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ABSTRACT

The variably saturated flow in a porous medium is described by a parabolic equation with
hydraulic conductivity and soil moistﬁre capaéity as the flow characteristics. Variational
formulations have been developed to solve the governing parabolic partial differential
equation describing variably saturated ﬂo;v in é porous medium. The finite element
method has been used to solve the partial differential equation for a two-dimensional
domain. The matrix characteristics and the stability criteria have been investigated to
develop the numerical algorithms for solving the partial differential equation to generate
time-varying hydraulic heads in the subsurface. A computer program has been written to
solve a symmetric positive definite system obtained from the variational formulation for
the finite element method. The system of equations is solved using the conjugate
gradient method. Analytical solutions have been developed for the simplified governing
equation. The finite element solutions were compared with the analytical solutions. A
reasonable agreement between finite element and analytical solutions was observed. A
variational formulation was also developed using boundary element method. The matrix
characteristics and the solution algorithm using boundary eleﬁent method were

investigated.
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1.0 INTRODUCTION

In any numerical method for a partial differentiaf equation, it‘ is required to discretize the
given cont.inuous problem to obtain a discrete problem or system of equations with
finitely many unknowns that may be solved using an appropriate solution method. In the
finite"'element method, the given partial differential equation is reformulated or
transfc;rmed to obtain an equivalent variational prlqblem. To solve a parabolic partial
differential equation, a similar approach is used to develop an equivalent variational
problem. The finite element method is u—sed as a general solution technique for partial
differential equations describing wat(*;r resources systems. Parabolic partial diffqrential
equations are solved to describe variations of hydraulic heads in groundwater systems
including both unsaturated ‘(above groundwater table) and saturated zones (below
groundwater table). The finite element method was used to solve subsurface flow
equations (parabolic type) by Neuman (1973), Kuppusamy et al. (1987), Yeh et al.
(1993), and Srivastava and Yeh (1993). In the present study, the mathemati‘cal and
numerical aspects of the finite element method are investigated for solving a parabolic

equation describing variably saturated flow in the subsurface.

Recently, researchers have begun to employ the boundary element method to solve

problems in porous media flow (Aral and Tang, 1988; Lafe and Cheng, 1987; and

- Fogden et el., 1988; and Subia and Ingber, 1994). In the boundary element method, the

governing partial differential equétion is transformed into an integral equation on the
boundary. A variational finite element formulation of the integral equation is then
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obtained to generate a systefn of algebraic equations. The solutions of the system of
equations results in information about the Dirichlet and Neumann boundary conditions
which permits the solution of the partial differential equation at any point within the
domain. In the present study a variational formulation is obtained based on the boundary
integral expression for the parabolic partial differential equation describing variably

saturated flow.

The objective_s are to devélop mathematical formulations and perform numerical analyses

for getting solutions for the governing parabolic partial differential equation describing

variably saturated flow in the subsurface. In summary, the objectives of this study are as
follows:

e to develop a v'ar'iatib;lal 'fonﬁulgtion for generating a finite element solution

aigorithm forﬂ ;1 p‘eilr;ibloliﬁc faﬁial' &iffe;enfial equation describing variably saturated

flow in por‘o{Jsv fnedia. | The ;k;afacteristics of the matrices associated with the

system of equations for finite element formulations are also investigated.

e to develop a computer program and to compare the finite element results with

analytical solutions.

e to develop a variational formulation of the parabolic partial differential equatién

describing variably saturated flow using the boundary element method. The




characteristics of the matrices associated with the system of equations for

boundary element formulations are also investigated.



2. VARIABLY SATURATED FLOW PROCESS
2.1 PHYSICAL SYSTEM

The amount of rainfall that infiltrates through the ground surface results in an unsaturated
flow above the groundwater table. The unsaturated flow occurs when the void spaces of
the soil matrix remains partially saturated with moisture from the infiltrating water. The
portion of the subsurface with unsaturated flow above the groundwater table is known as
the unsaturated zone. The flow below the groundwater table is fully saturated because the
void spaces of the soil matrix remain completely filled up with water. The saturated
portion of the subsurface with a free surface is known as an unconfined aquifer. In
unconfined aquifers, the free surface between unsaturated and saturated zones is called
the groundwater table. The' groundwater table is also known as a phreatic surface. The
phreatic surface serves as the upper bouﬁda;y of an unconfined aquifer. Above the
phreatic surface, a capillary fringe exists which is generally neglected in unconfined

aquifer studies.

Figure 1.1 illustrates éi schematic representation of an unconfined aquifer with a phreatic
surface in a porous medium. Essentially, a zone of saturation exists below the phreatic
surface in which all pores are completely filled with water. An unsaturated zone exists
aBove the phreatic surface in which the pores are partially filled with water. The
subsurface having unsaturated and saturated zones can be a heterogeneous porous
medium with variable properties. The heterogeneify occurs due to the variations of
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properties such as hydraulic conductivity and porosity. Strongly heterogeneous porous
media with sharp changes in properties can cause discontinuity at the interface between

geologic units.
2.2 VARIABLY SATURATED FLOW EQUATION

Phenomenological and conservation laws can be used to develop a governing equation
for describing total head in a porous medium with an unconfined aquifer. According to

Darcy’s law, the specific discharge through a porous medium can be expressed as:
q, =KV, . (2.1)

where
q, = specific discharge vector (q,,q,,.q;,)»
K = hydraulic conductivity tensor,

¢ =total head =y +z =ply+z,

{y = pressure head = p/y,

p = pressure,
Y = unit weight of water, and

z= elevation from a datum.
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The derivation of the continuity equation using a control volume for a porous medium is

described in Bear (1979) and Willis and Yeh (1987). The continuity equation can be

written as:
2(pS. 0 .
where

p = density of groundwater;

ﬂq = source/sink;

Sw = degree of saturation = 6/6;

0 = volumetric moisture content = V,/V,;
V. = volume of water in the soil matrix;
V = total volume of the soil; and

0, = volumetric saturation moisture content.




For incompressible flow, the density p remains constant and does not change with time

ie. %—f = 0. Equation (2.3) can be written as:
~V.q.+q =_—a(sawtes), (2.4)

The right hand side of equation (2.4) describes the rate of change in the amount of water

in the void spaces of soil and can be written as (Cooley, 1971 and Neuman, 1973):

96.8,) g 5 W ,g B (2.5)
ot ST ot ot

where

Ss = specific storage.

Thp degree of saturation Sy, can be differentiated with respect fo time as:

oS 1 00
w_ - 99 2.6

ot 0, ot (2.6)




The partial derivative of moisture content 6 with respect to time can be written as:

00 00 Jy
U _PN 2.7
ot Jdy ot @7)

The term % is known as soil moisture capacity. From equations (2.4), (2.5), (2.6), and
v

2.7), we get

V-(KVe)+q=(S,S, +C)aa—‘i’, (2.8)

where C =a—9is the soil moisture capécity. Since %? =0, the partial derivative of y

v y
with respect to t can be replaced by partial derivative of ¢ = y + z with respect to t.

Therefore, equation (2.8) can be written as:
dp
V- (KVo)+q=(S,S, + C)g. (2.9)

The terms S, and C are functions of pressure head y. Let E(y)=S,S+C and equation

(2.9) becomes



E(\y)aa—‘tp =V-(KVo)+q. (2.10)

Equation (2.10) is the governing equation for variably saturated flow in a porous
medium. The above equation is valid for continuous variations of properties and
dependent variable. The first derivative of hydraulic conductivity function must exist i.e.

