duality isomor-
phisms. I‘F suffices to show that x is a monomorphism. (Note: Here we are using the
natural identification H* (A — B) = H* (A, B) where B is a closed subset of A and A
is a locally compact Hausdorff space. See [88, Thm. 6.7.15, page 322].) Via the com-
mutativity of (4.7), we need only show that 3 is injective. Consider the exact sequence

of the pair (im ¢,int F')
o= A (it F) 25 AP (im¢) = AP ! (im¢ — int F) — 0 (4.8)
To see that o is a monomorphism, consider the induced exact sequence
0 — kera — H* 1 (int F) — ima — 0 (4.9)

Now ima C H? !(im¢) & Hy (L — im¢) which implies im a is free abelian. Hence
(4.9) is split exact, i.e., Z = H?» ! (int F') & kera & im «, and therefore one of kera,

im a must be trivial. Suppose that im a = 0. Then (4.8) becomes

0— A (img¢) =5 HM ! (im¢ —int F) — 0 (4.10)
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revealing w to be an isomorphism. Arguing as in (4.6), we have that Mayer-Vietoris

sequence has the form

0— ™2 (8772) — A" (im@) — A1 (F) & H™™H (G(D)U (D ~ int F)) = 0
(4.11)

which is split exact, since
H™Y(G{(D)U(D —int F)) = A"~ (Gy(D)) = H? ! (im ¢ — int F)

and A7~ (im ¢ — int F) is free abelian via (4.10) above. Via the split exactness of (4.11),
we have A"~ (im¢) = A2 (S*2)0H2! (im¢ — int F) 2 HZ2~! (im ¢ — int F) which
contradicts the isomorphism of (4.10). Thus im & # 0 which implies kera = 0, and hence
« is a monomorphism.

Via Definition 4.2, the inclusion induced map v : H*(0,) — H?(¥) is an isomor-

phism. Hence we have the following commutative ladder with exact rows

£

0— H2 ! (int F) H (O, —int F) - 07 (0,) —0
o Jé; Y

0— H"1(im ¢) H? (T —im¢) - H (%) —0

(4.12)

(Note: The bottom row is short exact since £ is a homology sphere. The short exactness
of the top row can be ascertained via considering H2~! (int F) & keré ®im£.) As a and

4 are monomorphisms, the Short Five-Lemma ([56, Lemma 4.1.7, page 176]) yields 3 to
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be a monomorphism, and hence k is a monomorphism. Thus A; and A, lie in different
components of ¥ —im ¢, as claimed.
Let j > 2 be such that one of the A; lies in A;. Set W* = A; — G1(D) . W* is an

open subset of U and

intDCW*C f(DxI)CU

as desired.

Case 2. L — f(DxI)¢ A

There is a point z € ¥ — f(D x I) so that w,z are in different components of
Y —imo , say A; and A,. Select a connected open neighborhood 2, so that 2, C
0, CAy— f(Dx1I)andlet ¥ =%~ {Q,]]0Q,}. We claim that inclusion induces an

isomorphism onto a direct summand

js H Y (2)=2 Z — H" Y (im¢) 2 9Z.

This is obtained by considering the diagram

Ho (92, U Q) 1-1 Ho (T — im ¢)
H1 (%) — H"1(im ¢)

where the vertical maps are duality isomorphisms and the horizontal maps are inclusion

induced.
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Next consider the following commutative diagram

§n-1 ¢ - im ¢ = - 5
il 12 jl
B~ z - im¢

where the map ¢ : B® — ¥ is the natural extension of ¢ obtained from the homotopy G

and i, j, are inclusion. This induces the following commutative diagram on cohomology

o (T - im ) ——— o (R U Q)

A G 2 H™= (im ¢) ~——2 H1(5)  (4.13)
9 4 i
0= B! (B") ——— H" (im§)

&
which yields that the composition ¢ o j; is the zero homomorphism.

Next we show that ¢* is surjective. Consider the commutative ladder induced by
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the Mayer-Vietoris sequences

1-1 H™Y(D)® H"(G,(D)) — 0

O, gr-2(gn-2) H"=1(im ¢)

1R

¢ "D P

H™=Y(Ey)© H*(E-) —0

. _0, Hn—?(sn—2) = Hn—l(sn—l)

An easy diagram chase shows that ¢* is surjective.

Now suppose that im ¢ separates ¥ into precisely two components. Then H 1 (im¢) &
Z and thus ¢* o j5 is an isomorphism, which contradicts ¢* o j5 = 0. For the general
case, note that im ¢ union any number of the components of X — im¢ is a compact

subset of ¥ (for its complement is open in X). Let & = im¢ U A; and observe that

i>3
diagram (4.13) becomes
Ho (T - 9) = Ho(Q,UQ,)
Hrol (St = HH(®) - = 21 (8) (414
i 3 it
0= H* 1 (B") — Hn1 (im¢3u <1>)

¢*

which yields the obvious contradiction. O
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Proof of Theorem 4.7. Fix a point p € N and ¢ > 0 such that the e—neighborhood

about p, B.(p), is contained in a given open neighborhood about p,U;. Our aim is to
find a connected open neighborhood V; of p in U such that inclusion induces the trivial
homomorphism

ncy

m(V1—-N)—=m (U1 —-N).
By hypothesis on N, there is disc D"~! C N containing p in its interior and a homotopy
f: D! x I — B.(p) where
fo = Identity
f(D*1x(0,1]) CU
where U is the prescribed component of ¥ — N.

Apply Lemma 4.8 above to find a connected open set W C U satisfying

intD Cc W C f(Dx1I)C Be(p).

Let Y be the component of f~1(W) containing int D x {0} and consider the restriction
fly. This restriction is a proper map, for if K C f(Y) C f(D x I) is compact set, then
necessarily f~1(K)is a closed subset of D x I , and hence a compact subset of D x I .
Since Y is an open subset of D x I containing f~!(K), this restricted map is proper.

Let Wy =WnU, Yy =Y N fYU)and fu = fly,. We aim to show that

fuv Yy — Wy

has degree 1. We have the following commutative diagram {see Massey [63, Thm. 2,
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page 20]}
d*

Hr(int D x {0}) AHMYy) - HMY) =0
4
fr=1 fo
Hr=1(int D) T - HM(Wy) - HMW) 0

The fact that H*(Y) = 02 H*(W) can been seen as follows. Using Raymond (81]
we may double Y and W along their respective boundaries to obtain oriented homology
manifolds with empty boundary. Notice that Y and W are each proper closed subsets
of these doubles. Now apply conclusion #3 of Proposition 4.3. Using conclusion #2 of
Proposition 4.3, we deduce that each of Yy and Wy are orientable homology manifolds.
The diagram can therefore be simplified to the form

z d’ . 2 -0

I
S3

2 = -2 -0

The maps d* are epimorphisms and hence isomorphisms of Z. This implies that

the map fy has degree +1 and, by Theorem 4.4, (fU)# :m (Yy) — 7 (Wp) is an
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epimorphism. Consider the commutative square

™ (Yy) Uv)e - m (Wy)
INCyH iNCop
lp! (iIltD X (O, l)) = {1} - 1 f(mtD X (0, 1))
Sl

Note that (fy)y surjective and 7y (int D x (0,1)) = {1} implies that incoy is the triv-
ial homomorphism, which in turn implies that =y (Wy) — =1 (f(int D x (0,1))) —
71 (Uy — N) is trivial, as desired. O

Next, we establish the following 1-LCC sum theorem.

Theorem 4.9 (1-LCC sum) Let Y™t! be an oriented, admissible homology (n + 1)-
manifold (8Y = Q) and let ¥™ be an n-sphere embedded in Y. Assume that X" 1is the

union of two n-cells ¥ = D} U D7 so that

1. D} and D} meet only in their common boundary.

2. D7 and D} are each 1-LCC embedded in Z, where Z is the closure of one of the

components of Y — X.

Then X" is 1I-LCC embedded in Z.

Proof. Leta € ¥"and U; C Z be an open neighborhood of a. Choose closed subdiscs

E; C D; satisfying

1. E; U E; is neighborhood of a in ¥
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2. FiUE, CU,.

We choose an open neighborhood W, C Z of a such that

3. W,NZ Cintg (E; U Ey)

4. W, C U,.

Since D; is 1-LCC embedded in Z, there is a subneighborhood W} C W, so that

loops in W} — D, are contractible in W, — D;. Consider a loop of the form

¢:S!' — Wr—-x CW*-D.

By hypothesis, this extends to a map ¢ : B> — W, — D;.

Next, choose a closed subdisc F* C int E; so that ¢(B%)n ¥ C F. Note that
¢:B? — ¢(B?)U F™ C W, — D; and that ¢(B?) N X C int ™ C E,. Observe that
int F™ is 1-LCC in Z since F C Dy.We claim that int F* is 0-LCC in Z. To this end
let p € int F™ and let V,, C Y be an open neighborhood. Choose a subdisc D, C F™ so
that p € int D, C D, C V;, and choose a connected open subset of V,,, V' containing p
so that int D, separates V' into two path components C; and C, (apply Raymond [81,
Thm. 2]). Assume the notation so that C; C Z. Then C; is an neighborhood of p in Z
and, moreover, every map f : {0,1} — C; — F™ = C; extends to amap f :[0,1] — C; as
C, is path connected.

