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Abstract

The subject of this dissertation is the application of optimal control theory
to distributed parameter systems. The dissertation is divided into three parts.

In part I, the general techniques of optimal control theory are discussed
and highlighted with a help a of a simple but instructive example.

In Part II, a two dimensional parabolic system with competitive interac-
tions is modeled as a two person zero sum game. The saddle point of the game
is established and characterized. The controls are the kernels of the interaction
terms.

Part III is devoted to the application of optimal control theory to a prob-
lem motivated from in situ bioremediation. In this remediation technology the
indigenous sub-surface bacteria are stimulated by injecting compounds. The
bacteria uses the injected compounds to break down chemical contaminants
into less harmful substances. The way the compounds are injected is a crucial
component of the technology. Optimal control theory is used to characterize
an optimal injection function. The state system is a hybrid system consisting

of both partial and oridinary differential equations.
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Part I

Introduction



Optimal control of distributed parameter systems or optimal control of systems
governed by partial differential equations came of age with the ground breaking
text of J.L. Lions [5]. Before then, optimal control theory was largely confined to
situations where the “system to be controlled” was modeled by a system of ordi-
nary differential equations. The cornerstones of deterministic finite dimensional (i.e.
when the state system is governed by ordinary differential equations) optimal control
theory are the Pontryagin Mazimum Principle and the Bellman dynamic program-
ming principle [2]. Much of the contemporary research in optimal control theory has
been guided by the desire to extend the applicability of the above mentioned “prin-
ciples” to distributed parameter systems ( also called infinite dimensional systems)
[8]. Our approach uses the ideas of Pontryagin’s Maximum Principle and derives a
characterization of the optimal control directly for a nonlinear system modelling a
particular application. Instead of deriving extremely general necessary conditions
for the existence of the optimal control (these necessary conditions are referred to
as maximum principles in control theory jargon), we place more emphasis on the
characterization of the optimal control via an optimality system. Our approach is
more suitable for particular applications and submits to numerical implementation.
For the PDEs with non-local interaction terms and PDE/ODE systems treated in
this dissertation, there are no results on “maximum principles.”

The generic optimal control problem is amenable to the following set up [5]:
1. A control u belongs to some set U,q, the set of admissible controls.

2. The state y(u) of the system to be controlled, depending on u, is given by the



solution of the equation,
Ay(u) = f(v)
where A is a known operator. The operator A could include a system of partial

differential operators, ordinary differential operators, integral operators, or a

“hybrid” system consisting of both PDE’s and ODE'’s.

3. The “objective functional” J(u), the quantity to be maximized or minimized,

is defined in terms of y(u) or u or both.

The objective is to find u* € Uyq such that

J(u*) = inf J(u), u € Uyg.

To give a flavour of the type of arguments that are to follow, we will put restric-
tions on the operator A and the cost functional J(u) and carry out some heuristic
analysis to characterize the optimal control. What follows has been extracted from

(6].

We begin by recalling a few well known results from convex analysis.

Proposition 0.1 Let

v— J(v)

be a real valued functional on U,q C U such that:

Uis a Hilbert Space on R, (0.1)
Uaq is a closed convez set in U, (0.2)
Jis strictly convez and continuous on Usq, (0.3)



J(v) = +oo if ||v]] = 0. (0.4)

Then there ezists a unique u € Uyq such that
J(u) < J(v) for all v € Usq.

For a proof, see Ekeland and Temam(1, Prop 1.2, pg. 25 m)
For a more precise characterization of the infimum, we define:

For u,v € U,q, let

lim J(u+ hv) — J(u)
h—0 h

exist and be denoted by J'(u;v). Then if there exists a @ € Ugq such that

1

J (u;v) = (v, ) for all v € Upd

then 4 is called the Gateauzr derivative, of J at u and is denoted by J '(u). Note

that (, ) is the inner product on the Hilbert space U.

Proposition 0.2 If J satisfies the conditions in Prop. 0.1 and has a continuous

Gateauz derivative then the following our equivalent:

1) J(w*) = infue,yJ(u)
(0.5)
2) (J'(w*),v—-u") > 0 Vv € Ugd-
For a proof, see Ekeland and Temam(1, Prop. 2.1, pg. 36] a

Let A € L(Y, F) be the space of linear operators from Y to F, where Y and F
are Hilbert spaces. We assume some boundary conditions are incorporated into the
definition of the space Y and that the associated boundary value problem is well

defined, i.e., A is an isomorphism from Y onto F.




Let U , the space of controls, be a Hilbert space and Uz, the set of admissible

controls, be a closed convex subset of U. Let B € L(U, F). For every v € U and a

fixed f € F we consider the boundary value problem with linear control
Ay = f + Bv. (0.6)

The unique solution of (0.6) defines the state of the system:

y = y(v) = A7 (f + Bv). (0.7)
Let C € L(Y, H) be the “observation” operator. We consider the cost functional
J(v) = (ICy(v) = zall* + (Nv,v)u, (0.8)

where z is a given target function in H and N € L(U,U) is a symmetric positive

definite operator. Once again, the problem is to minimize J on Uya:
inf J(v), v € Uaa- (0.9)

Since v — Cy(v) — 2q is affine from U to H and (Nv,v) 2 v||v||?, v > 0, the
function v — J(v) is continuous, convex and J(v) — +oo if ||| = co. Consequently,

there exists a unique element u in Uyq such that
J(u) =inf J(v), v € Uqa, (0.10)

i.e., u is the optimal control. It follows directly that J is differentiable; therefore u

is characterized by (see Prop. 0.2)

(Cy(u) - 24,C(y(v) — y(v))) + (Nu,v—u)y 20 for all v € Uaq. (0.11)



We introduce the adjoint C* of C:

C*e L(HY), (0.12)
and the adjoint state p = p(u), defined by
A*p = C*(Cy(u) — 2a), (0.13)

where A* denotes the adjoint operator of A.

Then

(C*(Cy(u) — 22),y(v) —y(w)) = (Cy(u) - 22, C(y(v) — y(u)))
= (A'p,y(v) - y(u)
= (p, Ay(v) — Ay(u)) (0.14)
= (p,B(v-u))=(B"pv—1u
so that (0.11) is equivalent to (B*p+ Nu,v —u) > 0 for all v € Uyq. Notice how the
linearity of the state problem in terms of the control was exploited in (0.14).

Summing up, we have the optimal control u, which exists and is unique, is given

by the solution of the “optimality system”:
Ay= f+ Bv
Ap=C*(Cy — 21),
ue uada

(B*p+ Nu,v —u) > 0 for all v € Uyq.

where y and p are subject to the appropriate boundary conditions.



We can explicitly characterize the control if we put some extra conditions on

the various operators. For example, if B and N were the identity operators and
U.q = U, then clearly

u=-p.

In Part [I, we consider an “optimal control” problem where the state is governed

by a system of competitive parabolic (partial) differential equations:

Lyu(z,t) = f(z,t) — u(z,t) fQ c(z,y,t,7)v(y, 7) dydr
(0.15)

Lav(z,t) = g(z,t) — v(z,t) Jg d(z,y,t,7)u(y, 7) dydr

with suitable initial data and boundary conditions. Here
Liu=u; — (afju,‘.)xj + bf-‘uz.. +cku, k=1,2.

This system has been successfully used to model phenomena in which two com-
peting populations are involved, e.g., opposing armies, chemical reactants and an-
imal species (See Introduction of Part II). The solutions u and v represent the
densities of the “two players” involved and the attrition kernels ¢ and d can be the
quantitative manifestations of the strategies employed by the players to overwhelm
the opposition population. Population u controls d and population v controls ¢ and

the objective of u is to maximize 7 and that of v is to minimize, J where

Je,d) = = / K[u(c, d)— i L{v(c, d)— o dz dt+2 / / (N—Md?) dz dydt dr.
2Jq 2JqJe

(0.16)

Our goal is to establish the existence of a unique saddle point of the objective

functional and then characterize it. The saddle point is defined as a pair of strategies



(c*,d*) such that

J(c*,d*) = sup J(c*,d) = inf J(c,d%).
deCr c€Cr

where Cr is the control set. Lenhart et. all4] considered the elliptic case, i.e.,
when the state was governed by a system of elliptic equations. In [10], Szpiro and
Protopopescu considered the case when the controls were the initial conditions of the
state system. Lenhart and Protopopescu established and characterized the saddle
point in a parabolic competitive system when the controls were the source terms of
the system in [3].

Problems in optimal control theory, the ones we consider, are actually appli-
cations of modern theory of partial differential equations. For example, to prove
the existence of the solution of the above system is a non- trivial exercise in the
application of the method of monotone iterations, which in turn is dependent on
“maximum principle” type arguments. Similarly, the existence of the saddle point
is dependent upon the existence of sufficiently regular directional derivatives of the
state variables and apriori estimates for justification. Finally the optimality system,
which consists of the state system and an adjoint system, is a system of nonlin-
ear partial differential equations, albeit in which the state and adjoint are “time”
oriented in opposite directions.

In Part IIT we take up a problem motivated from the fast emerging environmental
remediation technology known as bioremediation. In bioremediation the transfor-
mation of contaminants into less hazardous substances is brought about by providing

“nutrients” to the bacteria present in the contaminated environment. These bac-




teria use the externally provided nutrients as “food” and enable the breakdown of

the contaminants. Care must be taken about how the nutrients are injected into
the subsurface environment because it is known that a haphazard injection of the
nutrients inhibits the remediation process. We use tools from optimal control theory
to design an “appropriate” nutrient injection strategy (See introduction of Part III).

The state system involved here is unusual, in that , it consists of three nonlinear

parabolic partial differential equations coupled with a nonlinear ordinary differential

equation:

_epvX  fppvX
1+ 14+E24p

Uy — dptipg + Vg = for (z,t) € Qr = (0,L) x (0,T]

p1vX pv X
1+5 14242

vt — dhv:m: +vu, =

wy — dpwez + VW = —kawX

dX _ H2 vX k4X

= - €[0,L],t>0

(0.17)
with
—dpus(0,t) = v(g(t) — v(0,t)), us(L,t)=0.

and other suitable boundary and initial conditions.

The functions u and v are concentrations of the nutrients and the function w is
the concentration of the contaminant. The function X is the density of the bacteria
biomass and because the bacteria is immobile (it is sorbed to the soil), its evolution

is governed by an ordinary differential equation. The objective functional is:
L 1 (T
J(9) = A/ X(z,t)¢(z) dz dt + B/ w(z,T)dz+ 5/ g(t) dt,
Q (] 0
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where ¢(z) is a suitably defined “weight” function. Again it is required to charac-

terize ¢* such that

J(g*) = giench J(9),

where C)y is the set of admissible controls.
We augment our theoretical results by implementing a numerical simulation of
the characterization of the optimal control. We compare our results with those

derived by Peterson et. al using another method [9].
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Abstract

A two dimensional parabolic system with competitive interactions is modeled
as a two person zero sum game. The saddle point of the game is established and

characterized. The controls are the kernels of the interaction terms.

1 Introduction

In 1914 Lancaster [4] proposed the first analytic model for describing combat
between two forces. The Lancaster model, a coupled system of ordinary differential
equations, fails to account for the spatial movement of opposing forces on the bat-
tlefield. To overcome this obvious shortcoming Protopopescu et al. [9] introduced
a more general model, namely, they replaced the system of ordinary differential
equations with a system of semilinear parabolic equations with competitive
interactions. These systems belong to the class of reaction-diffusion systems which
lately have become one of the mainstream fields in pure, applied and numerical
PDE’s [3]. This competition model can be used to represent other phenomenon,
e.g., densities of competing biological populations and concentration of chemical
reactants.

In this dissertation we consider competitive systems as a two-person zero-sum
game which implies that one player’s gains necessarily translate to the other play-
ers’s losses. Each player controls some of the game parameters which the player
can manipulate to navigate the evolution of the system towards a desired state. A

quantitative measurement of the players performance is modeled in terms of a min-
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imizing(respectively maximizing) functional which depends upon the state of the
system and the controls.

We will show that under suitable conditions the game admits a unique saddle
point and then we will characterize the saddle point of the game as a solution of
an optimality system. The optimality system will consist of the parabolic state
equations coupled with two adjoint equations. The controls will be the attrition
kernels of the non-local interaction terms. The attrition kernels represent the effect
of “weapons” in the combat model case. In general, the interactions between the
two populations are non-local and the kernels measure the range over which one
population can affect the other population.

Lenhart et al. [8] considered the steady state case with the operator —A and
Lenhart et al. [5] have also considered the parabolic case where the controls are the
source terms.

The outline of this part of the dissertation is the following. In the next section
we give the statement of the problem. The payoff(cost) functional is defined and for
given controls, the unique solution of the state system is constructed. The existence
of the unique saddle point is established in Section 3. In Section 4 the optimality
system is defined and the saddle point is represented as the solution of this optimality

system.
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2 Statement of the Problem

Throughout this part of the dissertation, C' denotes generic constants, unless other-

wise indicated.
Let Q be a bounded domain in R™ with 9Q € C11,let T > 0 and Q@ = 2x(0,T).

For T > 0, define the control set,

Cr={ceLT(@xQ) | llel <T}.

where LY is the set of positive L functions.

For any ¢,d € Cr, let the pair (u,v) = (u(c,d),v(c, d)) denote the solution of
the state system

Liu(z,t) = f(z,t) - u(z,t) f[c(z,y,t, T)v(y, 7) dydr  on Q

Lyv(z,t) = g(z,t) ~ v(z,1) Jo d(z,y,t, T)u(y, 7) dydr

u=1u" wv=2° on 2 x {0}
vu=0, v=0 on X =092 x (0,T)
(2.1)
where

u,v € L}(0,T, H}(Q)) = V,
Liyu = us — (afju,,,.),_,. + bFu,, + cFu, k=1,2.

and we have used the summation convention with respect to repeated indices.

The solutions u, v represent the concentration of the two competing populations.

