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ABSTRACT 

The prediction of the excess pressure loss accompany­

ing the flow or a fluid through a sharp-edged contraction 

(trom a large reservoir into a small tube) has been the sub­

ject or many theoretical analyses. Recent analyses have been 

concerned with a general "power law• non-Newtonian fluid. 

However, tew experimental measurements, either of pressure 

losses or or velocity profiles, have been made, especially 

for non-Newtonian fluids. 

In this investigation the entrance region pressure 

profiles were measured tor an ethylene glycol-water solution, 

which was Newtonian, and tor Carbopol-water gels or several 
.. 

concentrations, which were non-Newtonian. The flow was in 
. , 

the laminar regime with Reynolds numbers ranging tram 100 to 

1500. 

The experimental results were reported in the form ot 

an entrance correction to the Poiaeuille, equation. An attempt 

was made to separate the upstream correction from the down­

stream correction, since the theoretical developments have 

ignored the upstream pressure effects. 

The following values were found tor the total entrance 

pressure correction: 

Power Law Exponent 
(n) 

l 
,62 

iii 

!otal Pressure Correction 
( velocity he ada) 

2.53 
2 • .30 



( n ) 
. 47 
.42 

( velocit7 heads ) 
2.21 
2.20 

iv 

Tbe maximum experimental error was estimated to be 3 per cent. 

The entrance corr ection was found to decrease wi th decreasing 

values of n in qualitative but not quantitative agreement 

with theory. The quantitative discrepancy probably was cauMd 

b7 an increased upstream pressure loss with decreasing n. 

A vena contracta was found to exist at the entrance tor Rey­

nolds numbers as low as 400, in disagreement with the plug 

flow assumption. 

From this experimental investigation it was concluded 

that the pre ssure effects upstream from and immediatel7 at 

the entrance, which have been negle cted in the theory, are in 

tact significant, but that the downstream pressure effects 

are in reasonable agreement with the theoretical analyses. 

' 
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CHAPTER I 

INTRODUCTION 

As a f luid passes from a large container into a small 

pipe an excessive pressure drop occurs near the contraction. 

This entrance pressure effect must be considere d in capillary 

viscometry or in flow through a short pipe where the entrance 

effect is not negligible. Several mathematical analyses have 

predicted the amount of this pressure drop for Newtonian 

fluids (3, 4, 1, 10 , 12 ) and for non-Newtonian fluids ( 2 , 5 , 

15, 16 ) ,  but there have been few experimental measuremen ts. 

The several Newtonian me asur ements ( 9 , 12, 17 ) were not in 

close agreement, whereas the only precise power law non­

Newtonian measure ments to date ( 6 )  were ma de entirely down­

stream from the entrance without referenc e to the pressure 

above the entrance and, therefore, did not measure th e com­

plete entrance effect. 

The present investigation was undertaken to obtain 

much needed experimen tal data concerning the pressure drop in 

the entrance region for Newtonian and for several power law 

non-Newtonian flui ds. The specific objectives of the inves­

tigation were: 

1 .  To construct a flow system including a test 

contraction with appropriate pressure measuring 

apparatus. 

1 



2 .  To measure the downstream entrance region 

pre s sure profile s for a Newtonian and several non­

Newtonian fluids . 

3. To measure the overall entranc e pressure drop 

for the se fluids .  

2 



CHAPTER II 

BACKGROUND AND THEORY 

I. DEVELOPED FLOW 

The pressure drop accompanying streamline flow through 

a smooth pipe has been described for Newtonian fluids by the 

Poise uille equation (1 ) : 

(1 ) 

Although the Ne wtonian shear stress-shear rate re lationship, 

J ( 2 ) 

was inherent in the derivation of the Poiseuille equation, 

the Poiseuille equation can be modified to describe pressure 

effects for many non-Newtonian fluids. 

Metzner and Reed (11 )  presented a method for correlat­

ing non-New tonian pipe flow data. Their development began 

with a consideration of the perfectly general Mooney­

Rabinowitsch equ ation (18 ) for the rate of shear of a fluid 

at a wall, 

3 

d ln � 
D� 

d ln � J (3 ) 



4 
which is entirely independent of fluid properties (excluding 

time dependent fluids). The term d ln (8V/D) / d ln (DAP/41) 

was designated as 1/n' and was found to be constant over a 

large rsnge of shear stresses for many fluids for which data 

could be found. For fluids with constant 

could be arranged to 

and since n1 is constant, 

n' , Equation 3 

( 5 )  

Where K1 is a constant. Since D6P/4L is the definition 

of the wall shear stress (1)6 J-w, substituting Equation 4 
into 5 yields 

(6) 

which is simply a power law relation at t he wall. 

The usual definition or the Fanning friction factor is 

(1) 

f • 'D AP/4L) 
(j v2/2gc) 

• (7) 

Substitution of DAP/4L from Equation 5 into Equation 1 

gives 
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f • 
16 

• (8 ) 

By letting t-16/B:e as for Newtonian fluids in laminar flow, 

one define s a generalized Reynolds number: 

• (9) 

A general form of the Poi seuille equation in terms of the 

general Reynolds number, NRe' can be obtained by equating 

Equations 7 and 8 and rearranging. 

Wilkinson ( 18) showed that the power law fluid model, 

.....,_ c)Vx n .J rx a K(-- ) �r ' ( 10 ) 

was described  by Metzner and Reed's ( 11 ) general equations . 

By comparing Equations 6 and 10 the following equalities of 

constants were observed: 

( 11 ) 

and 

n • n1 • ( 12) 

A power law Reynolds number , was obtained by 
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substituting the power law constants n and K into the 

equation for th e general Re'1llolds number, 

, a�s. follows: 

" BRe (Equation 9), 

I)Zl v2·n f 
• ( 13 )  

. The power law Poiseuille equation was then found by setting 

f•l6/B�e and-rearranging Equation 7:· 

.AP 
• 

II. FLOW IN W:E ENTRANCE REGION 

(J.4) 

As a fluid enters a pipe from a large container an ex-

c.essive entrance pressure drop occurs. This excessive en­

trance pressure drop has·been measured ( 12, 17 ) and r$ported 

as a pressure correction, Ctot in units of dimensionless 

velocity heads, to the Pbiseuille equation (Equation 1)� 

( 15 )  

where (P0-P) is the pressure drop from above the entrance 

of the pipe to a point within the developed flow region 

(where the effects of the entrance are no longer felt). In 

the case of power law fluids the pressure loss can be 



expre s sed as a correction to the power law Poi seuille equa­

tion ( Equa tion 14) as follows : 

7 

• ( 16 )  

The exces s pressure drop in the entrance region i s  

caus ed by several effects. The mo st obv�ous effect can be 

derived from the following me chanical energy balance for an 

incompre s sible fluid travers ing a change in flow area ( 1 ) :  · 

• (17) 

The subscript s 1 and ·2 indicate po si ti ons upstream and 

downstream re spectively from the change in area . In Equation 

17 the posi tion s denoted by 1 and 2 are as sumed clo se 

enough together to have negligible friction loss between them . 

Prom the continuity relationship if the upstream flow are a 

i s  much larger than the downs tream area, the upstream velo­

city, v1 , wi ll be negligible with re spect to the downstream 

veloci ty , V2• Bquation 17 can the n be rearranged to give 

-= 1 • ( 18 ) 

Prom Equation 18 it can·be seen that the change in the flow 

area at the entranc e for a large contraction ratio contributes 

a pre s sure correction of 1 velocity head to Ctot• 
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In theoretical analyses of the entrance region (2, 3, 

5, 7 , 10, 12, 15, 16} the fluid entering the tube has been 

viewed as a plug retarded by the walls to produce the devel­

oped velocity profile downstream. The excess pressure loss 

in the entrance region has been attributed to the increase of 

kinetic energy of the fluid as it changes its velocity pro­

file and to an increased viscous friction. This portion of 

the entrance pressure correction caus ed by the development of 

the velocity profile will be called cdown• 
Ignored in past theoretical analyses of the entrance 

region is the possible pressure loss upstream from and im­

mediately at the entrance. Such a pressure loss could be 

caused by deviation of the velocity profile at the entrance 

from the assumed plug shape. This additional upstream pres­

sure drop will be denoted by Cup• 

Finally then, Ctot represents the following combina­

tion of entrance pressure corrections for an infinitely large 

upstream vessel: 

(19) 

Several mathematical analyses and experimental inves­

ti.gations have predicted the amount of excess pressure loss 

in the entrance region. The most important of these will be 

briefly discussed, and their results will be presented in the 

form of the predicted pressure corrections. Because of the 



a saumpti�n of  plug flow a t  the entrance the mathematical 

analyses will give value s only for Cdown or Cdown+l, 

whereas the e xperimental inve stigati ons yield value s for 

0tot• 

9 

In 1891 Boussinesq ( 3) pre sented a mathematical 

ana lysi s for a Newtonian fluid predicting the downstream 

entrance pres sure effe c t .  He lineari zed the governing dif­

ferential equation for the entrance fl ow by neglecting sev­

eral small terms . Then assuming the velocity profile to be 

describable as a series function of radius and di stance from 

the entrance, he was able to solve the equations for the 

velocity function .  The pres sure los s  in the entrance was 

calculated di re ctly from the v elocity profile, re sulting in 

the predicti on of a value of downstream correction, Cdown+l, 

of 2 . 24 .  

