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Abstract

Many of the systems we care about—like the economy, public health, transportation,

and socioeconomics—change over time. The data that captures these changes is

referred to as temporal data. The overarching goal of this work is to develop

methods that make temporal data more interpretable, explorable, and actionable to

analysts across many domains. Each method presented in this dissertation addresses

a different modality or aspect of temporal data analysis. Together, they form a

methodological toolkit that enables analysts to explore temporal patterns and extract

meaningful insights from dynamic systems. Specifically, we focus on algorithmic

and visualization techniques for time series and dynamic networks. We present a

novel time series representation method called Shape Profiling that automatically

extracts and describes time series based on intuitive shapes. The versatility of our

technique allows for a wide range of query-by-content searches, such as identifying

co-occurring patterns, concomitant patterns, and sequential patterns executed across

various time specifications and filterings. These queries provide efficient and accurate

results for practitioners that are consistent with human intuition, enabling an in-

depth exploration of how shapes and trends are arranged across complex time series

datasets. Our next contribution is a technique for uncovering temporal patterns

in dynamic network sequences. We apply the Multidimensional Matrix Profile to

snaphsot graph embeddings of dynamic networks. This data structure yields a new

way to study dynamic networks based on the all-pairs similarity-join problem that

has shown much success in time series data mining. Finally, we present Community
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Fabric, a novel visualization technique for simultaneously displaying communities

and structure within dynamic networks. By hybridizing two popular network and

community visualizations, Community Fabric improves upon existing state-of-the-art

in several key areas. Our approach allows viewers to interpret and understand the

interplay of structural change and community evolution in dynamic networks more

easily. For each contribution, we apply our approaches to use cases of interest and

present the results.
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Introduction
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1.1 What is Temporal Data and Why Does it

Matter?

Many of the systems we care about—like the economy, public health, transportation,

and socioeconomics—change over time. The data that captures these changes is

referred to as temporal data. For example, by analyzing time series data describing

a country’s socioeconomic indicators, we can gain insights into its development,

stability, or vulnerability. Similarly, by studying daily network snapshots from the

D.C. Capital Bikeshare system, we can uncover patterns such as recurring movement

motifs, identify unusual events like system-wide disruptions, and detect structural

changes in how stations are used over time. In the context of global trade, we can

examine temporal data on coffee exports to identify sudden shifts in trading behavior

that might signal economic instability or geopolitical events. Likewise, in healthcare

settings, analyzing how individuals interact in a hospital ward over time can reveal

evolving community structures that may influence the spread of infections or the

effectiveness of care. These examples illustrate that temporal data can vary in form,

ranging from individual scalar measurements to dynamic networks, but all share the

challenge of capturing and interpreting change over time.

As sensors, systems, and digital records increasingly generate large volumes of

temporal data, manually reviewing and interpreting these data points is no longer

practical. Consequently, we rely on computational methods and algorithms to assist in

analyzing, summarizing, and understanding complex temporal patterns. These tools

enable us to detect trends, identify anomalies, and highlight significant changes—

tasks that would otherwise be infeasible for human analysts.

The ability to accurately interpret temporal data carries varying levels of

importance depending on the context. In global trade analysis, such as monitoring

coffee exports, delays in identifying shifts or anomalies may lead to incorrect economic

forecasts or missed market opportunities. In urban mobility systems like the D.C.

Capital Bikeshare network, failing to detect patterns in daily station usage could result
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in inefficient resource allocation or disruptions to service. In contrast, in a hospital

setting, overlooking patterns of interaction between individuals can have far more

serious consequences, potentially compromising patient safety or the effectiveness

of infection control measures. These examples highlight that accurate and timely

interpretation of temporal data is not merely a technical challenge, it is often essential

for informed decision-making and responsible action.

This dissertation focuses on developing methods to support the analysis and

interpretation of time-evolving data, including both time series and dynamic net-

works. The techniques introduced in the following chapters are designed to

improve the interpretability of temporal data, uncover patterns and behaviors that

would otherwise remain hidden, and facilitate decision-making in contexts where

understanding how systems change over time is essential.

1.2 Scope and Purpose

Analyst sensemaking refers to the process of constructing meaningful interpretations

and actionable insights from complex, uncertain, or ambiguous data. In the context

of temporal analysis, sensemaking involves not only identifying patterns, changes,

and anomalies in data over time, but also interpreting their significance, drawing

connections across variables and contexts, and generating insights that inform real-

world decision-making. Effective sensemaking is crucial in domains such as public

policy, scientific research, and system monitoring, where decision-making depends on

a deep understanding of dynamic behaviors.

Temporal data arises across nearly every domain where systems evolve over

time. From sensor readings and economic indicators to mobility patterns and social

interactions, analysts increasingly rely on temporal datasets to answer questions

about behavior, change, and structure. Yet as temporal datasets grow in size and

complexity, so too do the problems associated with understanding them. Analysts are

often faced with the task of interpreting noisy, high-dimensional signals, identifying
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patterns across time, and relating the findings to the real-world situations they are

investigating, guided by their domain expertise and contextual knowledge. This

dissertation addresses these challenges by introducing three distinct exploratory

temporal data analysis methods, each designed to support the analyst sensemaking

process.

The overarching goal of this work is to develop methods that make temporal

data more interpretable, explorable, and actionable. Each method presented in

this dissertation addresses a different modality or aspect of temporal data analysis.

Together, they form a methodological toolkit that enables analysts to explore

temporal patterns and extract meaningful insights from dynamic systems. These

methods are: (1) Shape Profiling, for semantically segmenting and labeling shapes

in time series; (2) Dynamic Network Matrix Profile (DNMP), for motif and anomaly

discovery in dynamic networks; and (3) Community Fabric, a visualization technique

for exploring the evolution of community structure in time-evolving graphs.

The first contribution, Shape Profiling (Chapter 2), introduces a hands-off

technique for transforming raw time series into interpretable sequences of labeled

regimes. By using a semantic segmentation algorithm and matching segments to

a curated set of archetypal shapes, Shape Profiling creates a representation that is

both expressive and intuitive. This approach allows analysts to recognize behavioral

trends, search for patterns, and compare time series not only by numerical similarity

but also by their underlying shape composition.

The second contribution, DNMP (Chapter 3), extends the Matrix Profile concept

to dynamic network data. It does so by representing each graph snapshot as an

embedding vector and stacking these vectors over time, effectively transforming a

dynamic network into a multivariate time series. This formulation supports the

application of the all-pairs similarity join to graph snapshot subsequences, enabling a

wide range of data mining tasks across the temporal evolution of a network. DNMP

bridges the gap between time series analysis and dynamic graph mining, unlocking

new capabilities for pattern discovery in networked systems.
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The third contribution, Community Fabric (Chapter 4), addresses the challenge

of visualizing both community dynamics and network structure in evolving graphs.

Existing techniques tend to emphasize one aspect at the expense of the other, leading

to fragmented or visually overwhelming displays. Community Fabric integrates

Biofabric-style structural visualizations with community alluvial diagrams, providing

a cohesive view of how communities evolve over time in relation to the underlying

network topology. This technique supports exploration, validation, and explanation

of community behaviors and structural shifts in dynamic networks.

The three methods introduced above share a common purpose: to enhance how

analysts engage with, interact with, and explore temporal data in support of deeper

understanding and sensemaking. Shape Profiling, designed for time series, helps

answer what types of behaviors are occurring over time. DNMP and Community

Fabric, both focused on dynamic graphs, address different aspects of temporal

structure: DNMP helps identify when and how often structural behaviors recur

or deviate, while Community Fabric helps contextualize why those behaviors may

be emerging by revealing changes in network topology and community structure.

Together, these methods form a versatile toolkit for analyzing and interpreting

complex time-evolving data. Each method is presented with a focus on its individual

challenges, goals, and role in advancing temporal data sensemaking, collectively

representing an overall advancement to the methodological landscape of exploratory

temporal data analysis, with the shared goal of supporting interpretable and insightful

analyst reasoning.

1.3 Practical Challenges

While the methods presented in this dissertation are designed to be broadly applicable

across domains, many of the practical challenges they address were first surfaced and

shaped through engagement with the World SpatioTemporal Analytics and Mapping

Project (WSTAMP) [140, 112, 142], which served as a key source of inspiration.
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WSTAMP provides a compelling illustration of the kinds of real-world problems

analysts face when working with large-scale, heterogeneous temporal datasets.

WSTAMP is a long-running, practitioner-focused research and analytics initiative

that curates, integrates, and analyzes open-source spatiotemporal data across a wide

range of socioeconomic and environmental domains. Its user base—primarily applied

geographers, public policy researchers, and government analysts—often confronts

complex analytical questions using diverse datasets that span decades, regions, and

data quality levels. These users are rarely specialists in statistics or computer

science, yet they are tasked with interpreting temporal patterns, comparing structural

dynamics, and making decisions based on evidence found in noisy, high-dimensional

data across a broad range of socioeconomic and cultural indicators.

To support its users, WSTAMP provides a cohesive, browser-based analytical

environment for discovering, analyzing, and visualizing socioeconomic spatiotemporal

data with the goal of enabling users to interpret the past, operate in the present,

and anticipate future developments [113]. WSTAMP strives to provide analytical

and visualization capabilities that allow detailed and comprehensive data exploration

while remaining accessible to analysts of varying skill levels. Its analytical capabilities

encompass both standard time series analysis and advanced data mining approaches∗.

Altogether, WSTAMP provides a source of methods, tools, and software for working

with complex, non-traditional spatiotemporal data.

The WSTAMP platform aggregates over 25,000 attributes collected from major

organizations and open-source datasets such as World Bank (WB), World Health

Organization (WHO), United Nations (UN), Armed Conflict Location and Event

Data (ACLED), Harvard Growth Lab (ATLAS), National Aeronautics and Space Ad-

ministration (NASA), National Oceanic and Atmospheric Administration (NOAA),

Bureau of the Census, and over 30 other sources. Its data spans indicators of violence,

∗WSTAMP’s advanced analytical techniques include Spatial Principal Component Analysis Trend
Maps [141], Attribute Portfolio Distance [114, 141, 112], Find Signature Trends [113], Attribute
Stability Index [115, 113], Categorize Trends [143], and Dynamic Time Warping based trend
comparisons.
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health, education, climate, commerce, agriculture, and more, resulting in a database

with approximately 55 million time series and thousands of product trade networks.

While WSTAMP offers a vast number of time series, many of these are relatively

short in duration—often consisting of just a single annual observation. At the same

time, the dataset is exceptionally wide, containing tens of thousands of attributes

distributed across countries, subnational regions, and data vendors. This combination

of short temporal length and broad attribute coverage poses unique challenges for

analysis and influenced our methods.

Through engagement with WSTAMP and its users, three analyst needs emerged:

• The need to represent and compare behavioral trends in time series data using

interpretable semantically meaningful shapes.

• The need to identify motifs and anomalies in dynamic networks over specific

time ranges, rather than at individual time points.

• The need to visualize evolving communities in dynamic networks while under-

standing the structural relationships that led to those communities.

These challenges, though highlighted by WSTAMP, are by no means unique to it.

They reflect a broader class of problems encountered by analysts across many domains

such as climate science, economics, health, and national security, where making sense

of time-evolving data is critical for insight and action. The methods developed in

this dissertation—Shape Profiling, Dynamic Network Matrix Profile (DNMP), and

Community Fabric—directly address these practical needs.
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Chapter 2

Shape Profiling: A Shape-Based

Representation for Time Series

Analysis

8



2.1 Abstract

We introduce Shape Profiling, a novel time series representation that automatically

extracts and characterizes sequences using intuitive shape-based segments. Our

method belongs to the class of approaches that first segment time series and then

extract patterns from the resulting segments. Existing techniques in this space

often rely on segmentation strategies designed for dimensionality reduction, which

may obscure meaningful structure, and can require significant analyst intervention

and technical expertise. To address these gaps, Shape Profiling uses semantic

segmentation to preserve structural regimes within segments and automatically

extracts patterns with minimal analyst involvement. We achieve this by developing

Unsupervised Fast Low-cost Unipotent Semantic Segmentation (UFLUSS), a Matrix

Profile-based algorithm that identifies regime changes without requiring labeled data.

Each resulting segment is then classified by comparing it to a set of prototypical

shapes using Dynamic Time Warping (DTW), producing a labeled Shape Profile for

each time series. The result is an interpretable, low-effort representation that supports

scalable analysis and pattern discovery in large-scale time series datasets.

2.2 Introduction

Time series data mining is critical across various fields, offering valuable insights

into patterns and trends within complex systems. Time series data can encompass

anything from collected physical measurements to logical indicators representing

different systems. Researchers and analysts often focus on identifying specific trends

or anomalies within particular periods of a time series. For example, in the context

of a nuclear reactor, engineers might be interested in identifying one-hour periods

where sensor readings differ significantly from others. In socioeconomics, a geospatial

analyst may examine which decades saw a consistent upward trend in a country’s gross

domestic product and whether these trends exhibit any spatial relationships across
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neighboring regions. Furthermore, practitioners may investigate whether certain

countries exhibited unusual trends during these periods, suggesting economic outliers

in contrast to regional baselines.

Inspired by such diverse use cases and analyst needs, we introduce a novel

technique called Shape Profiling, designed to extract, index, and analyze the shapes

and trends of time series data. There are several existing works that aim to

extract meaningful shapes or patterns from time series data [80, 162, 50, 43,

135, 3, 47, 143]. These techniques are thoroghly described in Section 2.3.1 and

an overview is presented in Table 2.1. Some of these approaches do not apply

segmentation [3, 47, 143] and instead require the analyst to specify the length of

the pattern or query window in advance. This requirement can be difficult to

tune across large, heterogeneous datasets, where appropriate pattern lengths may

vary substantially. Other methods incorporate segmentation to divide the time

series into more interpretable parts [80, 162, 50, 43, 135], but the segmentation

strategies themselves were typically designed for dimensionality reduction rather

than for identifying meaningful behavioral changes. For instance, equal-length slicing

imposes fixed breakpoints at regular intervals regardless of the underlying signal [135],

while Piecewise Linear Approximation (PLA) [133] incrementally fits linear segments

and places a breakpoint when the residual error exceeds a threshold [43, 80]. As

Gharghabi et al. [42] note, a more appropriate strategy is semantic segmentation,

in which “we are interested in regimes that are defined by changes in the shapes

of the time series subsequences, which can change without any obvious effect on

the statistical properties.” Thus, semantic changes can be difficult for segmentation

methods based on dimensionality reduction to capture effectively.

Shape Profiling fills these gaps by offering a fully automated framework that

leverages semantic segmentation to preserve coherent temporal regimes and performs

shape classification with minimal analyst intervention. Central to our method is

Unsupervised Fast Low-cost Unipotent Semantic Segmentation (UFLUSS), a novel

extension of the Matrix Profile-based FLUSS algorithm [42]. Unlike the original
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FLUSS method, UFLUSS does not require the number of regimes to be specified,

enabling fully unsupervised semantic segmentation. Thus, UFLUSS allows our

method to be applied to unlabeled datasets. Once segmented, each regime is classified

by comparing it to a set of synthetically generated shape exemplars using Dynamic

Time Warping (DTW) [126, 152], resulting in a labeled Shape Profile that compactly

captures the essential structure of each time series. These profiles support querying,

retrieval, and interpretation tasks across time series datasets.

Our approach begins by taking a micro-level view of each time series through the

computation of the Matrix Profile [166]. The Matrix Profile is a widely used data

structure that efficiently solves the all-pairs similarity-join problem: finding, for every

subsequence in a time series, its nearest neighbor according to a given distance metric

(e.g. Euclidean or z-normalized Euclidean distance) over a fixed subsequence length.

This powerful abstraction enables a wide range of downstream data mining tasks,

including motif discovery, anomaly detection, and segmentation.

In Shape Profiling, we use the Matrix Profile solution to the all-pairs similarity-

join problem for semantic segmentation by employing UFLUSS. UFLUSS builds upon

FLUSS [42], a segmentation method that detects changes in subsequence similarity

structure using the arc curve, which captures the recurrence of similar patterns over

time. While FLUSS requires the number of segments to be specified in advance, a

barrier to usability with our data, UFLUSS eliminates this requirement by greedily

finding all local minima in the arc curve. This adaptation allows UFLUSS to operate

in a fully unsupervised manner, detecting regime boundaries without prior knowledge

of how many behaviors exist in the time series.

The output of UFLUSS is a series of non-overlapping segments, each corresponding

to a coherent semantic regime. These regimes capture distinct behaviors or system

states, where local subseqence behavior is similar. Semantic segmentation is the

natural fit for this type of problem, since we ultimately want to extract where

behaviors are occuring. By isolating individual regimes, analyst do not need to worry
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about manually tuning specific time ranges or tuning query parameters as is the case

with non-segmentation-based approaches [3, 47, 143].

While semantic segmentation helps determine where behaviors are occurring in

the time series, the pattern extraction step identifies what those behaviors are. Each

segmented regime is treated as a coherent unit whose shape reflects an underlying

trend or system state. By classifying these segments into archetypal behavior classes,

we obtain a symbolic and interpretable representation of the time series. This two-

stage process, semantic segmentation followed by shape classification, transforms raw

time series data into a higher-level summary that is both compact and aligned with

human intuition.