The sources f, g are given and the attrition kernels ¢, d are the controls. The first

15



player controls d with the purpose of maximizing J (the payoff); the second player

controls ¢ to minimize J (the cost). Given two target functions, @, & € L?, and

constants K, L > 0 and M, N > 0, the payoff (cost) functional J is defined by

J(c,d) = l/ {K[u(c, d) — @)% — L[v(c,d) — 1')]2} dz dt+l/ / (Nct—Md?) dz dt dydr.
2Jq 2JqJq
(2.2)
The saddle point (c*,d*) (if it exists) is defined as a pair of strategies (c*,d") €

Cr x Cr, such that

J(c*,d*) = sup J(c*,d) = mf J (¢, d*)

dECp ceC T

We make the following assumptions:

af, bf,cF € L*(Q),k=1,2,4,j=1,..,m (2.3)
0¢:¢ < aij.'Cj <07 1¢¢,0>0forall( € R™ (2.4)
w’,v® € LY(N) (2.5)

c*(z,t) > c0>0,k=1,2. (2.6)

Finally to set up solutions in V, we define the following bilinear form on Hg(Q) :
ak(t, b, 9) = / 0k g, dz + / b e, dz + / ckép ds for each t € (0,T). (2.7)
Q Q 1]
Then for all ¢, € L%(0,T, H}(R)), solutions (u,v) in V x V of (2.1) satisfy

T
/0 (< ugy,yp > +a1(t, u,P))dt = f(;‘r Jo(f — u(z,t) fQ c(z,y,t, T)v(y, 7) dydr)pdr dt

/OT(< vy, ¢ > +ai(t,v,9))dt = fo Ja(f = v(z,t) [gd(z,y,t, T)u(y, 7) dydr)pdz di
(2.8)
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where <, > denotes the duality between H}(S2) and H™1(R) .

Using an iterative scheme we have the following existence result.

Proposition 2.1 (Existence of solutions of the state system). Given c,d €
Cr, there ezists a solution (u,v) of the state system (2.1) inV XV and there ezists

a constant Cy; > 0 such that 0 < u < C}, 0< v < ().

Proof: Since the bilinear form a*(t, ¢, %) is continuous and coercive for all

#, ¥ € HL(Q), we obtain, using standard linear theory [2], positive solutions ug, ¥

in V to
Liwg = f inQ,
u = u® att=0,
u = 0 onX,
and

Lo = ¢ in Q,
9 = 00 att=0,

= 0 onl.

<

Solution ug, & will be the supersolutions for the iterates to be constructed. Also, by
standard existence theory[2], there exists a constant C; > 0 such that {|uo||eo, [|8]lcc <
Ch.
Now let vy be the solution in V of
Lyvo = g-—19fgd(z,y,t,T)uodydr in Q,
vo = v° att =0,

vp = 0 on X.

17



Let (ug,vi) be the solutions of the pair of linear Initial - Boundary value problem

Lyug + pup = f — up—y fg cVk—1 + puk—1

Lovy + pvg = g — vk-1 Jo duk—1 + pox—1 in @, 29)

uk=u°,vk=v° at t =0,

ug =0,v. =0 on X,
where p is a constant which makes the right hand side of the first equation in
(2.9) an increasing function of u and the right hand side of the second equation an
increasing function of v for iterates in the range 0 < u, vx < C;. We have monotone

convergence of the iterates,

ur \y 4, Ux /' v pointwise,

0<ux <Cp,0< v <Ch,y

through comparison results[5]. From a priori estimates of u, vk from the system we
get uniform bounds on ||uk||v, ||vkllv. Thus, ux and vi converge weakly to u and v in
V. Now we show that u, v solve the state system in the sense of (2.8). The uniform
bounds on ux and vk in V combined with the state equation give uniform bounds for
(ug): and (vi)¢ in L2(0,T, H~}(R)). Using compactness results [7, Chapter 4, Prop.
4.2] implies that uk, vk converge strongly in L%*(Q). Passing to the limit in the weak
formulation of the system (2.9) we obtain u = u(c,d) and v = v(c,d) which solve

the system (2.1). o

Proposition 2.2 (Uniqueness of solutions of the state system.) For a fized
pair (c,d) in [Cr)? and for co sufficiently large, the state system (2.1) admits a
unique solution.

18



Proof. Suppose (u,v) and (&, ) solve the state system for given initial conditions

u® and v°. Using test functions (u — ), (v — ¥) and then subtracting the (4, v)

system from (u,v) system

/Q [(u = @)e(n = &) + 0% (u = @), (1 = @), + b} (u = @)z, (u — ) + € (u — ©)7]

+ (0= 0o = ) + @} = B)as(v = D), + 60 = D)= 0) + €F (v = )]

= (2.10)

_/Qu(u._a)/qcv_p/oﬁ(u—ﬁ)/qcﬁ—/cv(v—ﬁ)/(}du—}-/qﬁ(v—ﬁ)/qdﬁ.

We will estimate the various terms in the above equality and show that the resulting
relationship can only be satisfied if v = @ and v = 0. Note that
(i)

Lm0+ 0= oto-l =5 [ w57+ (-5

QxT

J bt Deu =, >0 [ 1V~
(iii)
J a0 =0 =012, 20 [ V(-

where @ is the ellipticity constant in (2.4),

(iv)

s

<Cle /lv |2+C()/Q(u—a>2

19




(v)

)| <c [ 199+ o fe-

‘ / b3 (v (v—1)
We choose ¢ such that the C(¢)’s in (iv) and (v) equal 8 in (ii) and (iii).

Now we estimate the double integrals:

_/Qu(u_a)/qcv+/qa(u—a)/qcﬁ
=—/Qu(u-—ﬁ)—/;cv+/qﬁ(u—ﬁ)/qcv—/Qﬁ(u-ﬁ)/qcv-i-/qﬁ(u—ﬁ)/qcﬁ ‘
=—/Q(u—aqucv—/qm—a)/qc(v—f»)

1

<C{/ (u - @) +/ (2.11)

By choosing cp sufficiently large, we absorb the [o(u - )? and fo(v-— )2 terms on

the left hand side in (2.10). Thus we get

(co—C){/Q(u—a)2+/Q(v—v>2}so

We conclude that v = % and v = 0. a

3 Existence of the Saddle Point

Sufficient conditions for the objective functional J(c,d) to admit a saddle point are

[1]:

(1) The mapping ¢ — J(c,d) is strictly convex and lower semi-continuous in the
weak toplogy of L2(Q x Q).

20




(2) The mapping d — J(c, d) is strictly concave and upper semi-continuous in the

weak topology of L?(Q x Q).
We will prove (1), and (2) follows similarly.

For ¢, ¢ given in Cr define a new function J :[0,1] =+ R as
J(v) = T(ve+ (1 - V)%, d).
The strict convexity of the map ¢ — J(c, d) is equivalent to showing J"(v) > 0 for
all v in [0,1].

Since J is a function of the state variables and the state variables themselves
are functions of the controls, we begin by estimating the first and second derivatives
of v and v with respected to the control c¢. The derivatives involved are direc-
tional derivatives, in the distributional sense. We begin by deriving a useful apriori

estimate.

Consider the Gelfand triple
vcL*@QcV

and for any (c, d) in [Cr]? define the operator £ : VZ — (V')? by the formula

p ¢ _ Li¢+ufgex+( fgev . (312)

X Lax+v fod¢ + x Jgdu

Proposition 3.1 For any € > 0, there ezists co(€) such that if
c*(z,t) > cole) > 0,k=1,2.

then for given a, 8 € L%(Q), the solution to

L = , (3.13)
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with( = x att =0 and { = x = 0 on L, satisfies the estimate,

I<lL2 gy + ixllz2(q) < elllelizz@) + IBllz(q))-

Proof: We multiply the first equation in (3.13) by ¢ and the second equation by x.

Integrating over Q and using the coercivity of the parabolic operators Ly, L2, we

get,

3 (x40 [(VCP 4+ 19X 4o [ (€47

< —/Quchcx—/vajqdu/Qau/Qﬂx

- /Q Bl — /Q b X, X- (3.14)

Now we use the L>™ bounds of u,v,c,d and the ¢ - Cauchy inequality to estimate
the right hand side of the above inequality.

(3) _fQUCfQCXSCfQCfQXSCfQC2+CfQX2~

(49) ‘fQUXdeCSCfQC2+CfQX2-

(i) Joal <efga® +Cc o P

(iv) JoBx <efgB?+Cefox*

() JobiCeiC < 5 JQIVEI* +Co Jo ¢*-

(vi)) o 0¥xzix < 5 Jo Vx> +Co fo x*.

Choosing c0 sufficiently large and estimating the right hand side of (3.14) by the

above estimates, we arrive at our conclusion. a

controls. These derivatives satisfy a system with operator £ from (3.12).

|
|
|
|
We now we prove the existence of first derivatives of u,v with respect to the
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Proposition 3.2 For ¢y sufficiently large, the mapping

¢ (u(c, d), v(c,d)) € V?

is differentiable in the sense

u(c+ B¢, d) — u(c, d)
g

v(c + ¢, d) — v(c, d)
s

—( weaklyinV,

—x weaklyinV,

as B — 0, for any (c,d) € [Cr)? and € € L=(Q) such that c + fc € CT.

Also (¢, x) def ((¢(c, d;5 0), (x(c, d; T, 0)) is the unique solution of

C u(c, d) fQ E’U(C, d)

X 0
with(=x=0att=0and(=x=0o0nX.

(3.15)

(3.16)

(3.17)

Proof: Let (ug,vs) be the solution of the state system corresponding to the controls

(c 4 B¢, d).Then multipling the first equation of the state system by (ug — u) and

the second equation by (vg — v) and then integrating over (), we get

Jo(up—u)e(ug—u)+fglaki(ug—u)z, (up—u)s,+ fq b} (up—1)z; (up—1)+fg ¢ (up—u)’]

:—/ng(Uﬁ—u)L(e+ﬂE)vﬂ+Au(u5—u)Acv

and

(vg = v)e(vp — v) + | a¥(vp = v)z,(vp — v)z; + [ bF(vs = v)si(vs
A Ja s
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_v)



+ [ @yt (oo = 0w, 7) dydr
Q

_/Qvﬂ(ua_v)/qduﬁ-{—-/qv(vp~v)/qdu. (3.19)

After standard manipulations on the left hand side of (3.18) ( using coercivity of

the a};’s and applying € - Cauchy inequality to separate Jo b} (up — u)z (ug — u) )

3 L 19— 0 + o [ (ug =) < = [ votuo =) [ (c+p2us + [ u(us ) [, ev

Adding and subtracting fq ug(ug — u) Jo(c + BT)v, we get

%fQ |V (ug - ")|2 + Co fQ(“ﬁ - “)2

< —/Q(uﬁ(uﬁ—u)/q(c+ﬂ6)(v,@-—v)—/Q(up-—u)2/0cv—/QUg(u;3—u)/qﬂiv.

Again using the apriori bounds of u,v,c,

% Jq IV (ug = w)? + co Jo (up — u)?
< C{ll(ug ~ w)lIF2(q) + (va = v)IZ2@)} + CB*||ellZz(q)- (3.20)

Similarly (3.19) yields

g o |V(vg = v)>+ o fo(vp — v)?
< C{l(ug — W12(q) + (vs = v)lI2q)} (3:21)

Combining (3.20) and (3.21), using co large, and dividing across by 3, we get

ug — u

B

vg—v

3 <C.

v

|4
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Since bounded sets in V are weakly compact, we arrive at the required weak limits.
Now writing the weak formulation of the system satisfied by

(u(c+ 85, d) — u(c,d)) (v(c+ B&,d) — v(c,d))
3 ! 5

and letting 3 — 0 we get
c =- . (3.22)

a

We have a similar result for the directional derivative of u,v with respect to the

control d.

Proposition 3.3 For cg sufficiently large, the mapping

d - (u(c, d), v(c,d)) € V?

is differentiable in the sense

ule,d+ ﬂ‘? — v d) — & weakly in'V, (3.23)
v(e,d+ ﬂ‘? —v(,d) o0 weaklyinV, (3.24)

as B — 0, for any (c,d) € [Cr)? and d € L®(Q) such that d + Bd € Cr.

Also (§,0) def ((&(c, d;0,d), (o(c, d;0,d)) is the unique solution of

L =- : (3.25)



withé=o0c=0att=0and{ =0=0o0nX.

We present next the result for the second dervatives of u,v with respect to the

controls.

Proposition 3.4 The mapping

¢ (u(c, d), v(c, d)) € V?

admits second derivatives with respect to c in the sense

C(c+ B¢, d;z,0) — ((c,d;T,0)
B

X(C+ ﬂav d, C, 0) — X(ca d, [ 0)
B

as B — 0, for any (c,d) € [Cr)? and © € L®(Q) such that ¢+ (¢ € Cr.

=7 weakly inV,

—1n weakly inV,

Also (1,n) def ((r(e, d; T, 0;%,0), n(c, d; T, 0; €, 0)) is the unique solution of

U 0 Cloex+ufoex+¢ foev

U] X Jq d¢

withtr=n=0att=0andT=1n=0o0n .

(3.26)

(3.27)

(3.28)

Proof: We denote by (3, xg, ¢, x the solutions of system (3.25) corresponding to

(c + B¢, d;T,0) and (c, d;T,0) respectively. Using test functions (s — ¢, xg — x) we

subtract the ({, x) system from the ({3, xg) system

/Q[(Cﬂ = Q)e(¢s — €) + al;(¢o — Qwi(Cs — Oz, + 81 (G5 = Qi€ = O) + €' (Cs = )]

+ /Q[(Xﬁ = X)e(xs = X) + a5 (x6 = Xz (xs = X)=;]
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+ [ 1836 = )= (x0 = X) +¢*xs = 7]
Q

= (3.29)

= [ €= [ ctoo =) = [[(Go= 02 [Lev [~ Ous [, elxa =)
= [ o= s = [ ex= [ (G =0)6s [ 205~ [ (Ga = ua [, ox
“/(Cﬁ'(“ﬁ/ wlvp = 1) = [ (€ =< ug =) [ 20 [ (xs = 0* [, dus

- [0 =0 [ =0~ [ (xo=xtos =) [ dc~ [ (xs=x0x [, dlwa=v).