Later Schiller (12) utilized the Prandtl boundary layer 

concept ( 13) to simplify the Navier-Stokes equati ons govern­

ing entrance flow . An integral method (13) was then used to 

solve the di fferential equations as suming a parabolic equa­

tion for the boundary layer ve locity profile . This develop­

ment yielded a pre s sure correction, Cdown+l, of 2.16. 

Experimentally, mea suring from above the contra ct ion (in the 

large ves sel} to beyond the entrance length Schiller obtained 

values of the overall correction, Ctot' of 2.35, 2 . 36, 

2 . 115 , and 2 . 45. 
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Langhaar ( 10 ) by means of a linearizing approximation 

solved the governing equa tions obtaining a value of 2 . 28 for 

the correction, Cdown+l. 

At kinson and Goldstein (7) extended the range of 

Schiller's mathematical work to larger values of dimension­

less length from the e ntra nce and arrived at a value of 2.41 

for the pressure correction, Cdown+l. 

More recently Bogue ( 2 ) applied Schiller's method to 

a non-Newt onian fluid aescribable by the power la w model. 

The method was modified by the assumption of a cubic equation 

for the velocity profile in the boundary layer. Bogue's re­

sults were identical to Schiller's for the Newtonian case and 

predicted that in the power law case the pressure correction 

would be a function of the power law exponent. 

Tomita (16 ) obtained results similar to those of Bogue 

using a lmost the same method except for the assumption of a 

different velocity function. He later used a variational 

method to arr ive at very similar results (15). 
Dodge (6) obtained experimental data for Carbopol-water 

gels of several concentrations which agreed very well with 

Bogue's prediction for the pressure profile below the en­

tran ce, although Dodge's data give no information about the 

overall entrance loss since he made no pressure measurements 

above or at the entrance. 

Weltmann and Keller (17 ) reported pressure drop 



11 

measurements for non-Newtonian fluids in the entrance region 

which do not differ appre ciably from those for Newtonian 

fluids . They reported a value for Ctot of 2 . 2  for both 

case s .  

In the most recent theoretical tre atment of a power 

law fluid in the entranc e regiong Collins (5) presented a 

dig ital computer soluti on of the boundary layer equations of 

moti on predi cting a Newtonian correctiong Cdown+l, of 2 . 34 
and non-Newtonian corrections correspondingly greater than 

tho se of Bogue . This work represents the most exact solution 

of the differential equations to date. Collins' method will 

be described more fully in the following section. 

III. THE BOUNDARY LAYER APPROACH 

The generally accepted picture of flow through a con­

tra ction lends itself to the methods of boundary layer theory 

( 13 )  where the flow is thought of in two parts: 

1. A laminar boundary layer building up from zero 

thickness at the entrance until the entire flow is 

repre sented by the laminar velocity profile at the end 

of the entrance regi on. 

2 .  The c ore of the fluid which begins at the 

entrance as a flat profile and remains flat until 

consumed by the boundary layer. 

Actually a rounding off of the core profile might be 



expected near the end of the entrance regi on, but in that 

region the flow approaches laminar flow, and little error 

should be introduced.  

Assuming the boundary layer flow model ,  the equation 

of moti on describing flow in the entrance region of a tube 

may be simplified using the well known boundary layer order 

of magnitude analysis ( 13 ) to 

12 

gc 
--

1 
(20 )  

and the c ontinuity equati on to 

• ( 21 )  

The entrance region boundary layer equations have been 

solved for t.he Newtonian case (12 )  and more re cently for the 

general power law case ( 2, 5, 15, 16 ) where Jrrx was defi ned 

by Equation 10. 
Collins ( 5) used finite difference methods to solve 

Equations 20 and 21 . Near the entrance he assumed the veloc­

ity in the boundary layer, vx( r, x ) , to be a series function 

of r and x. The boundary conditi ons for this portion of 

the problem were plug flow at the entrance ,  zero veloci ty at 

the wall, and core flow outside the boundary layer . To 

account for a slight rounding of the core near the end of the 

entrance regi on the velocity profile in thi s region was 



13 
approxi mated by describing it in terms of a small perturba­

tion to the fully developed profi le . The two soluti ons were 

then joined together in the section where both were appli ­

cable . The pressure profile was calculated from the calcu­

lated veloci ty profile , vx ( r, x) .  Collins ' results will be 

pre sented tor comparison with the pre sent experimental re sUlts 

in Chapter IV. 



CHAPTER III 

DESCRIPTION OF THE INVESTIGATION 

fbi .�ranee Region 

. The test section consisted ot a sharp-edge� (zero 
J 

length) contraction from a 6-in. inside diameter tube to a 

tube ot 0.$47-in. inside diameter. The large contraction 

ratio, 12:1, was Chosen so that the upstream velocity would 

be negligible w1 th respect. to the downstream ve,loc1tJ �nd 

that tbe results oi the investigation could be compared �th 

thoae tor co :1 contractions. 

Figure 1 shows a detail•d cross section ot the teat 

section. Upstream was a 6-tt length of stra�ght ·6.:.111. d1am:­

eter thin walled brass tubi�, the tirat l toot ot. which 

contained 3/4-in. diameter tbi� walled brass tubes as 

straightening vanes. The downstrea• section consisted ot a 
• • * 14. 

l/2-1n. insi� 'dia•eter ( • .$47 in. finished) brass tube· S tt . . 
r , ... . . 

111 length. Th� contraction was toNed bJ ailveNaol.clering:the 

., V2-1ri.: tube into a hole �illed through the cent� ot a tlat 

bre.as plate ·perpencl1cular to the s'urtace. The entran6e vaa 
� . 

' � t �· 

polislled smooth so t ba. t a constant �iame:ter ot • .547 in. was 
.• � � 

:.� r .. �.: ... 

��aflttai.ped .ina ide t� tube .and so that the entrapce wa• aharp­

e48.ed.. ···!he brass plate was then connected bJ. tlaEISe with 
. • • .. .. !. 

,. 



• 
A 

• H-+---
• 

s:: 
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-.o 

1. I 

I� r 5 '  

Figure 1. 

I Pressure Tap Location 

Tap � 1/16 in. drill 

18 24 
� � Y,.,..--_..__:::::---6 q - I 

in. inside diameter 

-X • o 9 +X 

+ 5' 
Materi al - brass 

Inside surfaces po lished smoo th. 

Schematic Diagram of Test Section. 

� 
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0-ring seal to the 6-in . diameter tube. 

Wall pressure tap holes of 1/16-in . diameter were 

dri lled on the upper si de of the t e st section, spaced as 

indicated in Table I .  The hori zontal po sition (X, in in. ) 

was mea sure d from the inside surface of the plate forming the 

contraction, with the positi ve direction downstre am from the 

contraction . Taps in the 1/2-in. tube were more c losely 

spaced at the upstream end in order that the pressure effect 

duri ng the development of the velocity profile might be 

measured. The taps were spaced  farther apart downstre am as 

the profile developed. The downstream taps were so located 

that for every run at least two taps were located in the 

deve loped flow regi on. Taps were provided in the vertical 

plate ( zero distance) to measure any radi al effects at the 

entrance .  The positions of these taps were measured verti ­

call� from the centerline or the tube , but were reported in · 

Table I as vertical di stance from Tap 1 in the 6-in. tube 

( h, in in.) since calculations were based on thi s di stanc e .  

Several taps were also provided in the 6-in. diameter tube as 

a reference for the downstream measurements and for measuring 

any upstream pre ssure effect . 

The Pres sure Measuring System 

The pres sure drop was measured wi th a 120-cm U-tube 

manometer using fluids of 1.75 and lo2 specific gravity 
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TABLE I 

LOCATION OF PRESSURE TAPS 

X h 
Tap (in.} (in.) 
1 -24. 057 0 
2 - 5. 057 0 
3 - 2 . 057 0 

� - 1. 057 0 
- 0. 611 0 

6 0 1. 21 
7 0 1. 92 
8 0 2. 27 
9 0 2.63 

10 0 . 2  2. 7J.4 
11 0. 5 2 . 714 
12 1 . 0 2. 71Q. 
13 1.5 2 . 714 
14 2 .5 2.714 
15 i·5 2 . 714 
16 .5 2 . 714 
17 8 .5 2. 714 
18 10.5 2. 714 
19 1i.5 2.714 
20 1 .5 2. 714 
21 26 .5 2 . 714 
22 36 . $ 2 . 714 
23 46. $  2 . 714 
24 56.5 2 . 714 
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depending on the magnitude of the pres sure drop. This 

manometer.in most cases could be read to the nearest miili­

meter. Since the fl uids investigated were very viscous, the-r 

were unsuitable for use in the manometer leads; therefore 

it was necessary to purge the leads with water. 

Brass 1/8-in. fittings were soldered above the tap 

holes so that a valve could be placed above each tap. Eac� 

valve was fitted with a brass nozzle to which the T1gon tub­

ing manometer leads could be attached. 