VK must exist. The second derivative of total potential ¢ must be defined i.e. V¢ must

exist. In a domain €2, the dependent variable ¢ and hydraulic conductivity K should be:
¢ e CHQ)UC!( Q)and K eC(QuUCY Q). (2.11)

In equation (2.9), the degree of saturation Sy, — 1 and C — 0 below the groundwater
table in an aquifer. Above the groundwater table in the unsaturated zone, Sy, < 1 but 20
and C # 0. Constitutive relationships exist for variables describing the characteristics of

the variably saturated porous medium.
2.3 POROUS MEDIA CHARACTERISTICS AND PARAMETERS

The subsurface porous media system can be conceptualized as consisting of geologic
units with varying saturation conditions. The unsaturated moisture condition has impact
on the description of the unsaturated hydraulic conductivity function. There exists a
number of formulations describing unsaturated flow parameters in the subsqrface. A
widely accepted description of flow parameters, given by van Genuchten (1980), is used

10



in formulating media characteristics and flow parameters in the subsurface. van
Genuchten derived the unsaturated hydraulic conductivity function that depends on three
independent parameters related to soil moisture retention data. In van Genuchten’s
model, the expressions for water content 6, water capacity (d6/dy) and hydraulic

conductivity function are expressed as (Genuchten, 1980):

. 1/2 .
K(G):KS(:_% ] (1-[1-£(©)]™)? for 6 < 6, and K(6) = K, for 6 = 6, (2.12)
0, -0 -
6=0 st =f(y)fory<O0andO®=0;fory=0, . (2.13)

r+ -
1+ (aly h™)™

C=%=oc(n—l)(l—f(e))"’f(e)(es -0,), (2.14)

where

0, = residual soil moisture content;

1/m
0-96
-f(0) = . ;
C)) [es_er]

mzl—l;
n

and o, m, and n are the parameters that depend on soil moisture retention data.

11



The above relationships indicate the variations of parameters as follows:

K@®) = KuKsy:Ksz) as 6 — 65 and K(0) — (0,0,0) as 6 — 6; (i.e. there is an
insignificant amount of water to induce flow), and C - 0as 6 - 6;and C - 0as 6 —

Or.

The values of S and the relationships for the flow parameters K(6), Sy, and C for
subsurface materials are used in the governing equation (2.10) that describes the spatial

and temporal variations of total head in the subsurface.
2.4 DOMAIN DISCONTINUITY

The problem of simulating flow in a porous medium becomes complicated due to the
presence of multiple gqologip units with sharply varying properties. The governing
equation (2.10) is developed ba;e.d on the;‘assumption that the variations of properties are
continuous. In particular; it is required that the gradient of hydraulic conductivity VK
exists throughout the domain of interest i.e. Ke C'(Q). The subsurface becomes not
only heterogeneous but also discontinuous with the presence of sharply varying geologic
units. At the points of discontinuities between sharply varying geologic units, the
gradient of hydraulic conductivity VK does not exist. The governing equation (2.10) can
not be defined at points on the interface (line of discontinuity for a two-dimensional

problem and surface of discontinuity for a three dimensional problem) due to the

12



' discontinuity of hydraulic conductivity. For this type of discontinuity in a domain, the

solution of the governing equation can be obtained by decomposing the domain and
applying certain conditions at the interface. Instead of solving for ¢ in the whole domain

Q, the problem can be decomposed into subproblems for each subdomain £; (i =1,2,..., .

n) separated by the interfaces I'; = Q, mﬁjl Therefore,

Q={Q]UQZUQ2U ...... U Q,}. . (2.15)
The two criteria satisfied at the interfaces are:

(1) The total potential ¢ must be the same at a point on the interface when it is

approached from either side; this is known as compatibility criterion.

(2) The second criterion is obtained from the requirement of the continuity of flux across

the interface.
These two criteria for a discontinuous domain can be written as:

Compatibility:

J

¢,=¢,onT, (2.16)

“ " N ¢ i
* U - AR v
Co. N 5.
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Continuity:

00, 00, ‘
K=K L r., 2.17
' on, ! E)nj o ( )
where

¢; = potential corresponding to the geologic unit i at the interface;
¢; = potential corresponding to the geologic unit j at the interface;
K = hydraulic conductivity of geologic unit i;

K| = hydraulic conductivity of geologic unitj;

n; = unit normal at the interface from geologic unit i; and

n; = unit normal -at the interface from geologic unit j.
2.5 MOVING PHREATIC SURFACE .-

In an unconfined aquifer, the void spaces above the phreatic surface are partially
saturated. The phreatic surface is assumed to be under constant atmospheric pressure

with a capillary fringe on it.

The location of the phreatic surface depends on recharge, the hydraulic conductivity of
the medium, and vertical and horizontal flows. For this, the phreatic surface is also
described as a moving or as a floating internal boundary. The phreatic surface can be

defined by satisfying certain criteria. The criteria are as follows:

14



(i) the phreatic surface is a material surface,

(ii) the phreatic surface is under constant atmospheric pressure.

Based on the above criteria, the formulation for the movement of the phreatic surface can

be obtained as follows.

The total head m at any point on the phreafic surface can be written as:
n :_Z,:Fg" i : S (2.18)
» : .

where
z = elevation of a point on the phreatic surface;

p = pressure on the phreatic surface; and

Y = unit weight of groundwater.

Since the pressure at all points on the phreatic surface is assumed to be atmospheric, then

p = O for all points on the phreatic surface. Therefore, on the phreatic surface:
n=zorz—m=0. (2.19)

The Lagrangian form of the material derivative can be written for the phreatic surface as:

15



Dz-m) _,
Dt '

(2.20)

The material derivative in Lagrangian form can be expressed as conventional Eulerian

form as:

B=£+V-V,
Dt ot

where

v = seepage velocity vector = (Vy,Vy,Vy).

Therefore, the equation for phreatic surface can be written as:

M_ v
at—v V(z-n).

The seepage velocity v can be expressed as:

V el &’
nC
where

16
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(2.22)

(2.23)



q, = Darcy’s velocity (q,,9,,9,) = -KV¢ and

n. = effective porosity.

Using equation (2.23) in equation (2.22), the governing equation for the phreatic surface

can be obtained as:

an_ i|:KV(p .Vn-K, 8_(p} M=z =@ on the surface. (2.24)
ot n oz

e

The governing equation (2.24) can be solved for 1 to locate the position of the phreatic

JQ

surface, since V¢ and > are known quantities obtained from the solution of equation
z .

(2.10).

17




3.0 FINITE ELEMENT FORMULATION
3.1 VARIATIONAL FORMULATION

The governing equation (2.10) can be rewritten with the initial and boundary conditions

(Figure 3.1) as follows:

E(w)g—(tp=V-[K(w)V(p]+q, in QxI
”(p=)<pd, on Fd){T,

o o | (3.1

K(\y)g—(p=g, . on I, x I,
n

| o(x,0) = (pov, in Q.

Here T'y and I', are the subdivisions of the boundary T" of a two-dimensional bounded

domain Q, I=(0,T), where T is a given time, and (po is a given initial total head.

In equation (3.1), E(y) and K(y) are nonlinear functions of y, and therefore of ¢. In the
present study, E(y) and K(y) are evaluated assuming that y is known. The actual value

of y will be described later.

It is required to define some function spaces to obtain a variational formulation of the

initial boundary value problem (D). Johnson (1990) outlined mathematical principles to

18
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develop variational formulations for the initial boundary value problems. Let’s define

function spaces on QcR? as follows:

L, () = {v: vis defined on Q and J.szdx < o},

H(Q)={ve LQ):Vve L,(Q) },
V= {ve HI(Q) :v=@gon Iy},
Vo={ve H'(Q):v=0 on Fd}. '

(3.2)

Here L,(£2), HI(Q), and V' are Hilbert spaces, with the appropriate scalar products.

Let @, be eitended to all of Q. Set ¢ =@, +u in equation (3.1) to obtain homogeneous

Dirichlet boﬁndary conditions as follows:

E(q;)%tl—=V-[K(\y)Vu]+Zj, in QxI,

u=0, on Iy;x]
D) (3.3a)

K(\p)a—uzg, on I, xI
on

u(x,0) =u’, in Q,

20




Here u(t)e V°.
Without loss of generality, we can take ¢ =0 on I';, and use (D) with ¢, =0.