The argument given by Cannon in [31, 2C.2, page 34] now applies to our setting,
and we obtain a map ¥ : B2 — W, — ¥ with ¢ = ¢ on S!. This provides a contraction

of the loop ¢ in W, — ¥ C U, — ¥ as desired. O
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We now to turn to applications of this theory for 4-dimensional G-spaces. We say

that Y is semi-nicely locally (n — 1)-spherical provided each point y € Y has arbitrarily

small neighborhoods V' whose boundary 9V is topologically S~ and 1-LCC embedded

in V.Y is said to be nicely locally (n — 1)-spherical provided there exists arbitrarily

small V as before such that 0V is 1-LCC embedded in all of Y. We have the following

immediate corollary to Theorem 4.7.

Corollary 4.10 Let X be a 4D Busemann GG-space and z € X.

a. For each r > 0 such that r is less than the cone radius €, about x, the metric sphere

S.(z) is semi-nicely locally 2-spherical.

b. X is semi-nicely locally 3-spherical.

Proof. a] Recall the notation from page 25. Given b € S,(z) choose 0 < § < 2r and
consider 52 = 0Qs(b) C Qs(b). Applying the second retraction inequality, we note the
deformation r o H : 3Qs(b) x I — Qs(b) is a singular collar. Since X is a homology
manifold, S.(z) is a homology sphere and thus Theorem 4.7 implies that 0Qs(b) is
1-LCC embedded in Qs(b). Hence S.(z) is semi-nicely locally 2—spherical.

b] Let V = int B.,(z) be the contractible open neighborhood of z in X and choose
e > 0 so that ¢ < %r Note that the closed metric ball B.(z) is contained in V. Fix
b € Sc(z) and consider the metric ball B.(b). Note that B.(b) C B, (z) and therefore
B(b) is a cone. Now z € S.(b) and via a] we have that 9Q.(z) is 1-LCC embedded in
Q.(z). Via symmetry in this construction also have that 8Q.(b) is 1-LCC in Q.(b), and

0Q(z) = 0Q.(b). Arguing as in Proposition 3.8, we have that the union of geodesic
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cones is a topological 3-sphere £3, where

Since H3(¥3) = Z # 0 and H; (int B, (z)) = 0, we may argue as in Lemma 4.8 to see
that &3 separates V = int B._(z) into two components Wy, W,. Applying Raymond [81]
or Ancel [4], we have that £3 is the common boundary of W; and W;. Let W; be the
component of V — X3 which contains the interior of the unique segment [z, b]. Arguing
as in the proof of Theorem 4.9, we have that X3 is 0-LCC embedded in Wi, and we
claim that £3 is 1-LCC embedded in W;.

In order to verify this claim, first consider the 3-cell = * 0Q.(z). For each parameter
t € (0,d(z,b)],we may naturally identify a homeomorphic copy of Qc(z), Qe(z) x {t},
in W, by considering the cone structure. Thus given a point z on the 3-cell z * 0Q<(z)
and an open subset U C W; containing z, let t = d(z,z) and consider the following
three cases.

Case l. 0 <t <e.

Set Up = U N Q.(z) x {t} and find a connected open neighborhood Vg of z in

Qe(z) x {t} so that inclusion induces the trivial homomorphism
Z# LT (Vo - 8Q5(IL’) X {t}) — M1 (Uo - aQe(I) X {t}) .

Use the cone structure to find V; C V and 6 > 0 so that Vy x (t—6,t+6) C U. That this

inclusion induces a trivial homomorphism of fundamental groups follows immediately
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o

from the commutativity of the diagram below.

T (Vo — 0Qe(2) X {t}) =0 - 1 (Up — 0Qc(z) x {t})

174

WIO@xu—at+®—x;aQ4@> m(U—x;@QJ@) (4.15)

Case 2. t = 0.

The situation is somewhat easier in the case that £ = z. In this case any neighbor-
hood U of z in W, must contain Q.(z) X {t}, for some ¢ > 0, and hence U contains
Q<(z) x (0,t). Since int Q.(z) is contractible, 71(int Q(z) x (0,t)) = {1}, yielding the
trivial homomorphism upon considering the inclusion Q.(z) x (0,t) — z * 0Q:(z) C
U-=z * 0Qc(z). This establishes Case 2.

Case 3. t = ¢.

Choose an open neighborhood O, C W; so that O, C O, C U and such that the
intersection O, N'b ?; 0Q.(z) is a subdisc F3. Set Uy = B, N Q.(b), where B, is an open
neighborhood of z in X such that B, NW; = O,. Using the cone structure, we may find

a neighborhood Vg x {t} C Up of z in Q.(b) and a § > 0, where § < ¢ < &5, so that
Vox (t—6,t+8) Wi C O..

Since 0Q.(z) is 1-LCC in Q.(b), there is an open neighborhood V;j x {t} of z in Vj x {t}

so that loops in Vj x {t} — 0Q.(z) contract in Vg x {t} — 0Q.(z). We set

V=Vix(t-61t+6n0,.
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Consider a loop ¢ : S! — V-z ¥ 8Q<(z). Since X2 is 0-LCC in W;, we may

apply Cannon ([32, 2C.2, page 34]) to homotopically adjust ¢ in V—z * 0Q:(z) so
that im ¢ misses £3. Use the product structure to define a map ¢ : S! x [0,1] —
(Vi — 0Q.(z)) x (t — 6,t + §) so that g = ¢ and im ¢y C (Vi — 0Q(z)) x {t}. Then
Y extends to a map of a disc into Vy — 0Q.(z) and therefore % extends to a map
¥ :B% = Vyx (t—6,t+ 6) where ¢ = ¢ on S!. In particular ¥(S*) misses F°.

Apply the disc-snipping technique of Burgess ([25, Lemma 1, page 82]) to obtain a

map A:B? — Vo x (t—6,t + 6) so that

i. A=¢onS!
ii. imACimyUintF3

iii. im A — F3 is connected.

In particular, im A lies O, — <x * aQs(z)) and hence A is the desired contraction of ¢.
g
Thus z * 8Qc(z) is 1-LCC embedded in W;.
By a symmetric argument, we have that b * 9Q.(b) is also 1-LCC embedded in W;.

Apply the 1-LCC sum theorem (with Y = V orientable) to see that the union

is 1-LCC embedded in W, as asserted.
The final step in the argument is to assure that the semi-nice sphere structure in X
is truly local. One simple way to do this is to make a slight modification in the above

construction. Specifically given y and a neighborhood W C X, first choose an ¢ < g,
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and then find a point z € intB.(y) so that

y € intBs(z) C intB.(y)

for some 0 < § < § Consider the unique segment [z,y]. This segment extends uniquely
to the boundary Ss(z) and we call this endpoint b. Now proceed with the symmetric

construction described above using these points z and b. O
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CHAPTER 5

The 4D Semi-Nicely Spherical Shrinking Theorem

In the previous chapters, we have discovered that each 4D G-space X is both resolv-
able and semi-nicely locally 3-spherical. It is the aim of this chapter to establish that
these two properties are sufficient to recognize X as a topological 4-manifold, and thus

prove Theorem 1.1. This chapter constitutes step 5 of the strategy outlined on page 5.
1 Spherical Shrinking: A Historical Overview

A natural setting in which one encounters a locally spherical space occurring as a
decomposition space is when considering proper surjective maps between manifolds

T:M"— N™ (5.1)

If such a map is ABH, then fibers of 7 are not only cell-like, but have the additional

feature of being cellular.

Definition 5.1 Let C be a compact subset of an n-manifold M™. C is said to be cellular

in M provided there is a sequence of n-cells {D?} such that D;11 C int D} and
C=()Dr
1=1

If C is cellular in M™, then it follows immediately [90, page 314] that C is a cell-like

set. This next result distinguishes cellular sets from among all cell-like sets in manifolds
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of sufficiently high dimension and is due to McMillan [64] for n > 5, and Freedman [48]

for n = 4.

Theorem 5.1 (cellularity criterion) Let C be a cell-like subset contained in a manifold

M7™,n > 4. Then C is cellular in M™ if and only if

(1) For each open neighborhood U of C in M, there is a neighborhood V of C in M,

so that every map ¢ : S' — V' \ C estends to a map ¢ : D* — U\ C.

Remark. When n = 3 and C is a cell-like subset of S*, McMillan [64] established
that C is cellular in S3 if and only if C satifies condition (1) in S3. The general statement

for 3-manifolds implies the Poincaré’s conjecture (see [64, page 330] and [37, page 147])

The concept of cellularity comes into play quite naturally in the study of cell-like
maps between manifolds. If 7 is a cell-like map of the form (5.1), it is known (see (37,
page 147]) that the fibers of 7 satisfy condition (f) in M"™ and hence 7 is a cellular map
provided n > 4. A similar result can be established when the image is assumed to be

locally spherical.

Lemma 5.2 Letn: M™ — Y be a cell-like map of a manifold onto a locally spherical
space, where n > 3. Then the fibers of T satisfy condition (t) and hence if n > 4, 7w isa

cellular map.

Proof. Apply Corollary 18.5C of [37, page 146]. It suffices to show that each point

y € Y is 1-LCC embedded in Y. Given a neighborhood Uy in Y, use the fact that ¥’
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is an ANR (see [37, page 129]) to find a sub-neighborhood W, which contracts in U,.
Consider a map ¢ : S - W, — {y}. Since W,, contracts in Uy, ¢ naturally extends to a
map

®:D* —U,.
Next find Vj, such that

yeV,cV,cwW,cU,

and so that 0V, = (n — 1)-sphere and ¢(S!) NV, = 0. Since 0V} is an ANR, there is
a pair of subneighborhoods of W,, O, C 0;, with y ¢ O; and there is a homotopy
H : Oy x I — O sothat Hy = 1p, and H; is a retraction of O, onto 9V, (see [90,
Thm. 5.1.1, page 191] and [37, Thm. 8, page 117]).