The Flow S1stem 

The entire system was constructed of brass and stain­

less steel since these metals were fairly unreactive w1 th the 

test fluids. The flow was regulated by a 1-1/2-in. diaphragm 

valve and measured with a 10 gal/min-capacity rotameter. To 

avoid parallax in reading the rotameter, a sight wire was 

installed for each rotameter setting used. A Yeomans Broth� 

centrifugal pump rated at 15 gal/min at 30-ft dynamic head 

was used in the system. A schematic diagram of the flow 

system is shown in Figure 2 .  

A b'fpass was provided for rotameter calibration lead­

ing to a 55-gal stainle'ss steel drum situated on a balance. 

The flow during calibration was controlled b'f a 1-1/2-in. 

globe valve. 
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II. TEST MAT�IALS 

International Harvester antifreeze which is 94�9 per 

cent ethylene glycol was used for the Newto�an fluid. It 

was chosen because its viscosity was high enough for use in 

the flow system and because it was relatively inexpensive. 

Its Newtonian behavior was verified with a rotational vis-

cometer. 

Through purging .the manometer leads w1 th water during 

the initial runs the ethylene glycol concentration was de­

creased to about 85 per cent when the actual test. runs were 

made, reducing the viscos�ty at room temperature to about 

8 centipoise. 

Carbopol 934, a product ot the B. F'. Goodrich Chemical 

Company, dissolved in water and neutralized with sodium 

hydroxide, was used as the non-Newtonian test fluid. This 

solution was used because it has been found to follow the 

power law relation over a large range of shear stress (6). 

Since the power-law constants vaey with Carbopol concentra­

tion, solutions of several concentrations were used. 

III. EXPERIMDTAL PROCEDI.tREf 

PressUre Measurement 

In beginning a test run the fluid was circulated 

through the system and the flow rate adjusted to a previously 
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chosen rotameter reading . Periodic adjustment of the flow 

control valve was nece ssary to maintain the desi red rotameter 

reading . The temperature of the test fluid was held constant 

near room temperature by flowing cold water over the pump 

housing . The manometer legs were connected by Tygon tubing 

to the taps between which the pres sure drop was to be meas­

ured .  Where possible the pre ssure drop was measured with 

respect to Tap 1 located 24 in. upstream from the contraction .  

During a run the pres sure at every tap was measured and at 

most taps was remeasured. If the pres sure reading tor a tap 

could not be reproduced during the run of it tbe temperature 

varied more than 1/2°0, the data were discarded, and a new 

run was begun . 

The manometer leads wer·e purged with water before each 

pres sure reading . Purging was accomplished by allowing the 

manometer fluid to reach its approximate level wi th some test 

fluid in the leads , closing the valves between the manometer 

and the water inlet, opening the water valve purging the test 

fluid back into the test section, closing the water valve and 

reopening the manometer to the flow system . Thi s procedure 

was repeated tor each tap until no change in manometer read­

ing was noticed upon purging . 

Flow Rate Determination 

Since the pres sure drop was so s ensitive to fluid 
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velocity and since the rotameter calibration was found to 

vary with composition of Car bopol, it was necessary to cali­

brate th e rotameter after each run. The rotameter was cali­

br ated by flowing the test fluid through the test section 

bypass into a tared barrel for a measured length of time. 

To in crease the accuracy of calibration it was necessary to 

pour the fluid into a second barrel while the control valve 

was adjusted to maintain the desired rotameter reading and to 

begin timing when the flow was diverted into the tared barrel. 

After the me asured time flow was returned to the second bar­

rel until th e control valve could be closed, the tared barrel 

was we ighed and the fluid was returned to the flow system 

reservoir by another pump. Several calibration runs were 

made, and the best ones were averaged. The error in calibra­

tion was estimated to be less than 1 per cent. 

Sample Analysis 

Samples of the test fl uid were removed from the system 

at a downstream tap immediately before and after a run. 

Since the no n-Newtonian fluid tended to deteriorate with time, 

the sam ples were examined soon after the y were taken. Sample 

examination consisted of me asuring th e d ensity with a West­

phal balance and measuring the rheological properties with a 

rotation al viscometer . If the propertie s of the samples taken 

before and after the run varied, the run was discarded. 



Viscometry 

All viscometric measurements were made wi th a Haake 

Rotovisco manufactured by Gebruder Haake K. G. Berlin­

Steglitz, Germany, using concentric cylinder attachments 

SVI and NV. Operating details are in Appendix c. 

Preparation ot the Carbopol Gel 

23 

Carbopol is delivered as an acid powder and must be 

dis solved in water and neutralized to form the characteristic 

gel . Solutions of les s than 1 per cent by weight Carbopol 

were inve stigated . In order to introduce the Carbopol into 

the system as a homogeneous bubble-free gel it was nece s sary 

to use a step-wi se procedure as follows : 

1 .  The flow system was.filled wi th water and all 

air was expelled. 

2. Carbopol powder was poured onto the surface of 

the water in the re servoir . 

3. The so lution was . agitated in the reservoir by 

an air powered stirrer and was als o  pumped through 

the system �til the Carbopol had completely dis solve d. 

4. The so lution was neutrali zed wi th 10 per cent 

by weight so dium hydroxide to a pH of about 7 as 

measured by pHydrion paper . 

When the solution concentration was to be changed 

water was added, and the solution was stirred overnight or 

until homogeneous . 



CHAP.rER IV 

PRESEBTATION AND DISCUSSION OF RESULTs
' 

Equations 1.5 and 16 show that pressure drop data tor . 

the entrance region when plotted in terms of pressura ditt er• 

ence in velocity heads, (P0-P) /(  f v2/2g0 ) , versus reduced 

distance from the entrance, ( X/R)/B�e' are independent ot 

the equipment size ( so long as the contraction ratio is the 

same ) and fluid velocit�. 

Pigure 3 presents t ypical pressure drop data and 

demom�trates the method used to fine} the entrance pressure 

correctio n, Cdown+l. The reference pressure tap tor this 

plot was located o n  the vertical plate forming the cont rac­

tion ( zero distance from the entra nce) at a radial distance 

ot 1/2 in . from the centerline. S.ince this pressure tap was 

located on the upstream side ot the e nt rance, the downstreu 

pr essure readings contained an additional 1 velocit� head 

caused b7 the change in cross section. The equipment was 

designed so that a tap located 0 .• 2 in. downstre am from the 

entran ce might be us ed tor t he reference tap to. separate the 

downstream pressure drop from the upstream drop, but for most 

runs a vena contracta ettect rendered the us e of this tap not 

meaningful. 

Equations 15 and 16 predict that the data plott ed in 

t·erms or t he co-ordinates of Figure 3 will approach a constant 
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slope of 32 as the fluid obtains its laminar profile, there-

fore the downstre am entrance correction was found by extrapo-

lating to zero di stance a line of slope 32 through the far 

downstream data point s .  Much of the experimental error came 

from the difficulty of locating thi s line since any slight 

error in slope of the data would have a large lever arm eff� 

at the far downstream point s; therefore ,  any run for which 

the slope of the data far downstream differed much from 32 

had to be di s carded. 

The remaining upstre am pressure drop ( above the 

previously me nti oned reference ·tap ) was mea sured with respect 

to a tap located in the 6-in. diameter pipe 24 in. upstream 

from the entrance • v:1' 
The downstream including the entrance and the total 

pressure drop corrections ,  Cdown+l and Ctot ' respectively, 

for each run, as calculated from the expe rimental pre ssure 

profiles � are presented in Table II along wi th the rheologi-

cal data for e ach run and the literature value s for the 

corrections .  The experimental values of Cdown+l are high�r 

by about 15 per cent than those predi cted by Collins' down­

stream development .. The comparison of the experimental ve.l.uel!l 

of Cdown+l wi th Collins' and Bogue's value s are shown more 

clearly in Figure 4. 

For Newtonian fluids (n•l ) the experimental value of 

Ctot of 2.53 agrees wi thin experimental accuracy with the 



N' Run Re n 

A 580 1.0 
B 560 1.0 
c 13 95 1.0 
D 1492 1.0 
E 1495 1 .0 

F 1469 .62 
G 1220 .62 
H 4710 . 60 
I 2616 .60 

J 1647 -475 
K 1056 -475 
L 930 -47 0 
M 343 -470 

N 173 -425 
() '162 -425 
p 449 -41 

TABLE II 

THE ENTRANCE PRESSURE CORRECTION 

K 
1b.rsecn Ex 

( ) p. .rt2 C down 
+1 

8.3 cp 2.55 
6.3 cp 2.55 
8.48 cp 2.50 
7.96 cp 2.50 
8.o46 cp 2.50 

.00334 2.26 

. 0033� 2.26 

. 0036 

.00366 

.0259 2.23 

. 0259 2 . 23 

. 0284 2.23 

.0284 2. 23 

.0715 2.-15 

.0715 2.15 

. 0595 2.15 

Exp. Bogue(2 )  Co111ns(5 ) Sch111er (12) We1tmann(17 ) 
ctot cdown

•
1 0down

•1 

2.16 2. 34  
2.525 .. 
2.53 
2.56 
2. 53 

2.302 1 . 86 2.0 
2 .306 

2.274 
2.274 
2 .28 

1.70 1 . 81 

2.26 

2.24 1.60 1.74 
2.37 
2.19 

ctot Exp. u·35 
. 2 . 36 

2. 45 
. 2. 115 

ctot Exp. 