Multiply equation (3.1) by the test function v € V and integrate over £2 to obtain:
99 4y
JQEgv dQ = jﬂv [KVol dQ+ jQ qv dQ. (3.3b)
Using Green’s formula, the first integral on the right hand side can be written as:
_ (o9 '
jgv-[Kwp]v dQ = Jrng dr - jQchp-vv dQ. (3.4)
Substituting (3.4), the integral equation (3.3b) can be written as:
jEi‘Bv dQ=JK§9v dr'- [ KV Vv dQ+ | qv dQ (3.5)
e Jt T dn Q Q ' ’

Therefore, the variational formulation is defined as follows:

21



To find ¢(t) € V° such that

[E(p(t),v]+a(w;(p(t),v)=(q(t),v)+<g(t),v>rn Vve V% t e ], 36

V)
o,0)=0¢’,

where

a(y;v,w) = '[Q Ky)Vv-Vw dQ,

(E(b(t),v]z jQE(p(t)v dQ

(a.v)=[,atv a@,

<g(t),v>y = '[I_ g(t)v dI.
Equation (3.6) gives a variational formuilation of (D). Therefore, ¢ is a solution of the
problem (D) given by the \‘/a;riatioﬁal proBlém (V) as given in equation (3.6). The

variational formulation (V) in equation (3.6) can also be rewritten as:

a(y;0,v) — (h(t),v)-<g,v>r =0, (3.72)
or, a(y; @, v) = (h(t),v)+<g,v>r, (3.7b)
where

maxﬂ=[«o—Ewowj.

22



The variational .formulation automatically produces a solution which satisfies the

conditions (2.16) and (2.17) for a discontinuous domain.
3.2 FORMULATIONS IN A FINTE DIMENSIONAL SPACE

Let us consider a triangulation of the domain Q i.e. subdivide Q into a set T, of

nonoverlapping triangles K (i=1,2, ...., m) (Figure 3.2) such that

Let V? be a finite dimensional subspace of the space V°consisting of piecewise linear

functions. Let us define P (K) as the space of linear functions on K, i.e.
P (K) = { v: visapolynomial of degree <1 on K }

Here V) ={v e v’ :vl, € P,(k) and v is continuous at the nodes, V K € T, }. Let the

basis functions for P,(K) of the finite dimensional subspace V. of v° be

For K & T,, define h, = the longest side of K with p, = the diameter of the circle

inscribed in K. Let h=max h,.
KeT,

23
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Consider a family of triangulations {T,} with a constant B > 0 independent of h, such that

E—kzﬁ VKeT,, Vh.. ' B (3.8)

k

This condition implies thatvthe triangles K € Ty, are not allowed to be arbitrarily thin, or
equivalently, the angles of the triangles K are not allowed to be arbitrarily small. The

constant [ gives a measure of the smallest angle in any K € Ty, for any Ty € {Th}.

For Q c R? and V,? as described, the semi-discrete analogue of the variational

formulation (V) can be written as

To find @i(t)'e VO such that

s/ /

(50,0 et 0.9)=

(04 00, v) = (0, v).

qO,)+{g®.¥) Vve Vi t el

V) ‘ ’ (3.9)

Let us represent @y(t) using shape functions L,(x) as

Py (X, 1) = ZE.H (L, (x), &; (t)e R.

Now taking v=Lj, we get

25
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z&i(t)b(w;Li,Lj)+gama(w;u,u):(f<t),L,.),

i=1

iai (O)(Li’Lj)z ((PO’LJ')’

i=l

where

b{ysLiL;)= [ EWLL, d,
a(w;L;,L)= [ K(WVL, - VL, dQ,

(f0.L,)= @)L+ (sO.L;) = [a(t)L 0@+ | gL dr.

In matrix form, we have

BE(t) + AE(t) = F(1),
BE(0)=0°,

where

B=(b,)

b, = '[QE(\U)LiLJ. dQ,
A=(ay)

a; = [ K(yVL,-VL, dQ,
F=(f,)

f,=[ aL, 40+ [.eL; ar,

26



¢? =((PO’Li)

The matrices B and A contain functions depending on ¢ causing nonlinearity. It is’

assumed that the linearization will be done through some approximation. Introducing the

Cholesky decomposition of B as P'P and the new variable =P, the above problem

can be written in a simpler form as

I(t) + An(t) = £(b),

0 (3.10)
no)=n-,

where

A=PTAP,
2t) =P7'F,
T]O — P-—Tq)o-

The solution of the initial value problem described by the ordinary differential equation

(3.10) can be written as

() =nee™ + [ e De(s)ds, tel (3.11)

The fully discretized version can be derived using the Backward Euler and Crank-

Nicolson methods.

27



Let0=t,<t, <t,<....<ty=T denote a partitioning of I'so that I, = (t_,, t ). Letk,=t,
— ty.1 be the time step size. Let the values of E(y) and K(y) be evaluated based on the

values of y at previous time step n-1. By usmg backward Eulerl method, the semi-

discrete variational problem in equatidn (3.9) can bé written as

To find @} € V., n=1.2,..,N such that

n n—l‘
[E%,V]Jra(w;cp:,vﬁ(q(t,,>,v)+(g(tn>,v) VveVy,

n

(0, (-0),v) = (0%, v), Yve V.

(3.12)

Using the backward Euler method, the derivative r('p(tn)has been replaced by the

n__ n-l
difference quotient % with the discretization error O(k,). The above formulation

n

can also be written as

(Elon — o) v)+k,aly 07, v) =k, (q(t,) V) + K, (6, ), v) - Wve VY,
(@4 (:0),v) = ((po,V), Vve V..

(3.13)

In a matrix form, equation (3.13) can be written as:

28




(Bn_l +knAn—1 kn — Bn—l&n—l iknF(tn), 4 (314)

where

B = (b

Bij = [ By™LL; dQ,
A=(a)

a; = [ K(y"" VL, VL, dQ,
F=(f,),

fi=f gL dQ+[ gl dar.

Another approach is to use Crank-Nicolson method. In the Crank-Nicolson method, an

average time-discretization is used. The time derivative E((Ph (t,)+®,(t,,)) is replaced

n n-1 '
by (phk—(ph with a corresponding error O(ki). Therefore, using the average time-

n

discretization approach, the formulation can be written as

To find @} € V. of ¢(.,t), n=1,2,....,N such that
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[E[(PE ~ 9y }V}L a[w; o) + ¢ ’v]: (q(.tn)+ q(t, ) ’VJ+<g(tn)+ g(t, ) ,v> ’
K, 2 2 | 2 ]

Vve Vl?,
((pg,v)=((p°,v),‘v’ve VY.

(3.15)

Using the representation of @u(t) as before and taking v=L, the following system of

equations is obtained
(B“" + %"A"“ )g = (B"“ —%"A"-‘ }"-‘ + -;—kn (F(t,)+F(t,.)) (3.16)

The elements of matrices A and B are given before.

3.3 TEST FUNCTIONS

LetN,, i=1,2,3, ....... , M be the nodes of T,. Given the basis functions L;, i=1,2,..,M,

we can define the interpolant L, € V. such that

L.(N,)=L,(N,), i=123,..,M. (3.17)

Consider a triangle K € T,, then the function space P,(K) can be written as:
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P (K)= {v D v(x) = Y eyxixh for xe K¢ € R}.

0<i+j<I

V. is considered as the space of piecewise continuous linear functions as

A ={ve C’(Q) : vieP(X),VKeT,,v=0 on rd}.

(3.18)

(3.19)

The functions in V; are described by choosing the node points of Ty. Therefore, when K-

€ T, is a triangle, the degrees of freedom for K will be the values at the vertices a,i=

1,2,3. Given the values o, i=1,2,3, 3 a uniquely determined function v € P,(K) such that

v(ai) = 0.

(3.20)

Therefore, the nodal basis functions L; (i = 1,2,3) for P,(K) associated with the degrees of

freedom can be determined such that

| 1if i=j
Li(aj)zaij = 0ifiei fori,j=1,2,3.
ifi#j

Therefore, a function v(x) € P;(K) then has the form |
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3

v =Y v(a L 0. (3.22)

i=l

Therefore, three special cases of (01;,0,03) given by (1,0,0), (0,1,0), and (0,0,1) can be

used to solve for Li(x) where
Li(X) =c¢;X; +CyX, +Cyy (3.23)

Using the conditions for (0t;,0,0i3) in eqhation (3.20), the coefficients ¢ ;, c,;, c;; can be

uniquely determined. Using the uniquely determined coefficients, the basis functions

L,(x) € K (i=1,2,3) can be obtained as follows.

1 ) . TN
L,(x) =K[x12x23 XXyt (xzz — X3 )xl +.("‘1'3 =Xy )xz]’
T L .

