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ABSTRACT

The variably saturated flow in a porous medium is described by a parabolic equation with

hydraulic conductivity and soil moisture capacity as the flow characteristics. Variational

formulations have been developed to solve the governing parabolic partial differential

equation describing variably saturated flow in a porous medium. The finite element

method has been used to solve the partial differential equation for a two-dimensional

domain. The matrix characteristics and the stability criteria have been investigated to

develop the numerical algorithms for solving the partial differential equation to generate

time-varying hydraulic heads in the subsurface. A computer program has been written to

solve a symmetric positive definite system obtained from the variational formulation for

the finite element method. The system of equations is solved using the conjugate

gradient method. Analytical solutions have been developed for the simplified governing

equation. The finite element solutions were compared with the analytical solutions. A

reasonable agreement between finite element and analytical solutions was observed. A

variational formulation was also developed using boundary element method. The matrix

characteristics and the solution algorithm using boundary element method were

investigated.
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1.0 INTRODUCTION

In any numerical method for a partial differential equation, it is required to discretize the

given continuous problem to obtain a discrete problem or system of equations with

finitely many unknowns that may be solved using an appropriate solution method. In the

finite element method, the given partial differential equation is reformulated or

transformed to obtain an equivalent variational problem. To solve a parabolic partial

differential equation, a similar approach is used to develop an equivalent variational

problem. The finite element method is used as a general solution technique for partial

differential equations describing water resources systems. Parabolic partial differential

equations are solved to describe variations of hydraulic heads in groundwater systems

including both unsaturated (above groundwater table) and saturated zones (below

groundwater table). The finite element method was used to solve subsurface flow

equations (parabolic type) by Neuman (1973), Kuppusamy et al. (1987), Yeh et al.

(1993), and Srivastava and Yeh (1993). In the present study, the mathematical and

numerical aspects of the finite element method are investigated for solving a parabolic

equation describing variably saturated flow in the subsurface.

Recently, researchers have begun to employ the boundary element method to solve

problems in porous media flow (Aral and Tang, 1988; Lafe and Cheng, 1987; and

Fogden et el., 1988; and Subia and Ingber, 1994). In the boundary element method, the

governing partial differential equation is transformed into an integral equation on the

boundary. A variational finite element formulation of the integral equation is then



obtained to generate a system of algebraic equations. The solutions of the system of

equations results in information about the Dirichlet and Neumann boundary conditions

which permits the solution of the partial differential equation at any point within the

domain. In the present study a variational formulation is obtained based on the boundary

integral expression for the parabolic partial differential equation describing variably

saturated flow.

The objectives are to develop mathematical formulations and perform numerical analyses

for getting solutions for the governing parabolic partial differential equation describing

variably saturated flow in the subsurface. In summary, the objectives of this study are as

follows:

•  to develop a variational "formulation for generating a finite element solution

algorithm for a parabolic partial differential equation describing variably saturated

flow in porous media. The characteristics of the matrices associated with the

system of equations for finite element formulations are also investigated.

•  to develop a computer program and to compare the finite element results with

analytical solutions.

•  to develop a variational formulation of the parabolic partial differential equation

describing variably saturated flow using the boundary element method. The



characteristics of the matrices associated with the system of equations for

boundary element formulations are also investigated.



2. VARIABLY SATURATED FLOW PROCESS

2.1 PHYSICAL SYSTEM

The amount of rainfall that infiltrates through the ground surface results in an unsaturated

flow above the groundwater table. The unsaturated flow occurs when the void spaces of

the soil matrix remains partially saturated with moisture from the infiltrating water. The

portion of the subsurface with unsaturated flow above the groundwater table is known as

the unsaturated zone. The flow below the groundwater table is fully saturated because the

void spaces of the soil matrix remain completely filled up with water. The saturated

portion of the subsurface with a free surface is known as an unconfined aquifer. In

unconfined aquifers, the free surface between unsaturated and saturated zones is called

the groundwater table. The groundwater table is also known as a phreatic surface. The

phreatic surface serves as the upper boundary of an unconfined aquifer. Above the

phreatic surface, a capillary fringe exists which is generally neglected in unconfined

aquifer studies.

Figure 1.1 illustrates a schematic representation of an unconfined aquifer with a phreatic

surface in a porous medium. Essentially, a zone of saturation exists below the phreatic

surface in which all pores are completely filled with water. An unsaturated zone exists

above the phreatic surface in which the pores are partially filled with water. The

subsurface having unsaturated and saturated zones can be a heterogeneous porous

medium with variable properties. The heterogeneity occurs due to the variations of

4
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properties such as hydraulic conductivity and porosity. Strongly heterogeneous porous

media with sharp changes in properties can cause discontinuity at the interface between

geologic units.

2.2 VARIABLY SATURATED FLOW EQUATION

Phenomenological and conservation laws can be used to develop a governing equation

for describing total head in a porous medium with an unconfined aquifer. According to

Darcy's law, the specific discharge through a porous medium can be expressed as:

q, =-KV(p, (2.1)

where

q^ = specific discharge vector (qs,,,q,y,q,,),

K = hydraulic conductivity tensor,

(p = total head = \\r + z = p/y + z,

\|/ = pressure head = p/y,

p = pressure,

y = unit weight of water, and

z= elevation from a datum.



In matrix form, Darcy's law can be written as:

9sx K.. K., K

9sy = - Kyx Kyy K

9sz _ K.. Kzy K

yz

3(p

3x
3(p

ay
atp

dz

(2.2)

The derivation of the continuity equation using a control volume for a porous medium is

described in Bear (1979) and Willis and Yeh (1987). The continuity equation can be

written as:

-V-(pqJ + q =
3(pS.9J

at n
(2.3)

where , ,

p = density of groundwater;

q = source/sink;

Sw = degree of saturation = 0/0s;

0 = volumetric moisture content = Vw/V;

Vw = volume of water in the soil matrix;

V = total volume of the soil; and

0s = volumetric saturation moisture content.



For incompressible flow, the density p remains constant and does not change with time

i.e. — = 0. Equation (2.3) can be written as:
3t

■V-q,+q = ^%^. (2.4)
at

The right hand side of equation (2.4) describes the rate of change in the amount of water

in the void spaces of soil and can be written as (Cooley, 1971 and Neuman, 1973):

^(Sw^s) s ^ + 0 (2.5)
at " ' at ' at

where . ,

Ss = specific storage.

The degree of saturation Sw can be differentiated with respect to time as:

= ——. (2.6)
at 0 at



The partial derivative of moisture content 0 with respect to time can be written as:

30 _ rj.

30
The term — is known as soil moisture capacity. From equations (2.4), (2.5), (2.6), and

3\|/

(2.7), we get

V.(KV(p)+q = (S.S.+C)^, (2.8)

where C = -^is the soil moisture capacity. Since — = 0, the partial derivative of \|/
3\|/ dt

with respect to t can be replaced by partial derivative of (p = \|/ + z with respect to t.

Therefore, equation (2.8) can be written as:

V-(KVcp) + q = (SA+C)|^. (2.9)
at

The terms and C are functions of pressure head \\f. Let E(i|/)=S^S5+C and equation

(2.9) becomes



EW^ = V-(KV(p)+q. (2.10)
ot

Equation (2.10) is the governing equation for variably saturated flow in a porous

medium. The above equation is valid for continuous variations of properties and

dependent variable. The first derivative of hydraulic conductivity function must exist i.e.

VK must exist. The second derivative of total potential (p must be defined i.e. V^tp must

exist. In a domain the dependent variable (p and hydraulic conductivity K should be:

(p e C^(i2)uC^( a ) and K eC\Q)uC°( Q ). (2.11)

In equation (2.9), the degree of saturation Sw —> 1 and C 0 below the groundwater

table in an aquifer. Above the groundwater table in the unsaturated zone, Sw < 1 but ̂  0

and C^O. Constitutive relationships exist for variables describing the characteristics of

the variably saturated porous medium.