Now we carefully estimate the terms appearing in the above expression.
1.

fL o= 0uco=0 = 5 [ (€= () o
| 56 = 06 =01z, 28 [ 190G = O
Q Q

[ 846 = 0=il6o - )
Q

is transposed to the right hand side and separated by e— Cauchy inequality.

| Jo o= [ etos =v)| = | L (o - )éa L clvs ~v)(,7) dydr ) (z,1) do ds
<cC /Q (¢s — ©)¥ (=, ) dz dt
+C/Q (Cg/Q(vg-v)(y, T) dyd1'>2 dzdt (3.30)

<cC /Q (¢s = Q)¥(z,t) dz dt

+C (/Q Gz dt) (/Q(vﬁ—v)ﬁdydr>. (3.31)
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Notice how the specific form of the non-local term was used to derive (3.31)

from (3.30).
5.
—/Q(Cg—()z/qcvgo.
6.
/Q(cﬁ—c)uajqc(m—x)sc/q(cﬁ—ouc/Q(Xﬁ—x)z.
7.
/Q(cﬁ—c)(uﬂ—u)/qcxsch(ca—c)2+0/q(uﬁ—u)2-
8.
/Q(cg—c)cquﬂzvaSC/Q(ca—o%rczﬁjqcz.
9.
/Q(Cﬁ—C)“ﬁ/QﬂEXﬁSC/Q(Cﬁ—C)z*'ﬂz/QX%-
10.
/Q(Cﬁ—C)"ﬁ/QE(UB—U)SC/C)(Cﬁ—C)2+C'/(?(Uﬁ—U)2-
11.

/Q(Cﬁ—C)(“ﬁ—“)/QEUSC/q(Cﬁ—C)2+C/Q(uﬂ—“)2-

Similar estimates hold for the terms from “the x” equation. All the terms of the
form above [5((s — ¢)? and f5(xs — Xx)? can be combined with the ¢, Jo(s = €)?

and ¢ fo(xs — x)? in equation (3.29). Terms above with (%, x5 are estimated as
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follows:

G3) (fytoa=0) + ([ 8) (fytwo =) <
(f &) (fwo=or)+(f,23) (s
(Ilus = ullZzgyll + llvs = vlZaqyll) (I<6lE2() + IX6l32(y)
Other terms include
C,BZ/ sz C,B2/ 2
0 P QXﬁ
and

C’/Q(vg—v)z,C/Q(ug—u)z.

Now use the estimate in equation (3.20) to get
(Ilus = ull3aq) + llvs = vlitqy) < CAIIElIZa(oxa):
Using proposition (3.1) with a = € and § = 0 we derive

(Icelza(@) + IxellEz@) < Clielizaaxay

The above estimates provide an a priori bound

2

. < Clieli?z(oxq)
|

“Cﬁ—C

Xg— X
|
8

B

2
|4

for the second derivative which proves (3.33) and (3.34). These weak convergences
of the quotients justify that n and 7 satisfy the weak formulation of the system
(3.35). o
Remark 1. The estimates in the above Proposition also give us uniform L? bounds

for the second derivatives of 7 and 7. Namely,

ITllz2(@) + I1mllz2q) < CliEliZ2(gxq)-
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Remark 2. From the proof of previous proposition,

ug — u
B

vg— v

— ¢ strongly in L?(Q),

5 — x strongly in L%(Q),
(3.32)
-<
B
X8 — X
g

We have a similar result for the second derivatives of v and v with respect to

— r strongly in L%(Q),

— 7 strongly in L?(Q).

the control d.

Proposition 3.5 The mapping

d — (u(c,d),v(c,d)) € v?

admits second derivatives with respect to c in the sense

Cled+ ﬁd’O;Z) —¢(c,d;0,d) — Kk weakly inV, (3.33)
x(c,d + 44, 0;;) ~x(€di0d) s eaklyinV, (3.34)

as B — 0, for any (c,d) € [Cr]? and d € L*(Q) such that d 4 Bd € Cr.

Also (k,9) def ((s(e, d; 0,d:0,d),d(c, d;0,d;0,d)) is the unique solution of

c| " |=-2 7Jact . (3.35)

) foda+vaEa+£fQEu

withk=6=0att=0andk=6=0o0on L.
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Proposition 3.6 For a fized d € Cr, the mapping ¢ € Cr — J(c,d) is strictly

convez, provided cq is sufficiently large.

Proof: As mentioned earlier, it suffices to show that J”(v) > 0 for v € [0, 1].

The justification for differentiating J is a consequence of the above established first
and second derivatives of u, v with respect to the control variable ¢ and the strong

convergence noted in the previous proposition. Now, for 0 < v < 1,
J(v) = J(E+ v(c-7),d).

The directional derivative is now in the direction ¢ — .

Denoting

u = u(@+ vc - 7), d),
v = v(E+ v(c—7), d),
¢(=¢(E+v(c-7),dic—7,0),

x = X(@ +v(c—1),d;c~5,0),
= x(€+v(c-7),d;c-T,0;c—F,0),
n=nE+v(c—2),dc—70c-5,0),
J(u)=/Q{K[u—il]2—L[v—5]2}+/q/q{N(E+u(c—E))2—Mdz}.

Differentiating twice with respect to ¢

J'w) = /Q(Kc2 + K[u - @t = L[v — &}y - LX)

+ /Q /Q N(c- &) (3.36)
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J"(V)

I\

K|l 2g)llTllz2(q) — KllElizz)llllz2(@)

— LiixliZs(q) — Lllvllz @il 2

L||5llz2@)lInllz2(@) + Nlle — €lliz(q)-
From proposition 3.5, for € > 0 there exists co(€) such that for cx > co,
k=1,2,
I7llL2(@) + Illz2(g) < elle — Ellizoxq)
and
||X||%2(Q) <éelle- E”%’(QXQ)'
Combining these estimates with above we get
7'() > (N = 8lle = elaguoy
a
Proposition 3.7 For a firzed d € Cr the mapping ¢ € Cr — J(c,d) is lower
semicontinuous in the weak topology on L*(Q x Q).

Proof: It is enough to show for every o € R,
S(d,a) = {h|h € CT, J(h,d) < o}

is closed in the weak topology of L?(Q X Q). Let d € Cr and a € R be fixed such
that

J(en,d) L a

and

¢, — ¢ weakly in L=(Q x Q).
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Using the state systems, un(cn, d), vn(cn, d) satisfy

lunllv, lonllv < C.

Then, using compactness results [7, Chapter 4, Prop. 4.2], we can find subsequences
such that

Up = U weakly in V, strongly in L3(Q)
Up = U weakly in V, strongly in L*(Q).

Standard continuity arguments show that

Also using a generalization of Fatou’s lemma,

liminf J (¢p,d) > J(¢,d).

Theorem 3.1 If ¢y is large enough, there ezists a unique saddle point (c*,d*).

Proof: Combining Propostion 3.6 and Proposition 3.7 and the existence of saddle
point result from Ekeland and Temam [1, Chap.6, Propositions 1.5 and 2.1], we

conclude that the cost functional admits a unique saddle point. a

4 The Optimality System

The solution of the optimality system, consisting of the two state equations and two
suitably chosen adjoint equations, will be used to characterize the saddle point of

the game.
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Theorem 4.1 If (c,d) € [Cr)? is the saddle point and co is sufficiently large, then

there erists (u,v,p,q) € V* satisfying:
Liutufgev = f

Lyv+vfgdu =g

(4.37)
‘1'p+prcv—deTvq =K(u—1u)
§q+qudu—chTup =-Lv-1) inQ
u(z,t) = w0 v(z,t) =" on Qx {0}
u(z,t) = v(z,t) =0 on %
(4.38)

p(z,T)=gq(z,T) =0 on QxT

p(z,t) = q(z,t) =0 onk,
where

Liu= —u; - (afju,j)z‘ — (bFu)g, + cFu, k=1,2.

Moreover on Q,

pt(z, t)u(z, t)v(y, 7)
N ?P)1

¢(z,y,t,7) = min(

¢* (z, t)u(y, (s, t)
( M 7F)’

d(z,y,t,7) = min

where pt = maz(p,0).
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Proof: Let (c,d) € [Cr]? be a saddle point. Choose € € L*®(Q x Q) in such a way
that for 8 > 0 arbitrarily small, ¢ 4+ 3¢ lies in the set Cr. Since (c,d) is a saddle

point,

fjm L85 d) = (e d) 5 (4.39)
B0 B

Substituting the explicit form of the cost functional in (4.39), dividing by £, and

noting E%_—u — ( strongly in L?(Q), and ug — u, we get
/ (K(u— @)¢ — L(v — )x) de dt + / / Ncedzdydtdr > 0. (4.40)
Q QJ/Q

We introduce a new notation:

d¥(z,y,t,7) :=d(y,z,7,1), cT(:z:, Y, t,7):=c(y,z,T,t).
Now we define an operator £* such that formally

¢ P
(p,9)C =X)L

X q

We define the adjoint functions (p, ) as the solutions in V' of

L’{p+prcv—deTvq = K(u—u), in Q
Lyg+qJgdu— fg cTup =—L(v-1),
(4.41)
p(z,T)=q(z,T) =0, on QxT
p(z,t) = g(z,t) =0, on I

The solution of the above system, after a change of variable p(z,t) = p(z, T —t)

and §(z,t) = ¢(z,T — t), is constructed in a manner similar to that of the solution
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of the original state system. Substituting (4.41) in (4.40), we get

/Q(C,x)ﬁ' : +/Q/;Nc620

Now, from (3.25)

/Q(P,q)[, i +/Q/<?NCE=/0(p,q) —u{)QEv +/Q/QNcEZO

This implies
/ / (Nc¢ — puv)c > 0. (4.42)
QJQ

Since we can choose ¢ non-negative and arbitrary, this implies
Nc—puv > 0.

On the set {(z,y,t,7)|c(z,y,t,7) = 0}, using € > 0 with support on that set, we get
puv < 0 which gives

pt =0.
On the set {(z,y,t,7)|0 < c(z,y,t,7) < I'}, has arbitrary sign with support on

that set, which implies Nc — puv = 0, p > 0 and then

ptuv
N

CcC=

On the set {(z,y,t,7)|c(z,y,¢t,7) = '}, ¢ must be non-positive with support on that

set , which gives

Nc—puv <0,

and



Combining these results we get

e, u@ o)

c(z,y,t,7)= min(p N

Similarly,

gt (z,t)uly, T)v(z,t)
o T).

d(z,y,t,7) = min(

o

Theorem 4.2 For co sufficiently large, bounded solutions of the optimality system:

Liu+u fymin(Eg¥, D = f

Ly +v Jymin(G,Tu =g
(4.43)
Lip+pJq min(&j—vﬂ, v - Jg min(g%, NTvg = K(u— i)
Lig+4q g min(ﬂ%‘l, Tu - fo min(%, DTup =-Lv-14) inQ
u(z,t) = ulv(z,t) =0 on 2x0
u(z,t) = v(z,t) =0 on %
(4.44)

p(z,T)=¢q(z,T) =0 on QxT

p(z,t) =gq(z,t) =0 on .
exist and are unique in the solution space [V]* .
Proof: The existence of the saddle point implies the existence of u,v and then
the existence of p,q. The optimality system for a strictly convex-concave functional

completely characterizes its saddle points a
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5 Summary

We have proved that a two person zero sum game described by a system of parabolic
equations with competitive interactions can be controlled via the non-local kernels
of the interacting terms, and the saddle point can be represented in terms of the

optimality system.
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PART III
Application of Optimal Control Theory

to

In Situ Bioremediation
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Abstract

In situ bioremediation is a remediation technology in which the indigenous sub-
surface bacteria are stimulated by injecting compounds to provide food and energy.
The stimulated bacteria break down the target contaminants into less harmful sub-
stances. The way the compounds are injected is a crucial component of the technol-
ogy. We use techniques from the theory of optimal control of distributed parameter
systems to characterize an “optimal” injection function. The state system, the set
of equations that govern the the evolution of bioremediation, is a “hybrid” system

consisting of both partial and ordinary differential equations.

1 Introduction

In situ bioremediation is a technology for cleaning up subsurface environments con-
taminated with hazardous materials. Despite the fact that the United States gov-
ernment has spent billions of dollars in environment restoration recent studies have
shown, for e.g., that no polluted groundwater site has been restored to conditions
fit for drinking [16]. This has fuelled a search for other, less costly, more efficient
and safer technologies, among them, in situ bioremediation [16, 17]. Bacteria, mi-
croscopic microorganisms that are virtually found everywhere, are the key players
in bioremediation. Microorganisms possess enzymes which use environmental con-
taminants as food and enable the breakdown of the contaminants. Since most of the
contaminants of interest to environmentalists are man made, it is a matter of spec-

ulation and intense scientific research to determine which bacteria will prey upon
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which hazardous contaminant.

Organic contaminants undergo microbial transformation because they (the con-
taminants) are a source of carbon, the basic building block for new cells, and elec-
trons. The transfer of electrons from an electron donor(usually an organic com-
pound) to an electron acceptor(usually oxygen) is accompanied by a release of energy
which is used by organisms to multiply(metabolism). For example, under proper
conditions metabolism will transform hazardous carbon tetrachloride (CCly) to car-
bon dioxide (CO3). The electron donor and the electron acceptor are collectively
referred to as the primary substrates. When the electron acceptor is oxygen, the
process is called aerobic. When another element besides oxygen plays the role of an
electron acceptor the process is referred to as anaerobic. A variant of bioremedia-
tion in which the contaminant undegoes degradation even though it cannot serve
as the primary source of energy and some other compound supplies energy is called
cometabolism[16, 11].

