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Abstract

This thesis presents a novel approach to understanding Denoising Diffusion Proba-
bilistic Models (DDPMs) by viewing the nonlinear diffusion process as a dynamical
system through the lens of Koopman Operator Theory. By representing the nonlinear
nature of the reverse diffusion process in DDPMs as a linear operator using Koopman
Operator Theory, this work provides unique insights into how diffusion transforms
probability distributions between a simple input distribution and a complex target
distribution. This perspective allows for the identification of a subspace where the
diffusion system is linear, enabling a linear operator to be learned using Predictive
Autoencoders, a task previously accomplished using nonlinear U-Net or transformer
models with large capacity.

This work contributes to the field by offering a different perspective on the image
diffusion process, connecting it to a broader range of dynamical systems and providing
a new avenue for understanding and improving the performance of diffusion models.
Additionally, this work presents a comprehensive analysis of the properties of the
linear subspace and its implications for the stability and robustness of the diffusion
process. By thoroughly investigating the characteristics of this subspace, this thesis
provides insights into the fundamental mechanisms that govern the behavior of

diffusion models and offers guidelines for designing more effective and reliable systems.
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Chapter 1

Introduction

1.1 Motivation

Diffusion is a natural solution to linear inverse problems as it transforms one
probability distribution to another. Dynamic Mode Decomposition (DMD), on the
other hand, is a less obvious yet still feasible solution to many linear inverse problems
that follow certain conditions (Tu et al., 2014). By looking at the linear inverse
problems from two different perspectives (probabilities and dynamical systems), two
distinc methods arise - with U-Net and transformer based diffusion models being
purpose-built for image diffusion. This thesis explores the idea of a hybrid approach
that maintains the probability transition formulation as well as a dynamical systems
perspective in the form of predictive autoencoders. In this way, the nonlinear nature
of the reverse diffusion process can be represented as a linear operator using Koopman
Operator Theory. A linear representation of a naturally nonlinear process provides
unique insight into how diffusion transforms probability distributions between a

simple input distribution and a complex target distribution.



1.2 Thesis Contributions

Founded on Koopman Operator Theory, this work explores the notion that the
nonlinear diffusion process can be viewed through the lens of dynamical systems
theory. This work also shows that a Koopman-invaraint subspace can be found where
the diffusion system is linear. Within this subspace, a Koopman operator can be
learned using Predictive Autoencoders (PAEs) that capture the system’s dynamics,
a task previously done using U-Net or transformer models with large capacity.

This interpretation allows for a different perspective on the image diffusion process,
connecting the diffusion process to a wider range of dynamical systems and providing
a new avenue for understanding and improving the performance of diffusion models.

Additionally, this work presents a comprehensive analysis of the properties of the
Koopman-invariant subspace and its implications for the stability and robustness
of the diffusion process. By investigating the characteristics of this subspace, the
thesis provides insights into the fundamental mechanisms that govern the behavior
of diffusion models and how they change based on model design choices.

In summary, the contributions of this thesis are twofold:

1. This work modifies the existing dynamical systems perspective of diffusion
models, particularly Denoising Diffusion Probabilistic Models (DDPMs), by
integrating Koopman Operator Theory. While traditional approaches often
view these models through the lens of Stochastic Differential Equations (SDEs)
and probability flow Ordinary Differential Equations (ODEs), this thesis
leverages Koopman Operator Theory to provide a linearized perspective on the
inherently nonlinear reverse diffusion process. This integration offers a refined

analytical lens to examine how diffusion transforms data distributions.

2. By introducing a method for analyzing the dynamics of diffusion models through
the construction of a Koopman-invariant subspace, this approach provides a new

framework that facilitates a detailed examination of the linear dynamics within



the complex behavior of diffusion models. It enhances our ability to understand
and dissect the internal workings of these models, leading to potential insights

into their stability and efficiency.

1.3 Thesis Outline

The remainder of this thesis is organized as follows:

Chapter 2 gives an overview of Koopman Operator theory. Koopman Operator
Theory is described starting from the foundations of dynamical systems and the
properties that make this theory useful. This chapter finishes with two methods used
to approximate the Koopman operator, both of which are used as an approach to
capture the dynamics of the diffusion process.

Chapter 3 discusses the diffusion process, including linear inverse problems.
Among linear inverse problems, the chapter introduces various methods to analyze
such problems, most notably with a Bayesian approach. A more specific solution
involves using Diffusion Probabilistic Models and Denoising Diffusion Probabilistic
Models.

Chapter 4 presents the notion that the nonlinear diffusion process described in
Ch. 3 can be captured using the nonlinear systems theory from in Ch. 2. This
chapter lays the theoretical foundation for how such a process can be modeled using
Koopman Operator Theory. It introduces the datasets used for experimentation and
outlines the methodology for applying Dynamic Mode Decomposition and Predictive
Autoencoders to the diffusion process.

Chapter 5 provides the results and a discussion of the experiments conducted.
It presents the findings from applying Dynamic Mode Decomposition and Predictive
Autoencoders to the diffusion process and analyzes the implications of these results

for understanding and improving the performance of diffusion models.



Chapter 6 concludes the thesis by summarizing the key findings and contributions
of this work. It also suggests directions for future research in the area of dynamical

systems theory and its application to diffusion models in machine learning.



Chapter 2

Koopman Operator Theory

2.1 Dynamical Systems

A conventional, continuous-time dynamical system is described by

d
- x(t) = f(x(t)), (2.1)

where x(t) € M represents the state of the system and f(-) is a (possibly) nonlinear
vector-valued smooth function. The nonlinear dynamics may also be parameterized
by the current time ¢, but this work considers the more simple autonomous (time-
invariant) class of dynamical systems. The state space M includes all potential states
of the system, with each point representing a unique state. The system’s trajectory
in this space is a continuous curve over time.

In contrast, a discrete-time dynamical system is given by

X1 = Fy(X), (2.2)

where x € M denotes the state of the system, and F; : M — M is a map depicting

the dynamics over the time interval t. The flow map from Eq. 2.2 is derived by



integrating the continuous-time system from Eq. 2.1 over a given time interval ¢:

to+t
Fy (%) = Xig e = X{t0) + / f (x(r)) dr. (2.3)

to

Dynamical systems can be linear or nonlinear. Nonlinear systems, where f(-) is
a nonlinear function, exhibit complex behaviors such as chaos, which are not present
in linear systems characterized by linear functions of the state. The stability of these
systems, or how they respond to minor disturbances from equilibrium states, is a
fundamental area of study. Stability analysis often employs Lyapunov’s methods to
determine the system’s response to perturbations (Strogatz, 2015, Ch. 1).

Given the complexity of nonlinear dynamical systems, analytical solutions are rare.
Therefore, numerical methods, particularly Runge-Kutta methods, are commonly
used in engineering and scientific applications for solving these systems. These
methods approximate the system’s behavior over time, allowing for analysis and
control of systems where exact solutions are not feasible (Strogatz, 2015, Ch. 2).

Furthermore, dynamical systems theory reveals that small parameter changes can
lead to significant changes in system behavior, known as bifurcation. Chaos theory
studies unpredictable behaviors in deterministic systems, highlighting the complexity

inherent in nonlinear dynamics (Strogatz, 2015, Ch. 3).

System Identification

Following the understanding of a system’s dynamics, system identification becomes
crucial. System identification is the process of building mathematical models of
dynamical systems from observed data. This is especially important in real-world
applications where the exact dynamics are unknown or too complex to model from
first principles.

The following are some common techniques:

e Least Squares: Estimates parameters of a model by minimizing the sum of

the square of the residuals (the differences between observed values and model

6



predictions). It works well for linear models, producing a best-fit line in a least-
squares sense. However, its performance degrades with non-Gaussian noise or
outliers, as it emphasizes more significant errors due to squaring the residuals

(Bjorck, 1996).

¢ Maximum Likelihood Estimation: Finds the parameter values that max-
imize the likelihood of making the observations given the model. MLE is
powerful for many models, including non-Gaussian noise distributions. Its
limitation is computational complexity and sensitivity to the initial guess,

especially in nonlinear models (Myung, 2003).

e ARMA: Models a time series using a combination of Autoregressive (AR) and
Moving Average (MA) components. ARMA efficiently captures a wide range of
time series patterns but requires the time series to be stationary. Determining
the correct order of the AR and MA components can be challenging, and the
method struggles with non-stationary data (Box et al., 2015, Ch. 4).

e SINDy: Discovers the governing equations of dynamical systems from data.
SINDy effectively identifies sparse, interpretable models for nonlinear dynamics
but relies heavily on the choice of candidate functions in the library. It requires
enough clean data to capture the system’s dynamics and may fail if the correct

dynamics are not represented in the function library (Brunton et al., 2016b).

Linearization

In control theory, linearization and system identification play a vital role. It allows
for designing controllers for systems whose exact dynamics are either unknown or too
complex to use directly. Controllers are then designed using the linearized model to
achieve the desired performance and stability characteristics.

Some of the common linearization techniques and their drawbacks are listed below:



e Taylor Series Expansion: Performs linearization around a point, often a fixed
or an equilibrium point. This involves expanding the function in terms of its
derivatives at that point and keeping only the first-order (linear) terms. Higher-
order terms are discarded as they contribute to the nonlinearity. Because of this

loss of information, accuracy drops significantly away from the expansion point

(Khalil, 2013).

e Jacobian Linearization: Simplifies a nonlinear system to a linear one around
a specific point by using the first-order partial derivatives of the system’s
dynamics. This, however, is limited to a system’s points of equilibrium (Astrom

and Murray, 2008).

e Perturbation Methods: Treats the nonlinear terms as a small perturbation
to a linear system and analyzes the effect of these perturbations on the system’s
behavior. Perturbation methods are limited to systems where the nonlinearity

is small (Hinch, 1991).

e Piecewise Linearization: In some cases, the system can be linearized in
different regions separately, and the overall behavior can be approximated as a
piecewise linear system. This method is useful when the system exhibits various
types of behavior in different regions of the state space. On the other hand, this
method may lead to discontinuities between regions and doesn’t capture global

dynamics (Astolfi and Marconi, 2010).