To perform this classification, we use a vocabulary of ten predefined archetypal

shapes, originally developed in collaboration with professional analysts to capture

patterns commonly observed in temporal datasets [143]. These include simple trends

such as up, down, and constant ; cyclic patterns such as wave; localized anomalies

such as spike-up and spike-down; and structural shifts such as shift-up, shift-down,

smile, and frown. These shapes align closely with shape vocabularies used in prior

shape-based time series methods [135, 43, 162, 80, 47], reflecting common temporal

behaviors that recur across application domains. Additionally, our method allows

for straightforward extension, enabling domain-specific applications to define and

incorporate custom shape definitions as needed.

To assign shape labels, we synthetically generate a representative exemplar for

each archetype—a clean, idealized time series encoding the canonical version of the

behavior. These exemplars are not fixed templates; instead, they are generated

dynamically by a function that adjusts each shape to match the length of the segment

being classified. This strategy was originally introduced in Stewart et al. [143],

where it was applied to full-length time series. In our work, we use this strategy

at the segment level, allowing each regime identified by UFLUSS to be classified

independently based on its local behavior.
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Each regime is compared to all shape exemplars using the Dynamic Time Warping

(DTW)∗ distance [126, 152]. DTW is well-suited for this task due to its ability to

non-linearly align sequences; it can align shapes even when they are phase-shifted,

stretched, or compressed in time. This makes DTW more robust than pointwise

measures like Euclidean distance. The regime with the lowest DTW distance to an

exemplar is labeled with the corresponding behavior class. The result is a Shape

Profile (see Figure 2.8), a simplified yet semantically rich representation of the time

series that captures its structural evolution through a sequence of labeled regimes.

This compact and interpretable summary supports a range of search, retrieval, and

indexing tasks in time series datasets.

In summary, Shape Profiling offers a novel approach to pattern mining in

large time series datasets. We improve upon existing methods by using semantic

segmentation to identify meaningful regime boundaries and by requiring minimal

analyst intervention to produce results. Furthermore, Shape Profiles can be

precomputed and stored, enabling rapid search and retrieval across datasets. The

result is an interpretable, low-effort representation that supports scalable analysis

and pattern discovery in large-scale time series datasets.

The remainder of the chapter is organized as follows. Section 2.3 reviews key

time series background material, including Dynamic Time Warping (DTW), Matrix

Profile, time series representations, shape-based pattern mining, and information

retrieval. Section 2.4 formally details our proposed method and outlines the

algorithmic steps involved in Shape Profiling. Section 2.6 presents experimental

results using select indicators from an open-source geospatial time series dataset.

Section 2.7 provides the limitations of our approach. Section 2.8 summarizes the

main findings, and Section 2.9 outlines directions for future research.

∗A full discussion of DTW is provided in Appendix A.
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2.3 Background

The gathering of measurements over time is ubiquitous across almost every field

of the sciences. The purpose of collecting these measurements is to use them to

extract, understand, and reason with patterns, shapes, and correlations across the

data. Time series analysis, originating in the early 20th century, has been fundamental

in this endeavor. British statistician George Udny Yule laid the groundwork with his

seminal 1927 paper [171], introducing methods to analyze temporal data. Around

the same period, Russian economist Eugen Slutsky applied time series analysis

to economic data [136], demonstrating how random events could produce cyclical

patterns observed in economies.

Humans have a natural propensity to see complex patterns within time series;

however, their scope of vision is limited to a relatively small set of data compared

to that of an advanced computer. Even though computers solve the problem of

combing through massive amounts of data, it is still a complex and challenging

task to develop algorithms that can suss out meaningful patterns and descriptions

of the data. Beginning in the mid-20th century, organizations like the National

Bureau of Economic Research (NBER) started leveraging computers for time series

analysis of economic indicators [94], marking a significant advancement in the field.

For the last several decades, the time series community has continued to utilize

computers to enhance human interaction with temporal data. These advancements

have enabled researchers to analyze and dissect larger datasets, providing insights

that were previously unattainable.

[37] provide an excellent survey covering some of the most important topics

of modern time series data mining including representation techniques, distance

measures, and indexing methods. This paper serves as a strong background for our

work, as each of these three major topics is highly relevant to Shape Profiling. While

the extensive field of time series analysis includes many other important topics such
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as forecasting and prediction, they are less pertinent to our Shape Profiling technique

and are not covered here.

2.3.1 Representation Methods

Representation methods aim to represent the fundamental shape characteristics of

a time series [37]. It is typically desired that the representation maintain critical

information, while reducing or keeping the same dimensionality from the original data

size. This is because efficient retrieval is needed only data subsequences that fulfill

domain-specific criteria, rather than for arbitrary points. Consequently, it is neither

necessary nor feasible to store the entire dataset in a way that allows immediate access

to every part at all times. Instead, it is sufficient to preserve key characteristics of

the data and maintain those representations, rather than the complete sequences

[133]. This leads to an important question: what information should be kept? The

answer can be dependent on the domain and data task at hand. Some of the most

basic time series representations include sampling points or strategically choosing

certain points, reducing storage while trying to maximize the ability to reconstruct

the original sequence or desired sequence information. There are various strategies

for retaining points, including Landmark in [111], Important Point in [119], and

Perceptually Important Point in [41]. If one wants to find discords within their data

they would likely keep different information than if they want to find motifs. However,

more recently, domain agnostic representations like Matrix Profile [166] have proved

the possibility of approaches that are useful across many tasks and domains. Despite

this progress, these newer domain agnostic representations are still the minority of

techniques currently published in the literature.

Traditionally, time series representation strategies have been broken down into

three categories, namely non-data adaptive, data adaptive, and model based [37, 82].

Non-data adaptive approaches do not consider specific characteristics of the data,

applying the same transformation to all datasets. Discrete Fourier Transform (DFT)
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[38] and Discrete Wavelet Transform (DWT) [24] were some of the earliest approaches

in this category. These spectral techniques decompose the time series into components

(e.g. sine and cosine components in the case of DFT) without adjusting for specific

features of the data they are being performed on. Non-data adaptive approaches can

often struggle to retain specific local information due to their global focus causing

localized events or variations in frequency or amplitude to get smoothed out.

Data adaptive approaches adjust their method or parameters based on the

structure and characteristics of the specific time series being analyzed. Approaches

like Singular Value Decomposition (SVD) [161] inherently account for local variations

within the data fallng into this category. Additionally, non-data adaptive approaches

can often be trivially transformed into data adaptive approaches by adding a selection

step. This can be seen in [144] where they use a data-sensitive approach to prune

maxima from the wavelet transform representation.

In contrast, model based representations assume that the time series data was a

result of some underlying generative model. By fitting models like Markov Chains

(MCs) [130], Hidden Markov Models (HMMs) [105], or Auto-Regressive Moving

Average (ARMA) models [61], these approaches aim to represent the time series by

the parameters of the fitted model. Model based representations can be particularly

useful for capturing the stochastic nature of time series data and provide a robust

framework for prediction tasks when forecasting is the goal.

Moving on from the above three-class ontology, there is also a class of represen-

tations that first segment the time series and then represent those segments by some

feature or aspect of the segment. These representations could fit into any of the above

three categories depending on the chosen segmentation algorithm and representation

of each segment. These representations are most similar to the Shape Profile approach

presented here.

Examples of this class of representations include the Piecewise Aggregate Ap-

proximation (PAA) [65, 168]. In PAA, the time series is divided into equal-length

segments, and the mean of each segment is calculated to represent each segment.
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The segment length is chosen by the user based on their specific data and application

domain, thus putting this approach into the non-data adaptive category since the

segment length remains the same across all time series in a dataset. An update

to this approach called the Adaptive Piecewise Constant Approximation (APCA)

[23] allows for varying length segments and puts it into the data-adaptive category

of techniques. Both PAA and APCA tend to smooth high-variability time series

but can also be misleading when there are significant outliers causing acute average

segment values. Other approaches such as the Piecewise Linear Approximation (PLA)

[133] retain more information by approximating segments as real-valued functions.

Most commonly, this approach uses first-degree polynomials, or lines, calculated using

linear regression or linear interpolation to represent each segment†. PLA approaches

can be considered model-based approaches since they fit a model to each extracted

segment within the time series.

In addition, there are approaches that use symbols as a representation for each

segment. Symbolic representations have the advantage that they are discrete, whereas

real-valued representations suffer from the inability to use certain algorithms and data

structures coming from the text search domain (e.g. hashing, Markov models, suffix

trees, etc.). Perhaps the most popular symbolic approach found in the literature is

the Symbolic Aggregate approXimation (SAX) family of algorithms [82, 134, 15, 16].

SAX is based on the ideas behind PAA, first using PAA as its initial dimensionality

reduction strategy. From here, SAX uses the property that normalized time-series

values come from a Gaussian distribution by breaking the average values into a user-

selected number of bins. Each bin is mapped to a letter, and each segment’s average

value is represented by its corresponding bin’s letter. Thus, the time series can be

represented by a word consisting of letters in the alphabet whose cardinality is the

number of bins chosen. These word representations can be indexed and used to answer

time series queries with both exact and approximate solutions. Moreover, additional

†A comprehensive study of PLA segmentation strategies can be found in [66].
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enhancements have been introduced into SAX to optimize indexability in iSAX [134],

iSAX2 [15], and iSAX2+ [16], which are discussed further in Section 2.3.3.

We mention symbolic approaches because our Shape Profiling representation can

be trivially transformed into a symbolic representation opening the door for us to

utilize text indexing strategies. We further discuss the possibility of a Shape Profile

symbolic representation in Section 2.9 and various indexing strategies in Section

2.3.3. A comprehensive overview of traditional time series symbolic representations is

provided in [31] and an evolution of modern symbolic data series indexes is provided

in [103].

More similar to our work are the class of time series representations that take

a shape-based view of the time series. For example, Agrawal et al. [3] presented a

query language called Shape Description Language (SDL) that allows for the retrieval

of patterns in time series histories. SDL employs a user-defined alphabet to describe

point-to-point changes using lower and upper bounds and value constraints. This

alphabet can be used to build more complex patterns and shapes, similar to the

exemplar trends generated by Stewart et al. [143]. However, constructing robust

patterns with SDL can be challenging due to the fine granularity required in the

alphabet description. Manually creating specific patterns that strike the right balance

of information in large datasets—avoiding too few or too many results—can be

cumbersome and difficult to achieve. To make the alphabet description a useful query

tool for complex datasets, extensive hyperparameter optimization might be necessary

to select appropriate thresholds and constraint values.

Furthermore, Gregory [46] studied the creation of user-defined shapes for identify-

ing, comparing, and ranking time series. As a part of this work, the authors examined

eight primary user-defined shapes: lines, spikes, sinks, rises, drops, plateaus, valleys,

and gaps [47]. These are similar to the general shapes in [143]; however, each shape

and its ranking are defined using different techniques, making the interpretation

of results more complex since one must understand each shape’s specific criteria

separately.
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There is also a more specific class of representations that first segment each

time series and then take a shape view of the individual segments. Our Shape

Profiling approach belongs to this more specialized class of methods, as discussed

below. Table 2.1 provides a summary of existing shape-based methods, distinguishing

between those that rely on segmentation and those that operate directly on the full

time series or a selected range of the time series.
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Method Segmentation Strategy Pattern Extraction Strategy

Segmentation-Based Methods

Shape Profiling Matrix Profile-based semantic segmen-
tation using Unsupervised Fast Low-
cost Unipotent Semantic Segmentation
(UFLUSS).

DTW used to compare segments to syn-
thetic shape templates for classification.

Multiple Abstraction Level Mining
(MALM) [80]

PLA with linear regression on each
segment.

Regression coefficients, residual statistics,
and MSE are extracted and clustered into
rise, fall, flat with subcategories.

Xie and Yan [162] Stable local extrema selected using local
neighborhood.

Convex/concave patterns defined be-
tween extrema to support shape compar-
ison.

Derivative Segment Approximation
(DSA) [50]

Slope-based segmentation using first
derivative and sliding window.

Segments mapped to angular values from
their mean slopes.

Time Series Shape (TSS) [43] PLA-based; segments form overlapping
intervals.

Angles classify intervals into 25 prim-
itive shapes; 5 additional features are
extracted.

Shirato et al. [135] Equal-length segmentation. Triangle area determines shape: Up,
Down, Constancy, Peak, or Trough.

Non-Segmentation-Based Shape Methods

Shape Description Language (SDL)
[3]

N/A Symbolic alphabet defines shape primi-
tives via constraints; pattern matching is
sensitive to alphabet granularity.

Gregory and Shneiderman [47] N/A Predefined shapes (e.g., lines, spikes,
valleys) identified and ranked based on
various rules.

Categorize Trends [143] N/A DTW used to compare raw time series to
synthetic shape templates for classifica-
tion.

Table 2.1: Summary of segmentation-based and non-segmentation-based shape mining methods for time series analysis.
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One of the earliest techniques in this category is Multiple Abstraction Level Mining

(MALM) [80]. MALM segments a time series using Piecewise Linear Approximation

(PLA) [133] mentioned previously. After segmentation, each segment is approximated

by a linear regression model. Features are then extracted from the regression, such as

the regression coefficients, the mean squared error between the original subsequence

and the regression curve, and various statistics derived from the residuals. These

features are used as input to standard clustering algorithms to group and label time

series segments. MALM introduces the idea of a vocabulary of patterns, including

labels like rise, flat, and fall, with further subcategories such as steep and slow.

Although the authors do not explicitly describe the classification process, it is implied

that segments are classified based on the extracted regression features. Importantly,

MALM develops the concept of querying across multiple abstraction levels: raw time

series (time series level), extracted regression features (feature level), and classified

pattern labels (semantic level) providing a flexible framework for domain experts

looking for dynamic control of their similarity search.

Xie and Yan [162] segment time series based on stable extremes, that is, minima

and maxima. Stable extremes are determined by finding local minima and maxima

that have adjacent neighbors that are not local maxima or minima themselves,

respectively. The stable extremes are then used as candidate points upon which

primitive convex and concave patterns are defined. These patterns ultimately

determine where a time series is segmented. A convex pattern can be defined as a

sequence of stable extremes in which the start and end points are a stable minimum,

there is at least one stable maximum between the start and end points, and there

is no stable minimum below the start or end points on either side of every stable

maximum. The inverse of these conditions are used to define a concave pattern.

Time series segments with their corresponding patterns can then be used for further

analysis and comparison of time series within a dataset.

In Gullo et al. [50], the authors present an approach called Derivative Segment

Approximation (DSA) that follows segmentation by shape-based feature extraction
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to represent time series. DSA first transforms the original time series values using the

first derivative estimate of each value. The transformed time series is segmented with

a sliding window approach capturing contiguous points with close slope. The series

is broken on a point when the slope of the preceding segment exceeds a threshold.

This threshold can be defined using a dataset oriented standard deviation of all time

series, a series oriented standard deviation of individual time series, or a segment

level standard deviation. The authors used the latter threshold, which segmented the

values based on more localized patterns in the data compared to the other thresholds.

Following segmentation, DSA uses the arctangent of the mean segment values to map

each segment to an angular value. The segment mapping of angular values is used as

the final representation of the time series.

In Gmati et al. [43], the authors introduce a time series representation and

abstraction framework called Time Series Shape (TSS). Like MALM, TSS segments

time series using Piecewise Linear Approximation (PLA) [133]. Every two adjacent

segments are then combined into an interval, with overlapping intervals that share

a segment. Each time series is thus represented by the collection of primitive

shape classifications and features extracted from its intervals. Primitive shapes are

determined for each interval based on the angles of its two segments relative to the

horizontal axis. These angles define the classification of the interval into one of five

primary shape categories: Increase, Decrease, Pick Up, Pick Down, and Stable. Each

primary category can be further subdivided based on specific angle values, resulting

in a total of 25 possible primitive shapes. In addition to shape classification, five

shape features are extracted for comparison. Two features, specific to Pick Up

and Pick Down, measure the symmetry of amplitude and length between the two

composing segments. The remaining three features, applicable to all shapes, capture

the overall amplitude, length, and mean of the interval. Finally, the authors define

a similarity measure over these shape features to enable retrieval of time series with

similar structural patterns.
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In Shirato et al. [135], the authors introduce the concept of episodes, which are

essentially multivariate time series where multiple attributes or features vary over

time. In WSTAMP [142], a similar idea is referred to as a basket of attributes.

These multivariate series can be decomposed into collections of univariate patterns

extracted from individual features. Although Shirato et al. [135] does not perform

semantic segmentation, its method is closely related to others in this category and

is thus included here. In this work, segments are defined simply as equal-length

intervals chosen by the user. Segments are then classified into one of five shapes: Up

Trend, Peak, Constancy, Trough, or Down Trend. Segment classification is achieved

through a downsampling technique that selects the point maximizing the triangle

area between an interval’s start and end points [139]. Features of this triangle, such

as the area, range, and whether the middle point is a maximum or minimum point

are used to determine classification based on a decision tree with feature thresholds.

Beyond detecting patterns within episodes, the study emphasizes post-analysis by

investigating transitions between patterns and the co-occurrence of patterns within

an episode. While this style of post-processing is not entirely novel—having been

previously explored in WSTAMP through both the Find Signature Trends tool [112]

and Categorize Trends tool [143] in the context of socioeconomic data—most prior

work has primarily focused on pattern detection and representation rather than post-

analysis.

2.3.2 Distance Measures

While representations allow us to succinctly capture important characteristics of a

time series, for most data mining tasks we also need a way to compare individual

time series. Distance measures address this need by quantifying the differences

between time series data, enabling computers to directly assess the similarity between

sequences. As mentioned previously, humans are exceptionally skilled at observing

patterns and individual characteristics of time series, simultaneously accounting for
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amplitude, scaling, temporal warping, noise, and outliers. Likewise, a good distance

measure should also abstract these complexities and recognize perceptually similar

time series in a manner consistent with human intuition [37].