Plutonium recovery processes carried out at the Department of Energy Hanford
site resulted in the discharge of CCl, into the surrounding environment. Concentra-
tions of up to 1000 times Environmental Protection Agency’s(EPA) drinking water
standard of 5 ppb have been measured in the groundwater. In situ bioremediation is
one technology that is being developed at Hanford to meet the need for cost effective
methods to destroy CCl, [16].

The process by which CCl4 undergoes biodegradation is cometabolic and anaer-
obic. Criddle et al. [1] have identified the bacterial species Psuedomonas as capable

of destroying CCly with acetate as the electron donor and nitrate as the terminal
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electron acceptor.

Despite many attractive features, fundamental technical constraints must be
overcome to fully exploit the benefits of in situ bioremediation. One such constraint
is the biofouling of nutrient addition wells. For instance, since the process of degra-
dation of CCl, is cometabolic, large amounts of electron donor and electron acceptor
have to be injected into the subsurface environment. This can result in rapid mi-
crobial growth where the nutrient concentration is highest, i.e., next to the source
of injection of the nutrients. Large amounts of biomass will likely clog the injection
wells and prevent further remediation. This phenomenon has been observed both
in laboratory and field tests[15]. Since the installation of wells constitutes a major
portion of the capital costs associated with bioremediation, a carefully designed nu-
trient addition strategy, that would prevent clogging and allow for the free flow of
nutrients across the contaminated site, is crucial for the successful implementation
of the technology. We propose to use methods from the theory of optimal control
of distributed parameter systems [8, 6, 7], to design a “smart” nutrient addition
strategy.

The mathematical model used to determine the effects of various nutrient addi-
tion strategies is a simplified version of the model developed by Semprini, et al[15].
and modified by Hooker et. al (3].

Semprini et al [15] developed a model for bioremediation in a tube filled with soil,
bacteria, carbon tetrachloride and nutrients. The model has five partial differential
equations (PDEs), which are one dimensional in space and four ordinary differential

equations (ODEs). The PDEs represent the quantities that can diffuse - acetate,
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nitrate, second electron donor, carbon tetrachloride and degradation intermediates.
The ODEs represent the sorbed quantities that are not transported through the
soil - two bacteria biomass populations, sorbed carbon tetrachloride and sorbed
degradation intermediates. Hooker et. al (3], from Pacific Northwest Laboratory,
successfully implemented an optimization procedure designed to choose an “opti-
mal” pulsing pattern for the input of acetate. They solved numerically the nine
equation system repeatedly, adjusting the input to minimize the bacteria growth
near the inlet. Their technique of “discretizing and then optimizing” with repeated
solving of a large system would be difficult to implement for three spatial variables.
Our approach, “optimize first on the PDE/ODE system and then discretize” should
extend to three spatial dimensions.

Our approach is to apply “control of PDEs” techniques first and then solve only
once the resulting optimality system (which is the original system coupled with the
adjoint system). We demonstrate this approach here on a simplified model with
three PDEs and one ODE. The simplifed model was developed by Lenhart, James
Petersen and Rodney Skeen.

Note also that optimal control of this type of hybrid system - PDEs strongly
coupled with ODE - is quite unusual in itself. The work on control of hybrid systems
is just beginning to be developed.

Nutrients and contaminants are assumed to be injected at the entrance of the
flow field, which is assumed to be one dimensional of length L. The process of
biological degradation of the contaminants, consumption of the nutrients and the

associated microbial growth are described mathematically. Finally it is assumed
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that the transformed products flow out at the exit of the flow field. The effects of
advection, dispersion and sorption in the porous medium are included in the model.
In this model we assume that only one microbial population is involved and we
ignore the effects of the intermediate products which are likely to be created during
the process of biological degradation. The transformation of the CCl4 is assumed
to be governed by Monod kinetics which accounts for the specific interaction terms
that appear in the model. Finally it is assumed that the bacteria biomass attaches
itself to the soil and is thus immobile [16, 15].

To summarize we assume that we have one electron donor, acetate, one electron
acceptor, nitrate and one microbial population. Transport equations govern the
flow of the primary substrates, the biomass is immobile and all metabolism and
degradation processes are governed by Monod kinetics.

With the above assumptions, the transport equations are as follows [16] :

ot~ “erz Ve T
_a_v — d & _ 211 +

5 - %oz Vo T
ow 0w ow

T dhm—l/a—z-’rrm (1.1)

where u, v and w are the concentrations of the acetate, nitrate and the contaminant
CCl, respectively. Here dj is the hydrodynamic dispersion coefficient and v is the
convective velocity of water through the porous media.

Since the biomass is assumed to be immobile, an ordinary differential equation

governs its evolution :
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aX

—Et—=1‘x, (12)

where X is the concentration of the biomass [16].

The reaction terms ry, ry, ry and rx are as follows [3]:

_.25u1vX _ 3.5u0 X

Tu = k % ) (1.3)
1+ 32 1+ 2+ ¢
ry o= —t0X_ _ped (1.4)
1+3 1+32+5;
ry = =—kawX, (1.5)
rx pavX kaX (1.6)

1+ 42 ks+X
The above terms are at a slight variance from those that appear in Hooker et al.
(3], due to our simplifying assumption of ignoring the effects of any intermediate
products that might be created during the degradation processes.

Our aim is to design a nutrient addition strategy that will dampen the excessive
growth of the bacteria at the injection point and at the same time minimize the
concentration of carbon tetrachloride at the end of a certain predetermined time
period T. We propose to do this by fixing the input flow of the nitrate and the
carbon tetrachloride into the flow field and varying the flow of the acetate solution.
The flow of the acetate will be our control. Thus boundary conditions at the end

points are,
atz =0,

—dpuz +vu = vgi1(t), (1.7
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—dpuz +vv = vgot), (1.8)

—dpwy +vw = wvgs(t), (1.9)
and at z = L,
u, = 0, (1.10)
v, = 0, (1.11)
w, = 0, (1.12)

where g1(t), g2(t) and gs(t) are the rate of injection of acetate, nitrate and carbon
tetrachloride respectively. A suitable objective functional, the quantity that will

measure the perfomance of the nutrient addition strategy, is of the form

L T
A/C?X(x,t)¢(z)dzdt+ B/o w(z,T) dz+%/0 g3(t) dt.

where

0<z<0.1

Loveep(zr=ory)
¢($) - exp(—10) (z%-0.1) (113)

0 z2>0.1

The function ¢(z) is similar to the standard mollifier and we use it to limit the effect
of the first term of the objective functional near the injection point of the nutrients.
The last term represents the “cost” of exercising the choice of the acetate injection
function. A and B are suitable positive constants, weights, assigned to reflect the
different needs of each experiment. For example, increasing A means that more
emphasis is being placed on reducing the concentration of the microbial population

at the injection point.
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The paper is organized as follows: In section 2 we formally state the problem
and set down the notation. In section 3 we prove the existence and uniqueness of
solutions of the state system, the set of equations governing the evolution of the
degradation process. In section 4 we prove the existence of the optimal control. In
section 5 the optimal control is characterized in terms of the optimality system which
consists of the state system and a suitably chosen adjoint system. In section 6 the
uniqueness of the optimality system is proven for “small” time. In section 7 we use
an explicit finite difference scheme to discretize the optimality system coupled with
an iteration scheme and get a concrete profile of the optimal injection function. The
adjoint system is a “backward” system with data at the final time. Thus the state
system and the adjoint system have opposite time orientations and all the equations
cannot be “ marched forward in time” together. An iteration scheme of solving
alternatively the state system forward in time and the adjoint system backwards
in time is implemented. We compare this result with that obtained by Petersen et

al.[17] using numerical optimization. We close in section 8 with a few comments.

2 Statement of the Problem

For M > 0 define the control set,

Cum = {g € LT[0, T}| llglleo < M}.

For any g € Cps define the quadruple

(u, v, w, X) = (u(g), v(g), w(g), X (9))
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as a solution of the state system

eprvX  fpavX

Uy — dptpr + Vi, = —
rr T 1+ %L 1+ ,—:‘z- + %)
p1vX pavX
vy — dpvge + Vv, = ~ -
T T 1+&u1- 1+ %+ ku_s’
w; — dpWey + VW = —kzwX,
dX _ }LgvX ’C4X

E TR kst X

—dpuz(0,t) = v(g(t) — u(0,t)), wug(L,t)=0,

—dpvz(0,t) = v(g1(t) — v(0,t)), wvz(L,t)=0,
—dpw;(0,t) = v(ga2(t) — w(0,t)), wg(L,t)=0,

u(z,0) = Us(z), v(z,0) = Vo(z), w(z,0) = Wo(z),

X(:L‘, 0) = Xo(l‘),

for (z,t) € @ = (0,L) x (0,T)

(ze€[0,L],¢t>0)

(2.14)

where k;, i = 1,...5, d, v, pi1, H2, €, f are positive constants. The boundary func-

tions g;(t) and g2(t) are positive fixed functions. The cost functional is

L T
J(g) = A/C)X(z,t)¢(z)dxdt+B/0 w(z, T) dz + %/0 o*(t) dt,

where A and B are positive constants. We define the optimal control g* as an

element in the set Cas such that

J(g )=g'é‘é‘1, J(9)-

We need the following assumptions:

Uo(:t),Vo(z),Wo(z),XQ(x) € Lz[O,L]. (2.15)
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By a change of notation we simplify the presentation of the state system (2.14).

1. Define an operator L such that Lu = u; — dpuzy + vu,.

2. Rewrite, _eulka - f’iWX _emuvX  fhapouvX
1+ 1+3+5 ki+u  koks+ kau+ u?
_ pruvX
3. Set Rl(u, U,X) = ——kl T u .
kg[tzu‘UX
4. Set X)= _
Set Ra(u, v, X) I I A

5. Set F(u,v,X)= —eRy(u,v,X)— fRy(u,v,X).

6. Set G(u,v,X)= —Ry(u,v,X) - Ry(u,v, X).

7. Set H(w, X) = —kawX.

ke X
ks+ X~

8. Set M(u,v,X)= Ra(u,v,X) -

9. In the new notation defined above the state system now appears as

Lu = F(u,v,X),
Lv =G(u,v,X),

(2.16)
Lw = H(w,X),

‘% = M(u,v, X),

with the appropriate boundary and initial conditions.
10. Set H = L?[0,T, H'(0, L)].
11. We will look for solution for the state system in the space

V = (H)? x L}(Q).
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Define the bilinear form on H,
L L
a‘(u, b, t) = dh/ U@z + V/ Uz P.
0 0

Definition of weak solution:

(u, v, w, X) solve the state system if for any (¢, %, x) € (H)3

T <und>+Fafudt)y= [foFluv,X)+v ][5 (9(t) —u(0,)$(0,0),
ST <vnd>+flawb, )= [oGuv, X)p+v [y (91(t) — v(0,0)%(0,2),
T <wnx>+fFawx,t)= fgHw X)x+v [y (92() — w(0,)x(0, 2),

X(z,t)= Xo(z)+ Jy M(u,v,X)(z,s)ds z €[0,L],
(2.17)

where <, > denotes the duality between (H'(0,L))* and H'(0, L).

Since u(z,t),v(z,t) € L2[0, T, H'(0, L)], u(z,.), v(z,.) € L*[0, T]. Thus the integral

representation of X(x,t) is well defined.

3 Existence and Uniqueness of the State System

We begin by showing that F,G, H and M are Lipschitz. Then the uniqueness of
the state system is proved. We then show existence for a modified state system and

finally we use limit arguments to show that the solutions of the modified system

converge to the solution of the original system.

Proposition 3.1 If u,v,w and X are positive and take values in a bounded set,

then F,G, H and M as defined above are Lipschitz.
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Proof: We will show that F is Lipschitz, the others follow similarly. The partial

derivatives of F with respect to u,v and X are bounded, hence

F(u,v,X)——F(ﬁ,t"J,)_()

epyuv X fkapaur X ep io X fkapgaoX

Tk u kgkz+ kautu? | k42 koka+ ki + @?

emyuvX  emavX emuvX e avX

ki +u ki +u ki+u ki+u

ep1ut X  epy 20X  emuvX ep uv X

ki 4+ u ki +u ki+u ki+1u

__ fkapauvX fkapaivX  fkappuvX
koky + kau + ul? kaks + kau + u? kaks + kau + u?

flapauvX  fkappuv X fkappuv X
koks + kau +u?  koks + kau + u? koks + kau + u?

Therefore

fapauv X fhapu9X

T koks + kau + u? | koks + kai + @2’

|F(u, v, X) - F(@,9,X)| < C{lu—a| + v -5+ |X - X[}.

where C is a constant depending on the constant coefficients and the range of the

bounded set of the state variables. O

Now we will prove the uniqueness of solution of the state system. We will first

show that the solution is unique for “small” time T and then use a “stacking”

argument to prove uniqueness for arbitrarily large but finite time.

Theorem 3.1 If the solution of the state system exists and is bounded then it is

unique.
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Proof Substituting ue*, ve*, we and Xe! instead of u,v,w and X, we can,

without loss of generality, consider the system

Lu+du = F(ue™, vet, XeM)e ™,
Lv+ dv = G(ueM, ve, Xer)e ™,
(3.18)
Lw+ A w = H(we', XeM)e ™,
% +AX = M(ueM, vet, XeMt)e M.
with the appropriate boundary and initial conditions.
Suppose (u,v,w, X) and (%, 7, , X) are two solutions of (3.18). Use test func-
tions (u — @,v — U, w — W) for the u,v, w and %, v, w equations and multiply the X
W

and X equations by X — X. Subtracting the “u” system from the “4” system and

integrating over Q) we get

0T<(u——ﬁ)t,u—ﬁ>+

fOT a’((u - ﬁ')v (’U. - ﬂ’)a t) + A fQ(u - ﬁ)z = fQ F(ue,\tv Ue)‘tv Xe/\t)e—/\t(u - ’l],)

- Jo F(ueM, e, Xer)e M (u — 1),
(3.19)

b <(v—17)yv-0>+
f(;r a’((v - ﬁ)$ (v - 6)? t) + A fQ(v - 6)2 = fQ G(ue)‘tv ve/\t7 Xe/\t)e_)\t(v - ,D)

—  Jo GlueM, ve, Xer))e (v — o),
(3.20)
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I < (w-d)yw—1o>+

T a((w—o), (w—0),t)+ A fglw—2)* = [o H(we, XeM)e M (w — )

- fo H (we*t, Xet))e ™ (w — ),

Jo(X = X)o(X - X)+ A Jo(X - X)? fQ(M(ue’\‘, ver, XeM)e M (X — X)

— Jo M(ze*,ve, XeM)e (X — X).
(3.21)

Since u,v and X are bounded and M (u,v,X) is a bounded function of u,v and X,
we have, for each z, X (z,t) absolutely continuous in ¢. This implies X; exists a.e.
and Xy(z,t) € L*(Q).