Real-world applications of these theories are vast, including physics, engineering,

biology, economics, and social sciences.



2.2 The Koopman Operator

In contrast, Koopman theory aims to express a nonlinear dynamical system as a linear
rule by employing an observable function. This allows one to achieve more accurate
predictions of how a system advances in time and gain insight into the system itself.
Let S*(xo) denote the position at time ¢ along the trajectory described by Eq. 2.1
when starting at state xg; this is sometimes called the flow in classical dynamical
systems theory. Note that the set M can be an arbitrary set with no structure and
thus requires a measurement (often called observable) function g : M — C" to study
the evolution of x; (Budisi¢ et al., 2012). However, in the context of pure Koopman
theory, n is conceptually infinite as the function space of all possible observable
functions is not explicitly limited (Koopman, 1931).
For the continuous time system, the Koopman operator K is defined to act on C”
from g(x) by
Ktg(xo) = g(S"(x0)). (2.4)

For a discrete-time system, this can be simplified to

Kg(x) = g(F(x)). (2.5)

Notably, K! and K are linear operators despite acting on nonlinear dynamics.
The Koopman operator evolves observables from ¢ rather than states and acts on the
space of observables directly (Arbabi and Mezic, 2017).

In general, this implies that every nonlinear function has a corresponding set
of observable functions that can be used to generate a linear representation. A
pedagogical example to demonstrate this can be seen by observing the dynamical
system defined by the following ODE:

42, = o

(2.6)

Ly = X (2g — 2?)



The phase portrait of the system defined in Eq. 2.6 is shown in Figure 2.1. The
state can be augmented with a single observable function y3 = x? to obtain a linear
representation of this dynamical system. With this simple ODE, this linearization
technique is closely related to Carleman linearization (Carleman, 1932), which allows

for an analytical solution of the form

%1’1:#%’1 p n po 00 1
= | = |0 A A | (2.7)
ix = Mxp — 27) dt
et TR ys] [0 0 2p] |us
K

when using the lifted coordinate system

U1 Ty
Y| — [Z2] - (2-8)
Y3 ZU%

In this lifted subspace, the system can be evolved using the linear dynamics defined
in Eq. 2.7. Trajectories from the original ODE and the linearized system dynamics are
shown in Figure 2.2, where the trajectories match exactly. This is a classic example
of a Koopman-invariant subspace, discussed later in section 2.3.

This analytical method has its own flaws and, in some cases, may not be possible.
For example, this linearization method fails if there is more than one fixed point or
general attractor because the observables include the original state. Intuitively, the
original state cannot be included as observables in systems with more than one fixed
point because linear systems (with one attractor at the origin) are not topologically
conjugate to nonlinear systems with more than one attractor (Brunton et al., 2016a).

Finally, analytical linearization methods require knowledge of the system’s

guiding dynamics, which may not always be available. Instead, Koopman Operator

10
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Figure 2.1: The behavior of the system described in Eq. 2.6 with parameters
= —0.25 and A\ = —1. The arrows’ direction and color indicate the direction and
magnitude of the system’s state changes at various points in the z;-x5 plane,
respectively. Figure can be regenerated with Code C.1. [back]
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Phase Portrait with Directional Arrows
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Theory provides a data-driven approach to discovering a linear representation of

fundamentally nonlinear systems.

2.3 Koopman Invariant Subspaces

A Koopman-Invariant Subspace is particularly defined as a subspace that is invariant
under the action of the Koopman operator. This means that if a function belongs to
this subspace, its image under the Koopman operator will also belong to the same
subspace.

For the system defined in Eq. 2.7, consider a subspace spanned by a set
of observable functions, for instance, span{zi,zs,23}. This subspace is deemed
Koopman-Invariant if, for every function in the subspace, the Koopman operator
maps it to another function within the same subspace. This implies that the system’s
dynamics can be fully captured and described within this subspace. In the context of
this specific system, this is exemplified by the relationship y3 = 2%, which indicates
that the observable y3 is a function of the state variable x; and is closed under the
action of the Koopman operator.

The concept of Koopman-Invariant Subspaces is significant in analyzing dynamical
systems as it allows for a linear representation of nonlinear dynamics in a finite-
dimensional subspace. By identifying such subspaces, one can apply tools from linear
system theory to analyze and control nonlinear systems. This approach is particularly
useful for complex systems where traditional methods might be infeasible or inefficient

(Brunton et al., 2016a).

2.4 Approximation Methods

Since there is no principled way to calculate the Koopman operator and identify
a Koopman-invariant subspace for any given nonlinear system, approximations are

typically used. It should be noted that these approximation methods are different
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from typical linearization methods in that they find a globally linear representation

of the nonlinear system instead of linearizing around some fixed point.

2.4.1 Dynamic Mode Decomposition

DMD is a data-driven method for approximating and analyzing the Koopman
operator and is particularly useful in complex dynamical systems. It provides a
practical approach to decompose the system into a set of modes that evolve linearly
over time (Schmid, 2010).

The essence of DMD lies in its ability to dissect a high-dimensional system
into simpler, interpretable components. Given a sequence of data snapshots
{xX1,%X2,...,X;} from a dynamical system, DMD aims to find the best linear operator
A such that

X R Ax; fort=1,...,m—1. (2.9)

The operator A captures the system’s dynamics as closely as possible in a linear

framework.

Algorithm Overview

The standard DMD algorithm can be outlined in several steps:

1. Arrange the data snapshots into two matrices

X = [x1,X2, ..., Xp_1) and X' = [x9, X3, ..., Xy (2.10)

2. Compute the rank-truncated Singular Value Decomposition (SVD) of X, such
that
X = USV*. (2.11)

14



3. Define a reduced-order representation of A, denoted as

A=UXVxL (2.12)
4. Compute the eigenvalues and eigenvectors of A to obtain the DMD modes and
eigenvalues.

5. Solve for the amplitudes that result in a best fit to the data snapshot at any

given time step.

These steps yield a set of dynamic modes, each associated with a specific eigenvalue,
providing insight into the dominant dynamics of the system (Tu et al., 2014).
Connections to Koopman Operator Theory

The connections to Koopman Operator Theory were originally discussed by Rowley
et al. (2009). These connections can be summarized as follows: Consider a discrete-
time dynamical system

Xpr1 = Fy(xg) (2.13)

where x € M. As previously discussed, the Koopman Operator K acts on the space

of observable functions g : M — C™ where

Kg(xx) = g(F(xx)) = 9(Xk11)- (2.14)

Since K is linear, despite the possible nonlinear nature of F'; K can be written as

its eigendecomposition
]CQJ([E) = /\j@j([[‘), j = ]_,2,..., (215)

where 0;(-) are eigenfunctions and \; are the respective eigenvalues. The vector-

valued observable function g can then be expressed in terms of these eigenfunctions

15



of K

o0

g(x) = Z@‘(X)%’ (2.16)

where ¢; € C". The vectors 1; are typically referred to as the Koopman Modes of
the map F' and 6; as the Koopman Eigenfunctions.
By applying Eq. 2.16 to Eq. 2.14, x; can be written in terms of these Koopman

eigenfunctions

9(xx) = Z N0, (x0)1);. (2.17)

Eq. 2.17 shows that each mode 1; has a frequency governed by \;, which entirely
governs the evolution of the system from the initial state xo (Rowley et al.; 2009).

Now, suppose the standard SVD-DMD technique where a sequence of data
snapshots are captured and stacked to compute a matrix A is used. If the DMD
eigenvalues are distinct (meaning none share the same growth/decay rates) and the

snapshots are linearly independent, then the snapshots can be reconstructed with

m—1
Xk:z:\i'%/;l? ]{?:0, ,m—l
1=0
m—1 L
Xy = A+, r L span{xq,...,Xm-1} (2.18)
i=0

where A and ¢ are the empirical Ritz values and vectors respectively. It is important
to note that the residual r is only present at the last snapshot since DMD minimizes
the reconstruction of x,, from {x;}7" ' (Chen et al., 2012).

Eq. 2.18 is noticeably similar to Eq. 2.17, replacing an infinite sum with a
finite one. Further, when there is no residual (r = 0), the DMD modes cannot be
distinguished from true Koopman modes. When r # 0, then there is some error, but
this is the best that can be done to approximate m + 1 data vectors with m modes.
This is why DMD is accepted as a method for computing approximate Koopman

eigenvalues and eigenmodes (Rowley et al.; 2009; Tu et al., 2014).
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Applications

DMD has found extensive applications in fluid dynamics, data-driven control, and
even financial modeling. It excels in scenarios where the system dynamics are complex
and high-dimensional yet exhibit low-rank behavior.

DMD can be applied to the system in Eq. 2.6 by simply analyzing trajectories
induced by the system dynamics, shown in Figure 2.3. The system’s dynamics can
be accurately reconstructed for the simple trajectory that does not begin on the

attractor, but generalizes to an average for trajectory that does.

Limitations

However, there are limitations to DMD. Its linear approximation may not adequately
capture highly nonlinear dynamics, and its performance relies heavily on the choice
and quality of the data snapshots. Recent advancements in DMD have aimed
to address these limitations, incorporating robustness to noise and extending the
methodology to more general classes of dynamical systems (Kutz et al., 2016).