2.2 

2.2 

2.2 

2.2 

1\) 
-J 
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highest of Schiller's four experimental values of 2 . 45,  
2 . 36 ,  2 . 35 ,  and 2 . 115 ( 12 ) . 
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The experimental data for e ach fluid were compare d 

with Collins' ( 5 ) theoretical downstream re sults in Figures 

5, 6, 7, and 8 .  The experimental pre ssure drop data were 

calculated from the referenc e tap on the vertical plate form­

ing the contracti on and therefore include the 1 velocity 

head caused by the change in cross secti on. The scale for 

the the oretical results (right hand ordinate ) was displaced 

until the theore tical curve best fit the data points in the 

develop8d profile region . The amount of displacement indi­

cated the difference between the experimental and theoretical 

(Collins' ) values of Cdown+l .  From these plots it can be 

seen that the theoretical curves fit the experimental points 

fairly wel l  downstream from the entrance . 

Because of the insensitivity of pressure me asurements 

no definite values for the distance required for the complete 

velocity profi le development can be obtained from this inves-

tigation .  Values of entrance length predicted by Bogue ( 2 ) 
and Collins (5)  are as follows: 

n 

1 
0 . 6  
0 .47 
�.41 

(Xd/R )/(NRe ) 
Collins· 

0.1 
0 . 096 
o . o88 
0 . 083 

< xd/R Y< Nae > Bogue 

0 . 0515 
0 . 040 
0 . 032 
0 . 027 
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Bogue's values were dictated by the boundary layer analysi s  

while Collins' values were based on  98 per cent development 

of the center line ve locity .  As can be seen from Figures 5 ,  
6 ,  1 ,  and 8 the data approach a constant slope of  32  ( the 

criterion for developed flow) very near the value s of entrance 

length predic ted by Bogue . 

Vena contracta and other effects immediatel1 at the 

entrance are shown more clearly in expanded pre s sure profiles 

at the entrance ( Figures 9 ,  10, 11, and 12 ) .  The reference 

pre s sure tap for these figure s.was located in the large pipe 

24 in .  upstream from the entrance. Several runs for each 

fluid were pre sented in each figure so that the figures might 

demonstrate the effect of Reynolds number on the entrance 

pre s sure drop . For the same fluid at lower Reynolds numbers 

the net pre ssure drop at the entrance was greater . Although 

the v ena contracta peaks for the runs at higher Reynolds num­

bers were great very near the entranc e ,  the fluid regained 

much of 1 ts lost energy r.e sulting in a smaller net loss  than 

was experienced in the lower Reynolds number runs . The vena 

contracta was not noticed in runs wi th Reynolds numbers below 

400,  although at low Reynolds numbers the vena contracta 

would be expe cted to move c loser to the entrance so that the 

nearest tap ( 0 . 2 in. downstream) might not detect it . 

The vena contracta, re cogni zed by the large pre s sure 

drop at the entrance ,  has not been accounted for in the 
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previous theoretical works . Although much of its resulting 

pre ssure los s i s  recov ered, this effect seems worthy of con­

sideration in treating the overall contraction problem in 

that it s formation indicate s  radial flow slightly above the 

entrance and shows that the entering fluid i s  not in plug 

form. 

A small radial pre s sure effect was notic�d along the 

vertical plate forming the contraction whi ch was greater for 

the more non-Newtonian fluids and negligible for the Newton­

ian . Thi s radial effect did not extend beyond 1 in . from the 

centerline . Sinc e the tap nearest the entrance on the ver-
' 

tical plate was 1/2 in. from the centerline (approximately 

1/4 in. from the tube opening ) , some of the pres sure drop 

measure d between thi s and the first downstream tap ( 0 . 2  in. 

from the entranc e ) may well have been due to upstream radial 

effects especially in the cas e  of the more non-Newtonian 

fluids. Thi s upstream effect could be the reason that the 

more non-Newtonian fluids yielded pre s sure corrections dis-

proportionate ly greater than the theoretical downstream 

corrections . 

Although the Reynolds number was noticed to influence 

the pre ssure profile at the entrance no significant variation 

of Ctot with Reynolds number was found . 

The overall experimental error was estimated to be 

about 3 per c ent resulting in a value of Ctot for the 



Newtonian tluid or 2 .53!.08 . The error analysis i s  

pre sented i n  Appe�dix B .  
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CHAPTER V 

CONCL USI O N S AN D RE COMMENDAT I ONS 

Conclusions 

The following conclusions were drawn from this inves­

tiga tion: 

1 .  For the Newtonian an d non-New tonian fluids 

investiga ted, the theoretical anal yses describe 

accuratel y the shape of the pressure profile from 

sl ightly below t he entra nce throughout the remain­

der of the downstre am ent ra nce region . 

2 .  The experimental data were in re ason able 

agreement wi th the theoretically predicted length 

re qui red for the development of the velocity profile . 

3, The pre sence of a vena contracts at the 

entrance for Reynol d s  numbers above 400 indicated 

radial flow immediatel y at the ent ra nce in di sagree­

ment with the ent ra nce plug flow assumption . 

4. Signif1cant pressur e l osses above and 

immediately at the entrance were observed, the 

losses being greater for t he more non-Newtonian 

fluids. 

5. The me asu red values for the downstre am 

entrance correction , Cdown+l , were about 15 p er cent 

higher th an Collins ' theoretical values . T his 

41 



di screpancy is beli eved to be due to the above 

menti oned pre ssure effects immediately at the 

entrance . 

6 .  The overall pres sure correction, Ctot ' was 

found to decrease wi th power law exponent, n, in 

qualitative but not quantitati ve agreement with 

theor�. 

1 .  The overall corre cti on di d not vary appre­

ci ably wi th Reynolds number. 

Recommendations 

It is recommended that future experimental inve stiga­

tions extend this work to i� lude other non-Newtonian fluids , 

particularly slurrie s .  Measurements for thi cker fluids at 

higher flow rate s would be  useful als o .  

Future theoretical non-Newtonian analyses should in­

clude the upstream and entrance effects perhaps by carrying 

out a complete numerical solution of the equations of motion. 
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APPENDIX A 

SAMPLE CALCULATIONS 

The calculations for this investigati on consisted 

mainly of pro ce s sing the experimental data into the form of 

the dimensi onles s  parameters ( P01-P )/( f V2/2gc ) and 

( X/R )/Bae • The data proce s sing was programmed in Forgo for 

the IBM 1620 digital c omputer. Programs for the Newtonian 

and non-Newtonian runs are present ed in Table s III and IV, 

respectiv ely .  

A sample calculation for one pre s sure tap reading for 

a non-Newtonian run i s  shown below: 

Sample Run F, Sample Tap 19 

Reference Tap 1 

1 .  Velocity in small tube : 

V • W/ fc A 

� c • density of Carbopol-water solution 

v - .59/ ( 0 . 9965) ( 62 .43 ) ( . 0016312 ) 

V s: 5 .82 tt/sec 

2 .  Power law Reynolds number: 

( 12 )  

The ca lculation of n and K i s  described in Appen-

dix c .  
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TABLE III 

NEWTONIAN DATA PROCESSING PROGRAM 

C C H L LAN I EVE 2458 8  

C MS THES I S  

48 

D I MENS I ON X < 24 ) t  T < 24 ) t DELH < 2 4 ) t 0ELCH < 2 4 ) t 8 < 24 )  

D I MENS I ON C < 24 ) t V I SC < 24 ) , VEL < 24 ) t R E N < 24 ) , D I ST < 24 ) t PR E S < 24 )  

REA D t ( X  < I ) • DEL CH ( I ) , I = 1 , 24 ) 

REA D ,  < T <  I ) , 1 = 1 t 2 4 )  

REA D , ( DEL H ( l ) t l = 1 t 2 4 ) 

REA D t V I SC 1 t T 1 t DENW , DENEG , OENO t DEN W O t PPS 

R = O e 02279 

A = O e 0 0 1 63 1 2  

GC = 32 e l 74 

DO 30 I ::  1 • 2 4  

D = 6 e 72 E -4*V I SC 1  

V I S C < I l = D*EXP < 3 e 05E3* < < 1 e / ( T ( I ) +273 e ) ) - ( 1 e / ( T 1 +2 73 e ) ) ) )  

RE N < I > = < PPS/ < DE NEG*A l > *2 • *R*DENEG/V I SC < I l  

D I S T <  I ) :: X (  I ) / ( R*REN < I > * 1 2 e ) 

B < I > = < DENO- DENWD l *DELH < I > *62 e 4 3/ ( 1 2 e *2 e 54 ) 

C < l l = < DENEG-DENW l *DEL CH ( I l *62 e 4 3/ 1 2 •  

VEL C = PP S / ( DENEG*62 e 43 *A > 

PR ES < I > = < B < I > +C < I > > *2 • *GC/ < DENEG*62 e 43* < VELC** < 2 e ) ) )  

30 PUNCH t R EN <  I )  t D I S T <  I )  t PRES < I )  

S T OP 

END 

56 e 5  2 e 7 1  46 e 5  2 e 7 1  36 e 5  2 e 7 1  26 e 5  2 e 7 1  1 8 e 5 2 � 7 1  