Since Wy contracts in Uy, ¢ naturally extends to a- map
$:D* —U,.
Construct a compact 2-manifold with boundary F2 C D? so that
$-1(0V,) Cint F? C F? C 71(0,) C int D2

Proceed inductively on the inner most boundary components of F2,Cy,...,Cx. Given a
boundary component C;, redefine ® in small collar neighborhood of C; in 7;, where 7,
is the component of D? — C; missing dD?, via defining the map ®,; : C; x [0,1] — O
where

®:(z,t) = H(®i—1(z),1).
Make the obvious extension of ®; to D? — 7;. Note that ®;(-,1) maps the loop C; x {1}

to 0V, which is simply connected by hypothesis. Therefore ®; extends to a map ®; :
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T; — O such that <I>,-|c] = @i_llcj,and ®;lsp2 = ®|5p2. The map ®; maps D? into

W, — {y} and hence the loop ¢ contractsin U, — {y}. O
Local spherical structures and the notion of cellularity were exploited by Moore [71],
Roberts and Steenrod {84], Armentrout [8], Siebenmann [87} and Quinn [79] to establish

this next foundational result.

Theorem 5.3 Let 7 : M™ — N be a proper, continuous surjection between n-

manifolds.

a. If n # 3 and 7 s cell-like, then m is ABH.

b. If n = 3 and 7 is assumed to be cellular , then 7 s ABH.

The additional assumption of cellularity when n = 3 is crucial and the necessity
of the hypothesis is intricately related to Poincare’s Conjecture ( see [37, page 147] or
[68]).

We turn our attention to the generalizations of Theorem 5.3 in high dimensions
(n > 4) as these will be used to establish the 4D semi-nicely spherical shrinking theorem.

Cannon ([31]) established the next result which he dubbed weak taming.

Proposition 5.4 (Cannon’s weak taming) Let 7 : M™ — Y be cell-like, where n > 5.
Assume there is an embedded (n — 1)-sphere £"~! C Y satisfying
1. The restrictionw|: M — 7 4(X) —Y - X is I to I

2. ¥ is I-LCC embedded in Y

Then © 1s ABH.
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Cannon’s weak taming theorem holds n = 3 provided = is a cellular map. The case
n = 4 also holds and is easily established as a consequence of Theorem 5.3 and the

following result of Freedman-Quinn [49, Thm.9.3A].

Theorem 5.5 (Freedman-Quinn 1-LCC flattening) Let Y be as admissible homology
4-manifold (Y = @) and let © CY be a closed subset satisfying

1. Y — T is a topological 4-manifold

2. ¥ xR! is a topological manifold

3. dim¥ =3

4. ¥ is 1-LCC embedded in Y.

Then there is a normal bundle for T in'Y and , moreover, if ¥ is a 3-manifold, then

Y is a 4-manifold and  is locally flatly embedded in Y.

We remark that this theorem has high dimensional analogues and the interested
reader is referred to [49, page 138] for a history of this result.

As an application of weak taming, Cannon went on to establish the following spher-
ical taming theorem, which we state using the terminology introduced in the previous

chapter (see page 59).

Theorem 5.6 (Cannon’s strong taming) Let 7 : M™ — Y be cell-like, where n 2 5.

IfY is nicely locally (n — 1)-spherical, then = 1s ABH.

Moreover, strong taming in arbitrary dimension n is equivalent to the all three of the

following:
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1. weak taming holds in dimension n,

2. Theorem 5.1 holds in dimension n, and

3. Theorem 5.3 holds in the cellular setting for this n.

As noted above, Freedman [48, page 373] established that the cellularity criterion
holds when n = 4. Combining this with Theorem 5.5, we see that Cannon’s strong

taming theorem holds in dimension 4.

The situation for Y semi-nicely spherical was settled by Daverman [39] in the case

that n > 5.

Theorem 5.7 (Daverman’s semi-nicely shrinking, n > 5) Let 7 : M™ — Y be cell-like,

where n > 5. If Y is semi-nicely locally (n — 1)-spherical, then 7 1s ABH.

Daverman’s technique for establishing Theorem 5.7 relied on the very high dimen-
sional (n > 5) cell-like approximation theorem of Edwards which, as of this writing, has

no analogue in dimension 4.

2 The 4D Shrinking Theorem

The goal of this section is to establish the 4D analogue of Daverman’s semi-nicely

shrinking theorem. This is the last remaining step in the proof of Theorem 1.1.

Theorem 5.8 (semi-nicely shrinking, n = 4) Let M* be 4-manifold and let

T M*— X
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be a cell-like resolution of a semi-nicely locally 3-spherical space X. Then m is ABH

and hence X is a 4-manifold.

Proof. For simplicity, assume that M?* is compact. Let CE(M*, X) denote the
collection of cell-like maps of M4 onto X. Recall that C E(M*, X)is a complete metric
space, when equipped with the sup-norm metric (see [37, page 133]). For each positive
n, let O, C CE(M* X) be the collection of 7-maps, i.e. cell-like maps such that
diam f~1(z) < n for all z € X. The aim is to verify that O, is a dense open subset
of CE(M*%,X) for all n > 0, and thus obtain the result as a consequence of the Baire
Category Theorem (72, page 294].

To this end fix 5, € > 0, and 7 € CE(M*, X).

Part 1. Open cover manipulations

Applying Lemma 5.2 above, we may find open cover of M* by open 4—cells and a
A > 0 such that if A ¢ X and diam A < A, then 771(A) is contained in the interior of a

4-cell D* € D. Here D is an open cover of M4 by 4-cells so that 7 is a D—map. Cover

£
20

X by open balls of radius < min{%, }. Since dim X = 4, there is a refinement of this
cover, say (2, whose order is < 5 [72, page 302]. Furthermore, 2 may be partitioned
into 5 subcollections Q, ..., 84 so that each (Q; consists of a finite number of open
sets having pair-wise disjoint compact closures [90, page 144]. Next, using the local
spherical structure of X, refine by a finite open cover {Vi}f=1 where each 0V; = §3

— —\k
is semi-nicely embedded in V; . For emphasis, note that k = card {Vl}'-l and diam

V; < % Choose a decreasing sequence A = Ag > A; > -+- > Ax > 7. By imposing an
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ordering of the V;, we may select an integral indexing
0=wy <w < oor < wy = card

so that if t € {1,...k} with the property that w; < t < w1, then there is an element
W; € ;41 so that

V. C W;.

Technical point:Foreach i = 1,2,...,k, specify a sequence of closed proper shrinkings

. Nk —
A6 = {A(’)(Vm)} » of the cover {V,} so that each refinement again covers X.

Part 2. O, is dense in CE(M*,X)

The aim of this step is to show that there is a g, € Oy so that d(7, g,) < £. We claim

that there is a finite sequence {f;}*_, C CE(M*, X) satisfying the following criterion:

Co.T=fo

Ci. d(fui_ys fuy) < §,fori=1,2,3,4.

C,. For each i > 1 and for each j = 1,...7— 1, we have that f; is an n-map over
AD(T)

Ca. f; is an n-map over V;

C,. For each i > 1 and to each A C X with diam A < );, there corresponds
D* € D such that

f7Y(A) C int D

1
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The construction of these f; proceeds by induction on 7 = 0,1,2,...,k. Set fo = m.

Given f;_; satisfying Cg - C4, consider the following diagram.

fiaa

!
. 5.2
X - @ X (5.2)

-

The space X; is the adjunction space
Xi=X-vilJovix[0,1] |J Vix{0}
BV aVix{0}

where the natural identification dV; x {1} = 9V, is made. As an application of the
Vietoris-Begle mapping Theorem (see [88, page 344]), or the argument given in [37, page
191, Cor.26.1A], one can show that X is an admissible homology manifold.! Now apply
Raymond [81, Thm. 1.] to see that X; is itself admissible. Recalling that 0V; = §3,
note that the Quinn local index i(X;) = 1, since dV; x (0,1) is a manifold. Therefore
the map m; : M} — X is a cell-like resolution whose existence is ensured via Theorem
3.1.

The map ¢; : X; — X is the natural map obtained the collapsing each of the collar
lines of 8V; x [0,1] to a point. The fibers of ¢; over 0V; x [0, 1] are either points or arcs,
and therefore g; is a proper, cell-like surjection. Applying [90, Cor. 7.1.9], we see that

the composition ¢; o m; : M¥ — X is a resolution of X. Applying Quinn [79, Thm.

1Tt is an immediate consequence of the local spherical structure that X is finite dimensional.
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2.6.1], for each § > 0, we may select a homeomorphism
s : Mt — M}

which makes diagram (5.2) §—commutative. We choose é = 6(¢) to be sufficiently less
than the minimum of 3¢ and the prescribed controllers, vi,...,v5 which are described
below.

The controllers v For each j = 0,1,2,3,4 consider ;. By construction §; consists

of finitely many open sets with pair-wise disjoint compact closures. Hence there is a
0 < pj < §5 such that for each distinct pair Ey, E; € Q;, N(Ey,p;) N N(Eq,p;) = 0.
‘ ko
Let p = min p; and choose a sequence of positive numbers {vi}5 , so that Y v} < p.
=1

The controller v Foreach j =1,...,i—1 we insist that ¢; o m; 0 6; be an 7-map over

AG(V;). This may be accomplished as follows. Let j € {1,...,i — 1} and let
o; = inf {d (fir(2), fir(9)) 2.9 € S24 (AT(VD)) sdle,9) 2 m)
Now a; > 0 follows from the compactness of fl-'_l1 (Ai‘l(V;)) and the hypothesis that
fi_1is an 7-map over A"=1(V;). Let 8; > 0 be such that if ¢ : M* — X is Bj-close to
fi—1 , then
o~ (AD(TD) ¢ £74 (ADW)).