Several variants have been proposed to address the limitations of DMD. These
include Exact DMD, Extended DMD, and Hankel DMD. Extended DMD and Exact
DMD are extensions of DMD that incorporate nonlinear observables. In contrast,
Hankel DMD is a variant that utilizes Hankel matrices to capture the complex time-
dynamics of a system (Williams et al., 2015; Tu et al., 2014; Arbabi and Mezic, 2017;
Chen et al., 2012).

2.4.2 Predictive Autoencoders

Another approach to approximating the Koopman operator comes from learning both
the observable function and linear operator with gradient descent. Inspired by the
traditional Deep Autoencoder, a PAE consists of three main components: an encoder
¢, a decoder ¢! and the linear operator A (Lusch et al., 2018). The PAE is trained

with three loss functions: reconstruction loss, prediction loss, and linearity loss.
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Figure 2.3: The phase portrait of the system defined by the ODE in Eq. 2.6 with
parameters ;4 = —0.25 and A = —1. The red trajectories result from the ODE’s
dynamics; the blue trajectories show the system reconstruction from DMD.
Trajectories can be generated with Code C.3. [back]
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The reconstruction loss, defined by

Lrecon = [[x5 = 07" ((xx)) 2, (2.19)

identifies the intrinsic coordinates where the dynamics evolve linearly, along with an
inverse x = ¢~ 1(z) that allows for recovery of the original state. Prediction loss
learns the system’s linear dynamics in the encoder’s latent space (while also shaping
the latent space itself). This loss function manifests in two main forms: a single-step

equation that minimizes the one-step error

Lorea = xes1 — ¢ (Ap(xi)) 2, (2.20)

or a more generalized version that minimizes the error over m steps of the system

Loved = [Xprm — 07" (Ao (x1)) 2. (2.21)

Finally, a linearity loss is often used to enforce linearity in the latent space (and to
disentangle the linearity constraint from the decoder training objective). The linearity

loss function, from Azencot et al. (2020), is defined as

Liin = |lo(Xp1m) — A™o(xk)||2 (2.22)

where m is commonly 1.

For systems with more complex, nonlinear dynamics, the latent dimension d may
be larger than the state space n to capture such a system’s dynamics adequately.
This transformation - called an immersion - is prone to overfitting and is commonly
trained with L1 regularization to elicit both a sparse operator and encoder (Alford-

Lago et al., 2022).

19



Chapter 3

Diffusion Modeling

3.1 Linear Inverse Problems

Inverse problems constitute a pivotal research area across various scientific disciplines.
These problems are characterized by the endeavor to infer causative factors from
observed outcomes. This methodology inversely aligns with forward problem-solving,
where predictions are made based on known processes. The crux of inverse problems
lies in the deconvolution of observed data to reveal underlying parameters or causative
elements, thereby inverting the conventional predictive model.

A simple example could involve the inspection of how a system or process operates.
The forward problem may ask, “If I know how the system is behaving and what its
starting conditions are, what will the outcome be?”. Conversely, an inverse problem
would be “I observed an outcome from this system; what can I figure out about the
underlying system and initial conditions that lead to this result?”.

Resolving inverse problems presents many challenges, primarily due to their
inherent ill-posed nature. This ill-posedness implies that such problems fail to meet

one or more criteria of well-posedness:
e The existence of a solution

e The uniqueness of a solution
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e The stability of the solution with respect to the input data

To address these challenges, the field has developed various mathematical and
computational strategies, notably regularization methods. These methods introduce
additional constraints or incorporate prior information into the problem formulation,
thereby enhancing the stability and reliability of the derived solutions.

The exploration of inverse problems transcends the mere development of solution
methodologies for specific applications; it also entails a deep investigation into the
fundamental constraints that govern the inference of causality from data. This chapter
delineates the theoretical foundations, practical implications, and methodological
advancements associated with linear inverse problems. It underscores the intricate
relationship between observational data, theoretical models, and the assumptions that

underpin this relationship.

3.1.1 Definition

At the core, linear inverse problems can be formulated using linear algebra. Let
y € R™ represent a vector of observed measurements, and u € R” represent an
unknown vector of the true signal or image we aim to recover. A linear inverse

problem seeks to reverse the following relationship:

y = G(u). (3.1)

This may be complicated when the equation is perturbed by noise (n € R™ a
vector representing noise or errors corrupting the observations), so the relationship

that should really be considered becomes

y =G(u) +1n. (3.2)

Here, G : R™ — R™ maps R" into a proper subset of itself (n > m) and models the

physical process, system, or degradation that transforms the true signal u into the
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observations y. This map might represent blurring in imaging, convolution in signal
processing, or the forward modeling processes in geophysics or medical imaging. The
goal is to reconstruct or estimate u given y and knowledge of G (Miller, 2003).
Another complication arises when n > m, leading the system to be underdeter-
mined: the number of equations is less than the number of unknowns. In both of these

complications, a solution lies in viewing the problem through the lens of probabilities.

3.1.2 Bayesian Approach to Inverse Problems

The Bayesian approach provides a probabilistic framework for solving inverse
problems, incorporating prior knowledge and uncertainty quantification into the
solution. This approach treats the unknown parameters, the observed data, and
the model as random variables, allowing for a comprehensive analysis of uncertainty
in the solution.

In the Bayesian framework, the solution to an inverse problem is expressed in terms
of probability distributions. Continuing from the definitions in Eq. 3.2, u represents
the unknown parameters we aim to estimate, and y represents the observed data.
The goal is to compute the posterior distribution p(u | y), the probability of u given
y. From Bayes’ theorem, the posterior distribution is given by:

puly)= , (3.3)

where p(y | u) is the likelihood function, p(u) is the prior distribution, and p(y) is
the marginal likelihood or evidence.

The prior distribution p(u) encodes any prior knowledge or assumptions about
the unknown parameters. For example, if the solution is known to be smooth, a
prior can be chosen that penalizes roughness (like sparsity). The choice of prior can
significantly impact the solution, especially when the data is sparse or noisy.

The likelihood function p(y | u) describes the probability of observing the data

y given a set of parameters u. It is typically derived from the forward model and

22



the noise characteristics of the measurement process. For example, in the presence
of additive Gaussian noise, the likelihood function is often a Gaussian distribution
centered around the forward model prediction.

The posterior distribution p(u | y) combines the information from the prior
distribution and the likelihood function, providing a complete probabilistic description
of the unknown parameters. The posterior distribution can be used to make
predictions, estimate uncertainties, and guide decision-making (Dashti and Stuart,
2017).

Computing the posterior distribution directly is often infeasible, especially for
high-dimensional problems. Various computational methods, such as Markov Chain
Monte Carlo (MCMC) and Variational Inference, are used to approximate the
posterior distribution (Hastings, 1970).

The Bayesian approach offers several advantages, including the ability to incorpo-
rate prior knowledge, quantify uncertainty, and update solutions as new data becomes
available. It provides a flexible and robust framework for solving inverse problems,
particularly when the data is incomplete or noisy.

In tackling inverse problems, the Bayesian approach offers a robust method,
particularly when dealing with uncertainties and noisy data. This approach provides
a probabilistic framework that integrates prior knowledge with observed data,
enhancing the ability to make informed inferences even in the presence of uncertainty.
However, traditional Bayesian techniques can encounter significant computational
hurdles, especially in high-dimensional spaces or when confronted with intricate data
distributions. These challenges arise primarily from the complexity of calculating
posterior distributions, which often require intensive computational resources and can
be prohibitive in terms of time and feasibility. This is where Diffusion Probabilistic
Models (DPMs) present an intriguing alternative, harnessing stochastic processes to

model the data distribution and facilitate inference.
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3.2 Diffusion Probabilistic Models

DPMs are a class of models that have gained popularity for their ability to produce
high-quality samples of complex data distributions. These models are based on ideas
from physics, specifically the quasi-static process, and draw inspiration from Annealed
Importance Sampling (AIS), which is a traditional solution in the context of inverse
problems. However, unlike AIS, DPMs do not rely on variational Bayesian methods.
Instead, they simulate a diffusion process that gradually converts a simple, known
distribution (a Gaussian, for example) into the target data distribution and then learn
to reverse this process (Sohl-Dickstein et al., 2015).

In the context of inverse problems, DPMs can be viewed as a way to learn the
mapping from simple distributions to the underlying clean signals. While AIS uses
a Markov chain to create a path of intermediate distributions that connect a simple,
easy-to-sample distribution (in the denoising case, this is the noised samples) to the
often complex target distribution, DPMs achieve this by training a neural network
to denoise samples at each step of the reverse diffusion process (Neal, 1998). This

effectively approximates the posterior distribution p(u | y).

3.2.1 Denoising Diffusion Probabilistic Models

DDPMs, a subset of DPMs, have gained specific popularity because of their generative
ability, specifically in the image domain. These models are the backbone for many
popular image generation models, including Imagegen and Stable Diffusion (Saharia
et al., 2022; Rombach et al., 2021).

The training process for DDPMs involves two main components:

Forward Process: A Markov chain that gradually adds noise to the data,
transforming the original distribution into a tractable distribution (e.g., Gaussian
noise). This is sometimes written as ¢(x; | x;_1) where x; is the state of the system

at time ¢, and ¢(- | -) is the noising function. The noising process is traditionally
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represented by the following transition probability

Q(Xt | Xt—l) =N (Xt§ v1—= BixXi—1, /3t1> (3-4)

where N (+; 1, X) is a normal distribution with mean p and covariance matrix 3.
The S, parameter is determined by a noise scheduler that controls the noise variance
added at each step of the forward process. Four noise schedules are commonly used
for DDPMs: linear, geometric, squared cosine-capped, and quadratic.

The linear noise schedule, shown in Figure 3.1a, is the most simple to implement.

The variance at each time 3; follows a simple linear formula

t
T—-1

ﬁt = Bstart + (ﬂend - ﬂstm‘t) X (35)

where t is the current time step, and T is the total number of time steps. [gq¢ and
Beng are common hyperparameters that can vary by application but are typically 0.02
and 0.0001, respectively (Nichol and Dhariwal, 2021).