1

L,(x) =KT [x)3% 51 =Xy X g5 + (X5 =X )%, + (%, = X3 )X, ] (3.24)
1 ,

L,(x)= oA [xnle — XXy +(x21 _x22)x1 +(X12 _xn)xz]’

T

where

A; = area of triangle.
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To evaluate the integrals for aj;, by (i,j=1,2,3) in equation (3.14), it is required to evaluate

oL, AL, A, L, oL, . I,
ox, ox, 0x, 0x, OX, ox,

can be

VL(x) (i=1,2,3). The partial derivatives

obtained by partial differentiation of L,, L,, and L:; ' The integrals in equation (3.14) are

evaluated numerically. A three-point numerical quadrature formula is used as follows:

3

a; = Z(K(W)[VLi 'VLjI])m(DmAe’
3

bij = Z(F(W)[LiLj])mmmAe’

=]
i

Bpe

fi = (qu )m ('omAe + zpb:(ng )m (DmLe’

m=1

k=

m=

where

n,, = number of integration points in a triangular element in the domain;

O, = weight at the integration point m;
A, = area of element in the domain;

n_, = number of integration points in an element along the boundary;

pb

L. = length of element along the boundary.
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3.4 BILINEAR FORM AND MATRIX ANALYSIS

It is necessary to prove certain conditions associated with the variational problem. The
bilinear form a(.,.) defines the stiffness matrix A. The conditions associated with the
bilinear form and the right hand side in equation (3.7b), are as follows, if K is symmetric,

bounded and positive definite:

(1) a(.,.) is symmetric.

(i)  a(.,.) is continuous i.e. 3 y>0 such that ]a(\'/,w)| <ylv

w

Vv,we V.
v v

(iii)  a(..)is v-elliptic i.e. 3 o> 0 such that a(v,v) 2 ofv| ¥ ve V°.

(iv)  The right hand side in equation' (3.19) "should be continuous. Let

Z(v)=(h,v)+<g,v>. Z(v)‘ is continuous ie. 3 A > 0 such that

|L(v)| < A||v||v V ve VO,

Proof (i)

Here a(y;v,w) = | K(y)Vv-Vw dQ
W Q

Now a(y;w,v) = IQK(w)VW Vv dQ

Since KVv-Vw =KVw Vv, therefore, a(y;v,w) = a(y;w,v). This implies that a(.;.,.) is

symmetric.
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Proof (ii)

. 0
Let’s introduce the scalar products and normin V.

(v,w)= J;) K(yVv-Vw dQ,

/2

M= ([, x(w)vv-vvaa)”.

Here a(y;v,w)=| K(y)Vv-Vw dQ.
W Q

Now a(y;v,v) = JQ K(y)Vv-Vv dQ = ||v||2
By Cauchy’s inequality

172

a(\]!; v,w) < a(\p; v,v)”za(\p;w,w) ,

which can be written as
alysv. )< o] -

Therefore, a(y;v,w) is continuous.

Proof (iii)

As before, a(\y; v, v) = L KW)Vv-VvdQ. = ||v”2

This implies that a(y;v,v ) is V-elliptic.

Proof (iv)
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Here, 4(v) = (h,v)+<g,v>.
By Cauchy’s inequality and the Poincare inequali:ty, there is a constant C such that

(b, v) < Clp],, M+ and

(CAVELS i

Therefore,

Jeev] < bl o, +e
or, If(v)lSA”v” .

L,(T) J|V”

Therefore, #(v) is continuous with A = C(”h L (r))

L, (Q) + ”g

From this, the matrix B+k A is symmetric and positive definite.

Here b(y;v,w) = L E(y)vw dQ.
Now b(y;w,v) = LE(W)WV dQ.

Since vw=wv, therefore, b(y;v,w) = b(y;w,v). This implies that b(.;.,.) is symmetric.

b(y;v,v) can be written as

b(w;v,V)=b(w;Zni¢i,§m‘,m@j = Y niblv0,.0,0, ]=n-Bn-

i=1 j=1 i,j=1
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Also, b(y;v,v)= [ E(y)v?dQ. (3.25)

From Poincare’s inequality, there exists a constant C > 0 such that

jvdeSCJ IVVI2dQ ¥V ve VO,
Q - Q

Since E(v) > 0, therefore,

[ Ewvia@<c jQE(w) IVvI*dQ >0, V ve V°. (3.26)

From equations (3.25) and (3.26)
n-Bn= b(\p; v,v) >0 = B is positive definite.

B is proved to be symmetric earlier, so, B is symmetric positive definite.

By the proofs of (i), (ii), and (ii1), nia_tri_x A‘is.symmetric .and positive definite. Therefore,

B+kpA is symmetric positive definife. |
3.5 STABILITY ANALYSIS

A basic stability estimate for the semi-discrete variational problem (V) is obtained by

taking v=¢, in equation (3.13) to yield:

E(y)|¢,

—EW)op 0 )+ alvi 03,07 e, ~ (0. 00 K, ~ (2,03 )k, =0.
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Since, ((p;,(p:‘l)S%”(p: ”2 +%H(p:_1 ”2 forn=123,....,N,

Ewlor - 2oi]" - = 2o | +alwsot. 0t K, ~a.01k, ~(g0)k, <0

By summing over n, we obtain:

Boes| + 2§n;a(w;q>§,“ Ok —23 (0,07 ko 23 (2,07 k. ~Ewol <0.
m= m=1 m

n
=]

The above expression can be written as:

Ewoz] + 22 a0y o0k, B0l +23 (.07 k. +23 (500 .
— m=1 m=1

Since Za(\p; oy ,0p )(m > 0, the above inequality can also be written as:

o=
Boler| <Ewod] + 2; (@.07 k., + 2,,,21 (2.0 K.
In particular, if q = 0 and g = 0, then

ot <fotl" or. fot] <o

Setting v = @, (t) in equation (3.11) with g=0, g=0,

1d
~ B0 (O +alws 0, 0, 9, (0)=0.

Integrating from O to t, we get

[ECw)e, (0] ~[E(we, O) +2[ aly; 0, () 0, (s)Hs =0,
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Therefore,
[ECw)o, () ~[[E(w)e, O] <o.

From which, we get

[0, (£)] < o (O

For a linear homogeneous equation (2.10) with constant hydraulic conductivity and soil

property so that oo = K/E, the solution for ¢ can be written as

o(x,z,t) ii % - {(ﬂ] +(Ej}t sm—ﬁsin%

n=] m=l

Based on the above equation, we can write

ot} <[o°]

Therefore, in particular, we can write

[0 (t)] <o, (O) < ”(p"”

Growth Estimate

With g=0 and g=0, a growth estimate is done to prove the reliability of the finite element

formulation. It can be proved that
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max
n

1/2
°H(1+logkllj .

In equation (3.13) with f=0, g=0, we can write

( b "(PE_I,V)'F kna(\y;(p;,v)z 0

Setting v=t, (o — ¢1™"), we have

(or -1 t, (o7 ~or )+ k,alws 0., (0p ~ 07 "))=0, n=12,..,N

oI, summing over n,

(Ph
k

Zt
n=l

n n

k=3 st oot

By expanding and summing the right hand side, we have

N n _ n-1 N
Y, % K, =X a(ys0) -0 k00 )
n=] n=l

Since a(\;.,.) is continuous, therefore, for a constant y> 0

n—l1
n .

aly; 07 —0r K, 08" )< fos — o3

3

Since |@f —(p;_l|’ S”(pO” and ”(0,’"'1 “ SH(DOH therefore,

a(ysop - o™ k01 )<k, o]
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Usmg (3.28)in (3. 27) we get ', ':'. ST

2 1/2

'i.tn 2:_;(';:_1 k, <C”(p “ where C \/_—
P n

P )k,, can be written as- .+

‘ L2
K212 kg ,
Rt (T2

i Py — Op 0p — 9
n=l1 ‘kn kn ’ n

o= k.
b= Pn .' |
0
Then, by Cauchy»’s inéquaiity,

# Bz 1’

2 TNk 1»/2 o
. From (3.29) and (3.30)

‘ 0' Nk 1/2 .[
ko sch(32]

(Ph
k

n

:2

n=l

op — o
k

n

3

n=

The last summation term in eq.uation-'(3.3 1) can be expreésed as:

ik dt j Taeef" Lac

n=l tn =k, t.