Now set v§ = % min_1 {{a;},{B;}}. If ¢ is vi-close to fi_1, then for each z € AO(V))

1<

consider z,y in the fiber ¢~(z) C fZ} (A(i"l)(vj)) . Note that

d(fic1(2), ficx(y)) < d(fia(2), 6(2)) + d(fira(9), 2(¥))
< 20
<

a;y
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and thus, by definition of aj, d(z,y) < 7

The controller v§ This controller is chosen so that if d(fi_1,¢) < v§, then A C X

with

diam A < A;

implies there is a D* € D such that f7!(4) C int D*. The existence of such a v} is

established in [55, page 62)].
min{vi, v}, v5, 557}

Let 6(3) = z

and choose a homeomorphism ;) so that diagram

(5.2) 6(7)-commutes.
Lemma 5.9 The map ; o f5;) is approzimable by CE maps u: M* — X; such that

p is 1-1 over 9V; x {0}.

Proof. Let u; = m; 065, and let T'g = 8V x {0}. We begin by letting
G(Ty) = {ui_l(a:)kt € I‘o} U singletons of M* — u7* (To)
be the induced upper semi-continuous decomposition of M*. Name the quotient map
M4

MY — ——
P G (To)
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and consider the folowing commutative diagram

_ i
[N ! (To) I

(5.3)

It is easy to see that p o u;!| is a well-defined, continuous bijection between compacta

4

and therefore an embedding of I'g in . Let Ty denote p (,ui_l (F0)> .

G (To)
M4
We claim that I’y is 1-LCC embedded in _ém To this end, let z € T'; and let
0
4
U, be a neighborhood of z in GA(/II‘ 7 Note that p~!(U,) is an open neighborhood of
0

p~Y(z) and, by defintion of p, there is a y € T so that u;(y) = p~'(z). Therefore
we may find a p;-saturated U* C p~1(U,.) so that u;(U*) is an open neighborhood of
pi (p~H(z)) = v

Applying the local semi-nice hypothesis together with the collar on I'g in X;, we
obtain that Iy is 1-LCC in X;. Select W, C p;(U*) so that loops of the form ¢ :
S! — W, — Ty contract in u;(U*) — To. Set W* = u;'(W,). We claim that loops in

W>* — u7'(Tp) contract in U* — u;'(To). Given a loop ¢ : S! — W™ - uiH(To), we
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have the following commutative diagram

W= — p(To)
P i
st - W, — T (5:4)

pio®
Now p; o ¥ extends to a map ¢ : B2 — p;(U*) — I'o. Apply approximate CE lifting

(see [37, Thm.16.7]) to obtain an approximately commutative diagram

U* — p;'(To)

B? - u;(U*) =Ty (5.5)

so that ¢ = v on SI.

Now set W, = p(W*). Note that W, C U; is an open neighborhood of z since W*

G (To)

need only show that loops in W, —T; contract in U, ~T. Givenaloop a : 8! — W, ~T1,

is p;-saturated and hence p-saturated. To establish that I'; is 1-LCC in at z, we
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we apply approximate CE lifting to obtain an approximately commutative triangle

W= — u7'(To)

joN]
3

st a -W, - T (56)

so that po & and « are homotopic in W, —I'; (see [37, Thm. 16.8, page 127]). The map
& extends to a map 8 : B2 — U* — u7!(I). In particular p o & is null-homotopic in

U, — T'; which implies that « is null-homotopicin U, —I';. Thus I'y is 1-LCC embedded
MA
G (To)

Finally, consider the diagram

in

M4

M*/G (To) X; (5.7)

As an application of Cannon’s weak taming (Theorem 5.4), we obtain that the quotient

4
map p is approximable by homeomorphisms A : M* — ————. It is easy to see that

G (To)

maps of the form

pioptoh: M* — X; (5.8)

are approximations to 7; o f5 and have the property of being 1-1 over Iy = 9V; x {0},

as desired. O
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Consider the following diagram

M4

fi—1 H

X - 7 X, (5.9)

where u satisfies the conclusion of Lemma 5.9. In particular, the triangle (5.9) is ap-

proximately commutative. This next result constitutes the inductive step.

Lemma 5.10 (radial shrinking) Given f;_, : M* — X and §(¢) > 0 as above, there

is a CE map f; : M* — X such that

a. Forallz € X =V, fi and f;_y are 6(1)-close
b. f; is an n-map over V;

c. Foreach j=1,...i— 1, we have that f; is an n-map over ACN(V})

Proof. (Note: This argument will exploit Price’s technique of radial shrinking and
the reader is referred to [78], or [37, section 8].) Given 6(7) > 0 as above, choose ¢; and
w as in (5.9) so that d( fi—1, giop) < 6(7) and that £ = ¢;op is an p-map over AW(V;) for
all j = 1,...,i— 1. Furthermore, we may assume that {1 (V,) is contained in int D4,
for some D* € D. Next, let X = ! (8V; x {0}) be the 3-sphere embedded in M*.

Stepl. Yo bounds a 4-cell By in M4,

A straightfoward application of CE lifting techniques (see Lemma 5.9 above), gives
that B is 1-LCC embedded in M*. Apply Theorem 4.1 to see that X is flat in int D%and

hence, via Brown [20], bounds a 4-cell By.
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Step 2. Improving & over V;.

We begin by observing that u=1(V;) = B, since p~'(V;) is the closure of the compact
component of int D* — Xg. Specify a homeomorphism h : B — B*, where B* is the
standard round 4-cell. Via uniform continuity, we may choose 6 > 0 so that A ¢ B*
with diam A < 46 implies diam h=1(A) < 7. Let h(G) represent the decomposition of
B* given by {h (u(z)) |z e Vi C Xi}.

Let n be a positive integer chosen so that % < §. We claim that since no non-
degenerate element g of A(G) meets 9B* = S3, there is a radius 0 < 1 — §p < 1 so that
any g € h(G) meeting the annulus [S3_;, , S}] is such that its radial projection to S has

diameter less than 26. This can be seen as follows. Via [37, Prop. 7.3], the set given by

Ksg = J{g € h(G)| diamg > B}

is a closed subset of B* for each 8 > 0. Necessarily K> is disjoint from S? and thus we
may choose an annulus [S_,, S3] such that [S3_,,S3] N K>p = 0, where a depends on
8. Now apply uniform continuity of the radial projection. Similarly, we may obtain a
sequence of radii 1 —6g < 1 — & < --- < 1—46, < 1so thatif g intersects [S?—éiﬂ ,S3),
then g C int[S3_g,, S3]-

Next use the cone structure of B4 to define the natural homeomorphism
¢:B* — B*

satisfying the following properties:
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i. 6(0)=0

i, 9=1, onS3

iii. 8([83_,5%5,,]) = 8%,8%;], foreachi=1,2,...,n~2
Now consider a non-degenerate g € h(G). If g C B{_; , orif gn[S?_ , S7] # 0, (in which
case g C [S3_s,, S3]) we have, by definition, §(g) C B and therefore diam 6(g) < 1.
Otherwise there is an 7 > 2 for which g C [S}_5,_|,S7_s,,,]. Then 6(g) is contained in
the intersection

0 xrad(g)n[S3.,,S%,]

where 0 * rad(g) denotes the cone over the radial projection of g to S$ from the origin.
Therefore diam 6(g) < diam 0 * rad(g) N [S3_,,S%,] < 46.

Next, let hy : M4 — M* be the homeomorphism given by

iv. hy =1on M*—int By
v. hi=h"lo80ohon By
and note that for all z € V; C X, diamh u~'(z) < n. Let fi = giopohy: M* — X
and observe that f; is an 7-map over V; C X.
We claim that f; is an 7-map over A®)(V;), where j € {1,...,7— 1}. If none of the
AG(V;) intersect OV;, then f; continues to be an 7-map over AU)(V;). On the other hand
if AO(V;)NOV; # 0, recall that £ is an 7-map over A()(V;). Hence over the intersection

AD(V;) N Vi, f; continues to be an n-map. Now if z € AW(V;) N Vi, note that

i) = (gopoh) ™ (z) = b7 (u™ (g (2))) = (g7 (2)) = € ()

since h; = 1 on M* — int By.
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Thus f; continues to be an 7-map over AV, ) This ends step 2 and the proof of
Lemma 5.10 is now complete. O

Proof of the main result. Given f;_; : M* — X and 6(¢7) > 0 as above, we
construct f; via Lemma 5.10 above. Note that f; satisfies conditions Cy, C3 and Ci.
For condition C;, fix w,,wsy1,where s € {0,1,2,3} and let ¢ € X. We have two cases.