Additional noise schedules have been added to address the rate at which the
original signal is destroyed in the linear noise schedule, each with its own advantages.
The geometric schedule, shown in Figure 3.1b increases the noise levels geometrically,
providing a balanced progression where the noise increases gradually at first and then
more rapidly towards the end. The schedule increases the noise geometrically or

exponentially over time, following

Bt = Bstart X (ﬁﬁindt) o . (36)

This can be beneficial when a gentle start is desired, allowing the model to initially

focus on learning finer details before tackling larger noise levels.
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(c) Squared Cosine-Capped (d) Quadratic

Figure 3.1: Effect of different beta-schedules on the forward diffusion process for
the MNIST dataset. All figures show 100 denoising steps, from step 0 in the top left
to step 99 in the bottom right. [back]
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The quadratic schedule (shown in Figure 3.1d, on the other hand, increases the

noise levels quadratically, following

2
ﬁt = ﬁstart + (ﬂend - /Bstart) X (%) . (37)

This offers a more aggressive approach where the noise ramps up more quickly early
on and can be useful when the model needs to adapt to higher noise levels faster,
potentially speeding up the learning process.

Lastly, the squared cosine-capped schedule, shown in Figure 3.1c, combines
elements of both cosine and capping strategies. It uses a squared cosine function
to ensure a smooth transition between noise levels, similar to the cosine schedule, but
also caps the maximum noise level to prevent it from becoming too high (von Platen

et al., 2023). The schedule is generated by following

' sin(Z%) 2
By = min (ﬁmax; Bstart + (Bena — Bstart) X ( Sln@) ) ) . (3.8)
This capping can enhance the stability of the training process and improve the quality
of the generated samples by ensuring that the noise does not overwhelm the signal
in the later stages of the diffusion process. Each of these schedules offers a different
way to navigate the trade-off between learning efficiency, sample quality, and model
stability, making them valuable tools in the design of diffusion models.

Reverse Process: The second component in the training process of DDPMs, the
reverse process is a learned Markov chain that aims to reverse the forward process,
denoising the data at each step to recover the original distribution. The reverse
process is notated as pg(xX;—1 | x;) where p(- | -), parameterized by 6, is the learned
denoising function. The denoising - or reverse - process is represented by the following

learned transition probability
po(Xe—1 | X¢) i = N (%15 po (X4, ), B (X4, 1)) (3.9)
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where pg(x¢,t) and Xy(xy,t) are both learned functions that predict the mean and
covariance, respectively.

The reverse process is parameterized by a neural network, which is trained to
minimize the difference between the true data distribution and the distribution
generated by the reverse process. This process is depicted in Figure 3.2. This training
objective can be formulated as a variational bound, similar to Variational Inference
in the Bayesian framework.

However, it’s important to note that while the reverse process of DDPMs can be
seen as a form of Bayesian inference, where the model infers the clean signal from noisy
observations by traversing the reverse diffusion path, the overall framework of DPMs
and DDPMs is not purely based on Bayesian principles. Instead, it combines ideas
from non-equilibrium thermodynamics and score-based generative modeling (Sohl-
Dickstein et al., 2015) - opening the door for analysis from a dynamical systems
perspective.

Once trained, a DDPM can generate clean samples by starting from noise and
iteratively applying the learned denoising function (Ho et al., 2020). However, these
models are often expensive if run in state space. The standard architectures for
DDPM models range between U-Net (Ronneberger et al., 2015) and transformer
(Vaswani et al., 2017) architectures. These models are chosen because of their large
capacity and ability to generalize easily among various tasks. The downside, however,
is that because of their complexity, they become expensive to run inference, especially
when the inference process for a diffusion model requires the U-Net /transformer model
to be evaluated multiple times. Many methods have been introduced that aim to
reduce both training and inference time (by either reducing the number of diffusion
steps required or reducing the number of training samples needed to represent the

target distribution) (Chang et al., 2023).
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Figure 3.2: A directed graph representing the diffusion process where pg(x;_1 | X;)
represents the reverse process and ¢(x; | x;—1), the forward process (Ho et al., 2020).
[back]
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3.2.2 Latent Diffusion Models

One of the more significant improvements comes from augmenting the state space
itself. Latent Diffusion Models (LDMs) are built on top of an encoder-decoder
framework where the diffusion model functions in the latent space of the encoder.
This alleviates several issues commonly faced by diffusion models that work in the

raw image space:

1. Spending too much capacity on imperceptible details: Several methods have
been proposed to prevent this (like using structural similarity instead of mean

squared error and undersampling the initial denoising steps).

2. Requiring large amounts of computational resources: Because of the first issue,

the training time grows beyond what is feasible for most researchers in the field.

3. Slow to inference: Evaluating large models is expensive in both time and
memory, putting a lower bound on resource requirements for the end user. This
comes from the inherent nature of diffusion models having to run sequentially

for many steps.

By operating in the latent space, LDMs can significantly reduce the dimensionality
of the data, leading to faster training and inference times. The encoder compresses the
high-dimensional data (such as images) into a lower-dimensional latent representation,
and the diffusion model then learns to denoise this latent representation. The decoder
reconstructs the denoised data back into the original high-dimensional space.

The use of LDMs also allows for more efficient use of model capacity, as the
encoder can learn to ignore irrelevant details and focus on the essential features of the
data. This can lead to better generalization and more robust models. Additionally,
the reduced dimensionality of the latent space means that fewer diffusion steps are
needed, further speeding up the inference process.

There are also a variety of works that show both DPMs and LDMs to be solution

techniques for linear inverse problems (Rout et al., 2023; Dou and Song, 2023; Chung
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et al., 2023). All of which leverage the stochastic nature of the diffusion process to
reverse the distribution transformation.

Overall, LDMs represent a significant advancement in the field of diffusion models,
addressing some of the key limitations of traditional DDPMs and opening up new

possibilities for efficient and effective generative modeling (Rombach et al., 2021).
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Chapter 4

Methodology

This chapter centers on the idea that the dynamics of the nonlinear diffusion process
can be captured using Koopman Operator Theory and used to predict the denoising

process without complex network structures like U-Nets or transformers.

4.1 Approximation Methods

In this section, two methods are explored for approximating a Koopman operator
and defining a subspace where the diffusion process is linear: Dynamic Mode

Decomposition and Predictive Autoencoders.

4.1.1 Dynamic Mode Decomposition

DMD has been shown to solve linear inverse problems under certain conditions (Tu
et al., 2014). The most notable condition is that a low-rank model governs the forward
process. If this is not the case and the nonlinear effects are significant, then the model
will result in an average of different models fit at various subsets of the original set
of snapshots (Goswami and Shukla, 1991).

When using DMD, the initial test is to determine if the nonlinear effects of the

diffusion process overpower the linear effects or if there is a low-rank model that can
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be used to capture the underlying dynamics. Several variants of DMD are used to
this end.

For each of the experiments - including those with the PAE - the squared cosine-
capped noise schedule is used so that more samples with useful information are present

instead of being limited to the first few samples of the noising process.

Exact Dynamic Mode Decomposition

Exact DMD is only a subtle modification of the standard DMD algorithm where,
instead of generating a X and X' (where X' is X shifted by one timestep), Exact
DMD uses snapshot pairs X and Y. This can be viewed as a collection of snapshots

from the system

yi = Ax (4.1)

instead of

X1 = AXt. (42)

This format is particularly useful for diffusion as the operator must capture
the dynamics of a variety of different samples. In this way, the operator will fit
to the entire underlying probability distribution instead of that of a single image
class. Algorithmically, Exact DMD modifies DMD by allowing for a more general
relationship between the snapshot pairs, where Y can represent the system at a
different time or under different conditions than X. This flexibility is crucial for
modeling the diffusion process, as it allows the operator to capture the transition
from a noised state to a denoised state across a range of noise levels and image

characteristics.

Extended Dynamic Mode Decomposition

For this experiment, the Fast Fourier Transform (FFT) is applied to each image, and
Fourier basis functions are used. The Extended DMD algorithm can then be applied

in this new basis.
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DMD itself is a linear technique in the sense that it approximates the dynamics of
a system by decomposing the data into a set of modes, each associated with a specific
frequency and growth/decay rate, which are governed by a linear operator.

While DMD can be applied to data from nonlinear systems, its ability to capture
the full range of nonlinear behaviors is limited. This is because DMD seeks to identify
a linear relationship between successive snapshots of the system’s state, which may
not fully represent the underlying nonlinear dynamics.

Extended DMD aims to address this limitation by transforming the data into a
higher-dimensional space where the dynamics can be more accurately approximated
by linear operators, thus capturing a broader range of nonlinear behaviors. Extended
DMD does this by using a dictionary of basis functions with which to augment the
state and capture more important features of the system.

For this experiment, the FF'T is applied to each image, and Fourier basis functions

are used.

Hankel Dynamic Mode Decomposition

Hankel DMD provides another way of lifting the state vector to a higher dimension,
in this case using Taken’s delay embeddings. This method involves constructing a
Hankel matrix, which is a structured matrix where each row is a time-delayed version
of the state vector. By embedding the state vector in this way, Hankel DMD can
capture the temporal dynamics of the system over multiple time steps, providing a
richer representation of the system’s behavior.

The Hankel matrix is then used as the input to the DMD algorithm, allowing for
the extraction of dynamic modes that represent the underlying patterns in the data.
This approach is particularly useful for systems with complex temporal dynamics,
as it leverages the information contained in the time-delayed observations to uncover
the underlying structure of the system (Arbabi and Mezic, 2017).

While this makes the inference step difficult - namely because it would require

multiple consecutive time steps along the denoising process to generate a single state
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vector - it serves as an indication for whether DMD fails because of complex spatial

dynamics or temporal dynamics.