2.3 POROUS MEDIA CHARACTERISTICS AND PARAMETERS

The subsurface porous media system can be conceptualized as consisting of geologic

units with varying saturation conditions. The unsaturated moisture condition has impact

on the description of the unsaturated hydraulic conductivity function. There exists a

number of formulations describing unsaturated flow parameters in the subsurface. A

widely accepted description of flow parameters, given by van Genuchten (1980), is used

10



in formulating media characteristics and flow parameters in the subsurface, van

Genuchten derived the unsaturated hydraulic conductivity function that depends on three

independent parameters related to soil moisture retention data. In van Genuchten's

model, the expressions for water content 0, water capacity (d0/d\}/) and hydraulic

conductivity function are expressed as (Genuchten, 1980):

K(0) = K
^0-0

(l-[l-f(0)]'")' for 0 < 0s and K(0) = Ks for 0 = 0s, (2.12)

0 = 0,+-
0,-0,

(l + (al\)/l)")
= f (i|/) for \|/ < 0 and 0 = 0s for x]/ > 0, (2.13)

dflC = ̂  = a(n -1)(1 - f(0))"'f(0)(0, - 0J,
d\|/

(2.14)

where

0r = residual soil moisture content;

f(0) =

/  \l/m^0-0, ̂
0s-0ry  S r y

m = l-
1

n

and a, m, and n are the parameters that depend on soil moisture retention data.

11



The above relationships indicate the variations of parameters as follows:

K(0) (Ksx,Ksy,Ksz) as 0 —» 0s and K(0) —> (0,0,0) as 0 ̂  0r (i.e. there is an

insignificant amount of water to induce flow), and C 0 as 0 —> 0s and C —> 0 as 0 —»

0r.

The values of Ss and the relationships for the flow parameters K(0), Sw, and C for

subsurface materials are used in the governing equation (2.10) that describes the spatial

and temporal variations of total head in the subsurface.

2.4 DOMAIN DISCONTINUITY

The problem of simulating flow in a porous medium becomes complicated due to the

presence of multiple geologic units with sharply varying properties. The governing

equation (2.10) is developed based on the assumption that the variations of properties are

continuous. In particular, it is required that the gradient of hydraulic conductivity VK

exists throughout the domain of interest i.e. K e C' (O). The subsurface becomes not

only heterogeneous but also discontinuous with the presence of sharply varying geologic

units. At the points of discontinuities between sharply varying geologic units, the

gradient of hydraulic conductivity VK does not exist. The governing equation (2.10) can

not be defined at points on the interface (line of discontinuity for a two-dimensional

problem and surface of discontinuity for a three dimensional problem) due to the

12



discontinuity of hydraulic conductivity. For this type of discontinuity in a domain, the

solution of the governing equation can be obtained by decomposing the domain and

applying eertain conditions at the interface. Instead of solving for (p in the whole domain

Q, the problem can be decomposed into subproblems for each subdomain (i =1,2,...,

n) separated by the interfaees Fy = Q; n Qj! Therefore,

n= {Qi UQ2UQ2U uOn}. (2.15)

The two criteria satisfied at the interfaces are:

(1) The total potential 9 must be the same at a point on the interface when it is

approached from either side; this is known as compatibility criterion.

(2) The second criterion is obtained from the requirement of the continuity of flux across
j

the interface.

These two criteria for a discontinuous domain can be written as:

Compatibility:

(p, =(pj on r;^. (2.16)

13



Continuity:

where

(Pi = potential corresponding to the geologic unit i at the interface;

(Pj = potential corresponding to the geologic unit j at the interface;

Ki = hydraulic conductivity of geologic unit i;

Kj = hydraulic conductivity of geologic unit j;

nj = unit normal at the interface from geologic unit i; and

nj = unit normal at the interface from geologic unit j.

2.5 MOVING PHREATIC SURFACE

In an unconfined aquifer, the void spaces above the phreatic surface are partially

saturated. The phreatic surface is assumed to be under constant atmospheric pressure

with a capillary fringe on it.

The location of the phreatic surface depends on recharge, the hydraulic conductivity of

the medium, and vertical and horizontal flows. For this, the phreatic surface is also

described as a moving or as a floating internal boundary. The phreatic surface can be

defined by satisfying certain criteria. The criteria are as follows:

14



(i) the phreatic surface is a material surface,

(ii) the phreatic surface is under constant atmospheric pressure.

Based on the above criteria, the formulation for the movement of the phreatic surface can

be obtained as follows.

The total head Ti at any point on the phreatic surface can be written as:

Ti = z-^^, , : . (2.18)
y

where

z = elevation of a point on the phreatic surface;

p = pressure on the phreatic surface; and

y = unit weight of groundwater.

Since the pressure at all points on the phreatic surface is assumed to be atmospheric, then

p = 0 for all points on the phreatic surface. Therefore, on the phreatic surface:

ri = zor z-r| = 0. (2.19)

The Lagrangian form of the material derivative can be written for the phreatic surface as:

15



= 0. (2.20)
Dt

The material derivative in Lagrangian form can be expressed as conventional Eulerian

form as;

^ = l + v.V, (2.21)
Dt 3t

where

V = seepage velocity vector = (Vx,Vy,Vz).

Therefore, the equation for phreatic surface can be written as:

|l = vV(z-ri). (2.22)
ot

The seepage velocity v can be expressed as:

v = -^, (2.23)

where

16



= Darcy's velocity (qx,qy,qz) = -KVtp and

He = effective porosity.

Using equation (2.23) in equation (2.22), the governing equation for the phreatic surface

can be obtained as:

dr\ _ 1
3t n.

kv<pVt,-k.|2
dz

, T| = z = (p on the surface. (2.24)

The governing equation (2.24) can be solved for p to locate the position of the phreatic

surface, since V(p and — are known quantities obtained from the solution of equation
dz

(2.10).

17



3.0 FINITE ELEMENT FORMULATION

3.1 VARIATIONAL FORMULATION

The governing equation (2.10) can be rewritten with the initial and boundary conditions

(Figure 3.1) as follows:

E(\|/)^ = V-[K(\i/)V(p] + q, in Q x I,
ot

(p = (pd. oil
(D) : . , (3.1)

K(\(/)^ = g, on r„ X I,
dn

(p(x,0) = tp", in Q..

Here and are the subdivisions of the boundary F of a two-dimensional bounded

domain I = (0,T), where T is a given time, and cp® is a given initial total head.

In equation (3.1), E(\)/) and K(\}r) are nonlinear functions of \|/, and therefore of (p. In the

present study, E(\|/) and K(\i/) are evaluated assuming that \\f is known. The actual value

of \|/ will be described later.

It is required to define some function spaces to obtain a variational formulation of the

initial boundary value problem (D). Johnson (1990) outlined mathematical principles to

18
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develop variational formulations for the initial boundary value problems. Let's define

function spaces on as follows:

L2 (H) = {v : V is defined on Q and J^v^dx < 00},

H (Q) = {v G L2(Q) : Vv e L2 (O) },

V={ve HVQ):v = (pdonrd},

Vq = {v G H ̂ ): V = 0 on }.

(3.2)

Here h'(Q), and are Hilbert spaces, with the appropriate scalar products.

Let (pj be extended to all of Set (p = cpj +u in equation (3.1) to obtain homogeneous

Dirichlet boundary conditions as follows:

E(\|/)—= V-[K(\)/)Vu]+q, in Q x I,
ot

u = 0, on Fj X I,
(D) (3.3a)

K(\1/)^ = g, on F„ X I,
dn

u(x,0) = u°, in n,

where

,9(pdq = q + V.(K(\|/)V(pJ-E(\|/)-
dt

20



Here u(t)e V°.

Without loss of generality, we can take (p = 0 on Fj, and use (D) with cp^ = 0.

Multiply equation (3.1) by the test function v 6 V and integrate over to obtain:

j^E-^v dQ = J^V • [KVtpjv dn + J^qv dil. (3.3b)

Using Green's formula, the first integral on the right hand side can be written as:

f V-[KV(p]v da = f K^v dP - [ KV(p-Vv dQ. (3.4)
Jr 0n Jq

Substituting (3.4), the integral equation (3.3b) can be written as:

f E^v da= [k^v dP- f KVtp Vv da+f qv da. (3.5)

Therefore, the variational formulation is defined as follows:

21



To find (p(t) G V° such that

+ a(\|/;{p(t),v) = (q(t),v)+(g(t),v)j, V vg V°, t g I,
(V)

f  \

E(p(t),v
V

(3.6)

(pO,0) = (p°,

where

a(\|/;v,w)= f K(\|/)Vv-Vw dQ,

E^{t),v^=^^E0{t)v dO.
(q(t),v) = £q(t)v dQ,

<g(t),v>j. = [ g(t)v dr.