1 4 e 5 2 e 7 1  1 0 e 5 2 e 7 1  B e 5  2 e 7 1  6 e 5  2 e 7 1  4 e 5 2 e 7 1  

2 e 5  2 e 7 1  1 e 5 2 e 7 1  1 e  2 e 7 1  e 5  2 e 7 1  e 2  2 • 7 1  

O e  2 e 6 3  56 e 5  2 e 7 1  46 e 5  2 e 7 1  36 e 5  2 e 7 1  2 6 e 5  2 e 7 1  

O e  2 e 27 O e  l e 92 O e  l e 2 1  - • 6 1 1 O e  

24 e 8  24 e 8  24 e 9  24 e 9  25 e 0  25 e 0  25 e l  25 e 2  25 e 2  25 e 3 

25 e 4  25 e 4  25 e 4  25 e 5  25 e 5  25 e 6  25 e 6  24 e 8  2 4 e 8  24 e 9  

25 e 6  25 e 5  25 e 4  25 e 3  

1 1 4 e 3  99 e 9  85 e 7  72 e 5  59 e 6  52 e 7  46 • 5  4 2 e 2  3 8 e 2  34 e 1  

29 e 8  26 e 0  24 e 8  24 e 8  25 e 6  -2 • 8  1 1 4 e 3  99 e 9  85 e 7  72 e 5  

-2 · 8  -2 · 8  -2 · 8  -2 · 8  

8 e 48 25 e 0  e 9988 l e l 034 1 e 2 1 24 e 9988 e 2865 



TA BLE IV 

NON-NEWTONIAN DATA PR OCESSI NG PROGRAM 

C C H e  L e L A  N I E VE NN D A TA M A Y  1 S t 63 C l ) 
C MS THES I S  NN DATA 

D I MENS I ON X C 24 ) t 0EL H C 24 ) t 0ELCH C 24 )  
D I MENS I ON D I ST C 24 ) t PRES C 24 ) t B C 24 > . C C 24 > 
D I M ENS I ON TW C 1 S ) 
REA D t C X C I ) t DELC H C I ) t l = 1 , 24 > 
REA D t C DEL H C i l t l = l t 24 >  
REAO , D E NW t DENO , DENC , C K , CN t PP S  
R • O e 022 79 
A = O e 0 0 1 63 1 2 
GC = 32 e l 74 
VEL =PPS / C DE NC*62 e 43*A > 
Z= C C R* 2 • > ** C N > * < VEL** C 2 e - CN ) ) 
Y• C C C 3 e * CN ) + l e ) / ( 4 e * C N > > **CN 
R E NP = < Z* DENC*62 • 43 ) / ( ( GC *CK*Y > * C 6 • * * C CN- l e ) ) }  
PUNCH t RENP t CN , C K 
DO 30 I =  1 • 24 
D I S  T C I > = X C I ) / C R*RENP* 1 2  • > 
B C I > = C OENO-DEN W > *DELH C l l *62 e 43/ C 1 2 e *2 • 54 ) 
C C I ) = C OENC- DENW > *DEL.CH C I ) *62 e 43/ 1 2  • 
PR E S  C I ) = C B C I ) +C C I >  > *.2 • *GC/ C DE NC*62 e 4 3* C VEL** C 2  • > > > 

30 PUNCH t D I S T C I > , PRES C l > 
DO 20 I =  l t 1 S 
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TW C I > = C B C I ) +C C I > - C B C I +  1 > +C C I +  1 ) > ) *6 • *R/ ( ( X  ( I > - X C I +  1 > > * 2 • 09E -3 ) 
2 0  PUNCH , TW C I )  

ST O P  
END 
S6 e S t 2 e 7 1 t 4 6 e S t 2 e 7 1 t 36 e S t 2 e 7 1 t 26 e S , 2 e 7 1 t 1 8 e S t 2 e 7 1  
1 4 e S t 2 e 7 l t 1 0 e S t 2 e 7 l t 6 e 5 t 2 e 7 1 t 6 e S t 2 e 7 1 t 4 e S t 2 e 7 1  
2 e S t 2 e 7 l t � e S t 2 e 7 l t 1 e O t 2 e 7 1 t O e S t 2 • 7 l t 0 • 2 t 2 • 7 1  
O e t 2 e 63 t O • t 2 e 27 t O e t l e 92 t O e t 1 e 2 l t - e 6 1 1 t O e  
- l e O S7 , o  • • -2 . 0S7 , o . , -s . os7 . o  • • 1 4 • S , 2 e 7 1  
O e  3 1 S e 9 2S 7 e 7  1 99 e 2 1 S2 e 6  1 29 e 1 l O S e S  94 e 1  6 1 e 4  79 e 0  
SS e S  4� e 9  4 3 e 4  39 e 2  38 e 7  1 e 7 l e 7 l e 7 1 e S l e 1 
. 9  . 7  · 9  1 2 9 . 6 

e 996S l e 733 e 9 96S e 059S e 4 l e S9 



3 .  Dimensionle ss di stance from entrance :  

(X/R)/N�e R (14.5/12 )/(. 02279 ) (448 . 5 )  

(X/R )/N�e R 0 . 11814 

4 .  Manometer differential in lbf/tt2 : 

6-P R ( foil-
f
water ) H r water (g/gc ) 

A P R (1 . 733- . 9965 ) (129 . 1) (62 .43 ) I (2 .54 ) (12 ) 

4P R 195 lbr/tt2 

5. Manometer correction: 

50 

Because the height of some taps differed from that of 

the referenc e tap and because water was us ed in the manometer 

leads , a co rrection for the density difference of the water 

and te st fluid was ne ce ssary. For the Carbopol-water test 

fluid the dens ity difference was negligi��e . 
A.

Pcorrection R ( rcarbopol
.f

water
) h fwater (g/gc ) 1 12 

6
Pcorrection R ( 0 ) (2 .714 ) (62 .43 ) /  12 

A Pcorrection R 0 

6 .  Dimensionless pre ssure di fference : 

( Pol-P )/{j V2/2gc ) R ( .AP+APcorrection
> 2gc / ( fc ) ( V2 ) 



( P01-P ) ( f v2/2gc ) -= ( 195 ) ( 2 )  ( 32 . 174)  I ( .  9965 ) { 62 .43 ) (5 .82 ) 2 

( P01-P) ( f v2j2gc ) -= 6. 0203 

7 .  Entrance pre s sure correction: 

51 

The pre ssure corre ction was c alculated graphical!� 

from the plot of dimensionle ss pres sure versus dimensionle ss  

length . Its value i s  the intercept at zero length of a line 

of slope 32 drawn through the far downstream experimental 

data points .  



APPENDIX B 

ANALYSIS OF SO l.RCES Olt' EXP�RI MENTAL ERROR 

Since the mos t si gnific ant re sult s of thi s  experiment 

were expre s s ed in te rms of t he pre s s ure c orre c t i on found by 

extrapo lat ing a l ine of slope 32 thro ugh· the downs tre am 

Po i s eai lle flow data point s back t o  the entranc e ,  the exper i ­

men tal accura cy may b e  det e nnined by inve s t i g ating the error 

in t he de term i na tion o f  the v alue s of. t �  measure d pres sure 

in re duc ed veloc ity head unit s ,  

and the s lope of t he  data plo t ,  

I R Nae 

X • 32 • 
( B-1 ) 

Tbe de gree of ac curacy of me a surement and t he r e l ative error 

ot each me a sure d variable · a re pre s e nt e d  in Table V along wi t h  

the re sult i ng re lati ve error i n  (·P61..;P )/( f v2/2gc ) and 

slope . 

For t be  Newtoni an c ase for typ i c al me a s urement error s 

the s l ope was f ound t� - be )�+1 .4. The· rela t i v e  error i n  the 

pr es sure los s ( P0-a/( 1 v2/2Sc ) t or  eacn measurement wa s 2 . 6  
pe� c ent . Si nc e actually the slope w a s  he ld · ·to clos er toler­

anc e than the above value , . the ent ra nce pre·s sure co rre c t i on, 

Ct0t , shoul d b e  2.53±. 08 o r  should ' have a maximum rela tive 

e rror of 3 per cent . 
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TABL8 V 

ERROR A NALYSIS OF A TYPICAL NBWTONIAN DATA POINT 

Typi cal Relative 
Error 

Measure d Variable Accu:racz (.)  
D . 001 in. . 18 

H .1  em . 2  
X . 01 in . . 1  

w . 005 lba/8ec .5 

f . 001 . 1  

* foil
- �water 

. 001 . 13 

** foil- f water 
. 001 .5 

� 
perhap8 - 2 con8ervat ive 

**Total relative error 

*Speci ric gra v it y  or oil c 1 . 75 .  
**Sp ec ifi c gravi ty of oil s 1 . 2. 