Case 1. There exists j where w; < 7 < w,41 so that f, (z) € VJ

By our construction of 2,41 there is a U € Q,4; for which VJ C U. Via conclusion
a] of Lemma 5.10 and our choice of the controllers vi, we have for ws < t < wyy1, the
subsequent images of z, f;(z) are contained in N (U, &). Thus d (fu.(2), fu,.,(2)) < £,

Case 2. There does not exist j where w; < j < w41 so that f, (z) € V]

If all of the subsequent images of z are also not contained in one of the V;, then
by our choice of the §(z), we have that d (f..(z), fu.,,(2)) < = Z TT < -1—0 Other-

wise let w, < t < wyyq be the first instance where the subsequent image of z lies in

— LIS
some V. By our choice of the §(7), we have that d(f.,(z), fi(z)) < Ey—— < £,
: 5 /=1 2t11 10

Moreover, arguing as in case 1] above, we have that there is a U € ;4 so that

{fi(2), fris1(2)s ooy fuuyi (@)} C N (U, %5) . This implies d (fi(2), fu,41(2)) < 15—0 and an
application of the triangle inequality yields d (f.,(z), fu.,.(2)) < %

Finally, consider fr : M* — X. Condition C; immediately gives that fi and 7
are ¢-close. Moreover fi is an np-map over UA(k) (V,) . As this union covers X, we
have that O, is a dense open subset of CE(M*, X), for all > 0. Applying Baire’s

theorem, the intersection ﬂ 01 is again dense in CE(M*, X). However ﬂ O1 consists

entirely of homeomorphisms and therefore 7 is ABH. In particular, X is a 4-manifold,
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as desired. O
3 On the Structure of Metric Balls in 4D G-spaces

As a consequence of Theorem 5.8 above, every 4D Busemann G-space is a topological
manifold. Since the cone structure of small metric balls B,(z) played a vital role in
establishing Theorem 5.8, one is led to ask whether B,(z) is a genuine 4-cell. This next
result shows that there is at most one decomposition-theoretic obstruction to answering

this question in the affirmative.

Theorem 5.11 Let X* be a G-space, let z € X and let r > 0 be less than the cone
radius of z. Then B,(z) is homeomorphic to the 4-cell B* if and only if S.(z) has a

cell-like resolution.

Remark. Recall that for sufficiently small r, the metric sphere S,(z) is an admis-
sible homology 3-manifold (8S,(z) = @). Although Quinn’s local index does not apply
to homology 3-manifolds, every known admissible homology 3-manifold has a cell-like
resolution and it is a long standing conjecture that such resolutions always exist for

n = 3, provided Poincaré’s Conjecture is true.

Proof. Note that the forward implication is trivial. For the reverse, suppose S,(z)

is resolvable and consider a cell-like surjection

T M3 — S.(z).
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Via Proposition 3.6, S.(z) is locally 2-spherical and thus, via Lemma 5.2, each of the

fibers of m satisfy condition (1) of Theorem 5.1 as cell-like subsets of M3. Although
these fibers may not be cellular in M3, we may apply Daverman’s cellular improvement

(see [42, page 238]) to obtain a manifold N3 and a cellular map
f:N3— Sr(z).

We claim that f is ABH. To this end, it suffices to show that S,(z) is nicely locally
2-spherical for then Cannon’s strong taming theorem (n = 3) yields the desired approx-
imation by homeomorphisms. Fix b € S,(z) and let {Q.(b)}gc.co, be the contractible
closed neighborhoods of b in S,(z) as described in Theorem 2.12. Using the techniques
developed by Bryant in [23], we deduce that all but a countable number of the 2-spheres
0Qc(b) are 1-LCC in S,(z) (recall that Corollary 4.10 yields that each 0Q.(b) is 1-LCC
in Q.(b)). Therefore S,(z) is nicely locally 2-spherical and thus, via Cannon’s Theorem
5.6, f is ABH. In particular, S,(z) is a 3-manifold

Next we claim that S,(z) is homeomorphic to the 3-sphere. This can be seen as
follows. Fix a pair of antipodal points by, b, € S.(z). Since S,(z) is a homology 3-sphere,
we have Hy (S,(z) — {b;}) = 0, for j = 1,2. Applying a Mayer-Vietoris argument to the
triple

(Sr(x)7 Sr(z) - {bl}a Sr(z) - {bl})

we have that Hi (S,(z)— {b1,b2}; Z) = 0,and hence, via [38, Cor.3.5, page 190], we
obtain that the partition G = {0Q.(b1)] 0 < € < 2r} is upper semi-continuous. As an

application of the Realization Lemma (see [37, page 11]), we see that the quotient space
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is homeomorphic to the open interval

ST(x) — {bla b2}
G

= (0,2r).

Since S,(z) — {b1,b2} is a 3-manifold, we may apply [38, Cor.7.4, page 202] and obtain
a homeomorphism
Sp(z) = {b1,02} =2 0Q.(b1) x (-1,1)
for each 0 < £ < 2r. In particular S,(z) — {b1,b2} = S% X (—1,1) and therefore S,(z) =
S3.
Name a homeomorphism h : S3 — §,(z) and exploit the .cone structures of both

B* and B,(z) to extend h naturally to a homeomorphism H : B* — B, (z). O
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CHAPTER 6

4-Manifolds of Non-Positive Curvature

In contrast to a Busemann G-space where segments do not bifurcate, spaces X such

that curv X < 0 allow for the possibility of bifurcating segments. It is precisely these
bifurcations that give rise both to an interesting topology on X and to (non-trivial)

applications of decomposition theory in the study of this topology.

1 Length Spaces of Non-Positive Curvature

Following Gromov [50], we make the following definition.

Definition 6.1 (length space)A metric space (X, d) is said to be a length space provided

it 15 a complete, locally compact inner metric space.

As verified in Chapter 2, any Menger convex, finitely compact metric space (Y, d) is
a length space (see Theorem 2.1). The aim of the next result is to establish the converse

which will be needed later.

Proposition 6.1 Let (X,d) be a length space. Then (X,d) is Menger conver and

finitely compact.

Proof. Fix z € X and a neighborhood U, of having compact closure. Then for all

r > 0 sufficiently small, the closed metric ball B,(z) is compact. Fix such an r and
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choose t such that

O<t<2t<r.

The first step is to show that B:(z) is radially Menger convex for each z € X (note that
finite compactness is immediate). Let y € B;(z) — {z} and consider the family of paths

C joining z to y in X. By definition,

d(z,y) = inf Length(y)

hence we may reduce to the case that images of all ¥ € C are contained in B,(z).
Using compactness we may select a path g, joining z to y and such that Length(g,) =
d(z,y). Upon reparameterizing g, with respect,to arc length, we obtain a segment (z,y].
Therefore B;(z) is (radially) Menger convex . The above argument is easily improved
via the compactness of B,(z) to show that B,(z) is itself (radially) Menger convex.

It thus suffices to show that for each positive real number s > 0, the metric ball
B,(z) is compact. To this end, let A = {r > 0|B,(z) is compact} and assume A is
bounded above. Let ry = sup .A. the second step is to show that ro € A. Note that by
definition of 7o, any point z € int B,,(z) can be joined by a radial segment to z. Fix

2 € 8B,,(z). Applying local compactness of X, we may choose
0<e1<21<¢

so that B.(z) is compact. Choose a sequence {r;};2; C A so that r; — ro as — oo.
Note that the union B, ,(z)U B, (2) is compact for all <. For each ¢, we may choose, via
compactness, y; € By, (z) so that d(z, By, (z)) = d(z,¥:). Necessarily this implies that

d(yi,z) — 0 and hence y; — z. Note that there is an index N > 0 such that ¢ > N implies
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the segments [z,y;] C By(z)U Be, (2) which is compact. Hence there is a convergent

subsequence of {[z,y; ]} whose limit is the desired segment [z,z]. This implies that
B,,(z) is radially Menger convex. To see that B, () is compact, consider a sequence

of points {z,} C By,(z). Choose radial segments [z, z,] and choose y3 , € [z, 2,]s0 that
1
d(z,y2.n) = id(x, Zn)-

Necessarily the sequence {yz,} C B%Q(a:) which is compact via definition of rg. By
passing to subsequences if necessary, we may assume that y,, — yo as n — oco. By
using a standard diagonalization procedure and the fact that each [z, 2] is an isometry,
we conclude that, after passing to a subsequence, [z,z,) is uniformly convergent. A
straightforward application of the triangle inequality reveals that {z,} is a Cauchy
sequence. Since X is complete, this sequence converges to some 2o and continuity of
the distance function insures that zp € B, (z).

Finally to see that A = (0,00), note that compactness of B, (z) implies there is
a compact thickening of B, (z) obtained from a finite cover of compact metric balls
having radii < rg. O

As we have just seen, each length space X shares two common features with Buse-
mann G-spaces. If we further assume X has curv X < 0 and is a homology manifold,

we can recover the axiom of local prolongability.

Proposition 6.2 Let (M™,d) be a homology manifold (0M = 0) equipped with a length

space metric such that carv M™ < 0. Then the segments of M™ are locally extendible.
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Proof. The curvature condition yields, upon an application of [2, page 19], that

the segments of M™ depend continuously on their endpoints. First consider the case
that M™ is simply connected. Via [3, Theorem 1], 1y M™ = {1}, curv M™ < 0 implies
that (M",d) is convex in the sense of Definition 1.4 (see page 8). In particular every
pair of points in M" is joined by a unique segment, and every metric ball B.(z) C M"
contracts radially to its center.

Now suppose there is € M™ such that for every ¢ > 0 , there exist y, z € int B.(z)
whose unique segment [y, 2] has no extension in B.(z). Let 7 = d(y,2) and consider
Bi.(z) — {y}. The natural geodesic contraction of By,(z) restricts to a contraction of
By, (2) — {y} in itself. Since M is a homology manifold, we discover, upon considering
the long exact homology sequence of the pair (Ba,(z), Bor(2) — {y}), that Ba-(z) — {y}
has the homology of an (n — 1)-sphere, which contradicts contractibility.

In the case that 7y M™ # {1},curv M"™ < 0 implies that M™ is locally contractible
and hence has a universal cover M™. Applying the proof of [3, Thm. 4], we may equip
M with a metric d so that (W,J) is a length space, curv M7 < 0 and the covering
projection p : Mn — M™ is a local isometry. Local extendibility in M™ is now
immediate. O

Remark. The axiom of local prolongability in a length space X is equivalent to the
notion of geodesic completeness, i.e., each local isometry 7 : [a,b] — X extends to a local
isometry 7 : (—oc,00) — X. Proposition 6.2 may restated to say every non-positively
curved homology manifold with empty boundary is geodesically complete.