Equation (3.6) gives a variational formulation of (D). Therefore, (p is a solution of the

problem (D) given by the variational problem (V) as given in equation (3.6). The

variational formulation (V) in equation (3.6) can also be rewritten as:

a(\i/; (p, v) - (h(t), v)- < g, v >r = 0,

or, a(\)/; (p, v) = (h(t), v)+ < g, v >r ,

where

(3.7a)

(3.7b)

(h(t),v) = q(t)-E(p(t),v

22



The variational formulation automatically produces a solution which satisfies the

conditions (2.16) and (2.17) for a discontinuous domain.

3.2 FORMULATIONS IN A FINTE DIMENSIONAL SPACE

Let us consider a triangulation of the domain Q i.e. subdivide Q into a set of

nonoverlapping triangles Ki (1=1,2, ...., m) (Figure 3.2) such that

Q=Uk = K,uK,u :...uK„
KeT,.

Let V° be a finite dimensional subspace of the space V° consisting of piecewise linear

functions. Let us define Pi(K) as the space of linear functions on K, i.e.

Pi(K) = { V : V is a polynomial of degree < 1 on K }

Here ={v e V° e Pi(k) and v is continuous at the nodes, V K g T|j}. Let the

basis functions for Pi(K) of the finite dimensional subspace V° of be

{Li,L2, La, ,Lm}.

For K G T^, define h^ = the longest side of K with Pj, = the diameter of the circle

inscribed in K. Let h = max h..
KeT^

'  23
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Consider a family of triangulations {T,^} with a constant |3 > 0 independent of h, such that

K
>p VKeT,, Vh.. (3.8)

This condition implies that the triangles Kg Th are not allowed to be arbitrarily thin, or

equivalently, the angles of the triangles K are not allowed to be arbitrarily small. The

constant P gives a measure of the smallest angle in any Kg Th for any Th g {Th}.

For ^2 c and V®as described, the semi-discrete analogue of the variational

formulation (V) can be written as

To find (ph(t) G V° such that

-t-a(\|/;(ph(t),v) = (q(t),v) + (g(t),v) V VG V °, t G I,
(V)

/  n N

E(Ph (t),v
(3

V  /
.9)

((Ph(-,0),v) = ((p°,v)

Let us represent (ph(t) using shape functions L-(x) as

M

9h(X'0 = X^iWLi(x), ̂ i(t)G R.
i=I

Now taking v=Lj, we get

25



M  , . M

£ 4, (l)b(v; L„ L,)+ £ I, (t)a(x|/; L„ LXf (t). L, 1
i=l i=I

£4,(0)(l„Lj)=(<p»,L,),

where

b(v|(;L,L,)=£E(>|;)LiL, da

(f(t),Lj)=(q(t),L,)+(g(t),L,) = j„q(t)L,dft + [_g(t)L,dr.

In matrix form, we have

B4(t) + A5(t) = F(t),

B5(0) = <t.",

where

B = (b,j)l

b,j=£EWL,Ljda

A = (aJ, .

a„=£K(>)/)VLi .VL, dfl,

F = (f,).

f,=£qL, d£2 + j^_gL, dr,

26



The matrices B and A contain functions depending on (p causing nonlinearity. It is

assumed that the linearization will be done through some approximation. Introducing the

Cholesky decomposition of B as P^P and the new variable ti=P^, the above problem

can be written in a simpler form as

ii(t) + ATi(t) = ̂(t),

T1(0) = T1°,

where

A = P"''AP"',

^(t) =

T|° =p-V.

The solution of the initial value problem described by the ordinary differential equation

(3.10) can be written as

ri(t) = rioe-^' + fe-^^'-'>.^(s)ds, tel. (3.11)
JO

The fully discretized version can be derived using the Backward Euler and Crank-

Nicolson methods.

27



Let 0 = to < tj < t2 < .... < t[^ = T denote a partitioning of I so that !„ = (t^.j, t^). Let kn = tn

- tn-i be the time step size. Let the values of E(\)/) and K(\|/) be evaluated based on the

values of \)/ at previous time step n-1. By using backward Euler method, the semi-

discrete variational problem in equation (3.9) can be writteh as

To find (pJJ G V°, n = 1,2,..., N such that

^ ,v +a(\i/;(p;:,v)=(q(t„),v)+(g(tj,v) VveV°,

((p,(-,0),v) = ({p°,v), VvgV°.

(3.12)

Using the backward Euler method, the derivative (p(t„)has been replaced by the

„n -.n—1

difference quotient — ^^with the discretization error 0(kn). The above formulation

can also be written as

(E{(ph -9r')'v)+k„a(\|/;(p;;,v)=k„(q(t„),v) + k„(g(t„),v) Vve V°,
((ph(-,0),v) = (9°,v), VvgV°.

(3.13)

In a matrix form, equation (3.13) can be written as:
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(B""'+k„A"-')^" (3.14)

where

B = (b„)l

b,=£E(v"-')L,LjdQ,

A = (a„).

a,=£K(v-')VL, .VL, da

F = (f,). ■; . ■ ■ ■; ' •

f, =£qL, dn + [_gL, dr. ^

Another approach is to use Crank-Nicolson method! In the Crank-Nicolson method, an

average time-discretization is used. The time derivative ~((Ph (^n)+ 9h (^n-i)) replaced

.n ,-n-lby iPh— Yvith a corresponding error o(k^). Therefore, using the average time-

discretization approach, the formulation can be written as

To find (pJJ e V° of (p(.,tn), n=l,2,....,N such that
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9h-9h
n-1 \ ^

V V

+ a

..n , ^
q(tn) + q(tn-l) ..Y /g(tn) + g(tn-l)

0

■,v; ,
r„

VveV,",

((Ph>v)=((p°,v),VvG V°.

(3.15)

Using the representation of (ph(t) as before and taking v=Lj, the following system of

equations is obtained

y 'fB- -y-A-'y-'+u.(F(t.)+F(t._,)).
V  y V )

(3.16)

The elements of matrices A and B are given before.

3.3 TEST FUNCTIONS

Let Nj, i=l,2,3, , M be the nodes of T^. Given the basis functions Lj, i = 1,2,...,M,

we can define the interpolant L,^ e V° such that

Li(Ni)=L,(Ni), i = 1,2,3, ,M. (3.17)

Consider a triangle K e T,^, then the function space P^K) can be written as:
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P,(K) = jv : v(x)= XG K,Cy G rL (3.18)
1  0<i+j<l n . J '

V° is considered as the space of piecewise continuous linear functions as

V°= vGCVa) : vI^gP,(K),VKgT,,v = 0 on r, . (3.19)

The functions in V° are described by choosing the node points of Th. Therefore, when K

G Ty is a triangle, the degrees of freedom for K will be the values at the vertices a, i =

1,2,3. Given the values a^, i=l,2,3, 3 a uniquely determined function v g P,(K) such that

v(a') = ttj. (3.20)

Therefore, the nodal basis functions Li (i = 1,2,3) for Pj(K) associated with the degrees of

freedom can be determined such that

fl if i = j
LiaO=6y=^ .fori,j = 1,2,3. (3.21)

0 if J

Therefore, a function v(x) g Pi(K) then has the form
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v(x)-Xv(a')L.(x). (3.22)
i=l

Therefore, three special cases of (ai,a2,a3) given by (1,0,0), (0,1,0), and (0,0,1) can be

used to solve for Li(x). where

Li(x) = c,iXi+C2iX2+C3.. (3.23)

Using the conditions for (ai,a2,a3) in equation (3.20), the coefficients Cjj, C2i, Cgj can be

uniquely determined. Using the uniquely determined coefficients, the basis functions

Lj(x) G K (i= 1,2,3) can be obtained as follows.