- By"approximating '[: %dt =1, we can write’ |

an

(3.29).

(3.30) - .

(3.31)



N

k T
L <1+1log—.
2 o

n=l %q 1

Therefore, (3.46) can be written as
T 1/2
0
’k“ <do ||(1+1ogk_] |
A 1

From which, we get

1/2
|gc||<p°||(1+1ogk1J |

Qp —Qp

2

n

op —op

max
n

Following the stability estimate, the time step control suggested by Eriksson and Johnson

(1985) can be adopted as

Suppose & > 0 is a given tolerance and suppose that we want the discrete solution @y(t) to

satisfy

max|o(t) - @, (1)] < 3.

The time step k, can be chosen so that for n=1,2,....,N

k, max
tel

.
o~

42



It is assumed that the size of the constant 1s known approx1mately (up to say, a factor 2)

p The above conditlon can be replaced by the COIldlthIl

n n-1 __ . . : T . . .
i . (‘ph -~ 3t ‘ B “,", o Y “,x"‘ “ v. Lo I v
(: . N LR R L vod e
. K oo B s g R
- [ H \ N LR Kl B N AS . '
CorT e T e . . ..
-4 R 4 woe, o7° [ B A EL A N Y
B R A B P T S S
R N R I | RN

- Based on'the above conditions, an algorithm,cjan_{be‘adopted-forcho_osing; k,, assuming’

- that (p,i‘" has been computed. -’

- Algorithm
‘(ii)_, ' ,Choose kn—k U

(i) . Given ky; compute the corresponding approximate solution ¢/ , LT

i) ~If‘ﬂ;i:% "

decrease or increase k. by a factor of,’ say, 2 and return to (1)
3.6 SOLUTION OF THE SYSTEM OF EQUATIONS

. The system of’ equations ‘(3.14) constitute a symmetric .positive definite system that is

'solved using conjugate gradlent method In a ‘concise fonn equation (3 14) can be ’

~ rewritten, replac1ng B+knA by AeR " with unknowns as XeR and right hand s1de as"- :

. "beR as

,AX=b.‘_*‘ T A ST R

e

~or IISE then.‘ stop “‘and. accept the’ time step k,. Otherwise,



© Setoy =

) d(k+1) _ (k+1)+B d(k) )

. The Hestenes St1efe1 conjugate gradlent method descrlbed by Golub and Loan ( 1996) 1s

used to solve the system of equatlons (3 32) The algorlthm used for solutlon is outhned

' _brleﬂy as follows

" For X"eR", let

Y
= AX? b,

0 © -
FONCH

(k’) L4®

'<k)?d<k>‘ C

The new solution is

“ . X(k+1) X(k)'l-a d(k)

_'f‘he upd_ated '\(alues, of d(

(k+1) AX(k+1) b -
’ .
A (k+1) d(k)

Ad(k) d(k) d(k)TAd(k) :~, -

1 (k)

and d are obtamed as:

.

) .d(k_) Ar(kﬂ) - e

Ad(k) d(k)

== WA gm0,
4% Ad ,

0

L4

il
. 5
T ]
Ve -t
B

: _The coeffi‘cien’t'r’natrii A consists of“a',symmetriq banded syétem. Only- the 'e‘_lenients in.
" thie bandwidth' are stored and used in ‘the operation for conjugate gradient method. The = ..

- eigenvalues. and the 'conditioh'_n.umber, of the eoefficieht matrix is investigated: The



eigenvalues of the coefficient matrix are ‘cOmputed' using Jacobi method described:by»" -

Golub and Loan (1996).

3.7 MOVING PHREATIC SURFACE . _

The variational formulation (V) in equatiop (36) fot the ﬁrd‘t_ilem (D) in eqtiatién 3.1

will provide the solutions for @. Using approp;iate -test functions v, the partial derivatives . |

a(p and —- 99 —Xcan be obtamed as

ax zZ

9P & dL oL }
R = ¥, ¢
ox * dx : $ad
9 _x aLJ' 1Y T
oz . oz L '
~ where
n; = number of nodes in‘an element. .. .
‘Let 0=ty < t < t2 < tN T denote a partltlomng ofI SO that I = (tn pt ) Let k = tn o

, be the time step size. The derlvatlves are evaluated as follows - 'f ‘




243 (3]

ox o0x o0x

8(26 a(p n+l a(p n
9P _ [ 2P - &
oz )b( 0z ) +d )[ oz

where 0 < A <1. Practically, A is generally taken as 0.5.

Therefore, equation (2.24) can be written in a finite difference form as follows

n+l n k a@ ’ a(:() ’ a(P 4
= K, | — K!i—| -K, —/|. 3.33

Here m is loosely coupled with ¢.
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4. BOUNDARY ELEMENT FORMULATION'

4.1 INTEGRAL EQUATION FORMULATION'

The solution ¢ of the initial boundary value problem given in equation (2.10) can be

rewritten with initial and boundary conditions (Figure 3.1) as follows:

E(x;w)%—(tp=V-[K(x;w)V(p]+q, in QxI,

O=0Q,, on I,xI,

%0 4.1)

on
(x,0) = ¢°, in Q.

g, on I xI,

n

To develop an integral formulation, it is assumed that the medium is homogeneous and
isotropic. Let 0=K/E and so q in the following equation is obtained by dividing the

original source term by E. Therefore, the linear parabolic partial differential equation is

written as follows

%—‘fzaA(p+q, in QxI1,°

=Q,, on T, x1,
©=0, d 42)
99 _ |
on

o(x,0) = ¢°, in Q.

g, on I xI,
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" Let u” be the fundamental solution of the Ahor»nogeneous form of the parabolic equation.

The fundamental solution u_ of the homogeneous form of the parabolic operator Hu =0

(where H = % —0A) is (Morse and Feshbach, 1953):

1 [t +e0?]

w(x,z, 6 1)=———e  doltr) | 4.3
(555800 = e — | (43)

The fundamental solution u” satisfies the-following equations

ocAu*—u: =0, —eo<X,Z<00, t>1,

- 4.4)
aAu” +u, =0, —eo<ff<oo, t>T - -
.. ou . .
The normal derivative —— of the fundamental solution can be written as
n .
au” n (-2 P +e-07]

- e o ‘ 4.5)

where

1 = perpendicular distance from the point under consideration to the boundary.
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| Multiplying equation (4.2) by the fundamental solution u" and integrating over domain Q,

we obtain:
JF& _ Ao - q } u'dQ =0 forall pe CHQ)UC Q).

ot

Integrating JQAqo u" dQ twice by parts, we obtain

,Lacp 10 = a[j E)(p ar — Jq,_dr + Jq)Au dg} +j qu'dQ. (4.6

ot E)n

The above integral equation can also be obtained by directly using Green’s second

identity. The Green’s second identity for functions ¢ and u" can be written as

N \ 00 ou
JQ[u A —pAu ]dQ=Jr[u a—n—(paln I.

Substituting in the expression for AQ from equation (4.2), an integral equation the same

as in equation (4.6) is obtained

« 09 ou’”
J [u — 0pAu ]dQ OLJ|: > —(pg I
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Let 0 =t; <t <t, <.. <ty=T denote a partitioning of I. Integrating the integral

equation with respect to T from O to t_, we get

[ [ (o -a)-ogru iz a@ = af° L[u*g—f—(paaln}dr‘ dr. 4.7)

. :
Integrating u @,, we have

_[Ot"u*(pt dv =u'(x,2,4E0,t)0E,§,t,)—u"(x,2,6E 000, £,0)
tou
- JO _‘,az pdr. N

(4.8)

Substituting (4.8) in (4.7) and rearranging, we get

jg(p(.,tn)u*(.,tn)dgz=£{ {j PByrdr- j dF J[—éguT-l-A ]wdsz}rquu*dg}dr

0 *
+ ] 0%ude,
0. - p
where ¢ 1is the initial condition.