Relati v e  Error in 
Slo�e ( P09-P)/( � V2/2sc > 

(!IJ (�) 
- 13 

. 2  

. 1  

. 5  

. 1  

. 13 

.5 

2 

4.2 

. 13 

.2  

1 

. 1  

. 13 

. 5  

2.6 

\n 
w 



The non-Newto ni an erro r s houl d no t be much gre ater 

than the Newtonian e rror parti cularly for v alue s of n . ap­

pro aching 1 .  Any di ffer enc e i n  e rror woul d be caus e d  by 

54 

the vi s c omet ry, a nd it i s  believe d tha t ,  exc ept in the c a s e  

o f  n•0 . 4  whe re the flui d rhe o logy di d not exactly follow 

the power law mo del ,  t he ac curacy was s imilar for both c a s e s . 



APPENDIX C 

DESCRIPTION OF VI SCOMETRY 

A Haake Rotovi sco viscometer built by Gebruder Haake 

K .  G. ,  Berlin-Steglitz ,  Germany, was used for all rheological 

measurement s .  The operating instructi ons were provided with 

the instrument . Two differ ent procedure s were used for the 

treatment of the Newtonian and non-Newtonian data . 

Newtonian Measurements 

For Newtonian fluids bob and cup attachment NV was 

us ed. From measurements of speed of rotati on, the force 

required ( scale reading ) to maintain the spe�d and the 

dimensions of the bob and cup,  the visco sity could be deter­

mined ( 18 ) . National Bureau of Standards oils H, I, and J 

of the s ame vi scosity range as  the s ample s were used to check 

the calibration of the viscome ter . The visco si ty of the 

experimental fluid, ethylene glycol and water, was found to 

be the same at several . shear rates ,  verifying that the fluid 

was Newtonian . Since the pre s sure measurement runs were made 

at various temperature s ,  vi sco sity-temperature data were 

measured for the ethylene glycol-water soluti on and recorded 

as log viscosity versus the reciprocal of the absolute tem­

perature . The visco sity measurements were then made at 25°C 

and the data converted to the experimental temperature s .  The 
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scale reading of the vi scometer limited the ac curacy of the 

vi scosity determination to a relative error of about 2 per 

cent . 

Non-Newtoni an Measurement s 

Since the non-Newtoni an fluids were more viscous , 

56 

their visco sit7 measurement s were made with c7lindrical bob 

and cup attachment SVI . The shear stre ss , 1i' ,  and shear 

rate, � ,  were required  for the non-Newtonian flui d. After 

relating the gear setting to revolutions per minute the shear 

rate was calculated from the relationship ( 18 )  

( C-1 ) 

where Ravg is the average of the inner a.nd outer radi i and 

�R is the gap thickne s s .  

Because end effect s  complicated the dire ct calculation 

of the shear stre ss ,  T was evaluated indirectly through 

calibration with National Bureau of Standards Oil s .  The 

standard oils gave a reliable value of T- 1 e ( vi s co sity ) 

and the value of � calculated from Bquati on C-1 was 

as sumed to be re liable ; the�efore ,  � was easily evaluated .  

A summary of pertinent data follows : 

Cup and Bob SVI : 

Cup diameter: 23 . 09 mm 

Bob di ameter: 20 . 19 mm 
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) ( dynes/cm2 ) ll . O S  50 Head 

D ( s e c - 1 ) 456/U 

where 

s :c scale readi ng ,  0-100 

u c gear s et ting , 1 ,  2, 3 • • • 162 

Sinc e the test gels ha d a tendency t o  chang e their 

rhe o logical properti e s  wi t h  time , the vis c ome try me asurement s 

were ma de immediately after t he  run and at the same tempera -

ture a s  the run . The she ar s tr e s s  was mea sure d at ev ery 

pos s i b le she ar rate for the flui d ( 10 spe eds ) , and the data 

were pl o tted as log she ar s t re s s  v ersus log she ar ra te . The 

slope w a s  the de s ired powe r law exponent , n, whi le ext rapo -

lation to ze ro log s hear rate gave the power law K .  For all 

flui ds te sted th i s  plot wa s a ne arly st raight l ine exc ept at 

very low s hear rate s where the shear stre s s  bec ame highe r 

than pre di c t e d  by the power law . The vi s c ome try plots for 

some o£ the C arbopol-water gels are shown in Figure 13 . 
The wal l  she ar stre s s  wa s dete rm ine d in the deve loped 

fl ow s e c t i on o f  the test s e c t ion by the e quati on ( 1 ) 

D AP 

4L ( C -2 ) 

and was found to be of t h e  same order of magni tude as the 

high e s t  shear s tre s s  mea sure d  wi th the vis comet er, assuring 



6oor-���-rrTTr-----r--.-.-��rT��--��--�---

400 K ha s uni t �  
lbr s e en 

ft � 
� 

I I I 
"!! 

I II II I 
0 

I ��-- I ......... 200 I C) 
� 

'tS 
-

� 
.. 

., 
., 
G) 
5:4 

� 
ell 
5:4 
� 
.8 
ell 

p 
n• . 41 
K• . 0.5,9.5 

1

��� I I I oi l Il l �. 1 1 ·� 

601 1 I I "I I I I I ... - • .......... '!"' 

401 I I I ol I 

20' 1 t! 1 z!: 1 .... 14fA Ak 1 I 1A 1 } A- OA 41AA AkA 1 I JfA I) " 

She ar Rat e ,  � ( s e c -1 ) 

Fi gure 13 .  Determina t i o n  o :f  Power Law C o nst ant s . 

\n. 
():) 



59 

that the vi s cometry data were appli cable to t he ac tua l  flow 

s i tua t i o n .  



APPENDIX D 

TABULATION OF DATA 

The experime ntal data are pre sented in the form of the 

reduced coordinate s of di stance from the entrance ,  

(X/R)/BRe ' and pres sure difference, ( P01-P )/( f v2j2gc ) •  

For the Newtonian runs the tap numbers along with the Rey­

nolds number for e ach tap end the fluid specific gravity 

( SG ) ,  vis cosity and mas s flow rate for each run are given .  

For the non-Newtonian runs Reynolds number, mas s  flow rate , 

and a value for each of the power law cons tant s n and K 

are given for each run. 
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TABLE VI 
REDUCED DATA FOR NEWTONIAN RUN A 

Tap NRe (X/R )/NRe ( Po1-P )/( f V2/2sc
> 

24 578 . 0  . 3574 15 . 232 
23 578 . 0 . 2942 12. 823 
22 580 . 0  . 2301 10 .497 
21 582 . 0  . 1665 8 . 299 
20 582 . 0  . 1162 6 .862 
19 582 . 0  . 0911 6 . 016 
18 583 . 9  . 0658 5 . 171 
17 583 . 9  . 0532 4 .494 
16 583 . 9  . 0407 4 . 241 
15 585 . 9  . 0281 3 . 649 
14 585 . 9  .0156 3 . 226 
13 585 . 9  . 0094 2 . 677 
12 585 . 9  . 0062 2 . 592 
11 585 . 9  , 0031 2 .423 
10 587 .9  . 0012 2 . 169 
9 587 . 9  . oooo 0 .436 

24 589 . 9  . 3502 15 .274 
23 589 . 9  . 2882 12 . 315 
22 589 . 9  . 2263 10 . 624 

W • 0 . 1085 1bm/aec r K 8 , 3  Cp 
SGga K 1 . 1013 



62 
TABLE VII 

REDUCED DATA FOR NEWTONIAN RUN B 

Tap NRe (X/R )/BRe ( P01-P )/ (  f v2j2g0 ) 

24 580 . 0  . 3562 14 . 055 
23 582 .0  . 2922 12. 223 
22 586 . 0  . 2277 10 . 221 
21 586 . 0  . 1654 8 . 186 
20 588 . 1  . 1150 6 .�89 
19 590 . 1  . 0898 5 .  41 
18 590 . 1  . 0561 4 . 759 
17 592 . 2  . 0525 4 .284 
16 592 . 2  . 0401 3 .673 
15 59i . 2 . 0277 3 . 232 
14 59 . 2  . 0153 2 . 825 
13 598 ; 3  , 0092 2 . 248 
12 598 . 3  , 0061 2 . 248 
11 598 . 3  . 0031 2 .044 
10 600 .4  . 0012 1 . 909 
9 602 .4  . oooo -0. 026 

24 621 . 3  . 3325 13 . 337 
23 621 . 3  . 2736 11 . 952 
22 619 . 2  . 2155 9 . 950 
21 617 . 1  . 1570 7 . 982 
20 615 . 0  . 1100 6 .489 
19 612 . 9  . 0865 5 .539 
18 610 . 8  . 0629 4 . 725 
17 610 . 8  . 0509 4 . 199 

W K , 1215 1bm/sec 
jJJ K 8 .3 cp 

SGEG -= 1 . 1q20 



63 

TABLE VIII 

REDUCED DATA FOR NEWTONIAN RUN C 

Tap Nae (X/R )/Hae ( P01-P )/(f 
v2j2g0 ) 

24 1395 �1481 7 . 397 
23 1395 . 1219 6 .492 
22 1400 . 0953 5 .599 
21 1400 . 0692 4 . 770 
20 1405 . 0482 3 . 959 
19 1405 . 0377 3 .525 
18 1410 . 0272 3 . 135 
17 1414 . 0220 2 . 865 
16 1414 . 0168 2 . 613 
15 1419 . 0116 2 . 356 
14 1424 . 006� 2 . 085 
13 1424 . 003 1 . 846 
12 1424 . 0026 1 . 771 
11 1429 . 0013 1 . 771 
10 1429 . 0005 1 . 821 
9 1434 . oooo 0 . 030 