Distance measures are a fundamental concept in the mining of time series data,

and research in this domain has proliferated over the past few decades. Distance

measures have been extensively evaluated to understand which measures provide

superior performance and accuracy [157, 132, 45, 52]. Most recently, [52] compared 56

distance measures from highly cited time series research papers against the well-known

University of California at Riverside (UCR) time series data suite [30]. Distance

measures are crucial for time series classification, clustering, anomaly detection, and

feature engineering. Significantly, distance similarity plays an important role in our

Shape Profiling technique allowing us to compare time series segments to synthetically

generated sequences, resulting in a classification for each segment.

Distance measures can be broken down into four primary categories: shape-

based, edit-based, feature-based, and structure-based distances [37]. Other typologies

have been suggested [157, 93]; however, Esling’s classification appears to be the

most comprehensive when augmented with an additional combined distance measure

category proposed by [52] to accommodate modern hybrid techniques.

Shape-based distance measures compare the overall form of time series by

evaluating differences between raw data points. This evaluation can involve directly

matching time series points in lock-step fashion or allowing an elastic mapping

between points, such as one-to-many or one-to-none correspondences. The most

prominent examples of shape-based distance measures are Euclidean distance and

Dynamic Time Warping, a lock-step approach and an elastic approach, respectively.

Euclidean distance and other Lp-norms [168] are widely used because of their

simplicity and low computational cost. The issue with these distances is the lack of

robustness to noise, outliers, time shifting, value amplification, and other properties

that foolproof a distance measure against common time series variances. Elastic

approaches such as Dynamic Time Warping (DTW) handle local distortions by
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allowing the time axis to warp. In this context, warping is a sophisticated term

describing how certain segments or points of one time series can be aligned to different

segments of another time series during comparison. This gives DTW more robustness

to the common aforementioned time series variances.

In this paper, we use the DTW distance measure in classifying time series

segments. This classification strategy was first developed by us and others in [143] for

classifying whole time series based on general trends. DTW, a dynamic programming

algorithm, was first used by [126] and [152] for speech recognition and was only later

known as DTW in the data mining community. DTW for time series analysis was

popularized in the seminal work [14] and research on the topic has since exploded.

It has been used in many domains, and variants and optimizations of the original

algorithm are profuse. For a comprehensive overview of the many refinements to the

original DTW framework, see [1].

While DTW can be computed traditionally in O(n2) time complexity, most

commonly used optimizations have come in the form of temporal constraints that

restrict the warping path yielding an O(n) time complexity without sacrificing result

quality. These temporal constraints include the Sakoe-Chiba band [125], Itakura

parallelogram [56], Keogh’s upper and lower envelopes [64], and learned windows

using machine learning [17, 169, 173]. Another approach to restrict warping path

is by controlling the length of the overall path [174]. While these warping path

constraints inherently reduce the computational complexity, another benefit is that

they conciliate pathological warping paths. A pathological warping path presents

itself when a relatively small number of features of one time series is mapped

onto a large number of features of the other time series, producing an unintended

correspondence [63]. Other DTW optimizations use implementation strategies like

FastDTW, which leverages a multilevel approach by starting with a coarse resolution

warping path that is recursively refined to finer resolutions [127]. In addition to

optimizations, DTW variants have been developed for domain specific purposes or

to strive for general improvement over the original DTW algorithm. Although some
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of these variants have been shown to outperform the original DTW algorithm on

a case-by-case basis, the original DTW algorithm with a Sakoe-Chiba warping band

constraint does not perform statistically worse than other techniques on a wide variety

of datasets [45].

Edit-based distance measures try to transform one time series into another using

operations such as insertion, deletion, and substitution. These operations are counted

producing a distance between two series. This approach is analogous to text-based

edit distances, such as the Levenshtein distance commonly used for spell-checking and

other text applications. The advantage of using edit-based distances is that they can

compensate for outliers and noisy data due to the ability to delete and substitute for

certain points. The deletion operation also provides time invariance when sequences

are out of phase. [29] defines a real-valued variant of the longest common subsequence

(LCSS) algorithm to match common points between time series. Likewise, the Edit

Distance on Real sequence (EDR) [26] is an edit distance defined for real values. EDR

penalizes large gaps in the edit, and further iterations attempt to combine shape-

based Lp-norms with edit distance [25]. Several other edit-based distance measures

exist that attempt to constrain the edit or penalize edit operations in different ways

[88, 96, 27, 138].

Feature-based distances involve extracting a set of descriptive characteristics

or statistics from each time series, such as mean, variance, autocorrelation, or

frequency components [106, 154, 145]. These measures are a natural extension of

representing time series using the same feature by computing a distance between two

time series features. For example, a distance measure is defined using the Discrete

Fourier Transform (DFT) [38] and the Discrete Wavelet Transform (DWT) [24].

By encapsulating essential aspects of the data into feature vectors, standard vector

distances can be computed between time series in a reduced dimensional space.

Structure-based similarity compares higher-level structures within time series fo-

cusing more on global features. This can include both model-based and compression-

based approaches. Model-based approaches fit a model to each time series and
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compare the model parameters. The underlying model can be assumed to be

an autoregressive moving average (ARMA) [61], autoregressive integrated moving

average (ARIMA) process [116], a Markov Chain [130], or a Hidden Markov Model

[137], for example. Structure-based similarity also includes distance measures using

the idea of shared knowledge such as Kolmogorov complexity. Compression-based

approaches join time series and compute the overall compression ratio to be used

as the distance measure. Examples of this approach are the compression-based

dissimilarity measure (CDM) [67] and its predecessor, the normalized compression

distance [81].

Combined distance measures are a convex combination of multiple distance

measures [52]. By leveraging more than one approach, these hybrid measures

capture different aspects of the data and can outperform single measures by

balancing their respective strengths and weaknesses. However, they do introduce

additional complexity by necessitating hyperparameter tuning, typically through

cross-validation. [52] classify 14 out of 56 covered distance measures into the combined

distance measure category. Many of these methods incorporate some form of Dynamic

Time Warping (DTW) in conjunction with other techniques. Combining DTW with

derivative information has been shown to significantly enhance performance compared

to using derivative or DTW measures alone [52]. Notable examples include the

combined derivative with DTW measure [44] and the more recent combined derivative

DTW with Longest Common Subsequence (LCSS) measure [51].

2.3.3 Indexing

The overarching goal of time series indexing is to build structures that minimize

computational costs and storage overhead while enabling rapid retrieval of relevant

data through queries. By creating an efficient index, users can locate specific time

series or subsequences quickly, rather than resorting to expensive sequential scans
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over massive datasets. This can dramatically improve the ability to analyze larger

amounts of time series data leading to better research outcomes.

Over the past two decades, numerous indexing methods for data series—and

time series in particular—have been developed to provide fast and effective similarity

searches [104, 102, 58]. These methods are typically optimized for two fundamental

query types: k-nearest neighbor (k-NN) searches, which retrieve the k most similar

time series to a given query; and range searches (also known as radius queries), which

find all time series within a specified distance of the query. Such similarity searches

are nontrivial for traditional database management systems (DBMSs) because their

architectures are not built to handle sequence-based search operations natively [104].

There is a large overlap between time series indexing and general multidimensional

indexing, as raw time series and most time series representations can be treated as

multidimensional vectors. Traditionally, these multidimensional vectors have been

indexed using a spatial access method (SAM) data structure. SAMs are used

extensively for geographic information systems, graphics processing, and more general

multimedia indexing. [128] provides a comprehensive overview of these types of SAM

structures.

The challenge of using SAMs with raw time series is the explosion of dimensionality

[22], whereas a graphics application typically has three or fewer dimensions. We can

reduce the burden of using SAMs with time series by first applying dimensionality

reduction to the data. Many of these dimensionality reduction techniques were

initially developed as representation strategies, such as the ones discussed above

(see Section 2.3.1). This common strategy of first using a reduced dimension

representation and then applying an off-the-shelf spatial access method (SAMs) to

index the representation was first developed in [2] and later generalized in [39] as

the General Multimedia Indexing (GEMINI) framework. GEMINI uses a two-stage

“filter-and-refine” approach in which (1) a SAM-based index on reduced-dimension

vectors generates candidate matches quickly, and (2) a linear scan on the raw time

series data confirms true matches among those candidates. According to [68], over
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two-thirds of surveyed time series indexing methods up until 2002 had utilized the

GEMINI framework with varying ways of reducing dimensions.

Although GEMINI has proved effective in many scenarios, multidimensional

vectors with only 16 to 20 dimensions can still lead to excessive sequential scans

when using traditional SAMs [54]. As a result, researchers have continued to

develop more specialized representations and indexing schemes tailored to the specific

nuances of time-series data. Among the proposed techniques, the SAX lineage of

solutions stands out as the current state-of-the-art [104]. The Symbolic Aggregate

approXimation (SAX) [82] introduced a way to discretize time series after applying

Piecewise Aggregate Approximation (PAA) [65]. SAX maps segments of a time

series to symbolic bins using their average values, creating binary represented

vector approximations that facilitate bounded distance computations. The bounded

distance computations can be used to optimize queries using a file-based vector

approximation scheme [160] resulting in much faster queries since block-level chunking

and precomputed lookup tables can be used.

Building on SAX, indexable SAX (iSAX) [134] enhances the indexing process by

taking a multidimensional approach, similar to a wavelet representation. iSAX allows

varying cardinalities among the symbolic bins and defines a comparison mechanism

for time series with different bin resolutions. This ultimately enables a group of time

series with the same approximate representation to be split at any point by using a

higher dimensionality. This flexibility encourages a more balanced data distribution

and avoids the performance pitfalls that occur when too many similar series are

lumped together. Consequently, this approach has emerged as a popular choice

for indexing large-scale time series data and has given rise to numerous derivative

methods that provide additional capabilities.

Because the index can take a while to build on a large dataset, a second iteration of

iSAX, called iSAX2, was created to provide a bulk loading strategy for the iSAX index

[15, 16]. The concept of bulk loading draws on well-researched methods developed for

standard database structures (e.g., B-Trees). The Adaptive Data Series (ADS) index
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allows querying before the index has been fully built [176, 178, 177]. Furthermore,

several methods have exploited different types of parallelism to improve performance

[108, 110, 109, 164, 78, 165]. The ULtra compact Index for variable-length Similarity

SEarch (ULISSE) allows variable-length queries with a SAX-based index [83, 84]. The

Compact and Contiguous Sequence Infrastructure (Coconut) index improves iSAX by

making vector approximations sortable, allowing bottom-up index creation, leading

to a more balanced structure [72, 73, 74]. See [104] for a complete discussion of these

indexes.

SAX has paved the way for the crossover between time series specific indexing to

be applied in unexplored domains that require search across high-dimensional vectors

[104]. As a result, time-series indexing and more general high-dimensional indexing

techniques are starting to be seen as converging research areas. [158] provide an

excellent survey of both graph-based and tree-based indexes for high-dimensional

vector searches which includes the SAX based tree indexes discussed above.

2.3.4 Segmentation

In the literature, the term time series segmentation is used in varying contexts due

to its broad utility in addressing different analytical tasks in time series data. This

versatility has led to segmentation being applied in a range of scenarios, from event

detection, anomaly identification, activity recognition, and system monitoring. Time

series segmentation can be broken down into three categories: change point detection,

boundary detection, and state detection [156]. Change point detection emphasizes the

identification of real statistical shifts such as changes in mean, variance, or spectral

density [42]. Boundary detection focuses on identifying regime shifts without labeling

the internal states of those regimes, whereas state detection assigns a state label to

each time point within a segment and is concerned with creating internally consistent

regimes [42], which has also been called semantic segmentation by others [172]. These

distinctions, however, are not always rigid—the lines between them can often blur, as
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elements of each method tend to overlap. For example, even though the perspective

of boundary detection and state detection is different, both approaches can be

used to achieve semantic segmentation. In our approach, we emphasize semantic

segmentation, aiming to segment the time series into meaningful internally consistent

regimes followed by separate classification into a particular state.

Recent advancements in time series segmentation have led to the development of

more adaptive and efficient algorithms, with particular focus on methods that reduce

parameter input. The majority of these algorithms are suited only for batch use with

few being able to handle streaming data. [156] classify current unsupervised time-

series semantic segmentation methods into five categories: entropy-based, statistical,

representation-learning, compression, and profile-based techniques. The statistical

class is the oldest segmentation approach and uses Markov models and semi-Markov

models to infer latent states in time series [36, 170, 59]. Compression-based methods

such as AutoPlait [89] and StreamScope [62] also use HMM, but pair it with minimum

description length (MDL) to summarize and compress data. Both IGTS [124] and

ESPRESSO [32] use an entropy-based information gain technique. ESPRESSO is a

hybrid approach that additionally integrates profile-based pruning of the boundary

search space. Profile-based segmentation uses a special profile data structure (e.g.

Matrix Profile, Neighbor Profile, and Classification Score Profile) that captures both

the local and global characteristics of a time series [166, 53, 129]. Representation

learning approaches such as Time2State [155] and E2USD [75] are among some of the

newest techniques.

Among these classes, profile-based techniques like FLUSS and ClaSP stand

out. Their computational efficiency, domain agnosticism, and ability to preserve

shape information make them particularly suitable for our needs. Profile-based

segmentation is a method used to divide time series data into distinct segments by

utilizing a profile curve, such as the Matrix Profile [166], neighbor profile [53], or

classification score profile [129]. These profiles are generated by computing similarity

measures between neighbor subsequences of the time series and identifying areas
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where these subsequences exhibit distinct differences, which are indicative of segment

boundaries. FLUSS (Fast Low-cost Unipotent Semantic Segmentation) uses the

Matrix Profile to detect regime changes by searching for regions where subsequences

have few similarity connections with other segments, which typically indicates a

boundary [42]. This approach is efficient because Matrix Profile leverages the Fast

Fourier Transform (FFT) algorithm to quickly compute the similarity between all

subsequences, also known as the all-pairs similarity-join problem. We further discuss

Matrix Profile in Section 2.4.1. ClaSP (Classification Score Profile) generates a

classification score profile by evaluating potential splits in the time series, where

each split is treated as a classification task [129]. The profile curve is created from

the classification scores, and the local maxima on this curve are used as boundary

points to identify significant regime changes.

We present a modification of FLUSS used in Shape Profiling, designed to

eliminate the need for specifying the number of regimes’ parameter, requiring only

the subsequence length hyperparameter. As noted by Esling and Agon [37], the need

to fine-tune parameters in time series systems remains a significant challenge. While

ClaSP does avoid the need to specify the number of regimes, its classification-based

approach introduces higher computational complexity due to the recursive process of

splitting and refining segmentation boundaries. By modifying FLUSS, we retain its

computational efficiency while removing the need to specify the number of regimes,

enabling profile-based segmentation to be applied directly to unlabeled data. For a

complete overview of current unsupervised time series segmentation techniques see

the excellent review by Wang et al. [156].

It is also worth noting that other segmentation strategies arose from the necessity

to segment time series for a specific representation [133, 65, 82]. Even though

these segmentation techniques are not generally signaling semantics [156], there is

a large overlap in implementation with boundary and state detection techniques. In

representation approaches, poorly chosen boundaries risk obscuring essential features

of the original data; whereas in semantic approaches, inadequate boundaries can yield
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inconsistent regimes. Common algorithms for both types of approaches include sliding

window, top-down, and bottom-up. Sliding window approaches extend a segment until

it violates a specified error threshold [133]; top-down approaches recursively partition

the data until meeting a termination condition [80, 124]; and bottom-up techniques

start with small segments and iteratively merge them while desired properties hold

[69]. Keogh et al. [66] provides a comprehensive study of representation segmentation

implementation strategies.

2.3.5 Classification

After semantic segmentation, our Shape Profiling approach classifies individual time

series segments into their best-fit shape. This method builds on the approach

introduced by us and others in [143], who were among the first to apply this type

of analysis to geospatial time series data. This paper defines 10 behavior classes,

or shapes, that capture common patterns observed in real-world economic data by

geospatial analysts. Because our dataset and use case are similar, we adopt the

same 10 behavior classes. As mentioned previously, it is possible to define new

behavior classes for specific domains and problems. Each behavior class is underlaid

by a function that generates a representative shape for any specified length. These

synthetically generated trends are then used to classify individual segments of time

series data using Dynamic Time Warping (DTW) (see Section 2.3.2). Notably, while

our approach follows that of [143], we focus on classifying segments rather than entire

series, thereby capturing more nuanced and localized behaviors within the data.

Segmentation enhances the classification performance because full time series are

less likely to align exactly with synthetic patterns, whereas segments more effectively

reflect the internal semantics of time series.

Similar techniques of comparing real time series to template or synthetic trends

using DTW have been applied to other application domains. For instance, Kim

et al. [70] and Tsinaslanidis and Guijarro [148] utilized DTW to analyze stock price
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trends, while Guan et al. [49] and Mondal and Jeganathan [92] employed it to classify

agricultural land use.

2.4 Methods

In this section we discuss our approach to extracting symbolic indexes from time

series using semantic segmentation and shape classification of individual time series

segments called Shape Profiling (SP). We describe all necessary related work and

mathematical definitions that our SP method is based upon. We first discuss our

semantic segmentation algorithm which is an unparameterized version of the Matrix

Profile based time series segmentation algorithm called Fast Low-cost Unipotent

Semantic Segmentation (FLUSS) presented in the Matrix Profile VIII paper [42].