Since u’ satisfies equation (4.4), therefore,

[ ot u (¢, a0 = jo{ [j gfu dr-| (p—dl“} [ qu*dsz}dwr [ o°ude.
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Now taking t=t_, we get

_(x-8)’+(z-0)?
e 4oh 4O
4moh

fLo@ Lt (k2 t,: 6.8 t,)dQ =lim, , | 0E.C,t,)

The above integral acts like a delta function for (x,z) € Q then the integral can be written

with some constant ¢ > 0O as

et = [ {a[frg—f“*df-h%dr} ! ngU'dQ}d” Jyo%vae “9)

Here c=1 for (x,z) € € and c = 6/27w for (x,z) € I, (0 = interior angle at the boundary).

Equation (4.9) is an integral equation of the second kind for @l if g—(o | is known and an
n

equation of the first kind for g_(P I if @l is known. The above integral equation is known
n . . .

asa repreéentation formula or as Green’s thifd identity for the parabolic equation (4.2).
4.2 VARIATIONAL FORMULATION

Let T, = {K,, K,, ....., K} be a subdivision of I" into elements K, of length at most h.

Let’s introduce the finite element space W, = {v e L,(I'): vIKi is linear, i =1, 2, ..., M}.
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Multiplying the boundary integral eéﬁéﬁdﬁ 5(4“;9); byia, test function v in the test space W,
and integrating over I, we are led to a x\‘lar‘izlitiohalh fdrrr\lﬁlwét‘:ion' ki)f the boundary integral

equation (4.9) as follows:

To find ¢ € W, such that

(p,v)+ (Ho,v)- (G, v)= (6,v) Wve W, | .10)

where

:jcpv dr,

Ho=2[ [ Sgarar,

(Ho.)= | Ho var=2[ { [} 2% ar ar }vdl“
o=2] [t arar

(Go.v)= [ Go var =2 j{j for 2 or dt}vdl“

z:%({[ u*<p°dgz}+j‘“j u'q dQ dfc}

4, v) = jmr:-j{[ °d§2}vd1“+ j{[ ju q dQ dt}vdl“
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'4.3 EVALUATION OF INTEGRALS

[4

The elements K, (i=1,2,...,M) are subdivisions of I'. In each element there are two linear
basis functions y, and \1-12. The two nodal linear basis functions Y, and y, used for an

element Kj (i=1,2, ...., M) can be expressed as

ei 2
1 E L.
=—|1+—>| for ——2 <<=,
v, [ } 5 € 5

where

L., = length of an element K, (i=1,2, ...., M).-

In any element K, (i=1,2, ...., M), ¢ and g_(P_ vary as follows:
n

0=y, +0,V,,
J0Q _ J9, 00,
— =1y, + .
on on Vi on Y2
Here 99 g 90 : |
0y, ¢, 5 and 0 are the nodal values at points 1 and 2 of any element K. ‘
Using test function v as the basis function ; (i = 1,2,3, ....., M), the integrals in equation

(4.10) can be evaluated for any K, of length L, (i=1,2, ..., M) as:
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Similarly,

L
(Ho,v)= S-Ho, +

L.
(Go.v)= 3G+

L
(6v)==

The integrals Ho,, Ho,, Go,, Go,, F|, and F, for nodal pints 1 and 2 of any element K;

(i=1,2, ....,'M) under consideration and.associating field element Kj (G=12,3, ...

ei

Ho,,
6(P2

ei

6 Go,,

evaluated as follows:

ot p [ Oul du; ‘ . ty T
¢, :‘6‘_[0 J‘r[a—nl“ﬁq’] +a_nl‘lf2(P2J dI’ dt =-|‘0 Bx{Yeij +}"2€ falt )g

O pta ou., | du, ty e
H(Pz :—C—J‘O Ir{a_nZWI(pl +a_nz\|12q’2] dI" dt :-[0 BZ{Yelj +}f'ze 4( )g

o

Vy

4&2 } }d& =@

+_En B1{_

T4

ex

o, +

0

o nf
4o(t—T)

Ye; — A€

n3

o
4o (t—T)
Ye; — A

ij}(Pl dt
gij}(pz dr,

ij }@1 dt

gij}q’z dr,




O ou; ou; _ | _;a?llz—‘c) .a(pl
Go, —:_[0 J‘r[gwl(pl +3;\|12(p2] dr dv. —L_] Bsive, +Ase 83, dt

n
“maso . | 90
4a(t T) 2
+_[ B { ’Yel_] 1 g } al’l dT
ot [ Ou, - du,, th "% do
) :_;-[) J-r( an2 V0, + an2 \V_z(Pz] dI" dt :J:) B3{Yeij +he * (. )gij} an] dt

B e T, |2
+.[5 [33{—'yeij—?\.le el g } P2 gr,

on
_(=B)*+(z;-4)* (=8 +H(z-])*
F=[—— *“9 da+ [[[ =L —e * 4au
2 4ot — 1) LR d4not—Ty 0
| gD o R v St 9
F=[———— * 40+ ["[—1 - * "4qudr,
2 Aot — 1) s 0 ®Amot-T) L
where
B - nl
1= 2
8ro(t—1)
B,=— 2
T 8mot—1)*

1, = perpendicular distance from nodal point 1 of a source element i to a field element j,
1, = perpendicular distance from nodal point 2 of a source element i to a field element j,

_ 20(t—1)

- §j+1 _gj ’
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)\'Z:%'J—TE«‘(t——T)_,’ :

o R L & h":":l B oy
ogyme e 4“(“”, g, =erf SIS § N S T
i o j - \/m F—4Q(t;T)‘ )
&= coordinate measured by arc length ’__of “nod e‘_, 1 éf afield element j,

€;.1 = coordinate ineasuiéd by4ar‘_c lehétﬁ of nbde 2 of a field élement I

i "> (1_ ‘

S
Pl ’.i:‘ o

_The integrals associated with the coefficients of ¢ and 2 are evaluated analytically as

shown above. The integrals- involving coefficient matrix; initial -condition, and forcing
N . ‘ \ zl‘ I T, . PLE S . BN «} N 3‘ “‘ - N N .

function (source/sink) are evaluated. numerically using.a-Gaussian quadrature formula. .

4.4 NUMERICAL ALGORITHM o 5 . 3
After evaluating the integrals, the éocfﬁc‘ilents‘ ass'oéiatéd with © and 3_([) are obtéi‘néd._ In
| matrik form, they can be writtelvlj aa -

B+ We= chp s R ey

v : : T
! . AP



where

D = (d,), a diagonal matrix,
_ 2

@‘LW@E’

W= (wy),

wy = [ Hy,dr; for j#i+1,

W, :J.r, vy dr, +Jr. H,y,d[; for j=i+1,

P=(p,,
Py = J;.‘ Gj\l’ldri’
S =(s),

8; = J.T, (Ei\vi +4aVin )\Vidrr

Here I'=1", UI,. Along I, the system of equations (4.11) reveals that M, values of ¢

do

~on I’y and M values of — on I', are known and therefore, there are M, values of

n

—Q(B on I; and M, values of ¢ on I';, which are unknowns. So, there are M=M, + M,

on

unknowns in the expression. Rearranging the coefficients in such a way that all the

unknowns are in the left hand side, one can write the following matrix equation:

AX =B,
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where
a; = d, + Wy if (x,z) el
a; = py if (x,2) €T,

1

b, =s,—(d; + wij)(pj if (x,z) €T,

b,=s, - cij% if (x,2) T,

X, =0,if (x,z) el’,

X, =9 i (x,z)eT,.
on

Alternatively, equation (4.11) can be arranged to obtain a Fredholm equation of the

%,

second kind for @I if g_(P | is known and a Fredholm equation of the first kind for
n n

if ¢l is known. For unknown boundary conditions ¢ or g—(P, Liggett and Liu (1979)
n

suggest a different procedure to solve for the unknown values. The system of equations

for M, nodes with (x,z) €', can be written as

D+W)p= P?+S fori=12,...M,.
n

In the right hand side, the 3—(0 values for (x,z) €I, are known and the a_(p values for

n n

(x,z) €I’y are unknown but are used from the values obtained at the previous time steps.
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After‘ol‘otaining. the ¢ values for "(X,z),eﬂ‘l",ﬂ,, tile ;unkno.Wn values of 5 values for (x,2)
) . i ) . N . : - - l’ ~ " . . ’ ) - to. n . I‘L " . k

... €I’y can be obtained as follows L e L

Once all the values of @ and S(P for® (x z) e l" l" v l" ~are known the values of @ for '
n . D .