24 1434 . •  1441 7 .397 
23 1395 . 1219 6 .492 
22 1395 . 0957 5 . 599 
21 1400 . 0692 4 . 770 
8 1434 . oooo 0 . 001 
7 1429 . 0000 -0 . 026 
6 1424 .oooo -0 . 081 

W c 0 . 2865 1bm/sec )» c 8 . 48 cp 
SGEG ., 1 . 1034 
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TABLE IX 

REDUCED DATA FOR NEWTONIAN RUN D 

Tap BRe ( X/R)/HRe 
(
P01-P )/{f v2/2g0 ) 

24 1492 . 1384 7 . 179 
23 1�98 . 1135 6 . 300 
22 1 03 . 0888 5 .427 
21 1503 . 0645 4 .554 
20 1508 . • 0449 3 . 830 
19 1508 . .  0352 3 . 453 
18 1508 . 0255 3 . 024 
17 1513 . 0205 2 . 809 
16 1513 . 0157 2 .59� 
15 1513 . 0109 2 . 27 
14 151� . 0060 2 . 037 
13 151 . 0036 1 . 815 
12 1523 . • 0024 1 . 721 
11 1523 . 0012 1 . 688 
10 1523 . 0005 1 . 775 
9 1528 . oooo 0 . 063 

24 1586 . 1303 6 . 810 
23 1591 . 1068 6 . 038 
22 1597 . 0836 5 . 272 
21 1597 . 0607 4. 373 
20 1597 . 0424 3 . 688 
19 1597 . 0332 3 . 339 
18 1597 . • 0240 2 . 936 
9 1528 . oooo 0 . 059 

W z 0 .272 1bm/sec ]JJ • 7 .  96 cp 
SGEG • 1 . 1012 
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TABLE X 

REDUCED DATA FOR NEWTONIAN RUN E 

Tap liRe (X/R)/NRe ( P01-P )j( f v2/2gc ) 

24 1495 . 1382 6 . 990 
23 1495 . 1138 6 . 283 
22 1495 . 0893 5 .�84 
21 1500 . 0646 4 ·  31 
20 1510 . 0448 3 . 85i 
19 1510 . 0351 3 . 48 
18 1510 . 0254 3 . 108 
17 1521 . 020i 2 . 871 
16 1521 . 015 2 . 6� 
15 1521 . 0108 2 . 2  
14 1521 . 0060 2 . 050 
13 1526 . 0036 1 . 791 
12 1526 . 0024 1 . 748 
11 1526 . 0012 1 . 726 
10 1531 . 0005 1 . 796 
9 1536 . oooo 0 . 031 

24 1547 . 1335 6 . 947 
23 1547 . 1099 6 . 159 
22 1547 . 0863 5 . 365 
21 1536 . Q626 4 .550 
8 1536 . oooo 0 . 006 
7 1536 . oooo -0 . 007 
6 1536 . oooo 0 . 003 
5 1536 - . 0014 -0 . 011 

W • 0 , 311 1bm/8ec 
}AJ • 8 .4.6 cp 

SGEG a:: 1 . 1058 



TABLE XI 

REDOOED DATA FOR NON-NEWTONIAN RUN F 

Tap 

24 
23 
22 
21 
20 
19 
18 
17 
16 
15 14 
13 
12 
11 
10 
9 
8 
7 
6 
5 
4 
3 
2 

(X/R)/N�8 

. 1406 

. 1157 

. 0908 

. 0660 

. 0460 

. 0361 

. 0261 

. 0212 

. 0162 

. 0112 

. 0062 

. 0037 

. 0025 

. 0012 

. 0005 

.oooo 

.oooo 
. 0000 
.oooo 

- . 0015 
- . 0026 
- . 0051 
- . 0126 

6 . 950 
6 . 043 
5 . 164 
4 . 285 
3 .545 
3 . 147 
2 . 756 
2 .547 
2 . 310 
2 . 073 
1 . 787 
1 . 605 
1 .514 
1 .501 
1 . 808 
. 04916 
. 007251 
. 007209 
. 007123 
. 006978 
. 006978 
. 006978 
. 006978 

N�8 • 1469 . 2  
W • 0 .480 lbm/sec 
n • 0 , 62 
K • 0 . 00334 lbr secn/rt2 
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TABL& XI I 

R.IIDUC ED DATA F OR  NON-N&WTONI AN RUN G 

Tap (X/R)/IlRe ( P01-P)/( fv2j2g0 ) 

24 . 1691 7 . 893 
23 .1392 6 . 85� 
22 . 1092 5 . 77 
21 . 0793 4 . 739 
20 . 0554 3 . 883 
19 . 0434 3 .436 
18 . 0314 2 . 962 
17 . 0254 2 . 725 
16 . 0194 2 .452 
15 . 0135 2 . 188 
14 . 0075 1 . 878 
13 . 0045 1 . 659 
12 . 0030 1 .586 
11 .0015 1 .540 
10 . 0006 1 . 732 
9 . oooo . 05510 
8 . oooo . 01858 
7 . oooo . 009415 
6 . oooo . 009304 
5 - . 0018 . 009114 
4 - . 0032 . 009114 
3 - . 0062 . 009114 
2 · .:. . 0151 . 009114 

I 
N

Re • 1221 . 9  
w • 0 . 42 1bm/!!ec 
n - 0 . 62 
K • 0 . 00334 1bt !lecn/rt2 



TABLE XIII 

REDUC ED DATA FOR NON-NEWTON IAN RUN H 

Tap 

24 
23 
22 
21 
20 
19 
18 
17 
16 
15 
14 
13 
12 
11 
10 
9 
8 
7 
6 
5 
4 
3 
2 

(X/R )/1�8 
. 0439 
. 0361 
. 0283 
. 0206 
. 0144 
. 0113 
. 0082 
. oo66 
� 0050 
. 0035 
. 0019 
. 0012 
. 0007 
. 0004 
. 0002 
. oooo 
. oooo 
. 0000 
. oooo 

- . 0005 
- � 0008 
- , 0016 
- . 0039 

I NRe -= 4710 

4.426 
3 . 866 
3 . 318 
2 . 818 
2 .474 
2 .292 
2 . 089 
1 . 980 
1 . 942 
1 . 720 
1 .561 
1 .427 
1 . 378 
1 . 325 
1 . 955 
, 02799 
. 00564 
, 004235 
. 004218 
. 004189 
. 004189 
. 002793 
. 002793 

W -= 1 . 073 lbm/sec 
n = 0 , 60 
K -= 0 , 00366 lbrsecn/rt2 
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TABLE XI V 

R.IIDUCED DATA FOR NON-NEitl'ONIAN RUN I 

Tap {X/R )/Na8 { P01-P )/{ f v2j2gc ) 

24 . 0790 5 . 166 
23 . 0650 4 .584 
22 . 0510 4 . ooi 21 . 0370 3 .41 
20 .0259 2 . 931 
19 . 0203 2 . 672 
18 .0147 2 . 378 
17 . 0119 2 . 219 
16 . 0091 2 . 067 
15 . 0063 1 . 876 14 . 0035 1 . 653 
13 . 0021 1 .475 
12 . 0014 1 .420 
11 . 0007 1 . 588 
10 . 0003 2 . 035 
9 . oooo . 032�9 
8 . oooo . 009 30 
7 . oooo . 009811 
6 . oooo . 009771 
5 - . 0008 . 009704 
4 - . 0015 . 009704 
3 - . 0029 . 006469 
2 - . 0071 . 006469 

liRe • 2616 . 2  
w -= 0 . 105 1hu/sec 
n • 0 � 60 
K • 0 . 00366 1brsecn/rt2 



TABLE XV 

REDUCED DATA FOR NON - NEWTONIAN RUN J 

Tap 

24 
23 
22 
21 
20 
19 
18 
17 
16 
15 
14 
13 
12 
11 
10 
9 
8 
7 
6 
5 
4 
3 
2 

. 1254 

. 1032 
, 0810 
. o588 
. 0411 
. 0322 
. 0233 
. 0189 
. 0144 
. 0100 
. 0056 
. 0033 
. 0022 
, 0011 
. 0004 
. oooo 
. oooo 
. oooo 
. oooo 

- . 0014 
- . 0023 
- . 0046 
- . 0112 

I liRe IIC 1646 . 8  

6 . 394 
5 . 581 
4 . 776 
3 . 959 
3 . 292 
2 . 943 
2 .572 
2 . 382 
2 . 178  
1 . 956 
1 . 710 
1 .530 
1 .468 
1 . L.8o 
1 . 856 

. 04147 

. 01430 
. 01430 
. 01430 
, 01430 
. 01430 
. 01430 
. oo85o 

W ��e 1 . 065 1bm/seo  
n -= 0 .475 
K - 0 . 0259 1braeon/rt2 
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TABLE XVI 