4.1.2 Predictive Autoencoders

In the case that a Koopman-invariant subspace cannot be discovered using SVD, even
when the state vector is augmented with trivial functions of the original state (like
the FFT or delay embeddings), the observable function g(x) can be learned using
gradient descent.

Two different variations of PAEs were applied to this problem: a Compressive-
Predictive Autoencoder (C-PAE) structure where dim(z) < dim(x) (where z is the
encoded state vector and x is the state vector itself), and an Expansive-Predictive
Autoencoder (E-PAE) structure where dim(z) > dim(x) based on the work of Alford-
Lago et al. (2022).

Compressive-Predictive Autoencoder

The PAE architecture, shown in Figure 4.1, incorporates components of a standard
autoencoder that learns with a reconstruction loss and a linear operator that adds
both the task of learning the dynamics within the operator and a map from state
space to latent space that linearizes the system.

For the diffusion system, where many samples can contain a large amount of infor-
mation (typically manifested through noise or disorder in an image), reconstructing

from a lower dimensional state can lead to a lot of loss in information.

Expansive-Predictive Autoencoder

By adding a linearity constraint to the autoencoder, the model has the added
requirement of learning a latent space that linearizes the system, so the latent space
must contain more information than that of the original state itself (like the distance

along a particular trajectory). As a result, dim(z) > dim(x), as shown in Figure 4.2.
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Figure 4.1: Structure of a Compressive-Predictive Autoencoder. [back]
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Figure 4.2: Structure of an Expansive-Predictive Autoencoder. [back]
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In typical autoencoders, the encoding function aspires to be an embedding, which
is globally injective, ensuring that each point in the input space maps to a unique point
in the latent space. An encoder that achieves this creates a distinct and recoverable
representation for each input state, which is essential for accurate reconstruction by
the decoder. However, an encoder that acts as an tmmersion is characterized by its
local injectivity, where each point has a neighborhood that is mapped injectively into
the latent space. Despite this, it may not establish a one-to-one mapping globally
across the entire input space. Lemma 1 from Alford-Lago et al. (2022) extends this
concept by stating that if an immersion is paired with a corresponding submersion,
that acts as its left inverse (a decoder that undoes the encoder’s action), the composite
function is the identity map on the input space. This implies that the encoder is not
just locally injective but globally injective over its entire domain, qualifying it as an
embedding. Under this condition, an encoder that is initially an immersion can indeed
behave like a bijective embedding with respect to the subset of the latent space it
maps onto, enabling a bi-directional, unambiguous mapping between the input space
and its image in the latent space.

By observing pure Koopman operator theory, this may not be a true approxima-
tion of the Koopman operator as the encoder is a nonlinear function itself. However,
the goal of the E-PAE is to learn a latent space that captures the dynamics of the

system, which can be used to predict the future state of the system.

Model Design

Different from typical DDPMs and DPMs, the PAE methods use the L, norm as a
distance metric instead of the Structural Similarity Index Measure (SSIM) introduced
by Wang and Bovik (2009), which serves to better distinguish between human
perception rather than true error. While SSIM is certainly preferable for images
with larger size (and perhaps even full RGB color), the images in the MNIST dataset
are too small to characterize into the variety of distortion classes SSIM is designed

to detect. The small size of the MNIST images results in the small amount of noise
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that causes large Lo values to also cause large SSIM values. Various loss functions are
explored to measure the error between different states along the denoising process of
various images, shown in Figure 4.3. The L, distance is chosen as the main distance
metric for this work because 1) it approximates SSIM well, 2) it is easy to compute,
and 3) it comes with a simple derivative.

In this study, the decision to utilize 100 steps for the denoising process, as opposed
to the more commonly used 1000 (Ho et al., 2020; Rombach et al., 2021), is grounded
in several considerations. Firstly, the simplicity of the data being operated on,
specifically MNIST, suggests that fewer denoising steps are required to effectively
capture the dynamics within the operator. The intrinsic characteristics of MNIST,
being a relatively straightforward dataset, do not necessitate the extensive number
of steps often employed for more complex data like the ImageNet dataset used in the
DDPM and LDM foundational works. Secondly, by reducing the number of steps,
there is a deliberate shift in the model’s focus towards short-term dynamics, which are
inherently easier to learn and model than long-term dynamics in time-series models
(Bengio et al., 1994; Hochreiter and Schmidhuber, 1997; Khalil, 2013, Ch. 3). Finally,
fewer denoising steps allow for larger batch sizes, speeding up the training process
significantly. This modification in the number of steps is strategic, aiming to optimize
the learning process by concentrating on more immediate changes and interactions
within the data, which are crucial for accurate denoising and reconstruction in this
context. This decision is only made for the PAE models; the DMD evaluation utilizes

1,000 denoising time steps.
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Chapter 5

Results and Discussion

Chapter 5 presents an analysis and discussion of the results obtained by applying
the methods described in Chapter 4. This chapter evaluates the effectiveness of
the proposed approach in capturing and explaining the linear dynamics within the
complex nonlinear behaviors of diffusion processes. Emphasis is placed on assessing
how well the Koopman-invariant subspace facilitates a deeper understanding of
the diffusion models, particularly in terms of the modes of each of the underlying
operators. Finally, the results are compared to traditional methods to highlight the

differences between these two approaches.

5.1 Evaluation

5.1.1 Datasets

Three datasets are used to demonstrate results from this method: the Swill Roll
dataset (Marsland, 2014), the MNIST dataset (LeCun et al., 2010), and the CIFAR-
10 dataset (Krizhevsky, 2009).

The Swiss Roll dataset, shown in Figure 5.1, is typically used for manifold learning
and dimensionality reduction algorithms but is used here because of its structure and

easily recognized pattern. The original dataset is three-dimensional, resembling a
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Figure 5.1: An example of the Swiss Roll dataset, generated with 1000 samples
and Gaussian noise with ¢ = 0.05. The figure can be regenerated with Code C.4.
[back]
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rolled-up sheet (providing its namesake) with points distributed along a spiral curve
in three-dimensional space. For this application, the points are projected onto a 2D
plane orthogonal to the axis of the spiral, and the third dimension is omitted.

Experiments with the Swiss Roll dataset are conducted slightly differently. Instead
of the image pixels representing the system, the state vector contains the location of
each point in space as a flattened 2D vector. For the experiments in this work, 1000
points are used, so the state vector contains 2000 entries.

The MNIST dataset is a large collection of handwritten digits commonly used for
training and testing in the field of machine learning. The dataset consists of 70,000
images of handwritten digits from 0 to 9. Each image is a grayscale image of size
28 x 28 pixels. An example of 15 images from each digit class is shown in Figure 5.2.
This figure captures the intraclass variance present in the dataset, for example, the
optional stroke on the “7” digit or the serif vs. non-serif “17.

The CIFAR-10 dataset is a well-known collection of color images used for training
and testing in the field of machine learning. The dataset consists of 60,000 images
divided into 10 classes, each representing a different object category. Each image
is a 3-channel color image of size 32 x 32 pixels. An example of 15 images from
each class is shown in Figure 5.3. This figure highlights the diversity within the
dataset, showcasing the variations in appearance, pose, and background for each

object category.

5.1.2 Characterization of Dynamics

For the PAEs, various parameter combinations are explored to determine their effect
on the underlying dynamics of the reconstructed system. Because of the larger number
of hyperparameters and a wider variety of discernible dynamics that result from the
PAEs, it is possible to characterize the effect of each of these parameters on the
dynamics and construct guidelines for generating stable PAEs for diffusive systems.

The effect of these hyperparameters is studied on three different tasks:
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e Single Step Prediction: Given x;, predict ;41 for all ¢ € [0, 99]
e 50 Step Prediction: Given x5, predict z50.; for all i € [0, 49]
e 100 step Prediction: Given x, predict xo,; for all i € [0,99]

These tasks demonstrate both the reconstruction ability and the denoising or
generative abilities for long and short-term dynamics. The dynamics that appear

within these tasks are classified into the following categories:

e Constant Pattern: No Number: A pattern is visible and does not change

throughout the denoising process but does not resemble any digit. (Figure A.1a)

e Constant Pattern: Number: A pattern is visible and does not change

throughout the denoising process and resembles a digit. (Figure A.1b)

e Evolving Pattern: Some Numbers: Patterns are visible and change
throughout the denoising process; some of them resemble digits, but some do

not. (Figure A.1c)

e Evolving Pattern: All Numbers: Patterns are visible and change through-
out the denoising process; all of the steps in the denoising process resemble

digits (but may not be the same digit). (Figure A.1d).

e Evolving Pattern: No Numbers: Patterns are visible and change through-

out the denoising process; none of the steps resemble numbers. (Figure A.le)

e Mostly Solid: In most of the denoising steps, the samples are black, grey, or
white. (Figure A.1f)

e Noise: The samples resemble no pattern and are mostly noise. (Figure A.1g)

For the “Single Step Prediction” and “50 Step Prediction” tasks, several additional
categories are added to determine how well the system captures the original dynamics

of the denoising process. The additional categories are as follows:
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Correct: All Faint: The input digit is the same as the reconstructed digit,
and all digits are faint. (Figure A.2a)

Correct: All Obvious: The input digit is the same as the reconstructed
digit, and all digits are obvious and easily distinguishable from the background.

(Figure A.2b)

Correct: Obvious to Faint: The input digit is the same as the reconstructed
digit, and digits from early in the denoising process are faint, while later steps

are more obvious. (Figure A.2c)

Correct: Faint to Obvious: The input digit is the same as the reconstructed
digit, and digits from early in the denoising process are obvious, while later

steps are more faint. (Figure A.2d)

Correct: Noise to Obvious: The initial steps of the denoising process
are mostly noise, while the later steps are an easily distinguishable digit.