Next, we discuss the process of categorizing individual segments into archetype

shapes, produced by comparing time series using the dynamic time warping (DTW)

similarity measure to synthetically generated patterns of interest (Section 2.4.2). This

approach to classifying geospatial time series was originally presented by ourselves and

others [143].

2.4.1 Semantic Segmentation

This section describes the semantic segmentation algorithm we use to segment time

series for shape profiling. Our segmentation approach uses a version of the FLUSS

algorithm that was adapted by us to be unsupervised. This was necessary since our

dataset did not consist of any labels or intuitive values to use for FLUSS’s number of

regimes parameter. The FLUSS algorithm is a profile-based segmentation technique

(see Section 2.3.4) using the Matrix Profile. Therefore, we will first describe Matrix

Profile and move on to describing our modification of the FLUSS algorithm called

Unsupervised Fast Low-cost Unipotent Semantic Segmentation (UFLUSS).
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Matrix Profile

Matrix profile is a revolutionary time series technique first published in 2016 [166]

that made great progress in solving the all-pairs similarity-join problem. The all-

pairs similarity-join problem for time series is that given a series of data points, find

the nearest neighbor for all subsequences of some size. The solution to this time

series problem can lead to other important data mining findings such as discovering

regimes, motifs, discords, segmentations, and other impactful attributes.

Until the Matrix Profile approach was published, there was no efficient way

of computing a solution to the similarity join problem. This made the problem

intractable for large time series. Matrix profile utilizes the Fast Fourier Transform

(FFT) algorithm and Euclidean distance to efficiently calculate similarity joins in

O(nlogn) time by exploiting the overlap of subsequences for each dot product

calculation.

We begin by denoting the formal Matrix Profile definitions that will be used later.

Definition 2.1. A time series T is a sequence of real-valued numbers ti:

T = t1, t2, . . . , ti, . . . , tn

where 1 ≤ i ≤ n and n is the length of T .

Definition 2.2. A subsequence Ti,m of T is a continuous subset of the values from T of

length m starting from position i. Ti,m = ti, ti+1, . . . , ti+m−1, where 1 ≤ i ≤ n−m+1.

We can also use range notation to define a subsequence. That is, Ti:j = ti, ti+1, . . . , tj

where, i ≤ j ≤ n.

To compute the Matrix Profile, we need to compute the distance between each

subsequence to all other subsequences within the time series. A subsequence’s

distance to all other subsequences can be stored as an ordered vector. This ordered

vector of distances is known as a distance profile.

35



Definition 2.3. Given a subsequence query, a distance profile D is a vector of the

Euclidean distances between the query and each z-normalized subsequence in an all-

subsequences set (see Definition 2.4).

Definition 2.4. An all-subsequences set A of a time series T is an ordered set of all

possible subsequences of T obtained by sliding a window of length m across T :

A = {T1,m, T2,m, . . . , Tn−m+1,m}

where m is a user-defined subsequence length. We use A[i] to denote Ti,m.

The subsequence length m, also known as the window size, is the only parameter

that must be defined for the Matrix Profile algorithm. According to the authors, the

choice of m can be determined by the desired length of pattern to search for. For

example, data collected from weather station sensors with a resolution of one minute,

m = 60 would be a reasonable value since it would represent one hour. In our use

case, our choice of m was informed based on the visual inspection of the quality of

our downstream segmentation and shape classification results.

A traditional similarity join problem would join two time series together, hence

the name similarity join, to find the nearest neighbors between two different time

series. In this case, the similarity join function can be defined as follows:

Definition 2.5. 1NN-join function: given two all-subsequences sets A and B and

two subsequences A[i] and B[j], a 1NN-join function θ1NN (A[i], B[j]) is a Boolean

function which returns ”true” only if B[j] is the nearest neighbor of A[i] in the set B.

Likewise, the similarity join set is defined below.

Definition 2.6. Similarity join set: given all-subsequences sets A and B, a similarity

join set JAB of A and B is a set containing pairs of each subsequence in A with

its nearest neighbor in B : JAB = {⟨A[i], B[j]⟩ |θ1NN (A[i], B[j])}. We denote this

formally as JAB = A ▷◁θ1NN
B.
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Matrix profile is named as such because if we were to keep the distance profile

vector D of all subsequence queries, we would have a matrix of distances. However, we

actually only keep the nearest neighbor distances which gives us sufficient information

with much less storage.

Definition 2.7. A Matrix Profile PAB is a vector of the Euclidean distances between

each pair in JAB.

In the case of SP, we are only concerned with the self-similarity join. A self-

similarity join joins its own subsequence set to itself.

Definition 2.8. A self-similarity join set JAA is a result of a similarity join of the

set A with itself. We denote this formally as JAA = A ▷◁θ1NN
A. To prevent trivial

matches, where a subsequence’s nearest neighbor contains itself, an exclusion region

is enforced such that the distance between Ti,m and any subsequence beginning in

the range [i− m/2 : i + m/2] is assumed to be infinity. The Matrix Profile of a self-

similarity join set is just PAA since it is a vector of the Euclidean distances between

each pair in JAA.

It should be noted that the exclusion region excludes more indexes from matching

than just the same subsequence match. This is because it is also likely that the

distance measure will be near zero for nearby subsequences also resulting in a trivial

match. To update the 1NN-join function, θ1NN (A[i], A[j]) is “false” when i− m/2 ≤

j ≤ i + m/2 (A[j] is a trivially matched pair).

While the Matrix Profile PAB tells us the Euclidean distances of the nearest

neighbor pair, we need another data structure to keep track of where the nearest

neighbor is. This is called the Matrix Profile index and is defined as follows:

Definition 2.9. A Matrix Profile index IAB of a similarity join set JAB is a vector

of integers where IAB[i] = j if ⟨A[i], B[j]⟩ ∈ JAB. A Matrix Profile index IAA of a

self-similarity join set JAA is a vector of integers where IAA[i] = j if ⟨A[i], A[j]⟩ ∈ JAA.
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The nearest neighbor does not have to be symmetric (i.e. i’s nearest neighbor

may be j, but j’s nearest neighbor may be k). An example of a time series and its

corresponding Matrix Profile is shown in Figure 2.1.

Unsupervised Fast Low-cost Unipotent Semantic Segmentation

(UFLUSS)

In this section, we move on to describing our time series segmentation technique.

The definitions in this section will build upon the the previous section’s definitions

(Section 2.4.1).

Time series semantic segmentation aims to partition a times series into individual

regimes each containing specific behaviors or conditions. Our technique is built

on the Matrix Profile based algorithm called Fast Low-cost Unipotent Semantic

Segmentation (FLUSS). Using the Matrix Profile for semantic segmentation was

first mentioned in the original Matrix Profile paper [166] and FLUSS was formally

defined later in the Matrix Profile VIII paper [42]. An advantage to using a Matrix

Profile based semantic segmentation algorithm like FLUSS is its domain agnosticism,

whereas various other segmentation approaches are heavily domain dependent. This

will allow our shape profile technique to be more applicable to other domains beyond

socioeconomic data.

Ultimately the purpose of a time series record T is to measure the phenomenon

of a system through some kind of physical or indirect measurement. A system is

a physical or logical process containing one or more discrete states. The goal of

the segmentation task is to find the boundaries separating these discrete states in a

system. For example, one such task might be trying to determine whether someone is

running or walking based on physical measurements from a wearable accelerometer.

The boundary would be the transition from a running to walking state.

Definition 2.10. Segmentation task: Given a time series T that monitors some

aspect of a system, find the set of boundaries B between changes of state.
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Figure 2.1: Japan’s Gross Domestic Product (GDP) Matrix Profile: An example
trend and its corresponding Matrix Profile. The top plot shows Japan’s gross domestic
product time series while the bottom plot shows the corresponding Matrix Profile for
the self-similarity join. In the top plot, the red box highlights the query subsequence
while the green box highlights the nearest neighbor match to the query. The
corresponding Matrix Profile distance between this query and its nearest neighbor
match is shown in the bottom plot. Intuitively, both the query and the nearest
neighbor match have a similar trend. Each are trending slightly up in the beginning
and then trend more aggressively up in the latter part of their subsequence.
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Definition 2.11. A boundaries set B is an ordered set of zero or more indexes

existing in T . That is, B = {b1, b2, . . . , bk}, where k is the number of boundaries and

1 ≤ bi ≤ n−m + 1.

FLUSS tries to solve the segmentation task by using the aforementioned Matrix

Profile as the foundation of its algorithm. The crucial insight of FLUSS is that we

expect a state (i.e. a regime or a segment) to have many nearest neighbors within the

same state, while we expect different states to have few nearest neighbors between

them. This intuitive idea allows us to use the nearest neighbor information stored in

the Matrix Profile index IAA to find segments within the time series. Visually, we can

imagine each subsequence’s nearest neighbor as an arc from the starting index of the

query to the starting index of the nearest neighbor subsequence. Figure 2.2 shows an

arc plot of all the arcs for the Japan GDP example used in the previous figures. A

Matrix Profile Arc Plot is a good way to inspect local structure of time series and see

where clusters of nearest neighbor matches are occurring.

While the MP Arc Plot provides a visual of the MP index, under the hood FLUSS

builds an Arc Curve (AC) to find continuous subsequences of the time series that have

spatially arranged nearest neighbors. The AC is just a count of the number of arcs

that cross a given index (as shown by the Arc Plot in Figure 2.2). An example AC is

presented in Figure 2.3 and is the corresponding AC of the Japan GDP example in

previous figures.

Definition 2.12. The Arc Curve (AC) for a time series T is a vector of natural

number with the same length as its Matrix Profile index IAA. The ith index in the AC

specifies how many nearest neighbor arcs from the Matrix Profile index IAA spatially

cross over location i.

As mentioned previously, a regime should have many local nearest neighbors.

This property will yield a higher AC value across the regime. Consequently, the local

minima of the AC represent points where adjacent indexes have few nearest neighbors

spanning that location. These local minima provide an ideal segmentation boundary,
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Figure 2.2: Japan’s Gross Domestic Product (GDP) Matrix Profile Arc Plot: This
Matrix Profile Arc Plot visualizes an arc from the starting index of the query to the
starting index of the nearest neighbor for all queries. Blue arcs show forward arcs,
meaning that the nearest neighbor occurred after the query. Red arcs show backward
arcs, meaning that the nearest neighbor occurred before the query. The dark red
arcs are when both a forward and backward arc was present on the same indices,
signifying a symmetric match between subsequences. Taller arcs indicate nearest
neighbors that occurred further away from the query, whereas shorter arcs indicate a
nearest neighbor that occurred closer to the query.

Figure 2.3: Japan’s Gross Domestic Product (GDP) Arc Curve: This is the
corresponding arc curve for the Matrix Profile presented in Figure 2.1.
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separating regimes throughout the time series. The AC can be efficiently calculated

in linear time using a cumulative sum [42].

The AC can be used to directly find the boundaries that will segment the time

series. However, there is one issue with this approach. Looking at the AC in Figure

2.3, we notice that it appears to be similar to an inverted parabolic curve. From a

probabalistic standpoint, this is because there is more likelihood of crossings in the

middle of the AC than toward the periphery. Due to this property, computing local

minima on the raw AC could produce biased boundaries. FLUSS adjusts for this bias

by computing a Corrected Arc Curve (CAC) that normalizes the AC by an idealized

arc curve. The Idealized Arc Curve (IAC) is the theoretical curve given that all

possible subsequences in the self-similarity join set JAA have a random probability of

being selected as the nearest neighbor to any query. The theoretical IAC happens to

follow a beta distribution with α = 2 and β = 2 [42]. This can be seen empirically in

Figure 2.4 which shows the theoretical IAC along with an AC generated from random

simulation. FLUSS defines the CAC as follows:

Definition 2.13. Corrected Arc Curve:

CACi =

min
(

ACi

IACi
, 1
)

if m < i < n−m + 1

1 otherwise

Notice that the CAC also sets the first and last m elements to one. This is done

to prevent boundary points from being too close to the extremities of the time series.

Following along with the Japan GDP example presented in this section, Figure 2.5

shows the CAC for this time series.

Furthermore, the paper provides the algorithm used to extract the regimes using

the CAC local minima called the Regime Extracting Algorithm (REA). REA contains

a parameter defining the number of regimes to find. However, in our case we need

the extraction of segments to be unsupervised. We do not know how many regimes

will be present in a given time series or have any prior training data to learn a value
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Figure 2.4: Idealized Arc Curve (IAC): The IAC is the theoretical arc curve given a
time series that has no localized structure. The IAC (red) follows a beta distribution
with α = 2 and β = 2. The empirical arc curve (blue) was generated through
simulation where all possible subsequences have a random probability of being selected
as the nearest neighbor to any query. The empirical curve is the median curve of ten
simulations.
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Figure 2.5: Japan’s Gross Domestic Product (GDP) Corrected Arc Curve (CAC):
The CAC is the normalized arc curve that takes into account edge-effect bias. The
boundaries extracted using UFLUSS are shown in green. An excluded local minimum
is shown in red. This minimum was excluded because it is inside the exclusion zone
of the boundary b1.

for the number of regimes. Therefore, instead of finding a specified number of local

minima, we find local minima until no more local minima exist. We call our approach

Unsupervised Fast Low-cost Unipotent Semantic Segmentation, or UFLUSS. Like

FLUSS, we use an exclusion zone to prevent boundaries that are too close together.

In the original FLUSS paper [42] an exclusion zone of five times the window size

is used. The paper states that the exclusion zone surrounds the starting index of

the query. However, the provided REA pseudocode is too ambiguous to determine

exactly how the exclusion zone surrounds the query. Even though no explicit REA

source code is provided with the paper, an open source library called STUMPY that

aims to accurately and efficiently implement MP algorithms implements REA [77].

STUMPY’s implementation of REA uses an exclusion zone that is the window size

multiplied by an exclusion factor (set to five by default) and sets this exclusion zone

on both the right and left of the query subsequence’s starting index. In UFLUSS, we
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use this interpretation of the exclusion zone. It is stated in the MP paper that an

exclusion factor of five was chosen based on the assumption that regimes are likely

to have many repetitions. While this worked well for their data, we have found an

exclusion factor of five to exclude too many local minima in our dataset. This is

partly due to the fact that our time series are not necessarily expected to contain

repetition. Another reason for over exclusion is that our dataset contains series with

significantly shorter length than the authors’ dataset. After empirically evaluating

UFLUSS results on our data, we chose to use an exclusion zone of twice the window

size. It should be noted that for other domains the exclusion zone might need to be

updated given the characteristics of the data. We present the UFLUSS algorithm

below. The first listing, Algorithm 1, shows how to extract the local minima given a

CAC. The second listing, Algorithm 2, shows the full UFLUSS algorithm using the

local minima helper function from Algorithm 1 to find segments from the CAC.

Algorithm 1 Extract Local Minima from Corrected Arc Curve

Require: CAC - list of normalized arc crossing values
Ensure: minima - list of indices of local minima
1: minima← empty list
2: for i = 1 to len(CAC)− 2 do
3: if CAC[i− 1] == CAC[i] then
4: continue
5: end if
6: if CAC[i− 1] > CAC[i] < CAC[i + 1] then
7: append i to minima
8: end if
9: end for
10: return minima

Algorithm 1 goes through the CAC and finds indexes that have adjacent indexes

with a higher arc count considering each of these a local minimum. This algorithm

returns a list of all the local minima found.

Algorithm 2 presents the entire UFLUSS algorithm. UFLUSS takes in a CAC,

computes the minima using the local minimum extraction routine presented in

Algorithm 1, and computes the time series boundaries from the minima. UFLUSS
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Algorithm 2 Unsupervised Fast Low-cost Unipotent Semantic Segmentation
(UFLUSS)

Require: CAC - list of normalized arc crossing values
Require: window length - window size
Require: exclusion factor - exclusion zone multiplier
Ensure: segments - list of (start, end) tuples of non-overlapping segments
1: minima← local minima(CAC)
2: minima queue← create queue from minima
3: exclusion zone← window length× exclusion factor
4: boundaries← empty list
5: while minima queue is not empty do
6: index← pop minima queue
7: while minma queue is not empty do
8: if minima queue top ≤ index + excluzion zone then
9: pop minima queue
10: else
11: break
12: end if
13: end while
14: append index to boundaries
15: end while
16: segments← build list of (start, end) tuples from boundaries
17: return segments
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puts all of the candidate boundaries, the local minima, into a queue. From here, we

pop the candidates out of the queue one-by-one to see if they are a valid boundary.

A candidate minima can only be a valid boundary if it falls outside the exclusion

zone. Figure 2.5 shows the boundaries extracted by UFLUSS from the CAC. Notice

the local minimum that was excluded because it falls outside of the exclusion zone of

boundary b1. The UFLUSS algorithm returns the time series segmentation as a list

of tuples containing the intervals of each non-overlapping segment. The segments or

regime intervals can be directly inferred from the boundary indices.

Definition 2.14. A time series segmentation ST is a set of k + 1 subsequences that

split T on boundaries B. Given B = {b1, b2, . . . , bk}, a segmentation ST can be defined

as follows:

ST = {T1:b1 , Tb1+1:b2 , . . . , Tbk+1:n}

Continuing with our Japan GDP example, we present the UFLUSS time series

segmentation in Figure 2.6. If we look closely at Japan’s GDP time series, we notice

four extracted segments. There is a period of slight positive growth from 1970 - 1983

(the blue segment), strong positive growth from 1984 - 1992 (the orange segment), a

period of oscillation from 1993 to 2008 (the green segment), and a different pattern

from 2009 to 2019 (the red segment).