1  . - ^ ^L| (X) — [^12^23 ~ ̂13^22 (^22 ~ ̂23 )^I ~ ̂12)^2]'

L2W=rT [^13^21 -XnX23 +(^23 -X2l)x, +(x,i -X,3)X2],
2A'

(3.24)

L3(x)=^^[x„X2, -X22X21 +(X2, -X22)x, +(Xi2 -X„)X2],

where

A.J. = area of triangle.

32



To evaluate the integrals for ay, by (i,j=l,2,3) in equation (3.14), it is required to evaluate

VLi(x) (1=1,2,3). The partial derivatives , -^^and can be
dXi dx, dx, dXj 0X2 oXj

obtained by partial differentiation of Lj, L2, and Lj. The integrals in equation (3.14) are

evaluated numerically. A three-point numerical quadrature formula is used as follows:

a,i=i(K(>l')[VLi -VLj)^0„A.
m=l

bij =E(F(V)[L,L,iffl„A„
m=l

"pe "pp

f|=i(qL,l®„A.+£(gL,)„ra„L.,
m=I m=I

where

Upg = number of integration points in a triangular element in the domain;

cOm = weight at the integration point m;

Ae = area of element in the domain;

np,^ = number of integration points in an element along the boundary;

Lg = length of element along the boundary.
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3.4 BILINEAR FORM AND MATRIX ANALYSIS

It is necessary to prove certain conditions associated with the variational problem. The

bilinear form a(.,.) defines the stiffness matrix A. The conditions associated with the

bilinear form and the right hand side in equation (3.7b), are as follows, if K is symmetric,

bounded and positive definite:

(i) a(.,.) is symmetric.

(ii) a(.,.) is continuous i.e. 3 7>0 such that |a(v,w)| < 7||vy|w[[^Vv,w 6 V".

(hi) a(.,.) is v-elliptic i.e. 3 a > 0 such that a(v, v) > a||v||^ V v e V''.

(iv) The right hand side in equation (3.19) should be continuous. Let

/(v)=(h,v)+(g,v). l(y) is continuous i.e. 3 A > 0 such that

|l(v)|< a||v||^ V v6 v".

Proof (i)

Here a(\j/;v,w)= f K(\j/)Vv-Vw di2

Now a(\|/;w,v)= [ K(v)/)Vw-Vv df2

Since KVv • Vw = KVw • Vv, therefore, a(\(/;v,w) = a(\|/;w,v). This implies that a(.;.,.) is

symmetric.
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Proof (ii)

Let's introduce the scalar products and norm in V°.

(v,w) = Vw dQ,

| = (f^KWVv.Vvd£2)'".

Here a(vi/;v,w)= [ K(\i/)Vv-Vw dH.

Now a(\|/;v,v)= [ K(\i/)Vv-Vv dQ = ||v|p.

By Cauchy's inequality

a(\)/; V, w) < a(\|/; v, a(\i/; w, w)"\

which can be written as

a(vi/;v,w)<||v|| ||w|| .

Therefore, a(\j/;v,w) is continuous.

Proof ("iiil

As before, a(\i/; v, v) = f K(\|/)Vv • VvdO. = ||v||
JQ " "

This implies that a(\|/;v,v) is V-elliptic.

Proof (iv)
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Here, £(v) = (h,v) + (g, v).

By Cauchy's inequality and the Poincare inequality, there is a constant C such that

|(h,vJ<C|h||^,„)||v|| , and

|(8.^>|sC||g|L,r)||v|| .

Therefore,

or, (v)| < A||v|| .

Therefore, ̂ (v) is continuous with A = c|h|l +ig|L 1
il 111->2 C''/ ^2

From this, the matrix B+k„A is symmetric and positive definite.

Here b(\(/; v, w) = f E(\j/)vw df2.

Now b(\|/;w,v)= [ E(\|/)wv di2.

Since vw=wv, therefore, b(\|/;v,w) = b(v|/;w,v). This implies that b(.;.,.) is symmetric.

b(\)/;v,v) can be written as

m  m

b(\i/;v,v) = b >^;£Tii(Pi,£Tij(pj =£riib(\j/;(p,,(Pj)nj
i=i j=i i.j=l

= Tj • Brj.
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Also, b(\}/;v,v)= f E(\|/)v^di2. (3.25)
JCl

From Poincare's inequality, there exists a constant C > 0 such that

fv'dn<cf iVvl' dQ V ve V°.
Jq JQ

Since E(\|/) > 0, therefore,

£E(\i/)vMEi < c£e(\)/) I Vv I' d^2 > 0, V Ve V°. (3.26)

From equations (3.25) and (3.26)

r\ n Brj = b(\j/; v, v) >0 => B is positive definite.

B is proved to be symmetric earlier, so, B is symmetric positive definite.

By the proofs of (i), (ii), and (iii), matrix A is symmetric and positive definite. Therefore,

B+knA is symmetric positive definite.

3.5 STABILITY ANALYSIS

A basic stability estimate for the semi-discrete variational problem (V) is obtained by

taking v = cpJJ in equation (3.13) to yield:

Ew||(pi;|f-E(\i/)((Ph,cp;;-')+a(\|/;(p,",(p;;)k„ -(q,(p,")k„ -(g,(p;;)k„ =o.
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Since, ((p;;,cpr')^^||(p;: 2  1
+—

2
9h

n-1
forn=l,2,3, , N,

m)q>h
2  E(\1/) 2 E(V|/)

Yh 9h + a(v; 9h )k„ - {q>< )k„ - (g, (ph)k„ < 0.

By summing over n, we obtain:

E(tl/)||<f +22a(¥;C>Ok,, -22{q.C)^m -2X(g'C)km -EW
m=l m=l m=l

9h <0.

The above expression can be written as:

EW||(Phf +2Xa(¥;C'Okn, ̂E(\i/)||(p°|p +2j(q,(p,")c, +22(g,<}k,
m=l m=l m=l

Since ̂  a(\]/; tp™, 9™ )c„ - 0' the above inequality can also be written as:
m=l

E(¥)||< f ̂ E(\i/)||9° IP + 2^ (q, < )k„ + 2^(g, (p;;^)k,
m=l m=l

In particular, if q = 0 and g = 0, then

tPh < CP^ or. tpi; < cpS

Setting V = (P[, (t) in equation (3.11) with g=0, q=0,

|^||Ecph (t r + tp, (t), (p, (t)) = 0. •
Integrating from 0 to t, we get

||E(t)/)9h(tf -||E(¥K(or +2j/(t|/;(ph(s),(ph(s))is = 0,
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Therefore,

||E(yk(tf-||E(i/k(of so.

From which, we get

IK ('Is Ik (o|.

For a linear homogeneous equation (2.10) with constant hydraulic conductivity and soil

property so that a = K / E, the solution for cp can be written as

cp(x,z,t)~yy(pv/ /

n=I m=l

. mrcz . nTcx
sm sin

M  L

Based on the above equation, we can write

<

Therefore, in particular, we can write

lk(t|<|h(ol<

Growth Estimate

With q=0 and g=0, a growth estimate is done to prove the reliability of the finite element

formulation. It can be proved that
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max
n

(ph -9h <c

r  ̂ V/2
1 + log—

k,

In equation (3.13) with f=0, g=0, we can write

(9h-C'v)+k„a(\i/;(p,",v) = 0.

Setting V = t„ (cph - (ph '), we have

te -9r'))+kna(vi/;(P^t„((p;; -C')) = 0' n = l,2,....,N

or, summing over n,

I'.
n=l

<-9r' kn =S-^(v;<'tn(9h-9r'))
n=I

By expanding and summing the right hand side, we have

IN

I'.
n=l

(Ph-C k„ =2^(v;^h-9r''k„(pr')
n=l

Since a(\i/;.,.) is continuous, therefore, for a constant y> 0

a(¥;(ph -(pr'>k„(pr')^+h -9h"'||||k„(Ph"'| (3.27)

Since (pS-C < and (PI
«-i

(P' therefore.

a(¥;(pi:-C'k„(pr')^')^n (3.28)
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•. s. ;

Using (3.28) in (3.27), we get

2  V'2

S'.
n=l

V

>.#vn—1
9h -9h ,

<C(p where C. = -sjyk^^ ,
/  .