(Figure A.2e)

5.2 Dynamic Mode Decomposition

5.2.1 Exact Dynamic Mode Decomposition

The nature of the Exact DMD algorithm is to find low-rank structure within the data.

This may not be the case in complex, highly nonlinear systems. When this happens,

reconstruction using Exact DMD yields a result similar to fitting a linear regressor to

random subsets of the original snapshots of the system (Goswami and Shukla, 1991).

Swiss Roll Dataset

The original data used to fit all DMD models on the Swiss Roll dataset is shown

in Figure B.la. For this dataset, noise is sampled from the normal distribution
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N (0,0.025) and added to each point in the dataset. This system is then reversed to
generate the “denoising” process. Unlike standard DDPM models that use a nonlinear
noise schedule (which increases the variance at a nonlinear rate to preserve the signal
for a larger portion of the denoising process), the method used for the Swiss Roll
dataset uses a linear noise scheduler where the variance increases linearly with time.
This gives an advantage to the DMD methods, as using a linear noise schedule yields
simpler dynamics. The system is initialized with 1000 random (z,y) points sampled
from a uniform distribution on the interval [—1,1] for all reconstruction methods
using the Swiss Roll dataset.

This behavior is displayed in the diffusion system of the Swiss Roll dataset, shown
in Figure B.1b. By looking at the dynamics discovered by Exact DMD in Figure B.2,
it becomes clear why this method produces the averaging result in Figure B.1b.
Figure B.2a shows the percent variance captured by each of the modes, indicating
that there is one dominant mode that captures a majority of the variance for this
system. In Figure B.2b, the largest mode (in red) is shown to be unstable, close to
the unit circle, and has a very small imaginary component. Together, this indicates
that the dominant mode does not exhibit oscillatory behavior, but its contribution is
slowly diverging and will not settle to a constant value. This is further demonstrated
in Figure B.2f, which shows the time evolution of the dominant mode.

The spatial components of all modes (shown in Figures B.2c, B.2d, and B.2e),
however, reveal that the model has only uncovered noise within the signal and failed
to discover any discernible pattern, especially anything that resembles the original

structure of the dataset.

MNIST Dataset

This experiment was also conducted on the MNIST dataset, allowing for a more
interpretable analysis of the emerging spatial patterns. However, instead of using a
constant noise schedule, where the variance of the normal distribution that noise is

sampled from does not change with time, this experiment uses a squared-cosine noise
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schedule. This allows for features of the images to be discernible for more samples of
the denoising process before they are overcome with noise.

From this experiment, it is clear that the dynamics are not governed by a trivial,
low-rank operator for two main reasons: 1) The calculated dynamics do not evolve
over time but remain constant, and 2) The eigenvalues are close to the unit circle,
resulting in false attractors.

The mode with the eigenvalue closest to the unit circle, shown in Figure B.4c, is
the primary attractor visible in the reconstructed images in Figure B.3. Another
observation is that these modes represent patterns common across all images in
the MNIST dataset rather than patterns specific to individual image categories.
Consequently, it is impossible for Exact DMD to disentangle the features contributing
to a single image class. Furthermore, this means Exact DMD cannot produce a
sample image of a single class without features from other classes bleeding in, more
specifically the features in the modes of the operator itself (the first three are shown
in Figures B.4c, B.4d, and B.4e). This limitation arises from the inherent nature of
the DMD algorithm, which uses SVD to find a set of vectors that globally capture the
most variance in the dataset. These vectors are not guaranteed to contain information

about only a single image category.

5.2.2 Extended Dynamic Mode Decomposition

By using Extended DMD, the nonlinear dynamics that occur among different bases
can be discovered. In this case, the FFT is used to lift the original state to the
frequency domain - which is then used as input to the Exact DMD algorithm. Each
prediction step is then transformed back to state space using the Inverse Fast Fourier
Transform (IFFT).

The noising process before and after lifting that is used to fit the Exact DMD
operator is shown in Figure 5.4. Note that the noising process is shown in Figure 5.4

while the denoising process is used to fit all DMD operators in this work. To achieve
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Figure 5.4: Noising process of the MNIST dataset before and after lifting to the
frequency domain for Extended DMD. This system is reversed before being used as
snapshots for Extended DMD. In effect, the top left image is state 1,000; the
bottom right image is state 1. [back]
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this, the noising process is temporally reversed. Even with the lifted system, the
reconstruction (shown in Figure B.5) does not represent the true denoising process of
the input image - a “4” in this case.

The modes reveal insight into why this occurs. The leading mode, shown in
Figure B.6c in the spatial domain, again resembles an average of the images in the
MNIST dataset. The following modes, Figures B.6d and B.6e, capture a very small
amount of the system’s variance, shown in Figure B.6a, and maintain no discernible
pattern in their spatial structure or their dynamics, indicating that these are simply
capturing random patterns present in the noise.

In comparison with Exact DMD, Extended DMD calculates modes that are closer
to the unit circle, indicating slower-moving dynamics. This is further indicated by the
mostly stationary dynamics of the reconstruction in Figure B.5 where the patterns in

the Exact DMD reconstruction become faint by the 1, 000" step.

5.2.3 Hankel Dynamic Mode Decomposition

Contrary to expectations, the results from Hankel DMD do not significantly improve
over Extended DMD. As depicted in Figure B.7, the reconstructed states using Hankel
DMD are of a similar or even lower fidelity when compared to Extended DMD.

The dynamics, shown in Figures B.8f, B.8g, and B.8h, convey a similar story to
each of the other DMD methods where the system changes very little over time -
contrary to the true dynamics of the diffusion process.

The modes obtained from Hankel DMD, shown in Figures B.8c, B.8d, and B.8e,
display similar structure to those from Exact and Extended DMD. This alone reveals
insight into what DMD is fitting to. By observing the leading modes from these three
DMD methods, all of which employ different methods of augmenting the state, have
similar leading modes (Figures B.4c, B.6¢, and B.8c). This leading mode represents
the most common features among all digits in the MNIST dataset: a rounded top

that is present in the 9, 8, 3, 2, 0, and some variants of the 6; and a diagonal slash
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that is present in the 9, 7, 4, and 1. It is because of this - that features of many
digits comprise a single mode - that DMD is not a likely candidate for this method
of analysis.

Because all of the DMD variants failed to reconstruct the denoising process, it is
difficult to determine if this is because of the complex spatial or temporal dynamics.
This is, however, one of the limitations of DMD as this system is governed entirely
by a stochastic process, and DMD is not well suited for systems with large amounts

of noise.

5.3 Predictive Autoencoder

DMD’s inability to adequately capture the dynamics of the denoising process indicates
that a more complex set of observable functions may be required to find a Koopman-
invariant subspace. Various parameters for the PAEs are explored, including the
dimension of the latent space, weight of L, regularization, probability of dropout,

activation function, and depth of the encoder/decoder.

5.3.1 Compressive-Predictive Autoencoder

The first case of PAEs is the variant where the dimension of the latent space is
less than that of the state space. For these experiments, two models are used for
demonstration based on their performance. A summary of the parameters of these

models is provided in Table 5.1.

e Model A does not change digit classes as the system advances in time. Given
a noised input image, the model will maintain that digit class throughout the

denoising process. Figure B.9 shows the reconstruction for all digits.

e Model B shows evolution between digit classes as the system advances in time.
This behavior does not resemble the dynamics of the diffusion system but hints

at generative capabilities. Figure B.10 shows the reconstruction for all digits.
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Table 5.1: Parameters used for the two selected Compressive-Predictive
Autoencoder models.

Parameter Model A Model B

Dropout 0 0.25
Layers 8 4

L, weight 1x107° 1x107*
Activation  Leaky ReLU Sigmoid
Latent Dim. 392 392
Parameters 5.9M 3.0M
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The modes of Model A, shown in Figure B.11, reveal features that rarely cross
the digit/class boundary - indicating that it can recreate samples of individual digit
categories without features from other digits bleeding in. Model B’s modes, on the
other hand - shown in Figure B.12 - are less structured and share features from
several digits. This explains the observed behavior characterized by the appearance
of several digits over time - the modes do not independently contain features from
distinct digits.

These modes, v, are calculated by computing the eigendecomposition of the linear

operator A and then decoding each of the eigenvectors v
Av = Av (5.1)

Y= (V). (5.2)

The spectrum of A (the linear operator between the encoder and decoder), shown
in Figure B.13a for Model A and Figure B.13b for Model B, indicates that the
operator’s eigenvalues are composed entirely of real numbers (with the imaginary
component being 0 for all eigenvalues).

Model A’s stability in preserving digit classes makes it suitable for tasks such as
denoising and reconstruction, where retaining the original class of the input is crucial.
On the other hand, Model B’s ability to transition between digit classes demonstrates
its potential in generative tasks, where the aim is to uncover underlying patterns or

generate new samples.

5.3.2 Expansive-Predictive Autoencoder

The C-PAE can reconstruct complete digits, but this behavior does not reproduce
noise as would be expected if the model were to represent the true denoising process.

This section will explore the hypothesis that by adding to the latent dimension
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of the encoder/decoder - not necessarily the capacity of the network itself - the
reconstruction will contain the noise present in the input.

The E-PAE is not as capable of reconstructing the true digits in the MNIST
dataset but captures the more complex patterns present in the denoising process, like
the evolution of noise. Two models are selected to demonstrate the behavior of this
variant. A summary of the parameters of these models is provided in Table 5.2. The

selected models are:

e Model C reconstructs the true input sample with noise in the initial steps,
but samples converge to a common shape at the end of the denoising process.

Figure B.14 shows the reconstruction for all digits.

e Model D reconstructs some digits, but either results in an incorrect digit at
the end of the denoising process, or the final digit is more faint than the initial.