As an immediate corollary to Proposition 6.2 and the work of Berestovky (see [10]
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or [2, Thm. 12.2, page33]) and Nikoleav (see [74] or [2, Thm. 14.1, page 49]) we have

the following result.

Corollary 6.3 Let M™ be an admissible homology manifold (0M = 0) equipped with a
length space metric such that Ky < curv M™ < K, for real constants K1 < K, then

M™ is a topological manifold. Moreover, M™ has the structure of a smooth manifold.

Proof. The hypothesis on M™ imply geodesic completeness. The total bound on
curvature yields, via [10), that M™ is a manifold. The smooth structure follows from
[74]. O

Remark. Corollary 6.3 has been extended in the recent work of Plaut by replacing
the upper curvature bound with geodesic completeness ( see [76, Thm. F, page 517])
and by allowing for the possibility of manifolds with boundary (see [77, Thm. A, page
334]).

Define a ray in a length space X to be an isometry p : [0,00) — X. For the sake of
brevity, a space is said to be non-positively curved provided it is a length space satisfying
the CAT(0)—inequality.

The following is an immediate corollary to Proposition 6.2.

Corollary 6.4 Let(M™ ,d) be a simply connected, non-positively curved homology man-
ifold. Then each segment in M exztends to a ray and M is contractible (to any of its

points).

An important concept associated with non-positively curved spaces is that of strong

convezity (see [82],[18]).
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Definition 6.2 (strongly convex) Let (X, d) be a metric space. A subset A C X is said

to be strongly convex provided given any two points a,b € A, there is a unique segment

[a, b] joining a to b and this segment is contained in A.

As was observed in the proof of Proposition 6.2, 73X = {1} and curv X < 0 implies
that X is strongly convex. The next result asserts that this property is shared by the

metric balls in such a space.

Proposition 6.5 Let (X,d) be simply connected, non-positively curved. Then the fol-
lowing are true for each z € X and r > 0.

1. int B.(z) is strongly convez.

2. B,(z) is strongly convexz.

3. Lety,z € 8B,(x). Then intly, 2] is contained in int B,(z).

Proof. Unique segments follows from the hypotheses on X. Applying [3] and 9,
Chapter 10, Thm. 7], we have that (X, d) satisfies CAT(0) globally. Thus given y,z €
0B,(z),let T be the geodesic triangle [z, y]U[y, 2]U[z,z] and let T" be the corresponding
comparison triangle in R2. Fix w € int[y, z] and let w’ € [¢/, 2] be the corresponding

point on T”. Letting t = d(z', w’) and applying the law of cosines in R?, we have

12 =272 — 272 cosf < r?

where 6 is the angle between [2/,2'] and [/, y']. Thus d(z,w) < r, which establishes 2]

and 3]. A similar argument establishes 1]. O.
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Remark. Metric balls in G-spaces need not be strongly convex, even when joins

are globally unique, as was shown by Busemann and Phadke in [30].

2 Topology of Geodesics

The goal of this section is to understand the contraction along rays one naturally

obtains in a simply connected, non-positively curved homology manifold.

Definition 6.3 (geodesic contraction) Let X™ be a simply connected, non-positively
curved homology manifold (X = 0). For each r > 0, name the map given in Corollary

6.4

¢, : X" — By(z) — S:(2)

i.e., ¢, is the map sending a point y € X —B,(z) to the point on the unique segment

[z,y] which is distance T away from z.

Note that ¢, is a continuous deformation retraction V 7 > 0 and that, for p > r, the

geodesic contraction can be thought of as a map between concentric metric spheres

cr : Sp(z) = Sp(x).

In a sense, all of the topology of X is contained in the fibers of the map ¢, for, if ¢, has
trivial fibers for all 7, then X is easily seen to be the cone over any S,(z) from z. When
X is a simply connected, non-positively curved 4-manifold, this has special implications
for its structure, as we will later see. In particular, such a 4-manifold is necessarily the

cone over a simply connected 3-manifold, and hence R*.
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Let X™ be as in Definition 6.3 above and assume X is finite dimensional. As a

consequence of Proposition 6.5, we have that X is an admissible homology manifold. It
is immediate that, given € X and r > 0,int B.(z) is also admissible. As a corollary

to Mitchell’s Theorem [67], we have the following result.

Proposition 6.6 For eachr > 0, the closed metric ball B.(z) is a homology n-manifold
whose boundary

0B,(z) = S:(x)

is a homology (n — 1) —manifold.

Proof. Given y € §,(z), it suffices to show that B,(z) — {y] is contractible, for then

H.(B.(z), B:(z) - {y}) = 0.

An application of Mitchell’s Theorem will then yield the desired result.

To see that B,(z)—{y} is contractible, note that Proposition 6.5 implies that B, (z) is
strongly convex, hence contractible. The restriction of the natural geodesic contraction
of B,(z) to B.(z) — {y} clearly yields a contraction of B,(z) — {y} in itself. O

The following duality theorem will be used to analyze the topology of the fibers of

the maps ¢,.

Proposition 6.7 (Lefschetz-Alexander Duality) Let B be a compact,contractible ad-
missible homology n-manifold with boundary OB. Let A C B be a closed subset and
set

dA =AN0B.
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Then for all1=10,1,...n,

Hi(B - A:G)= A" '71(A,04;G) (6.1)

with singular homology , Cech cohomology and coefficients in a Z—module G.

Proof. Consider the double D (B,0B) = 8 (B x [0, 1]). Applying [81], we have that
D (B, 8B) is an oriented, admissible homology n—manifold with empty boundary and a
straightforward Mayer-Vietoris argument coupled with Lefschetz duality as in [93, page
339] yields that D (B,dB) is a simply connected homology sphere, denoted as X.

Let T ¢ £ be the closed set T = A x {0} U 8A x [0,1]U B x {1}. Via Alexander

duality for homology spheres (see [73, page 424]) we have
Hi(T - T;G)= AYT;G). (6.2)

Consider the long exact cohomology sequence of the pair (T,Y), where Y = A x [0, 1]U

B x {1}. We have that
S JYYG) = BHN(TL,Y6) S AN (TG — A (Y56) — - -

since B is contractible. Excision yields that A"~ (T,Y;G) & H™=1(A,04;G) so that
(6.2) becomes

H(X-T;G)= A" "1(A,04;G). (6.3)

Note that & — T deformation retracts to B — A, hence (6.3) becomes (6.1), completing
the proof. O

For the remainder, all cohomology groups are Cech cohomology and homology is

singular homology. If unspecified, the coefficients are assumed to be the integers.
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Definition 6.4 (G-acyclic) Let G be an abelian group.

i. A compact, hausdorff space A is said to be G-acyclic provided H*(A;G) = 0.

ii. A proper surjective map f :Y — Z between locally compact Hausdorff spaces is

said to be G-acyclic provided f~(y) is G-acyclic for all y €Y.

If the fibers of the maps ¢, are all points, then X has a very simple structure, that
of a cone. This next result asserts that the fibers of ¢,, if not points, at least have the

cohomology of points.

Corollary 6.8 Let X" be a finite dimensional, simply connected, non-positively curved
homology n-manifold and let G be a Z-module. For each x € X and for allp > 7 > 0,
the geodesic contraction

¢, 2 Sp(z) — Si(z)

is an G-acyclic map between homology (n — 1)-manifolds.

Proof. Fix z € S,(z) and consider the compactum ¢;1(z). In Bp(z) let 2%, ¢7'(2)

denote the singular geodesic cone of ¢;1(z) from z. Via Proposition 6.5, it is easy to

see that

Bp(z) — 2 %4 ¢ 1(2)

is contractible in itself (simply restrict the natural geodesic contraction). Applications

of Proposition 6.6 and Proposition 6.7 (with A = z %, ¢;1(2)) yield

0

e

f{i(Bp(x) — 2%y C:l(z)§ G)= ﬁn_i_l(z *g Cr_l(z)vcr_l(z)§ G).
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Now use the contractibility of z *, ¢;1(2) and the long exact cohomology sequence of

the pair (z %, ¢71(2),¢;71(2)) to see that H* (c;!(2)) = 0,as desired. O

3 Acyclic Maps of (4—-1)-Manifolds

This section is essentially a survey of the study of acyclic maps of 3-manifolds initi-
ated by McMillan (see [65],(66]) and continued by Wright (see [94] and [61]), Row [85]
and others.

For each integer p, let Z, denote ,if p is a positive prime and Z otherwise.

pZ
Definition 6.5 (McMillan’s strong acyclicity) Let M™ be a manifold and p, j be in-
tegers. A compact, connected set X C M™ satisfies uwv!(Z,) if for any neighborhood
U > X in M there is a neighborhood V'O X in U so that inclusion induces the trivial

homomorphism of homology groups
i Hi(V3 2,) = Hi(U; 2))
forallk =0,1,...,7.

McMillan showed in [66] that property uv’(Z;) in particular had important impli-
cations regarding maps defined on 3-manifolds. He showed, under suitable hypothesis
on the range, that a map defined on a 3-manifold all of whose fibers satisfy uv3(2;) is

almost cell-like. McMillan’s work was extended by Wright in the following result.
Theorem 6.9 (Wright, [94],[61]) Let M3, N3 be manifolds and consider

f:M3— N3
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a proper, continuous surjection. If each fiber f~1(y) C M? is wv®(Z23), then the collec-

tion of points

C ={yeN®| f(y) not cellular in M°}

is a locally finite subset of M3.