(3.29),

Now ̂
"n=l

9h-9h k „ can be written as ,.

N

I
n=l

91:-cpr N C
k -y\ cph - cpr-

k„ -2^1
n=l [ K

■k 1/2

.1/2

Then, by Cauchy's inequality,

rn  1 ].N

S
n=l

9h -9h k„ <
■N

S'.
n=l ■

ri^n >.<^11—1
% -(Ph

2  ̂'-^V N U V'2

•y v"=' y

From (3.29) and (3.30)

N

s < -cpr' k„<c (p
n=l

ifvn=i ^ y

(3.30)

(3.31)

The last summation term in equation (3.31) can be expressed as:

k„ fTl fti 1 fT 1
y —= -dt= -dt+ -dt.^ t„ Jo t JO t , Jt.=k. t ,

f'l 1By approximating -dt = 1, we can write
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S^Sl + logi.
n=l "-n ^1

Therefore, (3.46) can be written as

N

s
n=I

..-/vH 1

9h -9h
/  r., V'2

k <C(p^ 1 + log

V  ' y
ki

From which, we get

/  V/2

max
n

./•#». n -^n—1

(Ph -9h <C 1 + log-

V  * y

Following the stability estimate, the time step control suggested by Eriksson and Johnson

(1985) can be adopted as

Suppose 5 > 0 is a given tolerance and suppose that we want the discrete solution (ph(t) to

satisfy

inp||(p(t)-(p[,(t)||<5.

The time step k^^ can be chosen so that for n=l,2,....,N

knmax|(p|--.
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It is assumed that the size of the constant is knidwn approxirnately (up to, say, a factor 2).

The above condition can be replaced by the condition . . :

-.n—1

-9h
C"

Based on the above conditions, an algorithrn can, be adopted for chppsing k^, assurhing

that has been computed.

Algorithm: - . . .

(i). Choose k„=k„.j, • , '

(ii) Given kn', compute the corresponding approximate solution (pi,

d  n 5(iii) If -^< (pl-(pl^ then stop and accept the time step kn. Otherwise,
'  joC C

decrease or increase k„ by a factor of, say, 2 and return to (i).

3.6 SOLUTION OF THE SYSTEM OF EQUATIONS

The system of equations (3.14) constitute a symmetric positive definite system that is

solved using conjugate gradient method. In a concise form, equation (3.14)'can be

rewritten, replacing B+knA by AeR""" with unknowns as XeR" and right hand side as

bE r", as

AX = b. n . .. '(3;32) ;
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The Hestenes-Stiefel eonjugate gradient rriethod described by Golub and Loan (1996) iis

used to solve the system of equations (3;32)i The algorithm used for solution is outlined

briefly as follows . , , - " '

.ForX^°6.R", let

•  (0) (0)
r  = AX - b,

,(0) (0)
d =r •,

j.(K) .^(k) _j.(k) j(k)- • ■_
Set oti^ — ,, , — ; • '

The new solution is ■„ ;; . ^ ^ ^ .
-  ' • , , _ • • -i*. ' . ' ? V

The updated values of and are obtained as

■j.ckm^AX^'^^'^ -b;; • ^ ^
,  _ . -d® Z. .

Ad^-^^'-d^^^ ■d^'^^'Ad^''^' ' ■7-
^(k+i)

The coefficient matrix A consists of a symmetric banded system. Only the elements in

the bandwidth are stored arid used, in the operation for conjugate gradient method. The

eigenvalues, and the condition number of the coefficient matrix is investigated. The



eigenvalues of the coefficient matrix are cOnaputed using Jacobi method described by

Golub and Loan (1996). - . .

3.7 MOVING PHREATIC SURFACE

The variational formulation (V) in equation (3.6) for the problem (D) in equation (3.1)

will provide the solutions for (p. Using appropriate test functions v, the partial derivatives

— and —can be obtained as - .
3x dv.

09 ^ 3Lj
9x, ''^0x ^ 'Mi., .

3z . 0z

where

n^ = nuinber of nodes in an.element.

Let 0 = to < tj < tj < .... < tj^ = T denote a partitioning of I so that I^ = (tj^.j, t^^). Let = t„

- t„.j be the time step size. The derivatives are evaluated as follows
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09 _ J 3(p
dx

f  A"3(p
+ (1-^)

3(p _ J 3(p
3z V ̂2; ̂

\^i
/  A"3(p

+(1-:^)

where 0 < A < 1. Practically, A, is generally taken as 0.5.

Therefore, equation (2.24) can be written in a finite difference form as follows

rjn+i +. K, + K„
^BZy

V (3.33)

Here rj is loosely coupled with (p.
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4. BOUNDARY ELEMENT FORMULATION

4.1 INTEGRAL EQUATION FORMULATION

The solution (p of the initial boundary value problem given in equation (2.10) can be

rewritten with initial and boundary conditions (Figure 3.1) as follows:

E(x;\)/)-^ = V • [K(x;\|/)V(p]+q, in x I,
at

(p = (Pd, on X I,
(4.1)

dtp T- T— = g, on r„ X I,

(p(x,0) = (p®, in Q.

To develop an integral formulation, it is assumed that the medium is homogeneous and

isotropic. Let a=K/E and so q in the following equation is obtained by dividing the

original source term by E. Therefore, the linear parabolic partial differential equation is

written as follows

— = aA(p + q, in Q x I,
dt

(p = tpj, . on Fj X I,
(4.2)

dtp T- T
— = g, on r„ X I,
dn

cp(x,0) = tp", in 12.
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Let u be the fundamental solution of the homogeneous form of the parabolic equation.

*  *

The fundamental solution u of the homogeneous form of the parabolic operator Hu = 0

(where H = — - aA) is (Morse and Feshbach, 1953):
3t

1  [(x-^)L(z-O']
u*(x,z,t;tC>'^) = • ' (4.3)

47ra(t - x)

The fundamental solution u satisfies the following equations

aAu*-u*=0, -°°<x,z<°o, t>x,

aAu* + u* = 0, -oo < ̂,^ < oo, t > X.
(4.4)

3u*
The normal derivative of the fundamental solution can be written as

9n

^ = 77-^e- 4a(.-x) , , (4.5)
dn Srra (t - x)

where

T| = perpendicular distance from the point under consideration to the boundary.
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Multiplying equation (4.2) by the fundamental solution u and integrating over domain Q,

we obtain:

3(p
- aA(p - q u^dQ =0 for all (pe C^(a)uC'(Q).

Integrating u* dQ twice by parts, we obtain

f ̂
J" dt

u dQ = a f ̂  u* dr - f (p^dr + [ (pAu*da + f qu*da (4.6)
Jr Hn •'r Jo JQ' 3n 3n

The above integral equation can also be obtained by directly using Green's second

identity. The Green's second identity for functions cp and u* can be written as

£[u*A(p-(pAu*]dQ = J^ »3(p 3u*
u —-tp-

dn dn
dr.

Substituting in the expression for Atp from equation (4.2), an integral equation the same

as in equation (4.6) is obtained

£ k ((Pt - q) - occpAu* ]da = aj^ * dtp 3u*
u —-tp-

3n 3n
dr.
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Let 0 = tQ<tj <t2< .... <tf^ = T denote a partitioning of I. Integrating the integral

equation with respect to i from 0 to t„, we get

* dtp du*
u —-0

dn 3n
dr dx. (4.7)

Integrating u tp we have

jo"u*9, dx =u*(x,z,t;^,C,tJ(p(^,C,tJ-u*(x,z,t;^,;,0)(p(^,C,0)
ft„ 3u* ,

-  ̂^dx.
•'0 . 9x

Substituting (4.8) in (4.7) and rearranging, we get

(4.8)

I'P(- = r ]« If ° - Jrf i-'T" +1dtp
—r

dn

+|^<p»u'da

1 du*

a dx
+ Au cpdfi + |^qu*dQ idx

0 .
where tp is the initial condition.