Define Q; = [0, L] x (0,T1), for 0 < Ty < T. Using the fact that

1 L 1 L
/ Ul = —/ uz(z,Tl) - —/ uz(x,O)
A 2 Jo 2 Jo

and F,G, H and M are Lipschitz, one arrives, after standard manipulations, at the
following set of inequalities.

2
2/ D)%, T0) + 5 [ (w-w? + (A—{d—h-Ce“T*)/Ql(u—#)

Cs (/l(v—v) + QI(X—X)2).

1 (L _\2 dp _\2 v2 4T, 12
3 [ o-rEm+ 3 [ 0-9 + (-5 -Ce ) [, @-9)

IA

IA
K
N
S
=
+

o
™
|
S
=
SN

LM w-apem+ @ [ @-o2 + (-5 -0 [ @




%/()L(X—X)z(z,Tl) + ()‘—C'le“’\Tl)/ (X—X)2

1

< e[ w-n+ [ w-9?).

where C; and C, are computable constants, independent of the state variables.
Dropping the first and the second term on the left hand side of the first three of
the above four inequalites(they are positive) and then adding the four inequalities

we get

2
v
{(/\ — — = C1e”T = 3Cy)||v — @l L2(q,)

2d;,
+

V2 42Ty )

(A - 24, Cie - 3C)||lv - vllr2(qy)
+
V2 4AT1 79
(A = 5 Cre ) |lw — (| 2(q,)

+

(A = C1eT — 4C3)|IX = Xllpaan }
<0.

Now choose ) first and then T} such that

(A - & - 4Cy)

>1
G

and

1 (/\—%-402)
T1<len( .

Now we can conclude that u = &, v=1, w = @ and X = X. on [0, L] x (0, T1).
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Since the solutions are bounded and the bounds are independent of T}, we can

“stack” the solutions. We then get uniqueness on (T3, 2T}), etc. =]

Theorem 3.2 For a given g in the control set, the state system (2.14) admits a

solution in V.

Proof: The proof is divided into two parts. We first modify R; as defined above to
make it a monotone function of u and use the method of monotone iteration scheme
to construct a solution for the modified state system. This modified system admits
a unique solution, the proof being similar to that which we have shown above for
the original system. In the second step we vary R; as a function of u and then show
that the solutions of the modified system converge to the solution of the original
system.

For a fixed function A > 0 define

RA = kapuvX
27 koks + ksu + A2

R4 is an increasing function of u. Set
FA(u,v,X) = —eRy — fR},
GA(u,v,X)=-R, — RY,

ks X
ks +X

MA(u,v,X) = R —
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The modified system is

Lu = F4(u,v, X),
Lv =GA(u,v,X),

(3.22)
Lw = H(w,X),

dX = MA(u,v, X),

dt

with the appropriate boundary and initial conditions.

Note that F4 and G4 are decreasing functions of u, v and X and M“ is an increasing
function of u and v.

Since FA(0,v,X) = GA(4,0,X) = H(0,X) = MA(u,v,0) = 0 and the initial
and boundary data is nonnegative, (0,0, 0,0) is a lower solution of the modified state
system (3.22). let p, > 0 be a constant such that p, > max(M, Up). Then since
FA(py, v, X) < 0 for positive v and X, p, is an upper solution for Lu = FA(u,v, X).

Similarly we can construct upper solutions p,, p, and px.

We will construct a solution of the modified system using monotone iteration

scheme. Choose K > 0 large enough such that
|FA(uy,v, X) — FA(uz,v, X)| < K|uy — ual,
IGA (4, v1, X) = GA(u, vz, X)| < K|vy — w2,
|H (wy, X) — H(wz, X)| < K|wy — wa,
IMA(u,v, X1) — MA(u,v, X3)| < K| X1 - Xa,

for 0 < uy,up < pu, 0 < V1,02 < Py, 0 < wy,ws < py, 0< X1, X2 < px.
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Consider the following iteration scheme with solutions in V,

Lu* + Ku*

LoF + Ko*

Lv* + Ko*

Lo* + Ko*
Lw* + Kw*
dX*

dt
dXx*

dt

where the initial iterates

and

Kk ¢ FA(@@*!, o1, X5,

Kl—)k_l + GA(ﬂk_l, i—,k—l,)_(-k—l),

ng-l + GA(’l—l,k_l, Uk_l,Xk-l).

K_’Lgk_l + H(Qk—l,)_(k_l).

The iterates satisfy the boundary and initial conditions from (2.14). The terms with

K were added to make the right hand sides increasing in u, v, w, X respectively. Now

using the comparison principle ( Krylov [5]) and induction we can show (Pao [13]

and Lenhart [7]):

u® < uf < uft! @t < @t <@, (3.23)
P <ok <Pt oL T < <A, (3.24)
w® < wk < wt! okt < oF < @°, (3.25)
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This implies that

(@*, %, %, X*¥) N\, (,,9, X) pointwise (3.27)

(gk,gk,gk,_k) S (&, 0,9, X) pointwise. (3.28)

Apriori estimates, similar to those estimates in the proof of Theorem (3.1), yield
uniform bounds on all the iterates in V. This implies that {@*, o*, ®*, X*} converges
weakly in V to (&, v, 0, X) and {yk,gk,gk,ik} converge weakly in V to (4, 9, 0, X)

The uniform apriori estimates on the iterates in V combined with the state
equations, give us uniform bounds on the time derivatives |||, [|Z:[],||w:|| and
lzlls lwell, ||| in the space H*. A compactness result of Lions {9, chapter 4, propo-
sition 4.2] implies that the {@*, 0¥, w*} converge strongly to (&, 9, W) in L?(Q). This
implies that the (%, 0, @, X) solves the modified system weakly in sense of (2.17). A

similar conclusion holds for (4, 0, w, X ). A uniqueness result similar to that proved

above guarantees that

solve the modified system (3.22).

Now, let (u!,v!,w!, X!) be the solution of the modified system (3.22) with
(FA,GA, H,M*) = (F*,G™, H,M™),

where

up = o, Yo = Vo, Wo = Wo, Xo = Xo.
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Let uF, v*, w* and X* solve

Luk = F 7 (uk, ok, XF),

Lok = G¥"' (uk, vk, XF),

(3.29)
LwF = H(w*, X%),
dX“ uk"l
Tdt =M (uk,vk’Xk)’
with the appropriate boundary conditions for k = 2, 3...
Clearly
0< u* <,
0< v* <,
0< wh <o,
0< X*F < Xo,
for all ¥ = 1,2,3... . Now ng_l is a decreasing function of u*~!. Therefore

F**~' G**™" are increasing functions of u*~! ( Note as functions of uF~1 and not
uk). M* isa decreasing function of u*~1, By the comparison principle
uF \,u  pointwise,
v*\,v  pointwise,
(3.30)

w* \, w pointwise,

X* A X pointwise.
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In the weak formulation (2.17) of the modified system (3.22) for each

k=1,2,3..., we get

T <k >+ [Fa(uk, g, = fo F* 7 (w5, 05, XF)g+ v [§ (g(t) - u*(0,)8(0,t),
T <ok o>+ [Fa@ho,0) =  Jo G (ub, vF, XY+ v 5 (g1(2) = v*(0,8)9(0,2),
[T <wb, x>+ T a(wh, x,0) = fo H@w* X¥)x +v [§ (g2(2) = w*(0,8))x(0, 1),

Xk(z,t) = Xoz + Jt M (uF,v*, X¥)(z,5)ds z €[0,L].
(3.31)

Now because of the apriori bounds for the iterates in H and their time derivatives
in H*, (3.30) and the continuity of F,G, H and M with respect to state variables,

we can conclude that u,v, w and X indeed satisfy the state system (2.14). a

4 Existence of the Optimal Control

To prove the existence of the optimal control we first use a minimizing argument to
obtain a sequence of functions that converge to the infimum of the cost functionals
taken over the control set. We then establish apriori bounds for the state variables
corresponding to the members of the minimizing sequence. Finally we use the lower

semicontinuity of the cost functional to establish the existence of the optimal control.

Theorem 4.1 There erists a g* € Car such that J(g*) = infyec,, J(9) and

(u(g*), v(g"), w(g*), X (g*)) satisfy the state system (2.14).

Proof Let {g,} be a minimizing sequence for J in Cps,

lim J(¢") = inf J(9)-

n—00 g€CMm
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Let (un, Vp, Wn, X5) be the solution of the state system corresponding to the control

g". Then
1T < ()t > + [T a(tn,8,8) = Jo Fltun, v, Xn)&+ v f3 (97(8) ~ un(0,2))$(0,2),
T < (W)o >+ [T a(wn,dyt) = JoGluun, va Xn)¥ +v J5 (91(8) = va(0,)9(0,2),

[T < @) x >+ [T a(wn,x,t) = Jo H(wn, Xa)x +v f3 (92(t) — wa(0,8)x(0,1),

Xn(z,t) = Xo(z) + f3 M(tn,vn, Xn)(z,5) ds.
(4.32)

Using (un, Un, w,) as test functions and standard estimation techniques, which in-

clude Cauchy inequality and the trace inequality, we get

/OL un(z,T) dx+/q"3;+/Q((“n)z)2 < G /oTufl(a:,O) d:v+C2/OT(g"(t))2dt,
/()L”ﬁ(x’m” J S KR! /()Tvﬁ(m,0>dx+cz /OT(gl(t))zdt,
/OL w'(z,T) ‘Jlﬂ“r/Qw?.+/Q((wn)m)2 < G /OT wi(z,0) dz+C'2/OT(gg(t))2dt.

From above and the fact that ||g"}lcc < M, we conclude
|enll, llvall and |jwn|| are uniformly bounded independent of n in the norm of H.

We can now extract subsequences with the following convergence properties:

Up = U weakly in H,
Up — U weakly in H,
Wp — W weakly in H,. (4.33)
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Now, dropping the decay term in the X equation, we have

t
mes%m+/mwMJ»
(1]

implies
t
X, (2,8) < Xo(z) + C / v X
()
because
k3paun
koks + k3up +u2 ~

By Gronwall’s inequality [12]
t
Xn(z,t) < Xo(:c)e:z:p(C'/ vp(z, s) ds).
0
By Sobolev’s embedding theorem [12), v, is continous in z, (space dimension = 1),

sup | Xn(z,t)| £ C.
Q

Furthermore,
Xa(as12) = Xl ) < [ 1M (s, 0, Xo)(2,9)] ds
and
Mty X S [ty R
S 1l [P e
< C/(independent of n )
imply

|Xﬂ(z1t2) - Xﬂ(mvtl)! < C|t2 - tll'
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where C is a constant independent of n. The above estimate and Arzela - Ascoli
theorem [12] imply that for each z, X,(z,t) — X(z,t) uniformly(as a function of

t). To summarize, we now have
Uy, = U weakly in H,
v, = v  weakly in H,
w, = w  weakly in H,
g" —g*  weaklyin L%(0,7),

X, =X weaklyin L}(Q), (4.34)

for each z, uniformly in ¢.

From the above weak convergences, uniform bounds and the PDE’s we can extract

weakly convergent subsequences,
(un)e — ue weakly in H*,
(vn)e — vy weakly in H*,
(wn)e = v¢  weakly in H*. (4.35)

We now have enough regularity to use the compactness result of Lion’s [9] and pass
to limits in (4.32). We thus conclude that (u,v,w, X) is indeed the solution of the

state system corresponding to the control g*.
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We will now verify that g* is an optimal control. The above apriori estimate

(following equation (4.32)) also give us a uniform bound for

lwn(z, T)llL2(0,L),

and we can extract a weakly convergent subsequence from those traces on the top

t="T [6].

Now, using the lower semicontinuity of the cost functional with respect to the weak

convergences of w and ¢g and uniform convergence with respect to X we get

inf J(h) = lim J(g")

heCypy n—00

n—+o0o

= lim [A/QX,.(a:,t)qb(z) dzdt-{-B/()Lwn(z,T)dz_*_%/{)T(gnfdt]

v

L 1 T ~2
A/QX(z,t)¢(x,t)+B/0 w(z,T)dw+§/0 () dt

= J(g%).

5 Derivation of the Optimality System

The optimal control will be represented in terms of the solution of the optimality
system, (OS), consisting of the original state system and a suitably defined adjoint
system. The form of the OS depends on the form of the objective functional J(g).
Since we will differentiate J(g) with respect to g and the state variables are involved

in J, we must first differentiate the state variables with respect to g.
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Lemma 5.1 The mapping

g € Cu — (u(g),v(g), w(g), X(g)) €V

is differentiable in the sense that

u e— N ¢1 weakly in H,

v e— AN (2 weakly in H,
v : v (3 . weakly in H,
X -X

— (4 weakly in L*(Q).

Also
XC(.’L‘,t) - X(.’E,t)

€

for each z, — (4 uniformly in t.

Furthermore ((1,(z2,(3,C4) satisfy (in the weak sense):

L{ = F,( + Foa + Fx(a,

LG =Gy + GG +Gxa,

(5.36)
L{; = Hy(+ HxCa,
L = MG+ MG+ Mx(a.
With the boundary conditions
—dp(G1)e =v(@-C) atz=0, (GQ)s=0atz=1L,
—dn((2)z = —v(2 atz=0, (():=0atz=1L, (5-37)

—dp(€3)z = —v(3 atz =0, ((3)=0atz=1L,

and initial condition
G=GQ=G=G=0at=0,
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where F,, F,, Fx,Gy,Gy,Gx,Hy, Hx,M,, M, and Mx denote partial derivatives

with respect to the subscripted variable.