Given this time series segmentation, we can move on to describing the segmenta-

tion classification portion of the Shape Profile technique.

2.4.2 Taxonomic Classification of Time Series Segments

After extracting the segments using semantic segmentation (see Section 2.4.1), we

then classify each time series segment into a shape or archetype taxonomic class

describing the pattern of that segment. This is the final step in computing the

Shape Profile for a time series. A Shape Profile (SP) is a time series segmentation

accompanied by the taxonomic class for each segment in the time series.
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Figure 2.6: Japan’s Gross Domestic Product (GDP) Segmentation using
Unsupervised Fast Low-cost Unipotent Semantic Segmentation (UFLUSS): There are
four extracted segments: a period of slight positive growth from 1970 - 1983 (the blue
segment), strong positive growth from 1984 - 1992 (the orange segment), a period of
oscillation from 1993 to 2008 (the green segment), and a different pattern from 2009
to 2019 (the red segment).
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The work in this section uses the same classification techniques used in the

paper, A Taxonomic Classification Approach for Global Spatio-temporal Data [143],

developed by us and other authors. The Categorize Trends tool within that work

classifies the entire time series within a user defined period; whereas, in SP we are

classifying extracted segments of time series into taxonomic classifications. We use

the same 10 archetype behavior classes as the Categorize Trends technique that were

developed with the help of professional analysts. In both the Categorize Trend paper

and this one, we are using the same dataset so the behavior classes remain relevant

to our SP technique. For other domains, these behavior classes can be altered to suit

the problem of interest although it is likely that our classes remain general enough to

be applicable to many problems already. Note, we use the terms behavior class and

archetype shape interchangeably throughout the rest of the paper. The 10 archetype

shape names and their descriptions are described in Table 2.2. The archetype shapes

are meant to be practical patterns of interest to analysts. For example, we have

chosen behavior classes such as constant, down, up, wave, and other patterns which

might indicate anomalies (e.g., spike-down, spike-up), sudden dramatic shifts (e.g.,

shift-up, shift-down), and recovery (e.g., smile) in socioeconomic time series data.

For each archetype shape or behavior class, we synthetically generate time series

trends representing that class’s shape. The synthetically generated trends for each

behavior class are presented in Figure 2.7. We then compare the real-world time

series segments to each synthetically generated time series shape archetype using

dynamic time warping (DTW). We chose to use DTW because it is a shape-based

distance measure. Thus, DTW is invariant to phase shifts which allows us to

capture the general shape of a time series segment with robustness to the time

domain of the occurring pattern. The lower the DTW distance measure from

segment to synthetically generated time series, the more closely that segment fits

into the corresponding behavior class. For more information on how DTW works, see

Appendix A.
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Table 2.2: Archetype Shapes

Archetype Description

Up Values that are steadily increasing over the time segment
Down Values that are steadily decreasing over the time segment
Smile Values that are initially decreasing but with an upturn towards the

end of the time segment
Frown Values that are initially increasing but with a downturn towards

the end of the time segment
Wave Values that are showing erratic behavior over the time segment

Constant Values that are showing little to no change over the time segment
Spike Up Values that are showing little to no overall change except for a

sudden rise during a limited time period in the segment, which
returns to the previous values

Spike Down Values that are showing little to no overall change except for a
sudden drop during a limited time period in the segment, which
returns to the previous values

Shift Up Values that are initially steady, stepping upward in value and
holding at the new value for the rest of the time period

Shift Down Values that are initially steady, stepping downward in value and
holding at the new value for the rest of the time period

In Table 2.3, we present the DTW distance results of comparing each segment to

all synthetically generated trends for the Japan GDP example. The minimum value is

highlighted and is chosen as the behavior class for the corresponding segment. For this

particular example, we can see that there are clear cut minimums for each segment.

While we are using hard classification in our technique, there is the possibility of

using soft or fuzzy classification which could provide more versatile results when many

behavior classes have similar distances to the same segment. Furthermore, Figure 2.8

shows the segments labeled on the time series plot. We can see that visually each

segment fits into the behavior class we would expect. The first segment (1970 - 1983)

is categorized as an Up shape, the second segment (1984 - 1992) is categorized as an

Up shape, the third segment (1993 - 2008) is categorized as a Wave shape, and the

fourth segment (2009 - 2019) is classified as a Shift-Down shape.

50



Figure 2.7: Template Trends

Figure 2.8: Japan’s Gross Domestic Product (GDP) Shape Profile: A Shape Profile
(SP) consists of a segmented time series along with the shape classifications for each
segment.
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Table 2.3: Japan’s Gross Domestic Product (GDP) Segment Behavior Class
Dynamic Time Warping (DTW) Distances: Each segment’s highlighted value shows
the minimum distance across 10 archetype shapes.

Segment Start End Constant Down Frown Shift-

Down

Shift-

Up

Smile Spike-

Down

Spike-

Up

Up Wave

1 1970 1983 0.47 1.44 0.51 0.68 0.19 0.51 0.72 0.63 0.08 0.45

2 1984 1992 0.50 1.33 0.50 0.68 0.28 0.59 0.54 0.69 0.12 0.55

3 1993 2008 0.49 0.65 0.60 0.47 0.48 0.45 0.55 0.44 0.56 0.38

4 2009 2019 0.40 0.48 0.50 0.25 0.55 0.40 0.68 0.40 0.86 0.54

The categorized segments yield a shape profile for a time series that we can use

to answer time series related questions when comparing multiple time series. For

example, we can see what other time series have an up shape that occurs in the same

time period, or overlapping time period. We can also query for when the shapes are

different in a time period.

2.5 Data

The dataset utilized in this study consists of geospatial time series data containing

country-level socioeconomic indicators with annual resolution. This data was

sourced from the database of the World SpatioTemporal Analytics and Mapping

Project (WSTAMP), a geospatial analysis platform developed at Oak Ridge National

Laboratory [142, 112, 95, 140]. The dataset incorporates economic indicators from

various open-source data, with a substantial portion derived from organizations such

as the World Bank, the World Health Organization, among others. The WSTAMP

database includes over 16,000 attributes spanning 50 years of data across more than

200 nation states and entities, with support for data at multiple administrative levels

[112].
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2.6 Results

To assess the quality of Shape Profile results, we visually interpret the UFLUSS

Matrix Profile semantic segmentation of individual time series along with the shape

classification of each segment. Understanding the foundational performance of Shape

Profiling is critical, as it establishes the baseline from which further query-by-

content searches and overall capabilities can be accurately interpreted. We examine

illustrative examples of outcomes in selected economic indicators for Japan.

Figure 2.9 shows the Shape Profile of the Japanese population growth time series.

The semantic segmentation in this example performs effectively, mirroring our natural

approach to identifying and modeling patterns. The time series is segmented into

four regimes that exhibit distinct global behaviors while also maintaining the ability

to capture more subtle nuances. The first segment from 1970 to the first half of

the decade shows a period of sporadic population growth compared to the rest of

the time series. From the mid-1970s to 2010 we see a relatively stable decline of

population growth across the time period. However, of note is that our segmentation

algorithm UFLUSS still splits the time series during this period into two different

regimes. Although both regimes are classified as downward trends, we can see that

the second segment from 1990 to 2010 (green) exhibits a noisier down trend than

that of the first down trend from 1977 to 1989 (orange). This result illustrates a

strong ability for our segmentation approach to capture local subtleties within a time

series. Furthermore, this example showcases a successful classification of segments

into shapes that a human would likely perceive as the best-fit among our 10 behavior

classes. In the spike-up trend (blue), it might be argued that this segment could also

be classified as a wave trend. Given that the peak of the spike is much higher than the

trough of the valley, it makes sense that this characteristic is the driving force behind

the spike-up classification. In Section 2.9 we discuss the possibility of including all

the classification distances into a multidimensional distance vector for each segment

to provide important secondary shape information when necessary.
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Figure 2.9: Japan’s Population Growth Shape Profile

Figure 2.10 shows the Shape Profile for Japan’s population growth among

individuals aged 65 and older. Viewed as a whole, the time series exhibits a consistent

upward trend. However, UFLUSS segments the series into multiple regimes, capturing

variations in the steepness of the upward slope across different periods. This example

highlights the ability to detect meaningful regime shifts even when the overall

directional trend remains the same. Such segmentation is particularly valuable when

analyzing subtle differences between segments within the same broader behavior

class. Because our shape classification technique is largely agnostic to specific value

magnitudes, this characteristic of UFLUSS allows for a more nuanced interpretation

of local dynamics within a Shape Profile. Depending on the goals of downstream

analysis, a user might instead prefer to classify this time series as a single up segment.

This consideration raises the possibility of post-processing steps that merge adjacent

segments with identical classifications to produce a simpler segmentation. However,

54



such merging would likely be appropriate only for certain shape types; for example,

successive spike-up segments might retain important distinctions and would be better

analyzed separately.

Figure 2.11 shows the Shape Profile of Japan’s personal remittances. The shift-

up segment (blue) fits its classification well: the segment is relatively flat initially,

followed by a noticeable upward trend, which together characterize the shift-up shape.

The final two segments, both classified as spike-down, capture sharp single-year drops

followed by returns to baseline values. The green spike-down segment exhibits some

oscillation, which could arguably suggest a wave pattern. However, the sudden low

value in 2013 strongly influences its classification as a spike-down archetype.

Figure 2.12 shows the Shape Profile of Japan’s livestock production. The first

segment (blue) is classified within the up behavior class, accurately capturing the

substantial increase in livestock production during the 1970s. Although production

continues to rise in the following segment, it is classified as a frown (orange), reflecting

a negative hyperbolic shape where values increase, round off, and then begin to decline

by the end of the segment. The third segment (green) appears relatively flat and

might arguably be better classified as a constant trend; however, two noticeable drops

influence its classification as a wave. If only a single sharp drop had been present

instead of two, this segment could have been classified as a spike-down, similar to the

green segment observed in Figure 2.11.

Figure 2.13 shows the Shape Profile of Japan’s crop production. This example

highlights a case where the data is noticeably noisier than in previous examples,

with unstable oscillations throughout the time series. One might initially expect the

algorithm to classify these segments as wave patterns. However, the Shape Profiling

approach can still detect underlying trends despite the noise. The blue segment,

while containing some oscillation, exhibits an overall frown shape and is classified

accordingly. The orange segment is classified as a down trend, demonstrating the

method’s robustness in capturing the dominant downward movement despite a large

drop in the mid-1990s.
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Figure 2.10: Japan’s Population Growth (Ages 65 and Older) Shape Profile

Figure 2.11: Japan’s Personal Remittances Shape Profile
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Figure 2.12: Japan’s Livestock Production Shape Profile

Figure 2.13: Japan’s Crop Population Shape Profile
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2.7 Limitations

While the FLUSS approach has been described as parameter-lite by Gharghabi et al.

[42], it is not entirely parameter-free. This property also holds for UFLUSS, the

method introduced in this paper. In particular, although the window size in the

Matrix Profile is often treated as a hyperparameter, it plays a critical role in defining

subsequence length and, consequently, the granularity of segmentation. The original

FLUSS authors demonstrated that window size is generally robust by examining the

results of using varying window sizes on labeled data [42], but their analysis focused

on long time series datasets, typically containing thousands of points. In contrast,

our analysis on much shorter series (containing fewer than 50 points) found UFLUSS

to be more sensitive to window size, with segmentation boundaries shifting noticeably

as the parameter varied.

For example, Figure 2.14 illustrates the Shape Profile for Japan’s health expendi-

ture over 15 years, a much shorter series than those in Section 2.6. The combination of

a short series and relatively large window size leads UFLUSS to detect only a single

segment. A human analyst might reasonably perceive several distinct patterns—

such as a smile (2000–2004), a spike-up (2004–2011), or a frown (2010–2013)—

but the algorithm’s limited context causes it to classify the entire sequence as a

single up segment. This example highlights an important limitation: UFLUSS may

oversimplify time series when the window size is large relative to the overall time series

length, missing meaningful sub-patterns that are apparent upon visual inspection.

Another practical consideration is the exclusion zone used in FLUSS, which

defaults to five times the window size for simplicity [42]. While this setting is

reasonable for long time series, we found it problematic for shorter series. The

large exclusion zone reduced the number of viable boundary candidates, leading to

suboptimal segmentation results. Consequently, we adjusted the exclusion zone in

our experiments. For analysts working with shorter time series, this exclusion zone

should be treated as an additional hyperparameter requiring consideration.
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Figure 2.14: Japan’s Health Expenditure Shape Profile

Since Shape Profiling relies on Dynamic Time Warping (DTW) distance (see

Appendix A), our approach also inherits some limitations of DTW itself. A key

concern is degenerate warpings, where many points in one series are aligned to just

a few points in another. This effect can distort the influence of certain regions in

a time series, suppressing important patterns. While DTW’s flexibility allows it to

handle temporal misalignments, a valuable feature in most cases, this same property

can also lead to unintended distortions, especially in shorter time series.

Figure 2.15 illustrates this issue with the Shape Profile for Japan’s consumer price

inflation. The final segment (orange) is classified as a smile. While the period from

2008 onward clearly exhibits a smile-like pattern, the earlier values from 2002 to

2008 show a steady upward trend that may not fully align with this classification. A

plausible explanation is that the 2002–2008 increase is mapped onto only a few points

of the smile template in the DTW alignment, diminishing its impact on the overall
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segment shape. Meanwhile, the latter portion of the segment aligns more consistently

with the expected smile pattern. This example highlights how degenerate warpings

can bias Shape Profiling results, particularly when segment lengths are short.

One potential way to mitigate this limitation is to move beyond single-label

classification and represent segments using a distance vector to all shape templates. In

such a scheme, degenerate warpings are less likely to influence all template distances

simultaneously. For instance, in this example, the segment is classified as a smile,

but the wave class may have the second-highest similarity. By incorporating multiple

shape distances, the classification could reflect the uncertainty or ambiguity inherent

in the alignment, allowing analysts to consider alternative shape interpretations rather

than relying solely on a single best-fit label. This approach could reduce the impact

of degenerate warpings by preserving more information about a segment’s similarity

to all shape templates.

2.8 Conclusion

In conclusion, Shape Profiling advances shape-based time series representations

by addressing critical gaps in existing methods. Many prior approaches rely on

segmentation strategies developed for dimensionality reduction, such as Piecewise

Linear Approximation or equal-length slicing, that fail to capture semantically

meaningful transitions. Others require analysts to predefine pattern lengths or

engage in extensive post-processing to extract and interpret shapes, limiting their

scalability and usability. Shape Profiling overcomes these challenges through two key

contributions: (1) the use of semantic segmentation via UFLUSS, which identifies

regime boundaries without the need for labeled data or predefined segmentation

counts, and (2) a classification framework that minimizes analyst intervention by

automatically labeling each regime based on dynamic alignment with interpretable

shape templates.
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Figure 2.15: Japan’s Inflation of Consumer Prices Shape Profile

By uniting these components into a cohesive, automated pipeline, Shape Profiling

produces compact, human-aligned representations of time series that are well-suited

for large-scale exploration and discovery. The resulting Shape Profiles offer not

only a high-level summary of structural changes in the data but also a practical

foundation for content-based querying, comparative analysis, and pattern retrieval.

This work lays the groundwork for further advancements in time series interpretation

and indexing, particularly in domains where analysts need scalable, low-effort tools

to surface and reason about temporal patterns.

2.9 Future Work

While we have presented a new approach for time series data mining that is useful

in its own right, there is room for further exploration of our technique from several
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angles. One possibility is building on our approach for larger time series datasets.

While our dataset was large, it was admittedly large in a different capacity than

what most practitioners consider large time series data. Our data was large in the

sense that we had many attributes or dimensions for each country, but each attribute

contained relatively few data points due to our primary resolution of yearly collected

data during the last half-century or so. This precluded us from using approximate

techniques, where data that has finer resolutions over larger time periods may require

them. In particular, using the STAMP anytime algorithm variant of Matrix Profile

on data of this nature could be explored.

In the Matrix Profile I paper [166], they present an additional algorithm

called Scalable Time series Anytime Matrix Profile, or STAMP, that computes

an approximate Matrix Profile. Instead of computing the distance from every

subsequence to every other subsequence in order, distances are computed randomly

and the Matrix Profile algorithm can be stopped at anytime. This enables the user to

tune their tolerance for accuracy versus speed depending on the specific application

and gives them an alternative to the slower but exact MASS algortihm used in

traditional Matrix Profile computation. As with MASS, STAMP maintains the ability

to be parallelizable by distributing the distance calculations across additional cores.

In terms of asymptotic time complexities, the Matrix Profile portion of our

approach has the highest upper bound of O(n log n) given by its FFT operation.

In practice, most FFT computation has been highly optimized and it tends to be

closer to a linear time computation, especially when the data is smaller. Nonetheless,

going forward the Matrix Profile implementation provides the most upside in reducing

the overall Shape Profile runtime for larger time series datasets.

Our approach was presented with batch data as the primary consideration. That

is, our algorithm expects to see all of the time series data points prior to calculating

the Shape Profile. However, in many cases it might be desirable to use our approach

on streaming applications that are acquiring data regularly at finer timescales. Upon

first constructing a Matrix Profile, further data may be added to the time series. In
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this case, the Matrix Profile can be updated incrementally as each new data arrives.