Figure B.17 shows the reconstruction for all digits.

The modes of Model C, shown in Figure B.18, are mostly comprised of noise.
These patterns of noise are not random but specific combinations that are capable
of reconstructing the true input sample. By calculating the coefficient for each mode
that results in the true input sample, the capability of the model to reconstruct
the actual sample can be determined. The coefficients are shown in Figure B.15,
and the digit that results from using these coefficients of the modes is shown in
Figure B.16. From this reconstruction, it is clear that the model can reconstruct
plausible digits without noise. From the noised input experiment with all digits
(Figure B.14), it is clear that the model is capable of reconstructing digits with noise.
These observations point to an important capability of the E-PAE variant of PAEs:
they learn the underlying dynamics as functions of noise instead of image features.
More specifically, the patterns of a single digit class are split across many different
modes, but in a way that additional modes can be added to negate or “cancel out”

the features from undesirable digits.
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Table 5.2: Parameters used for the two selected Expansive-Predictive Autoencoder
models.

Parameter Model C Model D

Dropout 0 0.25
Layers 2 8

Ly weight 1x107° 1x10°°
Activation  Leaky ReLU  ReLU
Latent Dim. 1568 1568
Parameters 8.0M 25.4M
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The time spectrum of the E-PAE operators are shown in Figure B.20a and B.20b.
These operators’ eigenvalues are also real, indicating that there is no oscillatory

behavior in any of these modes - a recurrence across all PAE variants.

The modes of Model D (shown in Figure B.19), on the other hand, indicate that the
model is not learning to integrate the noise into any of the modes but learning smooth
modes that are more representative of actual digits (or steps later in the denoising
process). Additionally, the presence of so many modes - especially in comparison to
the C-PAE - leads to the integration of features from other digits. While this also
happens in models with a smaller latent dimension, it is more obvious in the C-PAE

and leads to transitions between digit classes.

5.3.3 Extension to Other Datasets

The MNIST dataset is relatively simple, with large-scale features shared not only
within the same digit class but also across them. A better-fit image processing dataset,
such as the CIFAR-10 dataset, can be used to more comprehensively test this class
of models.

For this experiment, an additional hyperparameter is introduced to vary the model
structure. If this hyperparameter is “true”, the encoder and decoder will be CNN-
based. Ifitis “false”, it will be comprised of only linear layers and activation functions.

While a comprehensive analysis is not performed on this dataset, several models

are selected for comparison, with their parameters shown in Table 5.3:

e Model E reconstructs the original image with apparent quantization noise to
an image characterized by a large amount of Gaussian blur. Figure B.21 shows

the reconstruction for all 10 classes.

e Model F reconstructs the original image with large contrast shifts and
transitions to a high-contrast pattern that reappears across multiple initial

conditions. Reconstruction for the 10 image classes is shown in Figure B.22.
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e Model G, the only E-PAE shown here, fails to reconstruct any initial or final
images. Instead, it reconstructs a common pattern with varying contrast levels.

Figure B.23 shows Model G’s reconstruction for all 10 classes.

These models, similar to the MNIST dataset, do not exactly reconstruct the
denoising process but show potential for capturing the underlying dynamics of the
denoising system. Of particular interest is the behavior of models E and F, which
show the ability to transition between different patterns that are not obviously present
in the data itself (like contrast shifts or quantization noise). These reconstruction
dynamics alone yeild insight into the effect of noise on the underlying data and provide
a glimpse into the interactions between noise and image features. However, it is
important to note that Model G fails to reconstruct any meaningful images. Instead,
it reconstructs a common pattern with varying contrast levels, indicating that the
model may struggle to capture the intricate dynamics of the denoising process in the
CIFAR-10 dataset. Further investigation and experimentation are required to fully
understand the capabilities and limitations of E-PAEs in the context of more complex

image datasets.

5.3.4 Hyperparameter Search

The hyperparameter grid search generated 443 different network architectures.
Each network is evaluated, and the reconstruction dynamics are classified. The
hyperparameter combination and dynamics classification are then fit with a nominal
logistic regression to generate a probability distribution of each classification for a
given combination of hyperparameters. The interactive profile of the three nominal
logistic regressions is shown in the attached mp4 files titled “0_Step_Regression.mp4”,
“50_Step_Regression.mp4”, and “100_Step_Regression.mp4”. These videos show how
each parameter affects the probability of certain dynamics occurring for the single-step

prediction task, 50-step prediction task, and 100-step prediction task, respectively.
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Table 5.3: Parameters used for the three selected models trained on the CIFAR-10

dataset.

Parameter Model E Model F Model G
Dropout 0 0 0
Layers 5 5 2

Ly weight 1x107° 1x107° 1x 107
Activation Leaky ReLU Leaky ReLU Sigmoid
Latent Dim. 1536 3072 6144
Network Structure CNN CNN FCN
Parameters 3.9M 11.7M 122.7M
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Dropout has a negligible effect on the resulting dynamics while the number of
layers and weight of L; loss component are directly correlated with the resulting
distribution for most activation functions. The tanh activation function has the
least diverse set of dynamics, including the “noise”, “mostly solid”, and “constant
pattern: no number” classes. Across all combinations of parameters, as the number
of layers and latent dimension increases (not necessarily together), the reconstruction
less closely resembles the true samples. This is evidenced by the growing probability
of the “constant pattern: no number”, “evolving pattern: no numbers”, and “noise”
classes. This is contrary to the original hypothesis that a model with a larger latent
space would better model the dynamics of diffusion. It also fails to meet a secondary
hypothesis that a model with a larger capacity would be better equipped to reproduce

complex, stochastic dynamics.

5.4 Comparison With DDPMs

Using a U-Net with 61M parameters trained on the MNIST dataset, the model can
reconstruct shapes resembling digits. Naturally, the model can reconstruct the true
denoising process of the input image. This model, however, also suffers from an
inherent inability to separate features from different classes of digits, leading to some
images (like those shown in Figures B.24a and B.24c) that are hybrids of two or
more digits. Other digits, like those shown in Figures B.24b and B.24d, are not
clearly recognizable but contain defects around the borders of the digits. While the
background is solid black for all digits recreated by the diffusion model, the digits
themselves are easily distinguished from true MNIST samples. The samples do not
become visible until the final few steps of the denoising process. The entire predicted
denoising process from the U-Net is shown in Figure B.25. In this figure, the 6 does
not become visible until the 90th step, with the remaining steps simply containing

noise.
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While many have successfully used DDPMs for image denoising, the results
presented here are not as successful. There are two likely reasons for this: 1) The
model is trained in state space, not in latent space. While an MNIST image is
relatively simple, performing state-space diffusion opens the door for introducing
artifacts that may not affect the SSIM but are perceptible to the human eye. 2) The
training process and model structure have not been fine-tuned for this specific task,
as this was not the focus of this work. With a larger model, more augmentations,
different learning rate scheduler etc., the model would likely be able to produce images
that are indistinguishable from the true MNIST dataset while still being able to
reconstruct the denoising process.

In summary, employing a U-Net-style architecture obfuscates many of the
underlying dynamics that contribute to this branch of Al’s generative capability. It’s
possible to explore U-Nets using conventional attention-map or heatmap techniques,
but these methods have their own shortfalls, such as sensitivity to input or confusion
between correlation and causation. The PAE suite of models provides - not only
smaller models - but models that are more easily interpretable. Additionally, the use
of a linear operator introduces the opportunity to use classical control methods to

guide generative processes that were otherwise complex in DDPM methods.
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Chapter 6

Conclusion and Future Work

This work has explored the application of Koopman Operator Theory to the study
of DDPMs, offering a new perspective on the dynamics of diffusion processes. By
representing the nonlinear reverse diffusion process in DDPMs as a linear operator
within a Koopman-invariant subspace, this work has provided valuable insights into
the transformation of probability distributions during the diffusion process. The
utilization of PAEs for learning the Koopman operator has demonstrated the potential
for capturing the system’s dynamics in a more interpretable and analyzable manner.

The investigation of various approximation methods, including DMD and PAEs,
has shed light on the potential for understanding the underlying dynamics of
diffusion processes. The application of these methods to datasets such as the Swiss
Roll, MNIST, and CIFAR-10 has illustrated the versatility and effectiveness of the
Koopman-based approach in different contexts and some of the limitations of this
approach.

Furthermore, this thesis has contributed to the theoretical understanding of
diffusion models by providing an analysis of the Koopman-invariant subspace’s
properties. This analysis has implications for the stability and robustness of diffusion

processes, offering a foundation for future research in this area.
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There are several areas to explore and expand upon in this work. Of most interest
is the training paradigm. It is well-known that diffusion models are data-hungry
and require specific fine-tuning for feasible results. In the same light, this branch
of models may require investigating different optimizers, learning rate schedulers,
augmentations, and loss functions. Specifically, a scheduler to increment from a
single-step prediction loss function to a multi-step prediction could prove beneficial
in capturing the long-term dynamics of these complex systems.

Another area of interest is further exploring the properties of the learned operators
to determine if there is a pattern that could be leveraged to improve accuracy and
efficiency. A simple example is the symmetric nature of every operator trained - while
there are no oscillatory patterns in the diffusion process, it is interesting that the noise
does not manifest as oscillations of modes.

In closing, this thesis has opened new avenues for applying Koopman Operator
Theory in the realm of diffusion models, particularly in the context of DDPMs.
The findings and methodologies presented herein lay a solid groundwork for further
exploration and refinement of these models, with an emphasis on enhancing their
interpretability, stability, and robustness. As the field continues to evolve, it is
anticipated that integrating Koopman Operator Theory with diffusion processes will
lead to more sophisticated and efficient approaches for modeling complex dynamical

systems across various domains.
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Appendix

A Dynamics Classification

(a) Constant Pattern: No Number

(b) Constant Pattern: Numbers

(d) Evolving Pattern: All Numbers

(e) Evolving Pattern: No Numbers

(f) Solid Pattern

(g) Noise

Figure A.1: Example images from each class of the dynamics [back]
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(a) Correct: All Faint

(b) Correct: All Obvious

(c) Correct: Obvious to Faint

(e) Correct: Noise to Obviouse

Figure A.2: Example images from each class of the correct dynamics [back]
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B Experiment Results
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(a) Ground truth denoising samples used to fit DMD models.