Proof: For a given g in Cyy, fix a g in Cpy such that g + € € Cpy.
Let (u¢,v¢, w, X¢) be the solution of the state system (2.17) corresponding to the

control g + 3.

T < us, ¢ > + [Fa(u,,8) = Jq F(uf, v, X)¢

=+ T ((g(t) + €g(t)) — uc(0,2))8(0, 1),
ST <o, 9>+ T a(s,9,8) = JoGus, v, X%+ v f5 (g1(t) = v*(0,8))%(0, 2),
T <wiy x>+ [Fa(w,xt) = foHw, X)x+v [ (92(8) = w(0,1))x(0,2),

X(z,t) = Xo(z)+ f§ M(us,v¢, X)(z,s)ds.
(5.38) )

Subtracting the original system, i.e., one corresponding to (u,v, w, X), we get
<@ —u)nd>+f5a@ —udt) = [o(F(u,v",X) = F(u,v,X))¢
+ v g () - (v = w)(0,)8(0,).
< (@ =v)nv>+fga = vt = [p(Gus,v,X) -Gy, X))y
— vy (= w)(0,)$(0,0).

Jo(H(we, X) = H(w, X))x

f(;[ < (w — w)y, x > +f0T a(w® — w, x, 1)
- uf(;r(wC - w)(0,t))x(0,t).

|

§ Xe(z,t) - X(z,t) = [Jo(M(us,v5X) — M(u,v,X))(z,s) ds.
| (5.39)
\
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Apriori estimates(using F, G, H, M are Lipschitz) lead to

llu€ = ully + v = olly + lw* = wlly + 1X¢ = XilZaq) < €l15l1E20,1y

From the above apriori bounds we can extract subsequences such that

ut—u
-G
€
vé — v
= (2
€
wt —w
- (3
€
Xe-X
- (4

weakly in H,

weakly in H,

weakly in H,

weakly in L(Q).

Also, as in (4.34), we can show that that for each z

uniformly in ¢.

Now given the fact that F,G, H and M are Lipschitz and rational functions of

X¢(z,t) - X(z,t)

€

- C4’

u,v, w and X and the general result that [12]

we can pass limits (as e — 0) in (5.39) and arrive at (5.36).

far f

gn =g

implies

fngn — fg

weakly in L?(Q)

strongly in L?(Q)

in L%(Q),

68



We illustrate our notation in (5.36) by illustrating one case:

Fu(u,v,X)= —e(R1)u(t,v,X) — f(R2)u(y,v, X).

where

kypivX

(Rl)u = -(76-1-*-—11,)_2—

and
kaugvX (k2k3 - uz)

(Ra)u = gk  hou + 222

Now we derive the optimality system by differentiating J with respect to g.

Theorem 5.1 Given an optimal control g in Cpy, there ezists a solution (py, p2, 3, P4)

in 'V to the adjoint problem

L'py = Fupr + Gupa + Mup,

L'p, = Fypr +Gup2 + Myps,

L'ps = Hups,

9 Fapt Gapa t Hxpo + Mxpat 56(@), 2 € 0,1,

with boundary conditions
d},,(p;),,(L,t)+Vp,'(L,t) =0 1=1,2,3,
(pi)z(0,t) =0 1=1,2,3,
(5.40)
pi(z,T) =0 i=1,2,4, for all z,

p3(z,T) =1 forallz,
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and where L' is the operator

Jd 0? 0
1 _ _ Y — ) —
L= —thgm ~ V5
Moreover
g(t) = min (—Bup; (0,2), M) . (5.41)

Proof Notice that the adjoint system (5.40) is a linear system and the right hand
side is globally Lipschitz in py, ps, p3, p4. Furthermore py4 satisfies a first order linear
ordinary differential equation and thus we can get an explicit representation of p4

in terms of the other adjoint variables:

T T T A
pa(z,t) = efc Mx(z,s)ds[ e—f, Myx(z,y) dy {FXPI +Gxps+ Hxps + §¢} (:L', s)ds

We can substitute this representation of p4 into the adjoint system (5.40). We now
have a coupled parabolic system consisting of three PDE’s with the right hand side
globally Lipschitz. Using a contraction fixed point argument in C([0, T]; L*(0, L)]
adapted from Evans[2, chapter 9, pg. 463, Thm. 2], we can prove the existence of
solution of the coupled PDE system in (H)? and thus the adjoint system.

Suppose g(t) is an optimal control. Let § € L>(0, T) such that g + g € Cp for
€ > 0. The derivative of J(g) with respect to g in the direction g satisfies

J(g+€g) — J(9)

0 < lm "
= lim (A/Q(—XC—E—)-(—)(z,t)qS(z) dz dt + B/()L(—“’(E‘—"’)(x,T) d:c) (5.42)
N 1%% (/OT ((9**'6576)2 -9’ ®) dt)
=4[ Gletse) +B [ Gl T)ds+ [ sl (5.43)
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We used the weak convergence of ‘”‘:‘” att="T.

Let p = (p1, P2, p3, p4) and ¢ = (C1,¢2, 3, C4)-

Proceeding formally, we explain how to obtain the form of the adjoint system. Let

( )

L-F, -F, 0 —Fx
_Gu L - Gu 0 _G.X
R = : (5.44)
0 0 L-H, —Hy
\ -M, -M, 0 - Mx )

Then (5.36) can we formally written as

with boundary conditions
—dn(2)e = —vC2 atz=0, (()z=0atz=1L, (5.45)

—dp(3): = -V atz=0, (B),=0atz=1L,

and initial condition
G=CG=G=C¢=0att=0.

Taking the “adjoint-transpose” of R, set

[ Ll Fu _Gu 0 ""Mu \
-F, L'-@G, 0 -M,
S= . (5.46)
\ -Fx -Gy —Hyx —-%—Mx /
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T
/Q (Lipy)G = /Q (L)1 + v /0 p1(0,8)3(t) dt (5.47)

and
L
1 = —
/Q(L Ps)Ca—/Q(LCa)pa /0 Ca(z, T) dz.
Thus

T L
B/Q(SpT - B/QpR(T+BV/0 p1(0,3(0) dt—B/O oo, T)dz.  (5.48)

Also

B /Q ¢spT =4 /Q Ca(z, ) () (5.49)

Therefore
L T
0 < 4 /Q (@ 08(e) + B [ Gl T)do+ [ 20()3(0) d
0
T T
= B [ m.Og0 e+ [ o)
Using standard control arguments
g(t) = min (—Bup; (0,1), M),

where p~ = min(p, 0).
Though the above calculations are formal, they can be easily verified. For ex-

ample equation (5.47): In the weak formulation the left hand side of (5.47) is

T
/0 < —(p1) G > +dn /Q (21)(C1)e— v /Q (p1)sC1 4+ /0 T (L OG(L, 1) dt (5.50)
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The specific form of the weak formulation is a consequence of the boundary condi-

tions imposed on the adjoint system. Similarly, the weak formulation of first term

on the right hand side of (5.47) is

/OT < (G)epm > +dh/(;(C1)z(P1); +V/Q(C1)zpl + V/OT p1(0,8)(:(0,t) — g(t)) dt.

(5.51)

Now

—v /Q (1)1 = v /Q (C)ep1 — v /0 L (L, 1) dt + v /O T (0, 9p1(0, 1) dt.

Also

T T
/ < =(p)t,C1 >=/ < (G1)e,p >
0 0

because (;(z,0) = 0 and py(z, T) = 0. Therfore if we subtract (5.51) from (5.50) we
get

T
v [ 00t at

which is the second term on the right hand side of (5.47).
Remark The optimality system(OS) is obtained by substituting the character-

ization of an optimal control g(t) (5.41) in the state system (2.14). Then the state
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system and the adjoint system (5.40) constitute the optimality system (0S)

Lu = F(“’ v, X)’
Lv =G(u,v,X),
Lw =H(w,X),

% :M(’U,,U,X), 36[07L]7

L'py = Fup1 +Gupz + Mups,
L'p, = F,p1+ Gyp2 + Myps,
L'ps = Hyps,
—45% = Fxp1 +Gxp2 + Hxps + Mxps + %45(1‘)
With initial and boundary conditions
~dpuz(0,t) — v (min (—Bupl' (0, t),M) - u(O,t))
uz(L,t)
—dpvz(0,t) — v(91(t) - v(0,1))
vg(L,t)
—dpw(0,t) — v(g2(t) — w(0,t))
wz(L,t)
u(z, 0) = Up(z), v(z,0)

w(x70) = Wo(m), X(:B,O)

dn(pi)z(Lyt) +vpi(L,t) =0 i=1,2,3.

(P)=(0,t) =0 i=1,2,3.

(5.52)

z € [0, L].

=0,
=0,
=0,
=0,
(5.53)
=0,
=0,
= Vo()

= Xo(2)

(5.54)

pi(z,T) =0 i=1,2,4, forall z.

p3(z,T) =1 forallz.
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6 Uniqueness of the Optimality System

Unlike the state system the uniqueness of the optimality system can only be estab-
lished for a small time period. This is because solutions cannot be “stacked” as in
the case of the state system because the adjoint system evolves backward in time as

opposed to the state system which moves forward in time.

Theorem 6.1 The optimality system (0S)(5.52 - 5.54) admits a unique solution

in V2 for small time T.

Proof Let u = (u,v,w,X) and p = (p1,p2,P3,P4). Let (u,p) and (8@,p) be

solutions of the optimality system. First we will verify that the integral
/ (P4 — Pa)e(p4 — P4)
Q
is well defined. Note that
T
(Pa—pa)(z,t) = /t (Fx (p1—p1)+Gx (p2—P2)+ Hx (p3~P3) + Mx (ps—Pa)) (2, ) ds.

Fx,Gx, Hx and My are uniformly bounded and since py, p; and p3 € L?[0, T, HY(0,L)],
they are continous and thus bounded. Thus the first three terms in the above inte-

gral can be uniformly bounded. Now, using Gronwall’s inequality we get
lpa(z, t)| < C1e%T,
where C; and C; are independent of p4. Also, it can be shown that
|pa(z, t1) — pa(z,t2)| < Clt1 - 2|,

for some constant C. This implies that (ps — p4): exists a.e. and is also uniformly

bounded.
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Now the uniqueness proof for the optimality system(OS) is very similar in char-
acter to the uniqueness proof of the state system (2.14), except for the fact that we
cannot “stack” the solutions as in the case of the solutions of the state system. This
is because the data for the state system and the adjoint system, which constitute
the optimality system, are given on opposite ends of the time horizon. So as before

we make a change of variable

u = ze’\’

p = qe

Using test functions (z — Z), (q — §) we get
T T \
/0 <(n—-a)(an—-a)> +/0 a(zy — 21,21 — 2_1,t)+/\/Q(21 —-4) =
/ [F(zle’“, z2e™, z4e“) - F(z'le’\‘, He, z’.;e’\‘)]e"\t(z - £)
Q

T
+v / (min(—Bu(qle"\t)'(O,t), M) = min(—Bv(gie=*)~(0,1), M)) (z1 — 71)(0,¢)

0

T
- u/o (21 — 51)2 dt. (6.55)

T T
A < (22 - 2_2), (22 - Z—g)t > +L a(22 — 22,29 — Z_2,t) + /\/Q(zz —_ 2,72)2 =
/ [G'(zle’\t, 22, 24e’\t) - G'(z'le’\t, 5eM, z}e’“)]e"’“(zz - 2)
Q

T
_v /0 (22 — 2)%(0, 1) dt. (6.56)

T T
A < (23 — 2-3),(23- Z_3)t > +A a(23 — 23,23 — Z—3,t) + /\/Q(z3 — 273)2 =
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/Q [H (z3e™, zee™) — H(z6™, 2ge™)]e (25 — 7)

-v /OT(zs — 23)%(0,t) dt. (6.57)

_/Q(Z«; — Z4)i(24 — 24) + /\/0(24 -z)?=

/[M(zle t 20eM, zgeM) — M(51€, R, 2aer)]e M (24 — Z4) (6.58)
Q

/OT < —(q—@)t (—@1) > +dh/:?(fh—q_l)i—l//Q(m—fil)z(ql—(ﬁ)-%-A/Q(ql—tﬁ)2 =
/ (Fu(21€M, 22¢M, z4eM)q1 — Fu(aeM, 5e™, z2eM)q) (g — 61)
+/ (Gu (z1€™, 20™, 24eM) gy — Gu(zeM, 2, 7M@) (0 — @)
+/ (216, z0e™, 24e™) gy — M, (5™, 7€, z4e™)da) (@1 — G1)

v [(@-arwod. (6.59)

[ < @@ ) > +ds [ (@82 [ (- @)el=@ ) [ (o) =

/ (Fy (zle’\t,22e’\ ,z4e “q, - F, (zleA ,z;e)‘ ,z4e Ya1) (g2 — ¢2)

+/ 216 b zee At 24 )(12 - Gu(fle'\t, 526'“,2_46'“)‘1_2)(42 - q2)

+/ (21, 226™, 24€™) qs — M (Z1e M e, 7ae’) ) (g2 — 62)

—v /0 " (g2 = @)L, 1) dt. (6.60)
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T
/0 < —(g3—@)t, (g3—) > +dh/Q(Q:z-q_a)i—'//Q(¢13—q_3)z(<I3—q_3)+/\/;?(43—(1_3)2 =

_qu%am—ﬂuaamm%—@» (6.61)

| (e - ailan—a0) =
Q
/Q(Fx(zle’\t, 26, 24eM) @ — Fx (5™, e, 7)) q1) (ga — da)

+ /Q(Gx(zle’\', z06™, 24€™) gy — Gx (716, 5eM, 72"V q) (g4 — )

A /\t)

+/Q(Hx(zle“,226“, z4¢*)qs — Hx (56, 5eM, 74e*) 63) (g4 — da)

M neM 7e’) ) (g — q1).  (6.62)

+/Q(Mx(zle’\',zze’\t,24e’\t)q4 - Mx (z1e

Now we will use

the ¢ - Cauchy inequality

1 1
ab < E(eza2 + ;z’bz)’

the trace inequality

T
/ u2(0,t) SCI/ u2+C'2/ ug,
0 Q Q

if f and g are positive functions and M is a positive constant then
|min(f’ M) - min(g’M)I < If - glv

and A, is Lipschitz, where A € {F,G, H,M} and b € {u,v,w, X}, to estimate the

above integrals. For example, estimating a term from (6.55) yields

v /0 . (min(~By(g1e7)7(0,8), M) ~ min(-Br(die™™)~(0,1), M)) (21 — 7)(0, ) <
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o [[-ar00+6 [ @ - @20
T

< C'1/0T(z—z‘1)2(0,t)+02/0 (g1 — @)%(0, 1)

IA

T
B [ (a7 - ap)ll= - 51(0,)

IN

Cs [[(s1-2) +C [ (- )2
Q Q
+C's/ ( —61)2+C'6/ (@1 — @)3
Q Q

Now, like before, we can absorb these terms on the left hand side.