Remark. This example, due to McMillan, shows that Wright’s Theorem may not
be extended to dimensions larger than 3. Choose an n-manifold X" that is a homology
sphere so that m; X" # {1}. As in [49, page 146], ¥ bounds a compact, contractible
(n + 1)-manifold N"*1. Via the solution to Poincare’s conjecture when n + 1 > 4,
the double D(N, X) is topologically an (n + 1)-sphere. Find a bi-collared neighborhood
U =¥ x[-1,1] C D(N,Z). Choose an open n-cell int D™ C ¥ and consider the quotient

map

_ b,y
Gy

f:D(N,X)
where the non-degenerate elements of G; are the components of D(N,X) - % x (-1,1)
together with the sets (¥ — int D™) x {t}, for t € [1—,1]. Note that these sets appear to
be points when viewed homologically. The image of f is easily seen to be the suspension
of an n—sphere and hence an (n + 1)—sphere, however the sets (X — int D) x {t} are
not cellular in D(N, T). For cellularity implies 7 (£ — int D™) & {1} (see [37, page 41])
and an application of Van Kampen’s then reveals X to be simply connected.

The next result due to McMillan [66] yields a useful method of detecting property

uvl(Z,) for compact, connected subset of orientable 3-manifolds which will be exploited.
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Theorem 6.10 (McMillan’s Acyclicity Criterion). Let M?> be an orientable, pl-manifold.

Let X be a continuum in M3. Letl p be either a positive prime or zero. Then:

i. X is uv!(2,) <= 3 a neighborhood U D X in M? satisfying

a. Fach polyhedral simple closed curve J € U is Z,—homologous to zero in M3,
b. Each polyhedral simple closed curve J C U — X is Z,~homologous to zero in
M3 -X
ii. If X is wv'(Z2,), then X is uv’(Z,) & there is a connected neighborhood U > X
satisfying
c. Each polyhedral 2-sphere 2 C U separates U.

d. For all p,q € U — X ,there is an open V. D X in U such that no polyhedral

2-sphere % C V separates p from q in U.

We conclude this section by recording a result of McMillan [66] which relates prop-

erty uv!(Z,) and the notion of cell-likeness.

Theorem 6.11 (Detecting cell-likeness). Let f : M™ — Y be a monotone mapping of
an n-manifold onto a non-degenerate Hausdorff space such that each fiber of f satisfies
wvl(Z,), where p is a positive prime or zero. Suppose there is ay € Y with the following

property:

(1) For each neighborhood U O f~(y) in M there is an open neighborhood V' D f~Y(y)

such that each loop o : §1 — V has null homotopic image S1 >V ER flou) .

Then if f~1(y) embeds in R®, f~1(y) has property UV,
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Remark: Theorem 6.11 detects cell-like sets in the following manner. Assume that

n > 3 and Y is locally contractible (which then automatically yields condition t) . Set
X = f~!(y) where and assume X is Z-acyclic and X embeds in R3. Theorem 6.11
implies that X has property UV'!. Via a theorem of Lacher (see [60] or [37, page 125]),
X acyclic and UV implies X is UV™ for all n and hence cell-like, by [37, Cor. 16. 4A,

page 125].

4 A 3-Manifold Recognition Theorem

The goal of this section is to establish Theorem 1.5 (see page 10) and the techniques
developed in this section will be generalized in the section to follow. An important

concept (see [37, page 232]) is that of a sliced decomposition.
Definition 6.6 (sliced decomposition, sliced maps)

1. A decomposition D of X x R! is said to be sliced if each element of D is contained

in some slice X x {t}, wheret € R!.

2. A map f: X xR — Y is said to be sliced provided each fiber f~1(y) is contained

in some slice X x {t}, where t € R

3. If f: X xR! — Y is sliced, the level maps of f are the maps induced by restricting

f to X x {t}, where t € R1.
The following result is due to Daverman and Preston [41, 1980].

Theorem 6.12 (Daverman-Preston sliced shrinking) Let f : X xRY — Y be a proper,

continuous sliced surjection. If each of the level maps of f are ABH, then f is ABH.
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We now turn to the task of establishing a 3-manifold recognition theorem.

Proof. (Theorem 1.5) As we noted earlier, it suffices to establish the reverse im-
plication. To this end, let (Y,d) be a finite dimensional, locally compact, homology
3-manifold metrized as a length space with curvY < K < co. Note that by Proposi-
tion 6.1, Y is separable. Apply [9, page 193] to see that for each y € Y, there is an
0<p< % for which the closed metric ball B,(z) is strongly convex. Via [9, page
190}, segments in B,(z) depend continuously on their endpoints. Hence the radial con-
traction provides a contraction of B,(z). Applying Mitchell’s Theorem, we observe that
for each 0 < ¢t < p, the metric sphere S;(z) is a compact, connected, locally connected
homology 2—manifold which bounds B;(z). Arguing as in Corollary 2.13, we have that
Si(z) is a 2-sphere, for all 0 < ¢ < p.

Consider the restriction of the radial contraction
¢, Si(z) — S,(x), fort > r > 0.

Apply Corollary 6.8 to see that the fibers of this map are Z-acyclic, and in particular
the fibers of ¢, fail to separate the 2-sphere S;(z). Arguing as in [37, Cor.15.4C, page
122], we see that each of the maps ¢, is cellular, and hence ABH via Theorem 5.3.

Define a sliced map f : 5,(z) x (0,p) — int By(z) — {z} via the rule f(y,t) = c;(y).
The level maps of f are the maps ¢, : S,(z) — S,(z), which are ABH. Apply the
Daverman-Preston Theorem to see that int Bp(z) — {z} is homeomorphic to S% x (0, p)
and hence int By(z) = R3. Thus Y is a 3-manifold. O

There are two main applications of Theorem1.5. For the first application, recall the

respective definitions of tame points given on page 9.
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Corollary 6.13 Let M* be a simply connected, non-positively curved 4-manifold. If

T € M* is a metrically tame point, then it is topologically tame.

In light of this result, we say that a simply connected, non-positively curved 4-
manifold is tame at x provided it is either metrically or topologically tame at z. Such
an z is said to be a tame point of the manifold.

The second application regards the nature of cone constructions. Following {2,

Def.4.3.1], we make the following definition.

Definition 6.7 (K-cone) Let (Q,a) be a metric space and let K < 0 be given. The
K -cone over Q is the space obtained as the image of the quotient map

Q x [0, 00)

¢:Qx[0,00) — Q% 10}

o]
(i.e. the open cone A Q) and equipped with the following cone metric, pg.

Case K = 0: Forv,w € Q, t,s € [0,00) define po([z,1],[y,s]) via

V2 + 82 — 2stcosa(v,w) ,ifa(v,w)< 7
px ([v, 1], [w, s]) =
t+s Jifalv,w)> 7
Case K < 0: Forv,w € Q,t,s € [0,00) define px ([z,1], [y, 5]) via
# cosh™ (cosh Kt cosh K's — sinh K'tsinh K's cos a(v,w)) ,if a(v,w) <7
t+s yifa(v,w) >
It is helpful to think of the K-cone as a “vector” space where each “vector” has a
direction component coming from the metric space ({2, @), and a magnitude determined
by [0, 00).

The following result is due to Berestovsky (see [2, Lemma 4.1], or [12]).
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Proposition 6.14 (Berestovsky) Let (2, ) be a compact length space. Then curv ) <

o
1 if and only if the K -cone over 0, (A Q, pi) has curvature < K.
Here is the second application of the 3-manifold recognition theorem.

Corollary 6.15 Let (2, «) be a compact length space and K < 0. If the K -cone over
Q yields a non-positively curved 4-manifold M*, then M* = R* and Q is a simply

connected 3-manifold.

Proof. Letw denote the cone point in M4. Apply Mitchell’s Theorem and Proposition
6.14 to see that 2 is a homology 3-manifold with curv < 1. Now apply Theorem 1.5
to see that € is a 3-manifold. Q is simply connected since M* is contractible and hence
M* is simply connected at oco. Now apply [48] O

Remark. In the topological category, it is possible to obtain R* from the cone
over a non-manifold [37, page 206]. For example let A be a non-cellular arc in S* and
consider the space Y obtained from crushing A to a point. Via a result due to Andrews
and Curtis [6], the open cone over Y is topologically R*. As a consequence of Corollary
6.15, we see that Y may not be given the geometric structure of a length space having

curvY < 1.
5 Metric Spheres about a Tame Point are Bi-Collared

As noted on page 10, in order to establish Theorem 1.3 and Theorem 1.4, we first

show that the metric spheres about a tame point are bi-collared (i.e. locally flatly em-
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bedded). To this end, let M* be a simply connected, non-positively curved 4~manifold

and let £ € M4 be a (topologically or metrically) tame point.
Paraphrasing, this next result shows that the metric spheres are collared on the

inside.

Lemma 6.16 M* as above, T € M* tame.

1. Each metric sphere S,(z) is 1-LCC embedded in the closed metric ball B, (z).

2. Each closed metric ball B,(z) is a 4-manifold with boundary §,(z).

Proof. For 1], note that the geodesic contraction provides a singular regular neighbor-
hood for S,(z) in B,(z). Now apply Daverman’s Theorem on singular regular neighbor-
hoods (Theorem 4.2). We obtain 2] , after doubling B, (z) along S:(z), as an application
of Freedman-Quinn 1-LCC flattening (Theorem 5.5). O

To verify that the S.(z) are collared on the outside, we will exploit McMillan’s

theory of acyclic maps. Let us proceed with the following Lemma.