The authors in the Matrix Profile I paper [166] provide an incremental algorithm

for efficiently updating the Matrix Profile (STAMP Incremental) and go on to later

provide an online semantic segmentation variant of their FLUSS algorithm called Fast

Low-cost Online Semantic Segmentation (FLOSS) in their Matrix Profile VIII paper

[42]. FLOSS computes the segmentation over a sliding window of the most recent

streaming data instead of the whole time series. The key insight allowing FLOSS

to be computationally tractable is maintaining only unidirectional arcs within the

CAC, thus eliminating the need to recalculate the entire Matrix Profile since a new

point could potentially be a nearest neighbor match to all past subsequences in the

pathological case. In practice it is shown that a one-dimensional arc curve produces

similar results to that of a bidirectional arc curve [42], thus ridding ourselves of the

need to update every Matrix Profile entry. This would allow us to maintain a worst-

case O(n log n) time complexity for re-segmenting with each ingressed data point. It

should be noted that to the best of our knowledge FLOSS does not currently have an

accompanying unparameterized version of the algorithm. Also, it remains to be seen

within what domains maintaining a running Shape Profile might be useful.

Choosing to use segmentation before shape classification was a deliberate choice

on our part. It made sense to first find reasonable semantic regimes, and then

characterize those by labeling them with their best fit shape. This is in opposition to

labeling all windows or a range of windows whether you know a pattern of interest

might exist there or not. However, in some cases segmenting a time series may not

produce as meaningful results (e.g. a really long time series). This could especially be

the case when segments may contain many patterns, but shape profiling is classifying

it as one pattern. It is likely this could happen when the dataset contains time series

of many different lengths making it hard to tune the window size for UFLUSS. In some

cases it is also plausible that having a full enumeration of all shapes and patterns is

important for the specific domain application. Computing shape classifications over

all possible window sizes or a range of window sizes would allow more fine-grained
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data analysis such as considering patterns across entities within specific time periods,

not just overlapping time periods as with the semantic segmentation approach. The

one downside to this approach is the exponential increase in computational time and

space. However, for offline data analysis this approach is feasible for those who want

an ultimate enumeration of shapes and patterns in their dataset.

In the Matrix Profile and segmentation portion of the shape profiling technique, a

window size must be chosen. We mentioned that we chose the window size based

on visual inspection of the downstream classification results. While this worked

well for our dataset, choosing the window size in this way could present issues

when the time series have varying lengths. Manually choosing the window size also

requires understanding of the full Shape Profile operation pipeline and could present

challenges for non-technical users. Future work should explore automatically selecting

the window size based on quantitative measures or scoring.

In the creation of our synthetic trends, we chose shapes that were intuitive to

the geospatial community. These shapes would be helpful across many domains

as they are fairly generic; however, there are domains that may require additional

or a new set of synthetic trends based on the specific use case. For example, in

the financial technology industry, it may be desired to generate synthetic trends

representing common security trading patterns. While any set of trends or shapes

can be substituted during our classification step, there is further room to explore

DTW’s sensitivity to various synthetically generated trends. Sensitivity is likely

dependent upon the specific DTW implementation optimizations. For example, if

you have a spike-up trend generated by giving one data point a high value in an

otherwise constant linear sequence, DTW could optimize out a mapping onto this

point depending the real time series data. In this case, it might be better to have

more than one point used to create the spike shape. While our results seem to show

robustness to this type of issue, a thorough sensitivity analysis could aid in creating

more robust synthetically generated trends as other datasets are explored.
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Shape Profiling in this paper was presented as an unsupervised data analysis

technique. Alternatively, Shape Profiling could be used in the context of supervised or

labeled data. If time series data comes labeled with regimes, it would not be necessary

to use our unparameterized version of FLUSS. We could simply train FLUSS to detect

the number of regimes as originally laid out in the Matrix Profile VIII paper [42].

Given the learned number of regimes and the segmented time series, we could proceed

forward with the Shape Profile trend classification. In the context of geospatial time

series analysis, the labels might be known socioeconomic events. A Shape Profile

would inform analysts of the trend leading up to and after an event and could be

used as a data summary technique. Other domains with supervised time series data

are presumed to have similar applications.

We presented Shape Profiling as a hard classification technique where each time

series segment can belong to only one behavior class. In the future, it would be

possible to convert the classification to a soft classification or fuzzy classification

using the DTW distance. In cases where segments may have close matches to many

behavior classes, or domains in which several similar patterns are used as shape

archetypes, this could allow further development of data mining algorithms where

multi-class classification problems may be desired.

UFLUSS segments time series based on distinct regimes. However, it is possible

that adjacent segments get classified in the same behavior class. For example, see

Figure 2.8, where adjacent segments are both classified into the Up behavior class.

We see that the first segment (1970 - 1983) has a slight linear upward trend, whereas

the second segment between 1984 and 1992 has a more aggressive upward linear trend.

For some use cases, it may be desirable to combine these into a single Up behavior

class from 1970 to 1992. In the future, it would be interesting to explore the idea of

re-coarsening Shape Profiles by combining linked segments with the same behavior

class. Re-coarsening could combine segments after classification and re-apply the

classification technique to the new segment. It would be possible to perform many

iterations of re-coarsening depending on the necessitated granularity of the results.
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There is also the potential to transform a SP into a sequence of characters using

an alphabet of letters representing corresponding behavior classes. For example, in

the case of our 10 behavior classes, we could define an alphabet shown in Table 2.4.

Since we are using non-uniform segments, we could easily represent all the sliding

windows in a particular segment by the corresponding alphabet letter. This would

open the door to using text matching techniques for analyzing and querying Shape

Profiles.

While this work has focused on discovering shapes using more traditional

computational and mathematical approaches, the potential of artificial intelligence

(AI) methods warrants further exploration. One promising direction would be to

use our Shape Profiling pipeline to generate high-quality, semantically meaningful

training data for time series segmentation. This data could support the development

of unsupervised or semi-supervised neural network models capable of automatically

detecting regime boundaries and classifying shape patterns. Such models could

offer significant advantages in scenarios requiring rapid, large-scale segmentation

and pattern extraction, enabling near real-time analysis without extensive manual

intervention.

Table 2.4: Symbolic Index Alphabet: Each letter corresponds to a behavior class or
shape. Note: this alphabet can be extended if desired.

letter shape

c constant
d down
f frown
D shift-down
U shift-up
s smile
k spike-down
K spike-up
u up
w wave
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Chapter 3

Dynamic Network Matrix Profile:

Uncovering Temporal Patterns in

Dynamic Graphs
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3.1 Abstract

The Matrix Profile is a powerful data structure for time series, compactly encoding

similarity information that supports a wide range of data mining tasks by using the

similarity join solution. While this concept has been extensively applied to time series,

its potential in the context of dynamic networks remains largely unexplored. We

introduce Dynamic Network Matrix Profile (DNMP), a novel framework that extends

the similarity join paradigm to dynamic networks by leveraging graph embeddings

and applying the Multivariate Matrix Profile. This approach transforms sequences

of network snapshots into multidimensional time series, enabling the discovery of

recurring and anomalous temporal patterns in evolving graphs. DNMP bridges

the gap between time series analysis and dynamic graph mining, unlocking new

capabilities for pattern discovery in complex systems. We demonstrate that DNMP

can effectively analyze two dynamic network datasets: the Capital Bikeshare system

and the Atlas global trade data.

3.2 Introduction

The Matrix Profile, originally introduced in a landmark paper [166], was proposed as

a new solution to the all-pairs similarity search problem (i.e., similarity join) in time

series data mining. Described by leading expert Dr. Eamonn Keogh as “the best

idea in time series data mining in a decade,” the Matrix Profile has since proven to

be a compact and efficient data structure for storing critical similarity information.

Its design supports a wide range of time series analysis tasks—including motif

discovery, anomaly detection, and semantic segmentation—and has demonstrated

strong performance across numerous applied domains.

In Chapter 2, we applied semantic segmentation with the Matrix Profile data

structure to partition time series into characteristic subsequences. In this chapter,

we extend the Matrix Profile framework developed by the University of California,
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Riverside (UCR) team to dynamic network analysis. In [166], it is stated that

“nothing intrinsically precludes [Matrix Profile] generalizations to multidimensional

data.” As such, following this statement [167] extended the one-dimensional Matrix

Profile to the multidimensional case for finding time series motifs. We apply the

ideas from both [166] and [167] to develop a Matrix Profile for dynamic networks. To

the best of our knowledge, the Matrix Profile has not yet been applied to dynamic

networks in this way.

Traditionally, dynamic networks have been analyzed by comparing individual

snapshots in isolation. A key contribution of this work introduces a new perspective:

we can mine dynamic networks by solving the dynamic network similarity join

problem. The self-similarity join problem for dynamic networks tries to find the

most similar subsequence of network snapshots to all other subsequences within

the same dynamic network. The general similarity join problem can be applied to

any type of discrete data objects forming a series. For example, this problem has

been heavily studied for text data and time series. However, this data object can

also be graph snapshots in a dynamic network. This perspective shift has several

advantages, as demonstrated by the success of similar approaches in time series data

mining. For example, given daily snapshots, we can identify other similar seven

day sequences or detect the most anomalous seven day period—tasks that differ

fundamentally from simply aggregating data into weekly snapshots and comparing

them individually. Aggregating daily data into a single weekly snapshot discards the

evolutionary information present between days. By instead operating on sequences

of snapshots, our approach preserves the underlying dynamics of the network while

enabling richer temporal comparisons.

Applying this perspective using traditional methods, such as graph distance mea-

sures, would be computationally expensive. Because these computations are intensive,

extending them across sequences of snapshots can quickly become impractical. Our

approach improves the feasibility of this sequence-based analysis by enabling efficient
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similarity joins, allowing for continuous comparisons without sacrificing temporal

resolution for larger data.

The Dynamic Network Matrix Profile (DNMP) framework first builds or learns

a vector representation of each snapshot. These graph embeddings are used to

transform snapshots of a dynamic network into signal carrying vectors. These

embeddings, taken across multiple time steps, form a multidimensional time series

across the embedding dimensions. This bridges Matrix Profile methods to dynamic

networks, facilitating tasks such as similarity search, motif discovery, and anomaly

detection over evolving graphs, and extending the reach of Matrix Profile methods

beyond traditional time series analysis.

The remainder of this chapter is organized as follows. Section 3.3 reviews relevant

background and related work necessary for understanding our method. Section

3.4 formally introduces the DNMP approach. Section 3.5 and Section 3.6 present

experimental results, demonstrating DNMP’s effectiveness on two dynamic network

datasets: the Capital Bikeshare system [19] and the Atlas global trade data [5].

Section 3.8 provides concluding remarks on our findings and contributions. Finally,

Section 3.9 outlines potential directions for future research.

3.3 Background

Understanding the evolution of networks over time requires models that can capture

both structural and temporal dynamics. Traditional approaches for comparing graphs

often rely on distance measures such as graph edit distance, spectral distance, and

kernel-based techniques, which quantify similarity based on structural properties

[35]. However, these methods are primarily designed for direct comparisons between

individual graph snapshots. Extending them to dynamic networks would require

pairwise comparisons across multiple snapshots, resulting in significant computational

overhead and making such approaches impractical for large dynamic graph sequences.
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To address scalability and richer temporal modeling, research has shifted toward

dynamic graph embedding methods, which aim to represent nodes, edges, or entire

graphs in low-dimensional vector spaces that evolve over time. Unlike static

embeddings, dynamic embeddings must account for both the network’s topology at

each snapshot and its temporal progression, requiring stability across embeddings,

efficiency in training, and the ability to capture evolving dynamics such as gradual

changes, regime shifts, and sudden structural transitions [163, 8].

Dynamic networks differ from static ones in that nodes and edges can appear,

disappear, or change attributes over time. Embedding methods for dynamic networks

must therefore balance preserving local structural features with maintaining temporal

consistency. Two main approaches have emerged [163]: structural-first and temporal-

first methods. Structural-first methods extend static graph embeddings to dynamic

settings, typically by retraining or fine-tuning over time. Whereas, temporal-first

methods explicitly model the temporal dimension, often using recurrent models or

point processes to predict future states.

Several dynamic embedding frameworks have been proposed. Among the

most influential foundations for many methods is Node2Vec, a random-walk based

embedding method for static graphs [48]. The skip-gram model, which learns

embeddings by predicting the local context of a target token, was popularized and

optimized for large-scale training by Mikolov et al. [90, 91] through the Word2Vec

framework. Node2Vec [48] adapted these ideas to graphs by treating random walks

over nodes as “sentences,” enabling the application of the skip-gram model to learn

node embeddings that preserve both local and global graph structure. DynNode2Vec

[86] extends the Node2Vec framework to dynamic graphs by incrementally updating

embeddings over time, using changed regions of the graph to generate updated

random walks while warm-starting from previous embeddings to maintain temporal

consistency.

To enable snapshot-level comparisons, it is necessary to aggregate node embed-

dings into a compact representation of the entire graph. In this work, we use
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a weighted variant of DynNode2Vec [86] with mean pooling to generate graph-

level snapshot embeddings. To analyze the resulting embeddings, we leverage

the Multidimensional Matrix Profile (MMP), a data mining primitive originally

introduced for time series similarity joins [166, 167].

The similarity join problem asks: given a collection of objects (e.g., subsequences

of a time series, subsequences of dynamic graph snapshots), find the most similar

pair for each object. This problem can be challenging due to the large number

of overlapping subsequences and the computational burden of exhaustive pairwise

comparisons. Traditional approaches suffered from scalability issues, often requiring

months of computation for modest-sized datasets. The Matrix Profile framework

revolutionized this task by introducing an exact, parameter-free algorithm based on

Fast Fourier Transforms (FFT) that can compute and maintain nearest neighbor

relationships efficiently [166]. Importantly, the Matrix Profile is not merely

a computational optimization—it unifies and accelerates a wide range of tasks,

including motif discovery, discord (anomaly) detection, segmentation, shapelet

mining, and density estimation in time series.

The Multidimensional Matrix Profile (MMP) extends the Matrix Profile to

support full multidimensional time series while preserving the key advantages of

exactness, scalability, and robustness with little to no parameter tuning [167]. The

MMP also allows for analyzing a subset of dimensions when every dimension may

not contain meaningful signal. In our work, the multidimensional time series of

interest arises from graph embeddings, where every dimension is designed to capture

meaningful structure. Therefore, we compute the full-dimensional Multidimensional

Matrix Profile directly. This choice preserves the entire embedding signal across all

dimensions and treats the graph snapshots as complete structural representations

over time.

We build upon the work discussed in this section, by first embedding evolving

snapshots of a network into vector spaces and then treating the sequence of

embeddings over time as a multidimensional time series. Finally, we apply the MMP
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to discover periods of structural similarity, transition, or novelty within dynamic

networks. Our work bridges the gap between dynamic network embeddings and time

series analysis, allowing us to leverage the efficiency and robustness of the Matrix

Profile for dynamic graphs.

3.4 Methods

In this section, we formally describe the Dynamic Network Matrix Profile (DNMP)

technique. Fundamentally, a dynamic graph can be viewed as a sequence of static

graphs, with each static graph serving as a snapshot in time.

Definition 3.1. A static network or graph G is represented as G = (V ;E;w), where

V is a set of vertices or nodes, E is the set of edges connecting nodes E ⊆ {(u, v) |

(u, v) ∈ V × V, u ̸= v}, and w is a weight function w : E → R such that w(u, v) = c

where c ∈ R.

For DNMP, we consider the discrete model for representing our dynamic graph as

a sequence of static snapshot graphs. Static snapshots may be built directly from a

discrete data collection or can also be aggregated data from a particular time window.

Figure 3.1 shows a node-link diagram of what this sequence of snapshots might look

like.

Definition 3.2. A discrete or snapshot dynamic network G is a sequence of network

snapshots within a given time period. G = [G1, G2, . . . , Gt, . . . , GT ] where T is the

Figure 3.1: Dynamic Graph as a Sequence of Snapshots
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number of snapshots and t ∈ {1, . . . , T}. Each snapshot Gt is the graph at time

period t, Gt = (Vt;Et;wt).

For a single graph (Definition 3.1) or each snapshot of a dynamic graph (Definition

3.2) we can define an embedding. The purpose behind an embedding is to encode

a graph into a vector of some dimension d such that it is smaller than storing the

entire graph while still preserving the desired properties and information of the graph.

Typically, d≪ |V |.

Definition 3.3. A static graph embedding can be defined as a function ϕ : G→ Rd.

Thus, a snapshot embedding can be defined as a function on each snapshot of a

dynamic graph ϕt(Gt) ∈ Rd where Gt ∈ G and t ∈ {1, . . . , T}.

Our approach can be easily used with most embedding techniques (e.g. kernel,

feature, representation learning) so long as the resulting embedding method yields a

single vector per snapshot. In practice, node-level embeddings (e.g. Node2Vec [48])

can be pooled, transforming them into a graph-level embedding ϕ. Furthermore,

given all the graph-level embeddings, we can define an embedding matrix such that

each column of the matrix represents the embedding at snapshot t.

Definition 3.4. Given a sequence of embeddings {ϕt(Gt)}Tt=1, the embedding matrix

of a of a dynamic graph is defined as:

Φ(G) = [ϕ1(G1), ϕ2(G2), . . . , ϕT (GT )] ∈ Rd×T ,

where each column ϕt(Gt) corresponds to the embedding at time t.