Since u satisfies equation (4.4), therefore.

f^u-dr-f<p^dr
dn dn

+|^qu*dQ idx + J^(p''u*df2.
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Now taking t=tjj, we get

L9(^'C>tJu*(x,z,t„;tC,tJdQ = lim,^oJ (p(^,C,tJ-—-e ^ah
Jn Jn 47tah

The above integral acts like a delta function for (x,z) e Q. then the integral can be written

with some constant c> 0 as

c(p(x,z,tj = ||"|a j^|iu*dr-J^(p^dr +£qu'dQjdT + j^(p°u*dQ. (4.9)

Here c=l for (x,z) e Q. and c = 0/27C for (x,z) e F, (0 = interior angle at the boundary).

Equation (4.9) is an integral equation of the second kind for tplp if known and an

equation of the first kind for — 1^ if tpL is known. The above integral equation is known
0n .

as a representation formula or as Green's third identity for the parabolic equation (4.2).

4.2 VARIATIONAL FORMULATION

Let T,, = {Kj, K2, , K^} be a subdivision of F into elements K; of length at most h.

Let's introduce the finite element space Wj^ = {v e L2(F): vIj^. is linear, i =1, 2, ..., M}.
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Multiplying the boundary integral equation (4.9) by a test function v in the test space W|j

and integrating over T, we are led to a variational formulation of the boundary integral

equation (4.9) as follows: ' ' . ^ ,

To find (p € such that

((p,v)+(H(p,v)-(G(p,v)=(^,v) Vve W^, (4.10)

where

(9>v) = j^tpv dr,

H(p = -r" f —9 dr dx ,
^  c Jo Jr an ̂

.dr = ̂flr"f
3n

G,p=«r-fu-^ drd.,
r Jo Jr

(H<p,v)=|_H<p vdr = ̂|Jp||-cp dr dx vdF,

(g<p.v)=Ig<p dr dxjvdr,
/ = ir[[^uVd£2}+|;-£u*q d£2 dx

c\

«.v) = |/vdr=i[{[_uVdn|,dr+ij^{f;|^u-q dQ dx}vdr.

52



4.3 EVALUATION OF INTEGRALS

The elements K; (i=l,2,...,M) are subdivisions of F. In eaeh element there are two linear

basis functions \|/j and The two nodal linear basis functions V|/j and 1^/2 used for an

element Ki (i=l,2, .. M) can be expressed as

Vi =-
'  2

V  J

V2 =-
2
i3
V  J

for .-^<^<hL
2  2

for
n  2 2

where

Lgj = length of an element K; (1=1,2, ...M).

In any element K (i=l,2, M), (p and vary as follows:
dn

(p = (PlVl +92^2'

dtp dtp, dtp,

dn dn dn

Here (pj, (p2, and —^are the nodal values at points 1 and 2 of any element Ki.
dn dn

Using test function v as the basis function xj/j (i = 1,2,3, , M), the integrals in equation

(4.10) can be evaluated for any Kj of length Lgj (1=1,2, ..., M) as:
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1 fLj2'

4 J-La/Z
1-

L.

2 V

(P, +
(  .te2 \

1-

V  =' /
Li

q>2

V  y

}d^ = ̂<P,+^<P2..

Similarly,

(Hcp,v) = ̂̂ H(p, +^Hcp2,
j  o

(G(p,v) = ̂G(p, +^G(p2,
3  6

(^,v) = ̂ E + —F,.
^  ̂ 3 ' 6

The integrals Htpj, H(p2, Gtpj, G(p2, Fj, and Fj for nodal pints 1 and 2 of any element K;

(1=1,2, ...., M) under consideration and.associating field element Kj (j=l,2,3, ...M) are

evaluated as follows:

9u du!
+-^¥2^2

dn dn
drdx =r-p,

/-

ilL.

■p„+X,c '""-"g. tp, dx

+ fp.
Tll

-TCy-V (P2 dx.

dul 3u *  A

+-^^¥292
dn dn

V  y

drdx =t-p,
12

cP] dx

/

+ '(p2 dx.
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*-s * *

du, du,
+-3-^¥292

dn dn
dr d-c = f p3

nr

■p,i+X,t «">g„ 9<Pi
dn

dx

+ J>3 dtp2
dn

dx.

°<p^=7j:i
/ -V *
du. du! \

5^¥i9i+3^¥292
dn dn

V  y

drdx =j;'-|3,
mI

yc, +X,c d9i
dn

dx

+

Tl2

-7ey-V '^"^'"^'gy d(p2
dn

dx.

F, = f —
dnnf t —47ta(t -

(x,-^)^+(Z]-0^
4a(t-'c)

x)
dQ + ['° f

Jo ,JiJo , Jn

(Xi-4)^+(z,-0^
4a(t-x)

 47i;a(t - x)- dn dx,

1=^=1
1

(X;-^)'+(Z;-0^ -■ ■
4a(t-T) dQ

47ta(t - x)
 + f

Jo J£'P

(X,-^)^+(Z;^0^
4a(t-T)

 47ca(t - X)
dn dx,

where

P.= Til
87i:a(t-x)

P2 = TI2
87ra(t-x)'

Tjj = perpendicular distance from nodal point 1 of a source element i to a field element j,

TI2 = perpendicular distance from nodal point 2 of a source element i to a field element j,

y=
2a(t - X)

^j4. ^
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X,, ^7ta(t-T),
2'

A,2, = -^-7^a(t-x),

•  n T1?+^? -
~  4a(t-T)'_ 4a(t-t)

ij . • • . n ' oy'gii =erf n  --'I- _,erf —Ji=
^y/4a(t-%)l^. n j,V4a(t-x)

= coordinate measured by arc length of node 1 of a field element j, ,

= coordinate measured by arc length pf node 2 of a field, element y,

1" s - n n '
P3 =

47C(t - x)

The integrals associated with the coefficients of (p and — are evaluated analytically as

shown above. The integrals involving: n coefficient matrix; initial condition, , and forcing

function (source/sink) are evaluated numerically using, a Gaussian quadrature formula.

4.4 NUMERICAL ALGORITHM

After evaluating the integrsils, the coefficients associated with cp and — are obtained. In
•  dn

matrix form, they can.be written as | ,

(D + W)(p-P^ = S,
dn

(4.11)
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where

D = (dj), a diagonal matrix,

di=[¥fdri,

W=(Wip,

^ij =Jr Hj\|/idr. for j^d + l,
Wy = ViVjdri +J^Hj\|/idri for j=i + l,

P = (PijX.

Pij=jrGj¥.dri,

S = (Sj),

Si =J^(^i¥i+-^i+,¥m)¥idri.

Here F = u r„. Along F, the system of equations (4.11) reveals that values of (p

on F. and M values of on F„ are known and therefore, there are M. values of
dn

on Fj and values of op on Fn which are unknowns. So, there are M=Mj +
on

unknowns in the expression. Rearranging the coefficients in such a way that all the

unknowns are in the left hand side, one can write the following matrix equation:

AX = B,
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where

ajj = dj + Wy if (x,z)Gr„,

aij = pyif(x,z)erd,

bi = Sj - (d- + Wij)(Pj if (x,z) e Tj,

bi = Si-Cij-^ if(x,z)Gr„,
dn

Xi = (piif (x,z)er„,

Xi =-^ if (x,z)G Tj.
dn

Alternatively, equation (4.11) can be arranged to obtain a Fredholm equation of the

-V

second kind for (pl^ if — 1^ is known and a Fredholm equation of the first kind for —^ Ip
dn on

if (plp is known. For unknown boundary conditions (p or Liggett and Liu (1979)
dn

suggest a different procedure to solve for the unknown values. The system of equations

for Mn nodes with (x,z) g r„ can be written as

(D + W)(p = P^ + S for i = l,2,...,M„.
dn

In the right hand side, the — values for (x,z) g Fn are known and the values for
dn dn

(x,z) gFj are unknown but are used from the values obtained at the previous time steps.
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After obtaining the (p values for (x,z) .ern, the unknown values of — values for (x,z)

e r. can be obtained as follows , ,
•  n • ^ ;V|.'

r - V " /-M - , 4. 'A

P-^ = s-(D + W)(p for i = 1,2,
dn

Once all the values of cp and — for (x,z) e T =Tj u F are known, the values of cp for
dn • n - , "

(x,z)e fl! can be obtained readily from equation (4.9);

4.5 MATRIX CHARACTERISTICS

The rnatrix W can be written in a simpler form as ;

w . = w .*  IJ ** J1 •

Therefore, W is a symmetric, matrix.