Lemma 6.17 Fiz p > r > 0. Then each fiber of ¢, : §3(z) — S§3(z) is uv®(22) in

53(z).

Proof. Since M* is a 4-manifold, each 3-manifold S,(z) necessarily has the homology
of a 3-sphere and is therefore orientable. Apply Corollary 6.8 and conclude that the
fibers of ¢, are G—acyclic for every abelian group G. Hence ¢;*(z) is compact and
connected for all z € §3(z). The result will follow as a consequence of McMillan’s

acyclicity criterion (Theorem 6.10).
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To see that ¢, (z) is uv!(23) in §3(z), note that via universal coefficients

H(53(2); 22) = Hy (sg(x)) ®2Z, ® Tor(2,2,)2080
and via duality and the Z,—acyclicity of ¢;1(z) we have
H, (Sg(z) — 7 1(2); 22) ~ f2 (cr_l(z); ZQ) 0.

As an application of Theorem 6.10, ¢;'(z) is uv!(Z3) in S3(z).
To see that ¢;'(z) is uv3(Z2) in §3(z), let £2 be a polyhedral 2-sphere in 53(z). Via
duality
Ho (83(z) - %) = H® (53(2),Z%) # 0
and thus every such 32 separates. Finally, given yo,y1 € S3(z)—¢;!(2), choose an open
neighborhood V' of ¢;1(2) in S3(z) — {¢; (%), 7 (y1)} by setting V. = ¢ 1(int D3),
where int D3 is a sufficiently small 3-cell neighborhood of z in S,(z). Apply the Vietoris-

Begle mapping theorem ([88, Thm. 6.9.18]) and conclude that the restriction of ¢,

induces isomorphisms on compactly supported cohomology
* * = 3 =] *
¢y H. (mtD ) — HX (V).

Via duality, 0 2 H} (V) = Hy (V). No polyhedral 2-sphere Y2 C V separates yp from
y1 in S3(z) since T represents a bounding 2-cycle in V' and hence in S3(z) - {0, %1}
Via Theorem 6.10, ¢;1(2) is uv3(Z2) in §53(z). O

We are now in position to establish the main result of this section.

Theorem 6.18 Let M* be a simply connected, non-positively curved 4—manifold which

is tame at z € M*. Then for each r > 0, the metric sphere 53(z) is bicollared in M*.
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Proof. First we show that $3(z)is 1-LCC embedded in M* —int B,(z). To this end,

let 7 > 0 be given. Choose p > r and consider the geodesic contraction
cpr : Sp(z) — 57(z)
Apply Lemma 6.17 and Wright’s theorem to see that the set of points
T = {z| c;(2) is not cellular in S3(z)}

is finite. Fix zo € S3(z)— T and choose an open 3-cell int D* about zo missing T. Then

the restriction of the geodesic contraction
pr |t c;}(int D% — int D3

is a cellular map between 3-manifolds. Via Theorem 5.3, ¢, | is approximable by
homeomorphisms. In particular, c;1(int D3) = R®.

Consider the open annular region, 4,,(int D3) given by
Arp(int D3) = {y € By(z) | t = d(z,y) € (r,p) and cp(y) € int D3}.
Define a sliced map f : ¢;1(int D%) x (r,p) — Arp(int D?) via

f(y,1) = ().

We claim that f is ABH. In light of Daverman-Preston slicedéhrinking, it suffices to
show that each of the level maps of f is ABH. For each t € (r,p), note that the t-level

map of f is simply the surjective map given by

fl=cpe: c;yl(int D?) C Sp(z) — ¢} (int D3) C Si(z).
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Hence each level map is an acyclic map between 3-manifolds whose fibers satisfy uv3(2,),
via Lemma 6.17. Applying Theorem 6.11 (and the remark which immediately follow),
we see that this level map is a cell-like map between 3-manifolds. As the domain of
each of the level maps is topologically R3, we have, via McMillan’s cellularity criterion,
that each level map is a cellular map between 3-manifolds. Now apply Theorem 5.3
to see that each level map is ABH and hence f is itself ABH. Fix an approximating
homeomorphism

h: 5 1(int D% x (r,p) — Arp(int D). (6.4)

Let y € int D3 C S,(z). Next we claim that S.(z) is 1-LCC in M* —int B,(z) at
the point y. To see this, let U, C M* — int B,(z) be given. Using the homeomorphism
of (6.4), choose a neighborhood V, C Uy so that V, — §,(z) = int D3 x (a,b). Since
™1 (Vy — S-(z)) & {1}, the metric sphere is 1-LCC at y as claimed.

The above argument shows that $,(z) — T is 1-LCC in M* — int B,(z), where T
is a finite set. Apply 1-LCC flattening to get that S,(z) — T is locally collared in
M* —int B, (z). However by Kirby’s flattening theorem (see [57] or [86, Section 4.9]) the
set of points at which S,(z) is not locally collared contains no isolated points. Therefore
S.(z) is collared in M* — int B,(z).

Applying Lemma 6.16, we have that S,(z) is bi-collared in M4, as desired. O

The final step in the proof of Theorems 1.3 and 1.4 is the next result which is
established as an application of Daverman’s stretching bi-collars technique (see [38,

page 191]).

Theorem 6.19 Let M* be a simply connected, non-positively curved 4—manifold which
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is tame at x € M* and fir v > 0.
a] M4 — {z} = S, (z) x (0,00)

b M4~ R4

Proof. a] Consider the map ¢: M* — {z} — R! given by
y — d(z,y).
The fibers of ¢ are precisely the bicollared metric spheres. Choose a embedding
¢ : 5.(z) x [r,r +¢] — M* — int B,(z) for some ¢ > 0.

Let H (M) be the set of all self homeomorphisms of M* — int B,(z) having compact

support and which are the identity on some fixed neighborhood U of §.(z). Set
A = {t € [r,00)} there exists h € H(M4) 3> ¢ '([r,t]) C h(im¢)}.

It is immediate that A is connected. Using the identity map 1ps, and the collar ¢, we
see that A is non-empty.

Claim: A = [r,00).

Reasons: Suppose that A were bounded above and let p = sup A. Let M} =

M* — int B,(z) and name an embedding
¥ :Sp(z)x[p—96,p+ 6] — M., for some § >0

parameterized so that ¢~! ([p - %,p + %]) C im 1. Choose an element h € H (M, ) such

that

i (Inp-3) C himo).

106



Define a homeomorphism 6 € H (M) in the following manner. First find a piecewise

linear homeomorphism 8 : [p — 6,p+ 6] — [p — 6,p + &] fixed at the end points and
sending p — £ to p+ % Now define 6 : imv¢ — im% via 0 (¥(y,t)) = ¥ (y,B5(t)) and
extend § via the identity to M.

Finally observe that ¢='([r,p+ 7]) C 6 o h(im ¢) for some v > 0, contradicting the
assumption that A was bounded.

A symmetric argument involving M4 = B, (z)—{z} in place of M} yields a monotone

union

o o4
where M = M* — {z}, and each ®" € K (M )satisﬁes

B;. ®7(S,(z)x0)=5,(z)
B, ¢ =1,onU
Bs. ®"(S.(z) x [-n,n]) C " (S(z) x (—n = 1,n+ 1))
B, &" (S(c)x {£n}) CAI —&" (S, (2) X [~n,n])
It is a corollary to the techniques developed by Brown in [20, 1961] that

P!

M

R

Sr(z) X (—oc, 00).

For completeness sake, the details follow.
Given n > 1, let S, denote ®"(S.(z) x {n}), let So = @ (*S,(z) x {0})and let
[Ss, ®"+1(S,)] be the obvious annular region bounded by S and®"t1(S,). Via By we

have

M% = [So,51] U [S1,®* (S1)]U -+~ U [Sn, ™ (S)U -
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and hence it suffices to show that each annular region [S,, Sn+1] is homeomorphic to
S.(z) x [n,n + 1]. Trivially we have that [So, 51] is a product.

Fixn > 1, and consider the restriction ®*+!| §,(z)x[-n—1,n+1]. Denote the image
of the restriction ®"*1| by Q”t'and note that, via B3, we have that 5, C int Q™! Let
f 18, x[0,1] = intQ™*! be a collar on §, satisfying

1. f(S,x{0})=Sn

2. f(Sax[0,1])( 2™ (Sn) = 0

3. f(S.x[0,1)(\Cr=0,
where C,, is the bounded component of M* — S,. Use the product structure of @Q™*! to
define a homeomorphism g : Q"' — Q™! satisfying

4. ¢g(Sp)cU

5. g 0 f(Snx{3})= Sn

6. g is the identity on ®"*1(S,).

Finally, consider the composition g~! o ®"*logo f: S, x [0, 1] — Q™1 Observe that

g7 0 @10 g ([Sn, f(Sn x {1}])
= g7 0 &1 ([g(Sh), Su])
= 97" ([9(8n), @™+ 1(Sn)])

= [Snv q>n+l(5n)]

g lod™tlogo f (Sn x [0, %])

~

which shows that the annular region [S,,®"t1(S,)] is a product and hence M%
S.(z)x[r,00). The symmetry in the argument reveals that M*—{z} = §.(z)x(—00,00).

b] Use general position in a neighborhood of z to see that

(p=m (M) 2mn (M1 = {2}) 2 71 (Se(x) x (=00,00)) 2 11 (S,()).
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It follows that M* is simply connected at infinity. Applying Freedman’s characteri-

zation of R* ({48, Cor.1.2)), we have M* contractible implies M* = R*. O
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