The embedding matrix Φ(G) can also be interpreted row-wise as a multidimen-

sional time series describing the dynamic graph. Each row of Φ(G) represents the

temporal evolution of one embedding dimension across all time steps:

Φi(G) = [ϕ1(G1)i, ϕ2(G2)i, . . . , ϕT (GT )i] ∈ RT , ∀i ∈ {1, 2, . . . , d}.

75



Thus, Φ(G) simultaneously encodes temporal changes in each embedding dimen-

sion and the structural state of the graph at each time step. By treating the dynamic

graph in a row-wise manner as a multidimensional time series, we can construct

a Mulitdimensional Matrix Profile to analyze the dynamic graph. For simplicity,

throughout the rest of this chapter we define the i-th embedding dimension’s time

series as:

X i = Φi(G) ∈ RT , ∀i ∈ {1, 2, . . . , d}.

Therefore, the full multidimensional embedding matrix can be compactly denoted

as:

X = [X1, X2, . . . , Xd]⊤ ∈ Rd×T .

Matrix Profile compares the individual subsequences of a time series to capture

local properties. We can define the subsequence on the embedding dimension’s

time series. For clarity, we start by defining the univariate Matrix Profile (MP)

and progress to the Multidimensional Matrix Profile (MMP) used for DNMP. The

univariate definitions are equivalent to the Matrix Profile definitions defined in Section

2.4.1 and [166], but defined on the embedding dimension’s time series instead of a

generic time series.

Definition 3.5. A subsequence X i
j,m ∈ Rm of a univariate time series embedding

dimension X i is a continuous subset of values from X i of length m, starting from

position j. Formally,

X i
j,m = [xi

j, x
i
j+1, . . . , x

i
j+m−1],

where i ∈ {1, 2, . . . , d} and j ∈ {1, 2, . . . , T −m + 1}.

The subsequence length m, also known as the window size, is the only parameter

that must be defined for the Matrix Profile algorithm. According to the authors,

the choice of m can be determined by the desired length of pattern to search for. In

the case of DNMP, if we have yearly snapshot graphs for a dataset, m = 5 would

compare five year periods of network evolution to all other five year periods. Figure
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3.1 illustrates how the sliding window m determines the length of snapshot sequences

used in the similarity join.

Definition 3.6. The Distance Profile Di
j ∈ RT−m+1 of a univariate time series

embedding dimension X i and its subsequence X i
j,m is a vector storing distances to

every possible subsequence of length m:

Di
j = [dist(X i

j,m, X
i
1,m), . . . , dist(X i

j,m, X
i
T−m+1,m)],

where i ∈ {1, 2, . . . , d} and j ∈ {1, 2, . . . , T − m + 1}. dist is the z-normalized

Euclidean distance between each subsequence.

Definition 3.7. The Matrix Profile P i ∈ RT−m+1 of a univariate time series

embedding dimension X i is a meta time series that stores the z-normalized Euclidean

distance between each subsequence and its nearest neighbor subsequence. In other

words, the Matrix Profile stores the minimum distance from each subsequence’s

Distance Profile. Formally, the j-th position in P i is defined using the distance

profile Di
j as:

P i
j = min(Di

j)

The full Matrix Profile for the i-th embedding dimension is defined as:

P i = [P i
1, P

i
2, . . . , P

i
T−m+1]

= [min(Di
1),min(Di

2), . . . ,min(Di
T−m+1)]

=
[
min(Di

j)
]T−m+1

j=1

In practice, to prevent trivial matches, where a subsequence’s nearest neighbor is

itself or a nearby subsequence, an exclusion region is enforced such that there are no

such matches in the Distance Profile or Matrix Profile.

We now describe the Multidimensional Matrix Profile. As mentioned previously,

we can compactly represent the full multidimensional embedding as follows.
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Definition 3.8. A multidimensional time series embedding X ∈ Rd×T is a set of d

co-evolving univariate embedding dimensions X i ∈ RT . Formally,

X = [X1, X2, . . . , Xd]⊤,

where d is the number of dimensions and T is the number of time steps.

Definition 3.9. A multidimensional subsequence Xj,m ∈ Rd×m of a multidimensional

time series embedding X is a continuous subset of values from each dimension of

length m, starting from position j. Formally,

Xj,m = [X1
j,m, X

2
j,m, . . . , X

d
j,m]⊤,

where X i
j,m = [xi

j, x
i
j+1, . . . , x

i
j+m−1] for i ∈ {1, 2, . . . , d} and j ∈ {1, 2, . . . , T −m+1}.

Definition 3.10. The d-dimensional Distance Profile Dj ∈ RT−m+1 of a multidi-

mensional time series embedding X and its subsequence Xj,m is a vector storing the

d-dimensional distances between Xj,m and every other subsequence of length m in X.

Formally,

Dj = [dist(d)(Xj,m, X1,m), . . . , dist(d)(Xj,m, XT−m+1,m)],

where j ∈ {1, 2, . . . , T − m + 1} and dist(d) is the z-normalized Euclidean distance

across all d dimensions.

Definition 3.11. The d-dimensional Matrix Profile P ∈ RT−m+1 of a multidimen-

sional time series embedding X is a meta time series that stores the minimum distance

from each subsequence’s d-dimensional Distance Profile. Formally, the j-th position

in P is defined using the distance profile Dj as:

Pj = min(Dj)
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The full Matrix Profile for the multidimensional time series is defined as:

P = [P1, P2, . . . , PT−m+1]

= [min(D1),min(D2), . . . ,min(DT−m+1)]

= [min(Dj)]
T−m+1
j=1

Figure 3.2 conceptually illustrates the role of the MMP vector. Although each

snapshot is ultimately represented by an embedding, the process still involves

structurally comparing sequences of snapshots to one another to identify the best

match.

As mentioned in Section 3.3, the original MMP for motif discovery [167] also

computes the MMP for a subset of k-dimensions, whereas we compute the full MMP

for all d embedding dimensions. The reasoning behind this is that in traditional

multidimensional time series, some dimensions are less informative for the patterns

of interest. For example, in motion capture data for a boxer, sensors on the feet

may contribute less relevant information than sensors on the arms when detecting

punches. To address this, [167] selects the best k dimensions to focus on the most

meaningful signals.

However, in the case of DNMP, we are treating the dynamic network embedding

itself as the multidimensional time series. Since each snapshot is represented by an

embedding, all dimensions should contribute meaningful signal to the MMP. Thus,

we ignore this special k-dimensional case and use the full d-dimensional MMP. We

use the STUMPY implementation to compute the MMP [77], which internally uses

a multidimensional version of the Scalable Time series Ordered-search Matrix Profile

(STOMP) algorithm presented in [175].
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Figure 3.2: Dynamic Graph Matrix Profile Vector

3.5 Capital Bikeshare Results

3.5.1 Data

Bikesharing systems offer a lightweight and flexible alternative to traditional public

and private transportation in urban areas. These services allow users to rent a bicycle

from one station and return it to any other within the network, enabling efficient

short-distance travel. Over the past decade, bikesharing has undergone significant

transformation, with the introduction of mobile applications that provide real-time

information on bike availability and station status. These advancements have greatly

improved the system’s reliability and convenience.

Although the concept of bikesharing originated in Amsterdam and other European

cities over 50 years ago [33], it has gained popularity in the United States, particularly

in large metropolitan areas such as New York City (Citi Bike) and Washington, D.C.

(Capital Bikeshare). This rise in adoption coincides with increasing urban congestion

and longer commutes by private vehicle.

In this study, we examine the Capital Bikeshare system, which serves the

Washington, D.C. metropolitan region. Capital Bikeshare publicly releases detailed
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trip data for educational and research purposes [19]. The dataset includes information

such as trip duration, start and end times, station locations, bike ID, and rider type.

As of now, the system operates around 800 stations, as illustrated in Figure 3.3.

To analyze the temporal structure of the bikeshare network, we aggregate trips

on a daily basis to construct a sequence of snapshot graphs. In each graph, nodes

represent stations, and directed edges capture rides from start to end stations. The

weight of each edge corresponds to the number of trips taken between the connected

stations on that day. Using this approach, we generated daily snapshot graphs

spanning from January 2018 through March 2025, resulting in over 2,500 individual

network snapshots. An example of such a snapshot is shown in Figure 3.4, which

visualizes station-level trip volumes on Saturday, March 15, 2025.

3.5.2 Model Training

We trained a DynNode2Vec-style graph embedding for each daily snapshot in the

Capital Bikeshare dataset. While the original DynNode2Vec model is designed for

unweighted and undirected graphs and produces node-level embeddings, we adapted

it to operate on weighted directed graphs. Specifically, we modified the random walk

process to respect edge direction and bias edge selection according to edge weight.

These weights reflect daily rider counts, making high-traffic routes more likely to

be traversed during walks. As a result, the embeddings better capture the relative

importance of central stations with high ridership compared to peripheral stations.

DynNode2Vec reduces training time by updating random walks only for nodes

that have changed between consecutive snapshots. A node is considered changed if

it is incident to any edge that has been added or removed, as formally defined:

∆Vt = Vadd ∪ {vi ∈ Vt | ∃ei = (vi, vj) ∈ (Eadd ∪ Edel )}

We retained this update policy in our implementation. However, the Capital

Bikeshare network exhibits high edge turnover between daily snapshots, which
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Figure 3.3: District of Columbia Capital Bikeshare Station Locations [19]
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Figure 3.4: Capital Bikeshare Station Trip Volumes on Saturday, March 15, 2025

83



significantly increases the number of affected nodes. In particular, many rides

represent one-off trips between station pairs that do not recur across days. This

results in an average of 4,517 added and 4,513 deleted edges per snapshot, leading

to updates in the random walks of approximately 99% of nodes per day. Although

training remained feasible at this scale, such high churn may hinder scalability for

larger datasets.

An alternative update policy based on changes in edge weights, rather than edge

additions or deletions, may be more efficient. For this dataset, adopting a strategy

based on weight change would reduce node updates by nearly half. Introducing

a minimum weight change threshold could further decrease update frequency and

improve training performance when speed is a priority.

To obtain graph-level embeddings from the node embeddings generated by

DynNode2Vec, we apply a mean pooling strategy. For each daily snapshot, we average

the embeddings of all nodes present in the graph to produce a fixed-length vector

representation of the entire snapshot. This approach allows us to retain information

about the overall structural and functional characteristics of the network, while

remaining computationally efficient and easy to implement. Mean pooling also ensures

that variations in graph size or density do not dominate the resulting representation,

making it suitable for comparing graphs across time in a consistent embedding space.

Having constructed node-level embeddings for each daily snapshot, we next

examine how well the model captures the evolving structure of the network over

time. One way to assess this is by tracking the vocabulary size, the number of unique

nodes encountered in random walks used for training. To monitor how the embedding

model’s coverage evolves, we track the size of the vocabulary, the number of unique

node identifiers observed in random walks, as a function of time in Figure 3.5. This

vocabulary reflects the set of nodes that have been incorporated into the learned

embedding space. As new stations appear or previously inactive ones reenter the

system, the vocabulary grows accordingly.
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Figure 3.5: Vocabulary Size of DynNode2Vec Model on Capital Bikeshare

3.5.3 Embeddings

After training the DynNode2Vec model across all daily snapshots, we compute the

final node embeddings for each snapshot using the fully trained model. These

embeddings are then aggregated via mean pooling to produce a 128-dimensional

vector representation per snapshot. When visualized as a heatmap in Figure 3.6,

the resulting graph-level embeddings exhibit relatively little variation over time.

This visual uniformity suggests that the the overall structural properties between

snapshots, at least as captured by the embedding model, are relatively stable.

However, since the heatmap aggregates all 128 dimensions and reflects stability across

most dimensions, it may obscure more subtle temporal dynamics present in the data.
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Figure 3.6: DynNode2Vec Graph Embedding Heatmap
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To explore potential latent structure in the embedding space, we apply dimension-

ality reduction using t-SNE and project the 128-dimensional embeddings into three

dimensions. As shown in the 3D t-SNE plot in Figure 3.7, no sharply separated

clusters or anomalous groupings are apparent. Still, broader regions emerge where

snapshots from similar time periods tend to cluster, and the embeddings exhibit a

smooth temporal progression across the plot. These gradual transitions and loosely

defined groupings likely reflect sustained network conditions or seasonal patterns that

influence the structure of the bikeshare system over extended periods. That said,

it is important to keep in mind that projecting high-dimensional data into three

dimensions can distort both distances and spatial relationships. The t-SNE plot

should therefore be interpreted with caution as it may not fully preserve the geometric

structure of the original embedding space.

3.5.4 Multidimensional Matrix Profile

Figure 3.8 presents the Multidimensional Matrix Profile (MMP) computed on

the DynNode2Vec graph embeddings for the Capital Bikeshare dataset, using a

subsequence length of 30 days. The MMP captures, for each snapshot window, the

z-normalized Euclidean distance to its nearest neighbor window in the embedding

space. This profile provides a powerful lens for exploring dynamic network behavior,

enabling a range of data mining tasks such as motif discovery, anomaly detection,

and regime segmentation. Low MMP values indicate that a given snapshot sequence

closely resembles another in the dataset, while high values suggest dissimilarity and

potential anomalies. In time series analysis, these are commonly referred to as motifs

and discords, respectively. We annotate the global minimum or motif which we will

use as a reference query for further analysis.
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Figure 3.7: 3D t-SNE Plot of Graph Embedddings
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Figure 3.8: Multidimensional Matrix Profile on DynNode2Vec Graph Embeddings
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To more explicitly illustrate how each value in the MMP is computed, we present

the full distance profile for the labeled motif in Figure 3.9∗. The distance profile

represents the distance between a fixed query subsequence and all other candidate

subsequences in the dataset. The black dashed line indicates the location of the

query, and the surrounding region with missing values corresponds to the exclusion

zone described in Section 3.4. This zone prevents trivial self-matches by ignoring

comparisons too close in time. The green dashed line marks the nearest neighbor

match, which corresponds to the minimum distance in the profile. This single value

is what is retained and stored in the MMP at the query’s position (as shown in Figure

3.8).

∗Reference sequences are commonly referred to a query and their nearest neighbor is commonly
referred to as a match.
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Figure 3.9: Distance Profile for Query
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Thus far, we have presented the output of the Dynamic Network Matrix Profile

(DNMP), but we must also assess whether applying the MMP to DynNode2Vec

embeddings yields meaningful results. To evaluate the quality of embeddings, we

analyze the evolution of structural graph metrics over time. Our objective is to

demonstrate that the DNMP identifies genuinely similar periods in the dynamic

network and captures significant structural patterns.

Measuring similarity between sequences of dynamic graphs is inherently challeng-

ing due to their complex evolving structure. A practical way to assess this similarity

is by examining how key graph metrics—such as edge density, clustering coefficient,

and component sizes—evolve over the life of a subsequence. In Figure 3.10, we plot

the graph metrics for the motif (i.e. the query subsequence referenced in Figure 3.9

and annotated in Figure 3.8) and its nearest neighbor match, over the 30-day window

used in DNMP. The query is shown in blue, and its nearest neighbor in orange. The

strong alignment in metric trends across these sequences supports the claim that our

embedding-based similarity is capturing meaningful structural relationships.

To further validate this, we compare the same query to its median and worst

matches in Figure 3.11. The median match (orange) and worst match (green)

deviate substantially from the query (blue), with particularly noticeable divergence

in the worst match. This contrast reinforces our confidence that the embedding

space induced by DynNode2Vec and used in DNMP reflects a meaningful notion of

structural similarity across temporal snapshots.

As an additional perspective on how dynamic network sequences align over time,

we examine the confusion matrix of nearest neighbor matches derived from the MMP,

shown in Table 3.1. This matrix compares the weekday of a query sequence to

the weekday of its nearest neighbor match. We observe strong temporal alignment:

47.03% of nearest neighbors occur on the same weekday, substantially higher than

the random chance of 1/7. This result is consistent with the nature of urban bikeshare

usage, which tends to follow weekly commuting and activity patterns. For example,

weekday rider behavior is often shaped by work-related travel, while weekends may
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Figure 3.10: Snapshot Graph Metrics of Capital Bikeshare Motif
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Figure 3.11: Query’s Median and Worst Match Snapshot Graph Metrics
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exhibit different usage driven by leisure or recreational trips. Matches are also more

likely between adjacent weekdays, reflecting the likelihood that rider behavior persists

across nearby days.

Table 3.1: Nearest Neighbor Weekday Confusion Matrix

Match

Query Mon Tue Wed Thu Fri Sat Sun

Mon 173 41 45 25 22 28 31
Tue 31 170 50 34 27 29 24
Wed 34 43 161 49 35 20 23
Thu 21 26 35 178 42 44 19
Fri 24 25 21 38 174 41 43
Sat 39 24 21 21 44 179 38
Sun 37 44 22 27 26 42 168

The DNMP framework enables more than just motif discovery and anomaly

detection; it also supports other data mining tasks such as semantic segmentation

and change point detection. Similar to its application in time series analysis in

Chapter 2, the MMP can be used to segment dynamic networks by identifying

structural shifts over time. Figure 3.12 displays the Corrected Arc Curve (CAC)

derived from the DNMP of the Capital Bikeshare dataset. Each point in the CAC

represents a normalized count of arcs, connections between a query index and its

nearest neighbor, that cross over that index†. High arc densities typically occur

in periods of behavioral stability, where snapshots have nearest neighbors in close

temporal proximity. Conversely, valleys in the CAC indicate reduced arc crossings

and suggest shifts in network behavior, making them useful candidates for change

points or segmentation boundaries.