The matrix P is hot symmetric because,
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P..=7rirJr"'^v<dr,dr,dt

Py^Pj

Therefore, P is not symmetric matrix.
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5. VERIFICATION OF NUMERICAL SOLUTIONS

5.1 ANALYTICAL SOLUTION

An analytical solution is obtained for a two-dimensional domain using some simplifying

assumptions. The assumptions used are as follows:

•  the domain is assumed to he rectangular in shape

•  the medium is assumed to he homogeneous and isotropic

•  the hydraulic conductivity is assumed to he constant with an effective value for

.  the medium

Based on the above assumptions, the governing equation can he written as

•^ = aA(p-t-q for (pe C^(Q)uC'(r). (5.1)
ot

Two analytical solutions are obtained for different boundary conditions. In the first

problem, Dirichlet boundary conditions are used on all sides of a rectangular domain.

The second problem consists of both Dirichlet and Neumann boundary conditions. The

method of separation of variables are used to derive analytical solution for both the

problems. The derivation is given below.
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Dirichlet Problem ' , . . .

The Dirichlet boundary condition-is applied on all four sides of a two-dimensional

rectangular domain to obtain a solution of the- simplified equation (5.1). The boundary

conditions are: , \

(p(0,z,t) = fi(z),

(p(x,0,t) = fzCx),

(p(L,z,t) = f3(z),

(p(x,M,t) ='f4(x),

0<z<M, t>0,

0 < X < L; t > 6,

0<z<M,t>0,

0.< X < L,,t > 0.

Here, fj(z), f^Cx), f3(z), and f^Cx) can be expressedJas'Tollo.Ws: . • v 2 ; .

f,(z) = a-i-b—,
M

f 2 (x) = a H
bx

V  L,

f.,(z) = a-t-c—
^  M

f4(x) = a- —
bxri_^^

V "l.

where a,b,c,d e R.
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The initial condition is expressed as follows;

(p(x,z,0) = (p , 0 < X < L, 0 < z < M

Based on the principle of superposition, let the solution for (p can be written as:

(p(x,z,t) = ri(x,z,t) + C(x,z), (5.2)

where

^(x,z) = a + b—
. M

^  x^
1--

V  L,
+ c-

xz

LM'

Substituting (5.2) in the simplified equation (5.1) for (p-problem, the partial differential

equation for T]-problem can be obtained as:

dr[
= aAri -I- q,

at

Tl(0,Z,t) = 0,

ri(x,0, t) = f2(x)-a,

ri(L,z,t) = 0,

ri(x,M,t) = f4(x)-a-b

ri(x,z,0) = (p° -^(x,z).

^  x^
1--

V  L,

X

"I-

(5.3)

0<z < M,

0 < X < L,

0 < z < M,

0 < X < L,

The linear nonhomogeneous parabolic equation (5.3) for T] describing an Initial-

Boundary Value Problem (I-BVP) can be solved using separation of variables and the

method of variation of parameters. To use the method of the variation of parameters, we
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must know the eigenfunctions of the eigen value problem which can be obtained by

considering the I-BVP for the associated homogeneous partial differential equation.

Based on the method of separation of variables, Ti(x,z,t) for the homogeneous equation

(5.3) can be written as

ri(x, z, t) = v(z,t)X(x). (5.4)

Substituting equation (5.4) in equation (5.3) with q=0 results in the eigenvalues for the X-

problem as

=

^TIK
, n = 1,2,3,.

The eigen functions of the X- problem are:

.  . ntcx
X„ ~ sm ,

Therefore, rj can be written as

ntcxri = 2v(z,t)Sin-
n=l

where

2 fL . nTCx ,
v(z,t) = —ri(x,z,t) sm—— dx. (5.5)

L
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Differentiating equation (5.5) with respect to t and substituting ^from equation (5.3),
ot

we can come up with the v-problem as ; . : n . - ,

3v ._ = ag^-aX.v + q.

where

X  2 fL ^ ^ ^ . nttx , 2 pL/ X . uTCx ,v(0,t) = —J ri(x,0,t)sin—— dx =-J^ (f2(x)-ajsin——dx,

v(M, ̂) = Y jo^'n(x, M, t) sin ̂ ^^dx = :^ Kf4 (x) - a - b/1- X X
— -c—

V
L L

J

.  nrcx ,
sin dx,

L

v(z,0) = v° =^£'ri(x,z,0)sin^^dx =^£^(cp° -^(x,z))sin^dx.

„  2 pL . nTUx ,
q=— q sin dx.
^  L JO L

Based on the principle of superposition, let the solution for v(z,t) be written as

v(z,t) = u(z,t) + w(z).

where

w(z) =
V  M,

v(0,t) + —v(M,t).
M

Using the above relationship, we can come up with the u-problem as
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■3u d^u
— = a^

: dt dz
— = aT^-aA,„u.+ q, . ,(5-6)

where

u(0,t) = 0,

.u(M,t) = 0,

u(iz,0)^ u° = v° - w(z),

q = q^a^„w(z);

As before, u(z,t) for the homogeneous u-problem can be written as

-u(z,t) = Z(z)T(t). ■ ■ ^ • (5.7) . -

Substituting equation (5.7) in equation'(5.6) 'witli q = 0 results'iri the eigenvalues for the

Z-problemas. , . \

^nt
f  \2'
' rtiTt ^

, , m = 1,2,3,.

the eigen functions of the Z- problem are:

. mTCzZ„ ~ sm .
M ■

The solution for u(z,t) can therefore be written as
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.  . ^7- / \ • niTTzu(z,t) = 5^5^K^(t)sin —

where

^ N 2 fM mTiz ,
Kn,„(t) = — u(z,t)sin dz.■™ ^ ^ M Jo ^ ^ M

Differentiating Kn,n(t) we obtain an ordinary differential equation for Knjn(t) as

dK™(t) r m-n
—  + - <lmn'
dt

where

^mn =^m +^n'
V  ■

2 pM ^ . mTtz ,
q„ =— q sin dz,M Jo ^ MMJo ^ M

The solution for Kn,n(t) is written as

K™,(t) = £e-"^'""''-'^q^(z,T:) dx +ge-

where

2 fM 0 . mTtz
g = K^(0) = — u sin dz.&  mnV / ^Jo ^

Therefore, the solution of the original (p-problem is
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cp(x,z,t) = 5^
n=l

.  . , niTCz . .. .
K™(t)sin-^+w(z)

M.m=l

nTUx N
sin 1- ̂ (x, z). (5.8)

where K^(t), w(z), and ̂ (x,z) are described earlier.

Mixed Problem

In the rnixed problem, both Diricblet and Neumann boundary conditions were applied on

the sides of a two-dimensional rectangular domain. The boundary conditions used in the

mixed problem are as follows

(p(Q,z,t) = fj(z),

(p(x,0,t) = f2(x),

(p^'(L,z,t) = fjCz),

(p^(x,M,t) = fij(x),

, 0 < z < M, t > 0,

.0<x<L, t>0,

6 < z < M, t > 0,

0 < X < L, t > 0.

Here, fj(z), fjCx), f3(z), and f4(x) can be expressed as follows:

f,(z) = a + b—,
M

dx
f2(x)=c-—,
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f,(z) = ,
'  LM

f4(x) = b--^.

The initial condition is expressed as follows;

(p(x,z,0) = (p , 0 < X < L, 0 < z < M.

Based on the principle of superposition, let the solution for tp can be written as:

(p(x,z,t) = ri(x,z,t) + C(x,z), (5.9)

where

C(x,z) = a + b—
M

,.2 A

1--
2T "

V

Substituting equation (5.9) in the simplified equation (5.1) for cp-problem, the partial

differential equation for Tj-problem can be written as:
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^  A—= aAri + q
at

ri(0,z,t) = 0

r|(x,0,t) = f3(x)-a

ri^(L,z,t) = 0

ri,(x,M,t) = f4(x)- —

ri(x,z,0) = cp°-C(x,z).