REDUCED DATA FOR NON-NEWTO NIAN RUN K 

Tap 

22 
21 
20 
19 
18 
17 
16 
15 
14 
13 
12 
11 
10 
9 
8 
7 
6 
5 
4 
3 
2 

(X/R )/Nfte 
. 1263 
. 0917 
. 0640 
. 0502 
. 0363 
. 0294 
, 0225 
. 0156 
. 0086 
,0052 
, 0035 
, 0017 
. 0007 
. oooo 
.oooo 
.oooo 
. oooo 

- . 0021 
- . 0037 
- . 0071 
- . 0175 

N�8 • 1056 .4 

6 . 340 
5 . 127 
4. 124 
3 . 619 
3 . 092 
2 . 808 
2 .529 
2 . 229 
1 . 902 
1 . 661 
1 .574 
1 .515 
1 . 679 

. 05375 

. 03072 

. 03072 

. 03072 

. 03072 

. 03072 

. 01792 

. 01024 

W K 0 . 796 1bm/sec 
n z: 0 .475 
K K 0 . 0259 1brsecn/rt2 
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TA BLE XVII 

REDUCED DA TA FOR NON-NEWTONIAN RUN L 

Tap 

23 
22 
21 
20 
19 
18 
17 
16 
15 
14 
13 
12 
11 
10 
9 
8 
1 
6 
5 
4 
3 
2 

(X/R)/N�e 

. 1829 

. 1435 

. 1042 

.0728 

. 0510 

. 0413 

. 0334 

. 0256 

. 0177 

. 0098 

. 0059 

. 0039 

.0020 

. ooo8 

. oooo 

.oooo 

. oooo 

. oooo 
- . 0024 
- .0042 
- . 0081 
- . 0199 

lf�e • 929 . 8  

8 .412 
1 . 000 
5 . 627 
4.500 
3 . 926 
3 . 328 
3 . 028 
2 . 717 
2 . 310 
2 . 006 
1 . 751 
1 . 650 
1 • .S65 
1 . 669 
. 05355 
. 01966 
. 01968 
. 01407 
.01412 
. 01412 
.01412 
. oo8475 

W • 0 . 76 1bm/sec 
n • 0 .47 
K • 0 . 0284 1brsecn/rt2 
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TABLE XVIII 

REDUCED DA TA FOR NON-NEWTONIAN RUN M 

Tap 

23 
22 
21 
20 
19 
18 
17 
16 
15 
14 
13 
12 
11 
10 
9 
8 
7 
6 
5 
4 
3 
2 

.4977 

. 3907 

. 2836 

. 1980 

. 1552 

. 1124 

. 0910 

. 0696 

. 0482 

. 0268 

. 0161 

. 0107 

. 0054 

. 0021 

.oooo 

. oooo 
· .oooo 
.oooo 

- . 0065 
- . 0113 
- .0220 
- . 0541 

19 .221 
15 .456 
11 . 796 
8 . 857 
7 .414 
5 . 971 
.5 . 249 
4·496 
3 . 722 
2 . 9.59 
2 . 394 
2 . 185 
1 . 976 
1 . 871 
. 07274 
. 0.5188 
. 05195 
• 0.5207 
. 0.5229 
.0.5229 
. 0.5229 
. 04183 

N�
8 

• 341 . 6  
w ·  - 0 . 395 1bmfsec 
n -= 0 .47 
K • 0 . 0284 1brsecn/rt2 
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TABLE XIX 

REDUCED DATA F OR NON -NEWTONIAN RUN N 

Tap 

21 
20 
19 
18 
17 
16 
15 
14 
13 
12 
11 
10 
9 
8 
7 
6 
5 
4 
3 
2 

(x/R>/s!t. 

.5607 

. 3914 

. 3068 

. 2222 

. 1799 

. 1375 

. 0952 

. 0529 

. 0317 

. 0212 

. 0106 

. 0042 

. oooo 

. oooo 

. oooo 

. oooo 
- . 0129 
- . 0224 
- . 0435 
- . 1070 

Nfi9 IE 172 . 8  

20 . 303 
14. 878 
12. 171 
9. 486 
8 . 133 
6 . 768 
5 . 371 
4. 006 
3 . 181 
2 . 829 
2 .476 
2. 190 
. 2206 
. 1325 
. 1324 
• .  1323 
. 1320 
. 1320 
. 1320 
. 1320 

W IE 0 . 384 1bm/sec 
n IE .425 
K -= 0 . 0715 1brsecn/rt2 
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TABLE XX 

REDUCED DATA FOR NON-NEWTONIAN RUN 0 

Tap 

23 
22 
21 
20 
19 
18 
17 
16 
15 
14 
13 
12 
11 
10 
9 
8 
7 
6 
5 
4 
3 
2 

(X/R )/JlRe 
1 . 0168 
. 7981 
.5795 
.4045 
.3171 
. 2296 
. 1859 
. 1421 
. 0984 
. 0547 
, 0328 
, 0219 
. 0109 
• .  0044 
, 0000 
.oooo 
.oooo 
, 0000 

- . 0134 
- . 0231 
- . 0450 
- . 1106 

35 .535 
28 .414 
21 . 281 
15 . 626 
12. 764 
9 . 960 
8 .540 
7 . 132 
5 . 655 
4 . 258 
3 .346 
1 . 846 
2 .585 
2, 285 
. 3457 
. 1842 
. 1843 
. 1847 
. 1847 
. 1847 
. 1847 
. 1270 

NRe -= 167 ,2  
w - K 0 , 376 1�/s e c  
n -= .425 
K E 0 , 0715 1brsecn/rt2 
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TABLE XXI 

REDUCED DATA FOR NON-NEWTONIAN RUN P 

Tap (X/R )/ll�8 ( P01-P)/(i v2/2g0 ) 

23 . 3789 14. 731 
22 . 2974 12 .017 
21 . 2159 9 . 289 
20 . 1507 7 . 116 
19 .1181 6 . 020 
18 .0856 4 . 920 
17 . 0693 4 . 388 
16 . 0530 3 . 796 
15 . 0367 · 3 . 68� 
14 .0204 2 .58 
13 . 0122 2 . 187 
12 . 0081 2 . 02� 
11 . 0041 1 . 82 
10 . 0002 1 . 805 
9 .oooo . 07928 
8 .oooo . 07928 
7 .oooo . 07928 
6 . oooo . 06995 
5 - . 0050 . 05130 
4 - . 0086 . 04197 
3 - . 0168 . 03264 
2 - . 0412 . 04197 

I NRe -= 448 .8  
w -= 0 .59 1'bm/sec 
n II: 0 .41 
K -= 0 . 0595 1brsecn/rt2 
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LIST OF SYMBOLS 

A - cro s s  section area ,  ft2 or in2 

Cdown - entrance pres sure correction downstream from the en­

trance ( experimentally measured from Tap 9 ) ,  

dim en si o nle s s 

Ctot - total entrance pre ssure correction ( experimentally 

mea sured from Tap 1 ) , dimensi onless 

Cup - pres sure correction upstream from and immediately at 

the entrance ,  dimensionle s s  

D - diameter, in . ,  f� , or em 

oEr - shear rate , sec-1 

f - Fanning friction factor ( see .aquation 7 ) , dimensi onless 

Sc - farce-mass  conversion factor, lbm ft/lbrsec2 

a - manometer differential , em 

h - vertical distance m�asured. from Tap 1 located on 

top of the 6�in . tube , in. 

K - power law coeffic ient, lbf secD/tt2 

K '  - proportionality constant ( see Equation 5), lbr secn/rt2 

L - hori zontal distanc e between two pres sure taps or a 

characteristic length, ft or in . 

NRe - Reynolds number, dimensi onle ss  

N�e - power law Reynolds number ( see Equation 13 ) ,  

dimensi onle ss 
" NRe - a  general non-Newtonian Reynolds number ( see . Equation 

9 ) , dimensionle s s  
78 



n - power law exponent, dimensionle s s  

n 1  - fluid constant ( see  Equati on 5 ) , dimensionle s s  

P - static pre ssure at a given posi tion along a pipe , 

lbr/tt2 

P0 - static pre ssure at a reference tap upstream from a 

contraction, lbr/tt2 

P0� - static pre s sure at reference Tap 1 located 24 in . 

upstre am from the c ontraction, lbr/tt2 

P09 - static pre ssure at reference Tap 9 located on the 

vertical plate forming the c ontraction, lbr/tt2 

LlP - static pre s sure difference between two points 

separated by a di stance L, lbr/ft2 

p - pre s sure ,  lbf/ft2 

R - radius , ft or in . 

r - radial dis tance ,  ft 

V - average veloci ty, tt/sec 

vr - radial point velocity, tt/sec 

Vx - longitudinal point velocity, ft/sec 

X - di stanc e from entrance ,  ft or in. 

79 

Xd - distance from entrance required for velocity profile 

development, ft 

x - longitudinal distance , ft 

W - mas s  flow rate ,  lbm/sec 



Greek Symbols 

UJ - angular velocity , sec-1 

� - vis cosity, lbr sec/rt2 

f - dens ity, lbu/tt3 

Ji - shear stres s ,  dyne/cm2 
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Jlrx - she ar stress in the x direction acting on the plane 

perpendicular to the r dire ction, lbr/tt2 

�w - shear stre s s  at the wall , lbr/rt2 
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