(x,2)eQ can be obtained readily from Aequé;lt’i’(")fn‘~‘(4.9);

4.5 MATRIX CHARACTERISTICS -,

.The matrix W can be written in a simpl;r form as - ) :

v =_Jt ”r wwjdr dI‘ . T

~——J JL e

" Therefore, W is a symmetric, matrix.

The matrix P is not symmetric because:.
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e
Dy =% NN a‘i’; w,dT, dT dt

t, « OV,
Pii :%Jo .[r.[ru %Wjdrj dr; dv

= Py #Pj

Therefore, P is not symmetric matrix.
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5. VERIFICATION OF NUMERICAL SOLUTIONS
5.1 ANALYTICAL SOLUTION

An analytical solution is obtained for a two-dimensional domain using some simplifying

assumptions. The assumptions used are as follows:

e the domain is assumed to be rectangular in shape
e the medium is assumed to be homogeneous and isotropic
e the hydraulic conductivity is assumed to be constant with an effective value for

. the medium

Based on the above assumptions, the gbvérr‘ling. eqUziﬁoh can be written as
op _ 2 1
g_ocA<p+q for e C*(Q)uC(T). (5.1)

Two analytical solutions are obtained for different boundary conditions. In the first
problem, Dirichlet boundary conditi(;ns are used on all sides of ‘a rectangular domain.
The second problerﬁ consists of both Dirichlet and Neumann t;oundary conditions. The
method of separatidn of variables are used to derive analytical solution for both the

problems. The derivation is given below.
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Dirichlet Problem

.

The. Dirichlet boundary condition. isfalip'}:)‘liéd. on-all four sides of a twé—dirhensional )

“conditions are:

P0.2) = £,(z),
P00 =Hx), .
| (p(L’Z’t)='f3(z)-7’

QM) =f,(x), -

Here, f,(2), f,(x), f3(2), and £,(x) can'bé expressédasifollows: "% § 7. -

’ z
f(z)=a+b—,
1(2) M

' Cobx(. k)
f,(x)=a+—|1-—1{
c-ar2{1-2)

- ' z .
f.(z)=a+c—;
5(2). M

Cfma DX(1X) -
o fi(x)=a L[l—.L} ‘

whefe ab,c,d e R.

A(‘)._{z' <M, t> 0, ;
0<x<Lit>0,
 0xz<M,t>0,

0<x<Lt>0, |

PR
z A
“ 1y i
) h B
Sy o
’ E P
y PR

6

rectangular domain to :'obtain a"s‘o'lu"ti‘oii' of ‘thé.‘é'lim'pllified -vequat‘ioh (5.1). The boundary

§oh
A



The initial condition is expressed as follows:

0(x,2,0) = ¢°, . 0<x<L,0<z<M

Based on the principle of superposition, let the solution for ¢ can be written as:

O(x,z,t) = N(X,2,t) + {(X,2), (5.2)

where

C(x,z):a+bi =X X2
. M L LM

Substituting (5.2) in the simplified equation (5.1) for @-problem, the partial differential

equation for -problem can be obtained as:

an

. n(O,Z,t)ZO, O<Z<M,
n(x,O, t) = fz (X) —a, O<x< L,
n(L,z,t) =0, 0<z<M,

X X
x,M,t)=f,(x)—a—-b/1—— |[-c—, O<x<L,
n( )=£,(x) ( L] 3

n(x,z,0) = 0° — {(x,z).

The linear nonhomogeneous parabolic equation (5.3) for m describing an Initial-
Bodndary Value Problem (I-BVP) can be solved using separation of variables and the

method of variation of parameters. To use the method of the variation of parameters, we
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must know the eigenfunctions of the eigen value problem which can be obtained by

considering the I-BVP for the associated homogeneous partial differential equation.

Based on the method of separation of variables, 1\(x,z,t) for the homogeneous equation

~(5.3) can be written as

(X, 2, t) = v(z,H)X(x). ' (5.4)

Substituting equation (5.4) in equaﬁon (5.3) with q=0 results in the eigenvalues for the X-

problem as

The eigen functions of the X- problem are:

.. DX
X, =sin—.
L

Therefore, 1 can be written as

n="Y v(z,0Sin %
n=1

where

2 L . nnx'
v(z,t) :f.fo n(x,z,t) sdex. | (5.5
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om

Differentiating equation (5.5) with respect to t and substituting Efrom equation (5.3),

we can come up with the v-problem as

v _ o o%v
ot 0z

—0oA, V+q,

where

2 (L . NmX 2 (L . DX
v(0,t) —EJ;) n(x,0, t)sm—i—dxv— IJ;) (fz(_x) —a)sm de,

2 (L . NTX J2 L : X X ). nUX
v(M, t) =f'[0 n(x,M,t)sdex =f-[o (f4(x)—a—b(l—i—]—cf]sdex,

o2 T g = 2 100 — .2 )sin P dx.
v(z,0)=v —_Ij-[o 1n(x,z,0)sin T dx—LJ;)((p C(x,z))sm L ‘dx,

. Based on the principle of superposition, let the solution for v(z,t) be written as

v(z,t) = u(z,t) + w(z),

z z
w(z)=|1—— w(0,t) +—v(M,t). -
(2) ( M jv( ) M M, t)
- Using the above relationship, we can come up with the u-problem as
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‘au I azu p ~" N ' :‘::u . .‘: o “‘;. l K ,': ; Co ot . N . ) L oo R , ’
_— — }\’ I+A’ i \_‘ . Yo - - . . . [T L 5-6

wh_eré‘ | _
u0H=0, . "

uMo=0,

| 0

w0 = =V —w(z),

- | q= ("j".—’oéknvs}(z);

As before, u(z,t) for the homogehéoi;s d}}iréﬁlem cén be writt’énv as.

R
i

Substituting equation (5.7) in €quation’ (5.6)+With §.=0 r"eisﬁltéiiiﬁf the eigenvalues for the = -

Z—prqblem és, _ -

The eigén_filnctions‘ of tl_{ey Z—_pr'qblem_aré: ~'

L 0. MMZ
Z_ =sin .
- M -

- The solution for u(z,t) caﬁ‘theref(')r_e be writfen as
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In

u(z,t) = iiKm(t) sin ;ZZ,

m=1 n=1

where

2 M . MRz
Kmn(t)—ﬁjo u(z,Osin—=dz

Differentiating K,,(t) we obtain an ordinary differential equation for K,,,(t) as

+or K ()=q,,,

dK ,, (0
d

The solution for K, (t) is written as

K. (D)= J:e""}‘m“("ﬂqmn (z,7) dv +ge™@m'

where

_ _2mM 4 . muz
g—Km(O?—ﬁJO u’ sin—=dz

Therefore, the solution of the original ¢-problem is
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(p(x,z,t)=i[il{_'m(t)sin.mvm%\}}(z‘)]siﬁﬁ%;t'(;',z), Do (58)
. n=llm=l oA LT ' ’ '

- where KD, w(z), and @(x,z) are describfu:d‘ qérlier.,' |

Mixed Problem

In the mixed problem, both Dirichlet aﬁd’_Néumahn boundary conditions were applied on
)  the sides of ‘a two-dimensional rectangulai domain. The bouﬁdéxy cbnditions used in the

' mixed problem are as follows

~,’([;,(~Q,vz,t)=‘kf‘1'(z), - i _',0<%<1;&,t>0,'
CeON=6®., - . 0<x<Lit>0,
6Lo=6@, . O<i<Mis0
: 0, (x,M,0) =r'f-4('£),", 3 o | '()"<'—x‘<L~,t>-(.)‘.- o

Here, fl(i), f,(x), f5(z), and f,(x) can be expressed as follow_s: -

. Z' .

" f(z)=a+b—,
E (2)= M

dx- )
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bz
f.(2)=—22
@)=
dx
.00 =b-.

The initial condition is expressed as follows:

¢(x,2,0) = ¢°, 0<x<L,0<z<M.