Similarly from (6.59), we obtain

/Q(Fu(zlema z0eM, 24e™M) gy — F.(f1e™, 5e™, 2eMq) (- q) =

At

/ (Fu (216, 206, z4e™)qn — Fu(fle'\t, e, 2eM)q) (- 1)

At

+/ (7€M, e, 2eM)q) — Fu(fieM, 2™, 2e)a) (g — @)

< CeM {/Q(zl _a)+ /Q(ZZ — &)+ /Q(z4 - 2-4)2} +c/0(q1 — @)?

From this we get

(A= C, - CT) (/Q(zl—z‘l)2+/(22—2)2 +/(w—m)2+/q(x—f()2)
+EC’/

1=1

Now choose A such that

A>C)

and then T such that
A-C

T < iln( ).

Thus we conclude that for small T
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7 Numerical Results

The optimality system(OS)(5.52) consists of the state system(2.14) and the adjoint
system(5.40). Thesse two systems are oriented in the opposite directions. The state
is oriented forward in time and the adjoint backward in time. Therefore it is not
possible to solve the optimality system directly. At each step, the PDE system (state
system or adjoint system) has been solved by finite differences solution technique.

We will use the following algorithm (See Appendix for the program):

1. Guess the solution of the adjoint system. Since the optimal control only con-

sists of adjoint variable p; we only guess the value of p;.

2. Substitute the guessed value into the discretized state system and solve forward

in time. Save the values of the state variables at each time step.

3. Using the stored values of the state variables, solve the discretized adjoint

system backward in time.

4. Substitute the new value of p; into the optimal control representation, and

again solve the state system forward in time.

5. Repeat the process and stop after the difference between the values of the

present iteration and previous iteration become neglibly small.

In Table 1 the values of the different model parameters used are extracted from
refrences [14] and [15]. Figure 1 gives the optimal injection profile for acetate. Our

profile is comparable in shape to that shown in Petersen et. al ([17]).
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Table 1: Model Parameters

Parameter | Value Units

M1 15.4 L/(gmolmin)
o 3.0 L/(gmolmin)
ky 5.2 x 107 | gmol/L

ks 3.0 x 103 | gmol/L

ks 2.72 x 1072 | gmol/L

k4 4.86 x 107 | gmol/(lmin)
ks 0.1 gmol/L

dn 0.32 m?/d

v 2.7 m/d

Table 2: Initial Concentration

Acetate 100.0 mg/L
Nitrate 26.0 mg/L
Carbon Tetrachloride | 0.0396 mg/L
Bacteria Biomass 1.9 mg/L
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Figure 1: optimal injection profile
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8 Conclusions

The approach here worked well to compute the optimal strategy of acetate input,
comparing our input profile (figure 1) with the input profile shown in Petersen et. al
[17]). The profiles are very similar in shape. The key point to note is that the acetate
injection profile attains a sharp peak near time ¢ = 0. Since the bioremediation
process is cometabolic, large quantities of the primary substrates are required to
initiate the process. Therefore the acetate profile in figure 1 is compatible with
theoretical expectations.

We plan to use this approach to model bioremediation and optimizing nutrient

input for a more realisitic model with three spatial dimensions.
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*

%k 3 ok ok 5k 3k 5k %k

s+x+*+ calculating the injection function

*

*

APPENDIX

program main
integer m,n
double precision L, T

double precision dh, nu, sstep, tstep

double precision check

parameter( dh = 0.32, nu = 2.7)
parameter(L = 1.0d0, T = 1.0d0)

BEGIN MAIN PROGRAM

parameter( m = 40, n = 1250)

parameter(sstep = 0.025d0 , tstep = 0.0008d0) !space,time step
double precision u(0:m,0:n), v(0:m,0:n), ! state variables
+ w(0:m,0:n), X(0:m,0:n)
double precision p1(0:m,0:n), p2(0:m,0:n), 'adjoint variables
+ p3(0:m,0:n), p4(0:m,0:n)
double precision inj(0:n),inj1(0:n) linjection functions
double precision qlside(0:n), qinj(0:n) ! initial guess
double precision temp1(0:m,0:n), checkl(0:m,0:n)
double precision check2(0:m—1,0:n),check3(0:n—1)

integer i,j
integer iterate
integer ct, bct

do j=0,n

qlside(j) = — (3.0d3xdble(j)/dble(n) + 1000.0d0)
qlside(j) = 1.0d0*(dble(j)/dble(n) —1.0d0)
qlside(j) = —10.0d3%(1.0d0 — dble(j)/dble(n))

qlside(j) =— 0.0d1

end do

call gl(qlside,inj,injl,n,nu)

ok ok ok %k ok

**x*kkk initializing

*
call initial(u,v,w,X,inj,m,n,ssize,tsize,dh,nu)
call pinitial(pl,p2,p3,p4,m,n)
%
s+ setting up flags to decide number of iterations
*

state and adjoint varibales
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check = 5.0d0

iterate = 0

*
*okokk Kok K
10 if ((check .gt. 0.5d—15) .and. (iterate .1t. 10)) then
iterate = iterate + 1
printx, iterate

do j=0,n
doi=0,m
templ(ij) = pl(is)
end do

end do

call gl(qlside,inj,injl,n,nu)
*
xxx*xxx* calling subroutine to march the state variables
x+xxk*kx forward in time.

*
do ct =0, n—1
call tforward(u,v,w,X,m,n,ct,
+ inj,sstep,tstep,dh,nu)
end do
*

*xxx** calling subroutine to march the adjoint variables
*%%xkx* backward 1 time

E 3
do bct =n, 1, -1
call tbackward(pl,p2,p3,p4,
+ u,v,w,X,m,n,bct,sstep,tstep,
+ dh,nu)
end do
*
do j=0,n
qlside(j) = p1(0,j)
end do
*

*xxx* calling subroutine to compare the present and
*xx*** the previous iteration value
*
call compare(pl,templ,checkl,check2,check3,
+ m,n,check )

goto 10
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endif

open(100,file = ’inject.m’)
open(110,file = ’acetate.m’)
open(120,file = 'CC14.m’)
open(130,file = ’nitrate.m’)
open(140,file = ’biomass.m’)
open(150,file = 'u.m’)
open(160,file = 'v.m’)
open(170,file = 'w.m’)
open(180,file = 'X.m’)
open(190,file = ’wend.m’)
open(191,file = ’'p1.m’)
open(192,file = 'p4.m’)
open(193.file = 'q1.m’)
open(194,file = ’p2.m’)
open(195,file = ’p3.m’)

do j=0,n

write(100,200) inj(j)
write(110,200) u(m,j)
write(130,200) v(m,j)
write(140,200)
write(190,200) w(m,j)
write(193,200) qlside(j)
end do

do j =0, n, 10
doi=0m
write(150,200) u(i,))
write(160,200) v(i,j)
write(170,200) w(i,j)
write(180,200) X(i,)
write(191,200) pl(i,j)
write(192,200) p4(i,j)
write(194,200) p2(i,j)
write(195,200) p3(i,j)
end do

end do

doi=0m
write(120,200) w(i,n)
end do

close(100)

close(110)

close(120)

88



200

ok ok ok sk k k

close(130)
close(140)
close(150)
close(160)
close(170)
close(180)
close(190)
close(191)
close(192)
close(193)
format(x,f14.7)
stop

end
END MAIN PROGRAM
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subroutine tforward(u,v,w,X,m,n,ct,
inj,sstep,tstep,
dh,nu)
integer m,n, ct
integer i
double precision u(0:m,0:n), v(0:m,0:n),
w(0:m,0:n), X(0:m,0:n)
double precision inj(0:n)
double precision a, b, c, e, dh, nu
double precision f, g, hx, mx
double precision g2,g3
double precision sstep, tstep
double precision minu
parameter(minu = 0.175d0)
a = tstepx(dh/sstep**2 — nu/(2+sstep))
b = tstepx(—2xdh/sstep**2 + 1/tstep)
¢ = tstep*(dh/sstep**2 + nu/(2*sstep))
e = dh/sstep + nu
do i =1, m-1
u(i, ¢t +1) =dmaxl(minu,a*u(i+1,ct) + b*u(i,ct)
+ cxu(i—1,ct) + tstep*f(u,v,X,m,n,i,ct))
v(i, ct +1) = a*v(i+1,ct) + b*v(i,ct)
+ cxv(i—1,ct) + tstepxg(u,v,X,m,n,i.ct)
w(i, ct +1) = a*w(i+1,ct) + brw(i,ct)
+ cxw(i—1,ct) + tstepxhx(w,X,m,n,i,ct)
end do
u(m,ct+1) = dmaxI(minu,(a+c)*u(m—1,ct+1) + b*u(m,ct)+
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tstepf(u,v,X,m,n,m,ct))

u(0,ct4+1) = dmax1(minu,(a+c)*u(l,ct) 4+ (b—2+sstep*nuxc/dh)*

u(0,ct) + 2*sstepsnuxcxinj(ct)/dh +
tstep*f(u,v,X,m,n,0,ct))
v(m,ct+1) = (atc)*v(m—1,ct+1) + b*v(m,ct)+
tstep*g(u,v,X,m,n,m,ct)
v(0,ct+1) = (atc)*v(l,ct) + (b—2+sstepxnuxc/dh)«
v(0,ct) + 2xsstepxnuxcxg2(ct)/dh +
tstepxg(u,v,X,m,n,0,ct)
w(m,ct+1) = (a+c)*w(m—1,ct+1) + b*w(m,ct)+
tstepxhx(w,X,m,n,m,ct)
w(0,ct+1) = (atc)*w(l,ct) + (b—2+sstep+nu*c/dh)*
w(0,ct) + 2xsstepsnuxcxg3(ct)/dh +
tstep*xhx(w,X,m,n,0,ct)
do i=0, m
X(i,ct+1) = X(i,ct) + tstepxmx(u,v,X,m,n,i,ct)
end do
return
end

subroutine tbackward(pl,p2,p3,p4,u,v,
w,X,m,n,bct,sstep,tstep,
dh,nu)
integer i,m,n,bct
double precision sstep, tstep
double precision a,b,c,e
double precision dh, nu
double precision fu, fv, fx
double precision gu, gv, gxp
double precision hw, hxp
double precision mu, mv, mxp
double precision p1(0:m,0:n), p2(0:m,0:n),
p3(0:m,0:n), p4(0:m,0:n)
double precision u(0:m,0:n), v(0:m,0:n),
w(0:m,0:n), X(0:m,0:n)
= tstepx(dh/sstep**2 — nu/(2+sstep))
= tstep*(—2+dh/sstep**2 + 1/tstep)
= tstepx(dh/sstep**2 + nu/(2#sstep))
= dh/sstep + nu
o i=1 m-1
pl(i,bct—1) = cxpl(i+1,bct) +
(b + fu(u,v,X,m,n,i,bct)*tstep)*pl(i,bct) +