L - ) L - -

(b) Exact Dynamic Mode Decomposition reconstruction.

Figure B.1: Denoising samples for the Swiss Roll Dataset.
Left: State 0, Right: State 70. Every 10" state is shown. [back]
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Figure B.2: Summary of the Exact DMD operator and the captured dynamics of the Swiss Roll dataset. [back]
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Figure B.3: Exact DMD reconstruction of the MNIST dataset.
Top Left: State 500. Bottom Right: State 1,000 [back]
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Figure B.4: Summary of the Exact DMD operator and the captured dynamics of the MNIST dataset. [back]
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Figure B.5: Extended DMD reconstruction of the MNIST dataset.
Top Left: State 500. Bottom Right: State 1,000 [back]
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Figure B.7: Hankel DMD reconstruction of the MNIST dataset.
Top Left: State 500. Bottom Right: State 1,000 [back]
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Figure B.9: Denoising process for 10 digits, generated from Model A.
Left: Step 50, Right: Step 100. [back]
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Figure B.10: Denoising process for 10 digits, generated from Model B.
Left: Step 50, Right: Step 100. [back]
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Figure B.11: Modes of Model A, a Compressive-Predictive Autoencoder, ordered
by magnitude of the eigenvalue. The red rectangle indicates unstable modes. [back]
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Figure B.12: Modes of Model B, a Compressive-Predictive Autoencoder, ordered
by magnitude of the eigenvalue. The red rectangle indicates unstable modes. [back]
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Figure B.13: Discrete eigenvalues of the linear operator in a
Compressive-Predictive Autoencoder. [back]
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Figure B.14: Denoising process for 10 digits, generated from Model C.
Left: Step 50, Right: Step 100. [back]
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Figure B.15: Modes of Model C highlighted by the value of the coefficient
required to reconstruct a denoised 7. [back]
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Figure B.16: Reconstruction of a denoised 7 using the calculated coefficients of
the modes of Model C. [back]
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Figure B.17: Denoising process for 10 digits, generated from Model D.
Left: Step 50, Right: Step 100. [back]

85



Figure B.18: Modes of Model C, an Expansive-Predictive Autoencoder, ordered
by magnitude of the eigenvalue. All modes are stable. [back]
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by magnitude of the eigenvalue. The red rectangle indicates unstable modes. [back]
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Figure B.20: Discrete eigenvalues of the linear operator in an
Expansive-Predictive Autoencoder. [back]
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Figure B.21: Denoising process for 10 classes of CIFAR-10, generated from Model
E

Left: Step 50, Right: Step 100. [back]
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PP

Figure B.22: Denoising process for 10 classes of CIFAR-10, generated from Model
F

Left: Step 50, Right: Step 100. [back]
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Figure B.23: Denoising process for 10 classes of CIFAR-10, generated from Model

G.
Left: Step 50, Right: Step 100. [back]
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Figure B.24: Four samples generated using the DDPM U-Net model. [back]
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L
Figure B.25: Diffusion process prediction from a DDPM U-Net model. Top Left: State 0, Bottom Right: State 100.
[back]
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C Swupplementary Code

Code C.1: Example code to generate the phase portrait from Figure 2.1

import numpy as np

from matplotlib import pyplot as plt

def system(xl, x2, mu, lambda_val):

return mu * x1, lambda_val * (x2 - x1%*%2)

# Constants
mu = -0.5
lambda_val = -1

# Creating a grid of x1 and x2 values
x1_values = np.linspace(-2, 2, 20)
x2_values = np.linspace(-0.5, 2.5, 20)

X1, X2 = np.meshgrid(xl_values, x2_values)

# Computing the derivatives at each grid point

DX1, DX2 = system(X1, X2, mu, lambda_val)

# Normalizing the arrows for better visualization

N = np.sqrt (DX1**2 + DX2x*%*2)

N[N == 0] = 1 # Avoid division by 0
DX1 /= N
DX2 /= N

# Plotting

plt.figure(figsize=(6, 3.5))

N = np.log(N)

cm = plt.quiver (X1, X2, DX1, DX2, N, cmap=’viridis’)
plt.xlabel(r’$x_1$’)

plt.ylabel(r’$x_2$’)

plt.title(’Phase Portrait with Directional Arrows’)
plt.grid(True)

plt.subplots_adjust (bottom=0.15)

plt.show ()
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Code C.2: Example code to generate trajectories in Figure 2.2

import numpy as np
from scipy.integrate import odeint

import matplotlib.pyplot as plt

def system(xl, x2, mu, lambda_val):

"""Returns the derivatives for the system."""

return mu * x1, lambda_val * (x2 - x1*%2)
mu = -0.25
lambda_val = -1
A = np.array([[mu, 0, ol,

[0, 1lambda_val, -lambda_vall,
[o, 0, 2 * mull)

x1_values = np.linspace(-2, 2, 20)

x2_values = np.linspace(-0.5, 2.5, 20)

X1, X2 = np.meshgrid(xl_values, x2_values)

# Computing the derivatives at each grid point

DX1, DX2 = system(X1, X2, mu, lambda_val)

# Normalizing the arrows for better visualization

N = np.sqrt (DX1**2 + DX2#*%2)

N[N == 0] = 1 # Avoid division by O
DX1 /= N
DX2 /= N

def differential_system(x, t, mu, lambda_val):
x1, x2 = x
dx1ldt = mu * x1
dx2dt = lambda_val * (x2 - x1#*%2)

return [dx1dt, dx2dt]

def koopman_system(x, t, A):

return np.dot (A, x)

t = np.linspace (0, 50, 1000) # Time range for the simulation

initial_conditiomns = [[1, 1], [-0.7,2]] # Starting values for x1 and x2

plt.figure(figsize=(6, 3.5))
cm = plt.quiver (X1, X2, DX1, DX2, N, cmap=’viridis?’)
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Code C.2: continued

for i, ic in enumerate(initial_conditions):

solution = odeint(differential_system, ic, t, args=(mu, lambda_val))
x1_solution, x2_solution = solution.T
label = ’Nonlinear System’ if i == 0 else ’_nolegend_’

plt.plot(x1l_solution, x2_solution, ’r-’, label=label)

ick = [ic[0], ic[1], ic[0]*x*2]

lin_solution = odeint(koopman_system, ick, t, args=(A,))
label = ’Koopman System’ if i == 0 else ’_nolegend_’
x1_solution, x2_solution, _ = lin_solution.T

plt.plot(xl_solution, x2_solution, ’b--’, label=label)
plt.grid(True)

plt.legend ()
plt.show ()
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Code C.3: Example code to generate DMD trajectories in Figure 2.3

import numpy as np
from scipy.integrate import odeint
import matplotlib.pyplot as plt

from pydmd import DMD

def system(xl, x2, mu, lambda_val):

"""Returns the derivatives for the system."""

return mu * x1, lambda_val * (x2 - x1*%2)
mu = -0.25
lambda_val = -1
A = np.array ([[mu, 0, o],

[0, 1lambda_val, -lambda_vall,
[o, 0, 2 * mull)

x1_values = np.linspace(-2, 2, 20)

x2_values = np.linspace(-0.5, 2.5, 20)

X1, X2 = np.meshgrid(xl_values, x2_values)

# Computing the derivatives at each grid point

DX1, DX2 = system(X1, X2, mu, lambda_val)

# Normalizing the arrows for better visualization

N = np.sqrt (DX1**2 + DX2#*%2)

N[N == 0] = 1 # Avoid division by O
DX1 /= N
DX2 /= N

def differential_system(x, t, mu, lambda_val):
x1, x2 = x
dx1dt = mu * x1
dx2dt = lambda_val * (x2 - x1%%2)

return [dx1dt, dx2dt]

t = np.linspace(0, 50, 1000) # Time range for the simulation

initial_conditions = [[1, 1], [-0.7,2]] # Starting values for x1 and x2

plt.figure(figsize=(6, 3.5))
cm = plt.quiver (X1, X2, DX1, DX2, N, cmap=’viridis’)

for i, ic in enumerate(initial_conditions):

# plot the original system
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Code C.3: continued

solution = odeint(differential_system, ic, t, args=(mu, lambda_val))
x1_solution, x2_solution = solution.T

label = ’Nonlinear System’ if i == 0 else ’_nolegend_’
plt.plot(xl_solution, x2_solution, ’r-’, label=label)

# plot the DMD reconstruction
dmd = DMD(svd_rank=2)
system = np.stack([xl_solution, x2_solution], axis=0)

dmd.fit (system)

label = ’DMD System’ if i == 0 else ’_nolegend_’
plt.plot(dmd.reconstructed_data[0], dmd.reconstructed_datal[1], ’b--’,
label)

plt.grid(True)
plt.legend ()
plt.show ()
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Code C.4: Example code to generate the Swiss Roll dataset in Figure 5.1

from sklearn.datasets import make_swiss_roll

import matplotlib.pyplot as plt

dset, _ = make_swiss_roll(n_samples=1000, noise=0.05, random_state=112)
dset [:,0] /= dsetl[:,0].max()
dset[:,1] /= dsetl[:,1].max()

dset[:,2] /= dset[:,2].max()

plt.plot(dset[:, 0], dset[:, 2], ’0°’)
plt.savefig(’swiss_roll.png’, dpi=300)
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