Based on the principle of superposition, let the solution for ¢ can be written as:

0(x,z,t) = N(x,z,t) + (x,2), (5.9)
where

z x?
Q(X,Z) =a+ bﬁ[l_z_ﬁ-J

Substituting equation (5.9) in the simplified equation (5.1) for ¢-problem, the partial

differential equation for n-problem can be written as:
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%zam]+q - (5.10)

n(0,2,t)=0 0<z<M,
n(x,0,t) =f;(x)—a O 0<x<L,
N, (L,z,t)=0 | © 0<z<M,

UML) = £, (x) — 2 X 0<x<L
e Y ST ’

n(x,z,0) = ¢° - Z;(x,z).

Based on the method of separation of variables, 1(x,z,t) for the homogeneous equation
(5.10) can be written as

N(x,z,t) = v(z, ) X(x). - (5.11)

Substituting equation (5.11) in equation (5.10) with g=0 results in the eigen values for the

X-problem as

I 2
A, = (Q’Zﬁj , n=0,123,...

The eigen functions of the X- problem are:

X szM_

n

Therefore, 1 can be written as
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=" vz, 0Sin Wi (5.12)

n=l

where

v(z,t)=%j:n(x,z,t) sin%dx. | | (5.13)

Differentiating equation (5.13) with respect to t and substituting %from equation (5.10),

we can come up with the v-problem as

.a_v =0 aZV
ot 0z?

—0oA,v+q,

where

(2n +1)mx

v(0,t) =% J;Ln(x,O, t)sin @%ﬁﬂdx :% j:(fz(x) —a)sin dx,

2

2 (L . (2n+)nx 2 (L b x> )| . (2n+1)nx
M, t)=— M) sin———dx =—| |f ——|1- sin dx
v, (M0 == [, (M, Dsin === Ljo{lt(x) M( 2Lzﬂ =

V(Z,O) = VO :%J.OLT](X,Z,O) sin %dx — %J.OL((po . C(X,Z))Sin (21’1 ;‘ﬁ)Tcx dx’

. 2 obz | . (2n+1)nx
q—fJ; [q—LzM}sm L dx.

Based on the principle of superposition, let the solution for v(z,t) be written as:

v(z,t) = u(z,t) + w(z),
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where

2

w(z) = (0, t).+22—MVZ (M, 1).

Using the above relationship, we can come up with the u-problem as

du 9%u n '
E=a527—00unu+q, - (514)

where

u(0,t) =0,

u(M,t) =0,

u(z,0) = v0— w(z),

G=q —0Aw(z).

As before, u(z,t) for the homogeneous u-problem can be written as

u(z,t) = Z(z)T(t). | (5.15)

Substituting equation (5.15) in equation (5.14) with § =0 results in the eigen values for

the Z-problem as

2
A, = (Mj , m=0.123,...
oM

The eigen functions of the Z- problem are:
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. (2m+1)nz

Z_ =sin-
2M

The solution for u(z,t) therefore can be written as

Rl . (2m+1)nz
u(z,t)_ZZKm(t)an—ZM ,

m=l n=1

where

K. (t)= %JOMu(z, t)sin %dz

Differentiating K,,(t) we obtain an ordinary differential equation for K .(t) as

dK. ., (1)

+or K, (1) =q..,

The solution for K, (t) is written as

Ky (0 = [ €=C0q,,,(2,0) dv +ge,

where
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g:Kmn(O) : %IOM (V B W(Z))Sln M

' Therefore the solution. of the or1g1nal (p problem 1s

=0 Lm=0

(p(x z, t) Z[ZK 4(t) n(2 +1)1tz +»w( )]sm( n;l)nx+§( z) ('5.1'6) |

where, Kmn(t), w(z),‘and E(x,z) are descrihetl 'e,arlier'." s

52 COMPARISON OF NUMERICAL AND ANALYTICAL SOLUTIONS -

~ .
Borae R s
: Ve, 0

. taa [ERTA - "
_.{'“ ; s ', ¢ & PR
J,r . IS

The finite element solutlons are evaluated by compar1ng w1th the analyt1cal solutlons for
. @ 2 B ;,;;L N T
i o

a two d1mens1onal rectangular homogeneous domam w1th constant character1st1cs The o

PR R
S s D *

character1st1cs used for the homoge‘neou‘s‘medlum .are g1ven 1n Table 5.1.- A uniform' ‘
) 'source term (value of q in equat1on 2 10) of O 01 is appl1ed in the doma1n For f1n1te

element solut1on the computatlonal domam (15 ft in x- d1rect1on and 20-ft in z- d1rect1on)-

' is discretized using 120 elements as, shown in Figure 5.1

The finite element and'. analytical;solution_s for both Dirichlet land miked problems are .

~ given in Table 5.2 for selecied no(les.‘ The -absolute values- of the error and the relative

- . €ITOrIS .are rea_sonably small. . The finite 'eleme‘nt' ‘and analytical solutions are also

‘ -compared at two nodal points as-shown in Figures 52 through 5.5. The eigen values of :

"the.coefficient matrix for the Dirichlet problem computed _u‘s'ing‘ Jacobi method are

- T4




Table 5.1. Values of the parameters of the homogeneous domain

‘Parameter Value
Hydraulic conductivity in x-direction (ft/day) 1
Hydraulic conductivity in z-direction (ft/day) 0.5
Saturated moisture content 04
Residual moisture content 0.1
Parameter n ’ 2
Paremeter m 0.5
Specific storage 0.025
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positive and are given in Table 5.3. The positive values of the eigenvalues indicate the
symmetric positive definite system that is solved. The maximum eigenvalue is 7.91 and

the minimum eigenvalue is 0.454. The condition number is 17.4.
5.3 PHREATIC SURFACE PROBLEM

The phreatic surface is located using equation (3.25) based on the solution of the
parabolic equation. Two phreatic surface problems were investigated. The first problem
consists of a homogeneous domain with initial location of the surface as shown in Figure
5.6. The properties used in the homogenéous domain are the same as those shown in
Table 5.1. The second proBlem consists bf a heterogeneous domain with initial location
of the surface as shown in Figure 5.7. The properties used in the heterogeﬁeous domain
are given in Table 5.4. The source terms vused.in the computation ére 0.05 for the
homogeneous domain and 0.025 for ’:the “héterc.)‘gen‘eou's domain. The time-varying

locations of the phreatic surfaces for both-the problems are shown in Figures 5.8 and 5.9.
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Table 5.3. Eigen values of the coefficient matrix

Node Eigen Value Node Eigen Value
1 1 40 3.49
2 1 41 1.92
3 1 42 1
4 1 43 1
5 1 44 4.93
6 1 45 6.3
7 1 46 3.56
8 1 47 5.72
9 4.16 48 4.13
10 5.53 49 1
11 2.8 50 1
12 4.95 51 3.4
13 3.37 52 476
14 1 53 2.03
15 1 54 4.19
16 6.52 55 2.61
17 7.91 56 1
18 5.14 57 1
19 7.32 58 6.17

20 572 59 7.55
21 1 60 4.79
22 1 61 6.97
23 1.8 62 5.37
24 3.16 63 1
25 0.454 64 1
26 2.58 65 2.16
27 1.03 66 3.51
28 1 67 0.804
29 1 68 2.94
30 5.62 69 1.38
31 7 70 1
32 4.24 71 1
33 6.42 72 1
34 4.82 73 1
35 1 74 1
36 1 75 1
37 2.71 76 1
38 4.06 77 1
39 1.35
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6. SUMMARY

In this study, variational formulations were developed for finite element solutions of a
parabolic equation describing variably saturated flow. The classical backward Euler
method was used to obtain a semi-discrete variational problem which was transformed
into a computer program for generating time-varying solutions. A symmetric positive
definite system of equations was obtained and solved for the unknowns. The finite
element solutions were comparevd'.wit_h phe analytical solutioné. The numerical solutions
agreed- reasonably with thé analytical solutions. The phreatic surface separating
unsaturated and saturated zonéé was simulated for domains with homogeneity and

heterogeneity. The movement of the phreatic surface was consistent based on the

- solutions of the parabolic equation.

The boundary element formulation of the parabolic equation was investigated. The
integral representation was obtained. The finite element formulation was developed for
the integral equations. The ‘integrals were evaluated based on the test functions. The
system of equations was obtained and analyzed for solving the unknown boundary
conditions, which can be used to generate solutions of the parabolic partial differential

equation in the domain.
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