Ao o ow
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axpl(i—1,bct) +
tstep*gu(u,v,X,m,n,i,bct)*p2(i,bct) +
tstep*mu(u,v,X,m,n,i,bct)*p4(i,bet)

p2(i,bct—1) = c*p2(i+1,bct) +

(b + gv(u,v,X,m,n,i,bct)xtstep)*p2(i,bct) +
axp2(i—1,bct) +
tstep*fv(u,v,X,m,n,i,bct)*pl(i,bct) +

tstep*mv(u,v,X,m,n,i,bct)*p4(i,bct)

end do

p3(i,bct—1) = c*p3(i+1,bct) +
(b 4+ hw(X,m,n,i,bct)*tstep)*p3(i,bct) +
axp3(i—1,bct)

pl(0,bct—1) = (c+a)*pl(l,bct) +

(b + tstep*fu(u,v,X,m,n,1,bct))*p1(0,bct)+
tstep*gu(u,v,X,m,n,1,bct)*p2(0,bct)+
tstep*xmu(u,v,X,m,n,1,bct)*p4(0,bct)
pl(m,bct—1) = (b + tstepx
fu(u,v,X,m,n,m—1,bct) — 2.0*nu*sstepxc/dh)+
pl(m,bct) + (a+c)*pl(m—1,bct) +
tstep*gu(u,v,X,m,n,m—1,bct)*p2(m,bct) +
tstep*mu(u,v,X,m,n,m—1,bct)*p4(m,bct)

p2(0,bct—1) = (c+a)*p2(1,bct) +

(b + tstepxgv(u,v,X,m,n,1,bct))*p2(0,bct)+
tstep*fv(u,v,X,m,n,1,bct)*pl(0,bct)+
tstep*mv(u,v,X,m,n,1,bct)*p4(0,bct)
p2(m,bct—1) = (b + tstepx
gv(u,v,X,m,n,mbct) — 2.0%nu*sstepxc/dh)*
p2(m,bct) + (a+c)*p2(m—1,bct) +
tstep*fv(u,v,X,m,n,m—1,bct)*pl(m,bct) +
tstep*mv(u,v,X,m,n,m—1,bct)*p4(m,bct)

p3(0,bct—1) = (c+a)*p3(1,bct) +

(b + tstepxhw(X,m,n,1,bct))*p3(0,bct)
p3(m,bct—1) = (b + tstep*
hw(X,m,n,m~1,bct) — 2.0xnuxsstep*c/dh)*
p3(m,bct) + (a+c)*p3(m—1,bct)
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if (i .le. 4) then
p4(i,bct—1) = p4(i,bct) +
tstep*(fx(u,v,m,n,i,bct)*pl(i,bct) +
gxp(u,v,X,m,n,i,bct)*p2(i,bct) +
hxp(w,m,n,i,bct)*p3(i,bct) +
mxp(u,v,X,m,n,i,bct)*pd(i,bct) + (1-i/4.0))
else

p4(i,bct—1) = p4(i,bct) +
tstep*(fx(u,v,m,n,i,bct)*pl(i,bct) +
gxp(u,v,X,m,n,i,bct)*p2(i,bct) +
hxp(w,m,n,i,bct)*p3(i,bct) +
mxp(u,v,X,m,n,i,bct)*p4(i,bct))
endif

end do
return
end

double precision function f(u, v, X,m,n, cs, ct)
integer cs, ct, m, n
double precision mul,mu2k1,k2,k3,theta
parameter( k1 = 5.2D-6, k2 = 3.0D-3, k3 = 2.72D-3,
mul = 15.4, mu2 = 3.0,theta =1.0)
double precision u(0:m,0:n), v(0:m,0:n), X(0:m,0:n)
f =
—  (0.25d0*mul*u(cs,ct)*v(cs,ct)*X(cs,ct)/
(k1 + u(cs,ct)) +
3.5d0xk3*mu2+u(cs,ct )*v(cs,ct)*X(cs,ct)/
(k2+k3 + k3xu(cs,ct) + u(cs,ct)*u(cs,ct)))/theta
return
end

double precision function g(u,v,X,m,n, cs, ct)
integer c¢s, ct, m, n
double precision mul,mu2,k1,k2,k3,theta
parameter( k1 = 5.2D-6, k2 = 3.0D-3, k3 = 2.72D-3,
mul = 15.4, mu2 = 3.0,theta = 1.0)
double precision u(0:m,0:n), v(0:m,0:n), X(0:m,0:n)
g =
— ( mulxu(cs,ct)*v(cs,ct)*X(cs,ct)/
(k1 + u(cs,ct)) +
k3+mu2#u(cs,ct)*v(cs,ct)*X(cs,ct)/
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(k2+k3 + k3*u(cs,ct) + u(cs,ct)*u(cs,ct)))/theta
return
end

double precision function hx(w,X,m,n,cs,ct)
integer cs,ct,m,n
double precision k3, theta
parameter(k3 = 2.72D—3,theta = 1.0)
double precision w(0:m,0:n) , X(0:m,0:n)

hx = —k3*w(cs,ct)*X(cs,ct)/theta
return
end

double precision function mx(u,v,X,m,n,cs,ct)
integer cs,ct,m,n
double precision mu2,k1,k2,k3,k4,k5,theta
parameter ( k1 = 5.2D—6, k2 = 3.0D-3, k3 = 2.72D-3,
k4 = 4.84—6, k5 = 0.1d0,
mul = 15.4, mu2 = 3.0,theta =1.0)
double precision u(0:m,0:n), v(0:m,0:n), X(0:m,0:n)
mx = (k3*mu2*u(cs,ct)*v(cs,ct)*X(cs,ct)/
(k2+k3 + k3xu(cs,ct) + u(cs,ct)*u(cs,ct)) —
k4*X(cs,ct)/(k6 + X(cs,ct)))/theta
return
end

subroutine gl(plside,inj,injl,n,nu)
integer n,j

double precision plside(0:n), inj(0:n)
double precision inj1(0:n)

double precision nu

do j=0,n
inj1(j) = dminl(—nu*4.0d0*dminl(plside(j),0.0d0)
. 3.0d3)

inj(3) = inj1(j)
print*, inj(j)
end do
return

end

double precision function g2(ct)
double precision const2

93



%k %k %k %k Xk k

¥k kK *k

+ + + +

* k% %k k%

+

parameter(const2 = 26.0d0)
integer ct

g2 = const2

return

end

double precision function g3(ct)
double precision const3
parameter(const3 = 0.0d0)
integer ct

g3 = const3

return

end

double precision function fu(u,v,X,m,n,bcs,bct)
integer m,n,bcs,bct
double preciston k1,k2,k3,mul,mu2 theta
double precision u(0:m,0:n), v(0:m,0:n),
X(0:m,0:n)
PARAMETER( k1l = 5.2D—-6, k2 = 3.0D-3, k3 = 2.72D-3,
mul = 15.4, mu2 = 3.0,theta =1.0)
common /param/ kl,k2k3,mul,mu2

fu = —(0.25xklxmulx*v(bcs,bct)*X(bes,bet)/
(k1 4+ u(bcs,bct))**2 +
3.5%k3+*mu2*v(bcs,bct)*xX(bes,bct)*
(k2¥k3 — u(bcs,bct)**2)/
(k2¥k3 + k3xu(bcs,bct) + u(bces,bet)**2)*#2)/theta
return
end

double precision function fv(u,v,X,m,n,bcs,bct)
integer m,n,bcs,bct
double precision k1,k2,k3,mul,mu2,theta
double precision u(0:m,0:n), v(0:m,0:n),
X(0:m,0:n)
PARAMETER( k1 = 5.2D—-6, k2 = 3.0D-3, k3 = 2.72D-3,
mul = 15.4, mu2 = 3.0,theta = 1.0)
common /param/ kl1,k2,k3,mul,mu2

fv = —(0.25%kl*mul*u(bcs,bct)*X(bcs,bet)/
(k1 + u(bcs,bet)) +
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+ 3.5%k3*mu2+u(bcs,bct)*X(bes,bet)/

+ (k2%k3 + k3*u(bcs,bct) + u(bcs,bet)*#2))/theta
if((bcs .eq. 1) .and. (bct .gt. 9850)) then
print* bet, fv
endif
return
end

FRkK AR
double precision function fx(u,v,m,n,bcs,bct)
integer m,n,bcs,bct
double precision k1,k2,k3,mul,mu2,theta
double precision u(0:m,0:n), v(0:m,0:n)
PARAMETER( k1 = 5.2D-6, k2 = 3.0D-3, k3 = 2.72D-3,

+ mul = 15.4, mu2 = 3.0,theta =1.0)

common /param/ k1,k2,k3,mul,mu2

fx = —(0.25+kl*mul*u(bcs,bct)*v(bes,bet)/
+ (k1 + u(bes,bet)) +
+ 3.5%k3*mu2*u(bcs,bct)*v(bcs,bet)/
+ (k2+%k3 + k3xu(bces,bct) + u(bcs,bet)**2))/theta
return
end
T T
double precision function gu(u,v,X,m,n,bcs,bct)
integer m,n,bcs,bct
double precision k1,k2,k3,mul,mu2,theta
double precision u(0:m,0:n), v(0:m,0:n),
+ X(0:m,0:n)
PARAMETER( k1 = 5.2D—6, k2 = 3.0D-3, k3 = 2.72D-3,
+ mul = 15.4, mu2 = 3.0,theta =1.0)
common /param/ k1,k2k3,mul,mu2

gu = —(kl*mul*v(bcs,bet)*X(bes,bet)/
(k1 + u(bcs,bct))**2 +
k3*mu2*v(bcs,bct)*X(bcs,bct)*
(k2%k3 — u(bes,bct)**2)/
(k2+k3 + k3*u(bcs,bct) + u(bes,bet)**2)*x2)/theta
return
end
S L s
double precision function gv(u,v,X,m,n,bcs,bct)
integer m,n,bcs,bct

+ 4+ + +

95



double precision k1,k2,k3,mul,mu2,theta
double precision u(0:m,0:n), v(0:m,0:n),

+ X(0:m,0:n)
PARAMETER( k1l = 5.2D-6, k2 = 3.0D-3, k3 = 2.72D-3,
+ mul = 15.4, mu2 = 3.0,theta =1.0)
* common /param/ kl,k2,k3,mul,mu2

gv = —(kl*mul*u(bcs,bct)*X(bes,bet)/

+ (k1 + u(bcs,bct)) +

+ k3*mu2*u(bcs,bct)*X(bcs,bct)/

+ (k2+k3 + k3xu(bcs,bct) + u(bcs,bet)*2))/theta
return
end

FRAKRF K

double precision function gxp(u,v,X,m,n,bcs,bct)
integer m,n,bcs,bct
double precision k1,k2,k3,mul,mu2,theta
double precision u(0:m,0:n), v(0:m,0:n),

+ X(0:m,0:n)
PARAMETER( k1 = 5.2D—6, k2 = 3.0D-3, k3 = 2.72D-3,
+ mul = 15.4, mu2 = 3.0,theta =1.0)
* common /param/ k1,k2,k3,mul,mu2

gxp = —(kl¥mul*u(bcs,bct)*v(bes,bet)/
(k1 + u(bcs,bct)) +
k3+*mu2+u(bcs,bct)*v(bes,bet)/
(k2%k3 + k3*u(bcs,bct) + u(bes,bet)**2))/theta
return
end
kAR K
double precision function hw(X,m,n,bcs,bct)
integer m,n,bcs,bct
double precision k3,theta
double precision X(0:m,0:n)
parameter(k3 = 2.72d—3,theta =1.0)
* common /param/ k3
hw = —k3xX(bcs,bct)/theta
return
end
T
double precision function hxp(w,m,n,bcs,bct)
integer m,n,bcs,bct

+ + +
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double precision k3,theta
parameter(k3 = 2.72d—3,theta =1.0)
double precision w(0:m,0:n)

* common /param/ k3
hxp = —k3*w(bcs,bct)/theta
return
end

KA KA K

double precision function mu(u,v,X,m,n,bcs,bct)
integer m,n,bcs,bct
double precision k2k3,mu2,theta
double precision u(0:m,0:n), v(0:m,0:n),
+ X(0:m,0:n)
parameter(k2 = 3.0d—3, k3 = 2.72d-3,
+ mu2 = 3.0d0,theta =1.0)
* common /param/ k3,k4,k5 mu2
mu = (k3*mu2*v(bes,bct)*X(bes,bet)*
+ (k2+k3 — u(bcs,bct)*x2)/
+ (k2+k3 + k3*u(bcs,bet) + u(bes,bet)*#2)+*2)/theta
return
end
Rk kKK
double precision function mv(u,v,X,m,n,bcs,bct)
integer m,n,bcs,bct
double precision k2,k3,mu2,theta
double precision u(0:m,0:n), v(0:m,0:n),
+ X(0:m,0:n)
parameter(k2 = 3.0d—3, k3 = 2.72d-3,
+ mu2 = 3.0d0,theta = 1.0)
* common /param/k2,k3,mu2
mv = k3*mu2*u(bcs,bct)*X(bcs,bct)/
+ (k2+k3 + k3*u(bcs,bct) + u(bcs,bct)**2)/theta
return
end
ok ok koK ok oK
double precision function mxp(u,v,X,m,n,bcs,bct)
integer m,n,bcs,bct
double precision k2,k3,k5,mu2,theta
double precision u(0:m,0:n), v(0:m,0:n),

+ X(0:m,0:n)
PARAMETER( k2 = 3.0D-3, k3 = 2.72D-3,
+ k5 = 0.1d0,
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mu2 = 3.0,theta = 1.0)
common /param/ k2,k3,k5,mu2
mxp = (k3*mu2+u(bcs,bct)*v(bcs,bet)/
(k2%k3 + k3xu(bes,bct) + u(bcs,bet)**2)—
k5/(k5 +X(bcs,bct))*#2)/theta
return
end

subroutine initial(u,v,w,X,inj,m,n,sstep,tstep,
dh,nu)
integer m, n
integer i,j
double precision constl, const2, const3, const4
double precision g2, g3
double precision nu, dh
double precision e
double precision sstep, tstep
parameter(const] = 1.000d2, const2 = 26.0D0,
const3 = 0.0396D0, const4 = 1.9D0)
double precision u(0:m,0:n), v(0:m,0:n),
w(0:m,0:n), X(0:m,0:n),

inj(0:n)
end do
end do
doi=0,m

if (i .eq. 0) then
u(i,0) = constl
else
u(i,0) = constl
endif
v(i,0) = const2
w(i,0) = constd
X(i,0) = const4
end do
return
end

subroutine pinitial(p1,p2,p3,p4,m,n)

integer i,

integer m, n

double precision p1(0:m,0:n), p2(0:m,0:n),
p3(0:m,0:n), p4(0:m,0:n)
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do i =0, m

p3(i,n) =1.0d0
pl(i,n) =0.0d0
p2(i,n) = 0.0d0
p4(i,n) = 0.0d0
end do
return
end
ok ok ok ok ko

subroutine compare(cpl,ctempl,duml,dum2,dum,m,n residue)
integer m,n
double precision cpl(0:m,0:n), ctempl(0:m,0:n)
double precision dum1(0:m,0:n), dum2(0:m—1,0:n)
double precision dum(0:n—1), residue
doj=0,n
doi=0m
duml(i,j) = dabs(cpl(i,j) — ctempl(i,))
end do
end do
do ) =0,n
dum?2(0,j) = dmax1(duml1(0,j), duml(1,j))
doi = 1lm-1 }
dum2(i,j) = dmax1(dum2(i—1,j),duml(i+1,j))
end do
end do
dum(O) dmax1(dum2(m—1,0), dum2(m—1,1))
doj =1, n-1
dum(J) dmax1(dum(j—1),dum2(m—1,j+1))
end do
residue = dum(n—1)
return
end
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