X
2 ^

2V
V  y

0<z<M,

0 < X < L,

0 < z < M,

0 < X < L,

(5.10)

Based on the method of separation of variables, ti(x,z,t) for the homogeneous equation

(5.10) can be written as

ri(x,z,t) = v(z,t)X(x). (5.11)

Substituting equation (5.11) in equation (5.10) with q=0 results in the eigen values for the

X-problem as

A =
{2n + l);r

V  2L ,
, n = 0,1,2,3,.

The eigen functions of the X- problem are:

.  (2n + lkx
X„ ~sm-^^ —.

2L

Therefore, T| can be written as

70



^  (2n+lkxri = Xv(z,t)Sin> ^ -
2Ln=l

(5.12)

where

/  N 2 fL . (2n + ikx ,v(z,t) =—ri(x,z,t) sm-^^——dx. (5.13)

Differentiating equation (5.13) with respect to t and substituting —from equation (5.10),
ot

we can come up with the v-problem as

dv d^v ,
_ = „__ca,v + q,

where

v(0, t) = I" £'ti(x,0, t) sin ^ (f j (x) - a)sinn  (2ii + l)7rx _ 2 rL .  (2n + l)7tx
dx.

q-
L'M 2L

f4(x)-
M

^  x' ̂1-^
2L'

/> .r N 2 fL ^ ^ ^ . (2n + ikx , 2 fiV, (M, t) = -1, ri, (x, M, t) sin dx = -

/  0 2 fL (2n + l)7Cx. 2 fL/ 0 n (2n + l)7Cx.v(z,0) = v =—ri(x,z,0)sin^—^—dx = -J^((p -^(x,z)jsin^—^^2—dx,

2 rLf abz 1 . (2n + lkx,
q=— a—^— sin-^^ ——dx.

.  (2n +
2

 ikx ,
sm-^^ —dx.

L

Based on the principle of superposition, let the solution for v(z,t) be written as:

v(z,t) = u(z,t) + w(z).
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where

w(z) = v(0,t).+ ̂ v,(M,t).
2M

Using the above relationship, we can come up with the u-problem as

— = a—-a^„u + q, (5.14)
dt dz

where

u(0,t) = 0,

u^(M,t) = 0,

u(z,0) = v° - w(z),

q^q-a\w{z). •

As before, u(z,t) for the homogeneous u-problern can be written as

u(z,t) = Z(z)T(t). (5.15)

Substituting equation (5.15) in equation (5.14) with q = 0 results in the eigen values for

the Z-problem as

=

(2m+ 1^"! ^^0,1,2,3,.
V  j

The eigen functions of the Z- problem are:
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.  (2m + 1)kz
= sm^ —,

2M

The solution for u(z,t) therefore can be written as

X"' / \ • (2m + iVtzu(z, t) = 2 K ̂ (t) sin — ,
m=l n=l 2M

where

,  2 fM ^ . (2m + l)7cz ,
Kn„(t) = —[ u(z,t)sin-^^ —dz.
"" \/r Jo 9MM-*" 2M

Differentiating Kn,n(t) we obtain an ordinary differential equation for Knin(t) as

dK^(t)

dt

where

^mn=^m+^n'

2  . (2m + l)7tz ,
dmn =— q sm-^ ^—dz,

mJo 2M

The solution for Kn^nCO is written as

Kmn (t) = (z,T) dT + ge-"'™',

where
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'  V /-m 2 fM/ 0 \ (2m,:fil)7tzg = K^(0)=— Iv -w(z))sin —dz., ,
™  mJo ̂  ^ , 2M > n

Therefore, the solution , of the original (p-pfoblem is

9(x,tt) = 2
n=0

^  (2m + l)7Cz : ; n2  (t) Sin^ J .+ w(z)
m=0 n •*'

.  (2n + l)7Cx V, k - . .
sin \ —t.C(x,z), (5.16)

where, Kn,n(t), w(z), and ̂ (x,z) are described earlier. >

5.2 COMPARISON OF NUMERICAL AND ANALYTICAL SOLUTIONS

The finite element solutions are evaluated, b>( comparing with the analytical solutions for

a two-dimensional rectangular homogerieous'domain with constant characteristics.. The

characteristics used for the homogeneous medium are given in Table 5.1., A uniform

source term (value of q in equation. 2:10) of 0.01 is applied in the domain. For finite

element solution, the computational domain; (15 ft in x-direction and 20-ft in z-direction)

is discretized using 120 elements as shown in Figure 5.1. . ,

The finite element and , analytical solutions for both Dirichlet and mixed problems are

given in Table 5.2 for selected nodes. The absolute values of the error and the relative

errors are reasonably sihall. The finite eleihent and analytical solutions are also

compared at two nodal points as shown in Figures 5.2 through 5.5. The eigen values of

the coefficient matrix for the Dirichlet problem computed using Jacobi method are

,  • ' , - , '74' * .



Table 5.1. Values of the parameters of the homogeneous domain

Parameter Value

Hydraulic conductivity in x-directlon (ft/day) 1

Hydraulic conductivity in z-directlon (ft/day) 0.5

Saturated moisture content 0.4

Residual moisture content 0.1

Parameter n 2

Paremeter m 0.5

Specific storage 0.025
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positive and are given in Table 5.3. The positive values of the eigenvalues indicate the

symmetric positive definite system that is solved. The maximum eigenvalue is 7.91 and

the minimum eigenvalue is 0.454. The condition number is 17.4.

5.3 PHREATIC SURFACE PROBLEM

The phreatic surface is located using equation (3.25) based on the solution of the

parabolic equation. Two phreatic surface problems were investigated. The first problem

consists of a homogeneous domain with initial location of the surface as shown in Figure

5.6. The properties used in the homogeneous domain are the same as those shown in

Table 5.1. The second problem consists of a heterogeneous domain with initial location

of the surface as shown in Figure 5.7. The properties used in the heterogeneous domain

are given in Table 5.4. The source terms used in the computation are 0.05 for the

homogeneous domain and 0.025 for the heterogeneous domain. The time-varying

locations of the phreatic surfaces for both the problems are shown in Figures 5.8 and 5.9.
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Table 5.3. Eigen values of the coefficient matrix
Node Eigen Value Node Eigen Value

1 1 40 3.49

2 1 41 1.92

3 1 42 1

4 1 43 1

5 1 44 4.93

6 1 45 6.3

7 1 46 3.56

8 1 47 5.72

9 4.16 48 4.13

10 5.53 49 1

11 2.8 50 1

12 4.95 51 3.4

13 3.37 52 4.76

14 1 53 2.03

15 1 54 4.19

16 6.52 55 2.61

17 7.91 56 1

18 5.14 57 1

19 7.32 58 6.17

20 5.72 59 7.55

21 1 60 4.79

22 1 61 6.97

23 1.8 62 5.37

24 3.16 63 1

25 0.454 64 1

26 2.58 65 2.16

27 1.03 66 3.51

28 1 67 0.804

29 1 68 2.94

30 5.62 69 1.38

31 7 70 1

32 4.24 71 1

33 6.42 72 1

34 4.82 73 1

35 1 74 1

36 1 75 1

37 2.71 76 1

38 4.06 77 1

39 1.35
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6. SUMMARY

In this study, variational formulations were developed for finite element solutions of a

parabolic equation describing variably saturated flow. The classical backward Euler

method was used to obtain a semi-discrete variational problem which was transformed

into a computer program for generating time-varying solutions. A symmetric positive

definite system of equations was obtained and solved for the unknowns. The finite

element solutions were compared \yitb the analytical solutions. The numerical solutions

agreed reasonably with the analytical solutions. The pbreatic surface separating

unsaturated and saturated zones was simulated for domains with homogeneity and

heterogeneity. The movement of the pbreatic surface was consistent based on the

solutions of the parabolic equation.

The boundary element formulation of the parabolic equation was investigated. The

integral representation was obtained. The finite element formulation was developed for

the integral equations. The integrals were evaluated based on the test functions. The

system of equations was obtained and analyzed for solving the unknown boundary

conditions, which can be used to generate solutions of the parabolic partial differential

equation in the domain.
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