In the Capital Bikeshare CAC, a prominent dip appears in March 2020, signaling

a significant behavioral transition. This corresponds to the onset of the COVID-19

pandemic in the United States, when stay-at-home orders and remote work policies

disrupted regular commuting patterns. The structural change in rider behavior

†See Section 2.4.1 for a detailed discussion on arc curve normalization.
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captured by this low CAC value highlights the utility of DNMP for detecting

meaningful real-world transitions in dynamic networks.
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Figure 3.12: Corrected Arc Curve of Capital Bikeshare DNMP
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3.6 Atlas Coffee Trade Results

3.6.1 Data

The Atlas dataset provides detailed international trade information, documenting

over 6,000 products exchanged among approximately 250 countries and territories

from 1962 to 2023 [5]. Derived from United Nations Comtrade data and curated by

the Harvard Growth Lab, the dataset is cleaned and standardized for open research

use. In this study, we focus on the Standard International Trade Classification (SITC)

variant, Atlas’s most extensive and historically complete version, and restrict our

analysis to SITC category “07,” which includes coffee, tea, cocoa, spices, and related

manufactured goods. To analyze temporal patterns in global trade, we construct a

sequence of yearly snapshot graphs in which nodes represent countries or territories

and directed edges capture the value of exports from one country to another for

category “07” products. Edge weights correspond to the reported export value in U.S.

dollars for each year, producing a directed weighted dynamic network that evolves

annually and supports the study of long-term structural changes in global trade for

coffee and related commodities.

3.6.2 Model and Embeddings

As with the Capital Bikeshare analysis (Section 3.5), we train a weighted variant of

the DynNode2Vec [86] model to generate yearly graph snapshot embeddings for the

trade network. Node-level embeddings are aggregated using mean pooling to produce

a fixed-length vector representation for each year.

Figure 3.13 illustrates the evolution of the model’s vocabulary size over time,

where vocabulary refers to the number of unique geographic entities participating in

trade. Notable increases occur in 1970, 1992, and 2000, corresponding to expansions

in the set of countries and territories reporting trade data to the United Nations.

Importantly, our downstream Matrix Profile results remain stable despite these shifts,
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suggesting that the method is robust to changes in node count. This robustness

is likely a result of the mean pooling strategy, which normalizes across nodes and

emphasizes structural trends rather than raw graph size.

Similar to the embeddings discussed in Section 3.5.3, the heatmap of yearly

trade embeddings exhibits limited visual variation. However, unlike the Capital

Bikeshare low-dimensional projection, the PCA plot of the trade embeddings in

Figure 3.14 reveals more distinct clustering, suggesting stronger temporal structure

and separability in the trade network dynamics.

To highlight distinct temporal regimes in the embedding space, we applied k-

means clustering (k = 5) to the PCA-reduced trade network embeddings. The

resulting clusters, summarized in Table 3.2, reveal that most groupings correspond

to contiguous ranges of years.

3.6.3 Multidimensional Matrix Profile

Figure 3.15 presents the Corrected Arc Curve (CAC) of the DNMP with a window

size of 10 years. A prominent global minimum appears in 1976, indicating a potential

change point in global coffee trade dynamics. This timing aligns with the aftermath

of the 1975 “Black Frost” in Brazil, which severely damaged coffee crops and led to a

global supply shortage [107]. At the time, Brazil accounted for 13.45% of the world’s

coffee exports by value [5], and the resulting supply disruption drove a sharp increase

in coffee prices the following year.

Cluster Years

1 1962–1964, 1976
2 1965–1969
3 1970–1975, 1977–1991
4 1992–1999
5 2000–2023

Table 3.2: Yearly Snapshot Clusters from Trade Network Embeddings

99



Figure 3.13: Vocabulary Size of DynNode2Vec Model on Coffee Trade

The minimum in 2001 indicates another change point in the dynamics of world

coffee trade. This aligns with the well-documented global coffee crisis of 2001 [117,

100]. The crisis was driven by a significant oversupply of coffee, particularly from

Vietnam, which expanded production rapidly after receiving development assistance

and World Bank support [7]. During the late 1990s, global coffee production outpaced

demand growth, while the collapse of the International Coffee Agreement in 1989

meant there were no export quotas to stabilize prices [118]. This oversupply led to
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Figure 3.14: 3D PCA Plot of Graph Embedddings on Coffee Trade

a steady decline in international prices, reaching historic lows in 2001 and below the

cost of production for many smallholder farmers [100]. As a result, coffee farming

became unprofitable for millions of producers, causing widespread economic distress,

abandonment of farms, and even destruction of surplus coffee [79].
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Figure 3.15: Corrected Arc Curve of Coffee Trade DNMP

3.7 Limitations

A fundamental limitation of our approach lies in its reliance on node embeddings

that abstract away specific node identities. In our model, the embeddings capture

structural similarity at the graph level, but do not preserve who occupies which

position in the network. As a result, if nodes swap roles between snapshots,

such as one country becoming the major exporter while another takes over as the
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major importer, the overall graph embedding may remain nearly unchanged despite

meaningful underlying changes.

This limitation is can be relevant in applications like trade networks, where the

identity of specific nodes (i.e. countries) carries critical meaning. While our approach

effectively detects broad structural similarities and changes over time, it may overlook

localized or role-based shifts in node behavior. In other words, the method prioritizes

global structural patterns over node-level dynamics, and is therefore less suited for

analyses where tracking specific entities across time is essential.

Future work could address this limitation by incorporating node identity informa-

tion directly into the embedding process, or by designing hybrid models that jointly

consider both structural similarity and the persistence or change of individual node

roles over time.

3.8 Conclusion

In this chapter, we introduced the Dynamic Network Matrix Profile (DNMP),

a novel extension of the Matrix Profile framework to dynamic graph analysis.

By combining graph embeddings with Multidimensional Matrix Profile techniques,

DNMP enables scalable, temporally-aware similarity search over evolving network

structures. Applied to the Capital Bikeshare dataset, our approach successfully

uncovered temporal motifs, anomalies, and structural transitions across over 2,500

daily network snapshots. The Multidimensional Matrix Profile revealed consistent

motifs, strong temporal alignment, and clear regime changes—most notably the

sharp shift in March 2020 corresponding to the onset of the COVID-19 pandemic.

We extended this analysis to global trade data on coffee and related commodities,

constructing yearly snapshot graphs spanning over six decades. In this setting, DNMP

identified a prominent change point in 1976, coinciding with a global coffee shortage

caused by the 1975 “Black Frost” in Brazil, a major exporter. This result further

demonstrates DNMP’s ability to detect significant real-world transitions in dynamic
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networks. Taken together, these findings validate DNMP as a general-purpose tool

for time-aware graph mining, enabling motif discovery, semantic segmentation, and

change point detection in evolving network data. More broadly, this work highlights

the versatility of the Matrix Profile paradigm and its applicability beyond traditional

time series, offering a new lens through which to study temporal structure in complex

network data.

3.9 Future Work

This work opens several promising directions for extending the DNMP framework and

improving its scalability, flexibility, and interpretability in dynamic network analysis.

One avenue for improvement lies in the scalability of the DynNode2Vec training

process. In its current form, the model updates random walks for all nodes incident

to any added or removed edge, which can become computationally expensive in high-

churn networks such as Capital Bikeshare. Adapting the update policy—for example,

by triggering walk regeneration only for nodes experiencing significant edge weight

changes—could reduce training overhead without sacrificing embedding quality.

In addition to improving training efficiency, future work could explore the

integration of feature selection mechanisms into the embedding pipeline. While our

approach leverages embedding-based similarity, it may be beneficial to identify and

emphasize embedding dimensions that correlate with structural properties derived

from traditional graph distance metrics. This could help disentangle which aspects

of the graph structure contribute most to the observed similarities in the DNMP.

Because we do not rely on a supervised downstream task, we are unable to

directly train attention mechanisms to learn pooling weights [150]. However, exploring

unsupervised heuristics—such as degree, betweenness centrality, or PageRank—as

proxies for attention-based pooling could improve representation quality. This may

be particularly impactful in settings like bikesharing networks, where a small number

of central stations disproportionately influence overall flow patterns. Mean pooling

104



treats all nodes equally, which can cause smaller, peripheral stations to exert undue

influence over the graph-level embedding. Weighting node embeddings by importance

could yield more faithful representations of the network’s operational structure.

An alternative to weighted embeddings is to simply reduce the influence of

uninformative dimensions altogether. The k-dimensional Multidimensional Matrix

Profile provides a principled way to select the most relevant subset of embedding

dimensions for motif and discord detection [167]. Using only the top-k dimensions

may improve robustness to noise and enhance the ability to detect meaningful patterns

in high-dimensional embedding spaces.

The Matrix Profile framework also supports heterogeneous similarity joins across

different time series. Extending this idea to dynamic networks could allow us to

identify similar subsequences between two different dynamic graphs —for example,

comparing bikeshare usage patterns across cities. This would require consistent

or aligned embedding spaces across datasets, but could offer new insights into the

comparative evolution of coevolving dynamic networks.

Finally, while the DNMP currently identifies motifs based on the best-matching

subsequence pair, recent work in the Matrix Profile literature has introduced methods

for discovering motif groups via index linking [18]. Incorporating group motif

discovery could enhance the interpretability of recurring network states and reveal

richer patterns in dynamic graph behavior.

3.10 Author Contributions

Evan Ezell conceptualized the idea of a Matrix Profile for dynamic networks. Evan

Ezell implemented the code. Evan Ezell trained the node embeddings model. Evan

Ezell wrote the manuscript. Seung-Hwan Lim oversaw the work, proofread, and

edited the final manuscript.
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Chapter 4

Community Fabric: Visualizing

Communities and Structure in

Dynamic Networks
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4.1 Abstract

We present Community Fabric, a novel visualization technique for simultaneously

displaying communities and structure within dynamic networks. In dynamic

networks, the structure of the network is continuously evolving throughout time and

these underlying topological shifts tend to lead to communal changes. Community

Fabric helps the viewer more easily interpret and understand the interplay of

structural change and community evolution in dynamic graphs. To achieve this, we

take a new approach, hybridizing two popular network and community visualizations.

Community Fabric combines the likes of the Biofabric static network visualization

method with traditional community alluvial flow diagrams to visualize communities

in a dynamic network while also displaying the underlying network structure. Our

approach improves upon existing state-of-the-art techniques in several key areas. We

describe the methodologies of Community Fabric, implement the visualization using

modern web-based tools, and apply our approach to three example data sets.

4.2 Introduction

Community detection is a major branch of studies in the understanding of static and

dynamic networks. A network can be decomposed of its communities or substructures,

where these substructures are made up of nodes with similar relationships and

characteristics. Thus, in a dynamic network, the structural decomposition may

change over time. In order to understand this change, we must first find the structures,

through optimization algorithms or heuristics, and connect them across the network.

Algorithmically detecting structures and connecting them in dynamic networks can

be performed independently or dependently of the change occurring. Rosetti et. al.

provide an excellent survey in various community detection techniques for dynamic

networks [121]. By partitioning the nodes into related groups and tracking different
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characteristics of these groups, we can empirically learn through the visual analysis

of the evolutionary patterns of communities in a network.

In this paper, we deal with techniques in the visual analysis of communities in

dynamic networks. The visual analysis of network communities is important because

it allows us to verify community detection methods and find patterns in data that we

otherwise might not observe.

Currently, there is a lack of visualization techniques which display communities in

dynamic networks [121]. Displaying communities in dynamic networks is a challenging

task because an effective visualization technique must integrate evolving community

representation with the difficulties of dynamic networks [121]. Beck et al. provides a

comprehensive survey of dynamic graph visualization techniques [9] while Vehlow et

al. narrows in on specific approaches to visualizing communities in dynamic networks

[151].

Communities in dynamic networks evolve and exhibit different behavioral actions

through time. These community actions: birth, death, growth, contraction, merging,

splitting, continuity, and resurgence [101, 21, 20] are fundamentally driven by changes

in the underlying network topology. While it is interesting to visualize community

evolution and network topology on their own, there is often a need to visualize

each in coordination together to further realize network characteristics. Visualizing

the structure of networks in addition to community evolution is important in

understanding overall network dynamics and the concrete underpinnings for specific

changes in individual communities. We present a novel visualization technique for

viewing the changes in communities while simultaneously visualizing their relationship

with the underlying network structure of a dynamic graph.

Figure 4.1 shows the current state-of-the-art techniques in visualizing communities

and structure in dynamic networks. Juxtaposed node-link diagrams with nodes

colored by their community (see Figure 1a) show the structure of the dynamic network

at each time step. The disadvantage to this approach is the structure is hard to

understand if the network is too large. Also, it is hard to track how individual
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nodes and communities change when the network has a significant number of time

steps. Community alluvial flow diagrams (see Figure 1b), similar to flowcharts, show

how communities change over time in a dynamic network [123]. Alluvial diagrams

represent the change across a dynamic network as a continuous flow using colors to

track different network partitions across time and smoothly transitioning the colors

when the partitions change. In the case of community alluvial diagrams, the partitions

are communities where each color represents a distinct community. A community

alluvial diagram is better at tracking community actions when a dynamic network has

a larger number of time steps and provides an excellent at a glance view of a network.

However, this approach does not show the underlying structure of the network. This

can be an issue when the user needs to verify if a particular community detection

algorithm is selecting reasonable partitions of the network. Also, it does not allow

the user to investigate how a particular node/community may have changed across

time steps. Addressing these concerns, [151] adjoined node-link diagrams to each

community at each time step of the alluvial flow community diagram (see Figure 1c).

This approach preserved the aforementioned benefits of the alluvial flow community

diagram while adding the display of structure to the visualization. To the best of our

knowledge, this approach is the current state-of-the-art in visualizing both community

evolution and the structure of a dynamic network simultaneously.

While alluvial flow community diagrams with adjoined node-link diagrams are

the current state-of-the-art technique, still limitations exist. Node-link diagrams

typically do not scale well to large networks, creating a “hairball” effect of edge

crossings and node placement. This will likely cause the observer to be overwhelmed,

especially in cases when individual communities are large. Using adjoined node-link

diagrams beside communities requires the use of limited force-directed layouts by

restricting the horizontal axis on which a node can appear, since nodes must be

placed collinearly to their respective position in the flow diagram. This may create

suboptimal node positions leading to a less interpretable node-link diagram. Having

individual node-link diagrams for each respective community makes it difficult to
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show inter-community edges because each node-link diagram’s layout is oblivious to

other communities. This makes connecting all of the nodes with relationships between

communities difficult without cluttering the visualization. This is especially apparent

in such cases where the network is dense or has a large number of inter-community

edges. The current solution to remedy this issue is by displaying inter-community

edges via overlaid arcs or curved links separately from the node-link diagrams [151].

While these curved links allow the user to see inter-community relationships, they are

viewed orthogonally to intra-community edges. This may create visual dissonance

between the interpretation of inter-community edges and intra-community edges.

Our proposed technique, Community Fabric, attempts to alleviate these draw-

backs by employing a novel strategy for simultaneously visualizing communities and

structure within dynamic networks in an offline manner. The Community Fabric

visualization technique superimposes a static Biofabric-like diagram [85] atop each

time step of a traditional alluvial community flow diagram. This technique improves

upon existing work by allowing the visualization of communities in larger networks all

while preserving the awareness of the underlying structure of the graph topology. By

using the Biofabric technique to visualize structure, we remove the difficulty of dealing

with restrictive node positioning algorithms for node-link diagrams. We are able to

naturally leverage advantages of the Biofabric and alluvial flow diagram techniques

because both approaches fix nodes to horizontal lines. Community Fabric consolidates

visualizing inter-community edges and intra-community edges by displaying all types

of edges in a congruent manner, eliminating the need to employ two different strategies

to visualize each edge type, creating a more cohesive display of network characteristics.

This new visualization approach allows researchers to more adequately verify different

community detection algorithms, locate noisy nodes and anomalous data, and find

useful trends and patterns in the dynamics of an evolving network.
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Figure 4.1: Current state-of-the-art for visualizing communities in dynamic
networks on an example network. Figure a is juxtaposed node-link diagrams with
the nodes colored by their respective communities. Figure b is a community alluvial
flow diagram. Figure c is a community alluvial flow diagram with adjoined node-link
diagrams.
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4.3 Methods

The Community Fabric visualization technique merges the Biofabric diagram, a static

structural network visualization approach, with the alluvial flow community diagram

for dynamic networks. We chose to use the Biofabric diagram to show structure

because of its scalability advantages over a traditional node-link diagram and its

compatibility with the alluvial flow community diagram.

The Biofabric diagram is a static network visualization technique which aims to

eliminate the sporadic spaghetti like edge crossings, also known as the “hairball”

effect, resulting from a node-link diagram dispalying a large network. The Biofabric

approach uniquely assigns nodes to horizontal lines or rows and assigns edges to

vertical lines creating a separate axis for each component. This contrasting placement

of nodes and edges produces a large number of orthogonal edge crossings but these

crossings are much easier to follow due to consistency across the entire visualization.

By ordering the nodes and edges functionally, the Biofabric visualization displays

critical network characteristics through individual node edge wedges. Figure 4.2

contrasts the differences between a node-link diagram and the Biofabric visualization

on the Les Miserables’ character network.

The alluvial flow community diagram depicts the change of nodes in and out of

communities throughout a dynamic network. An alluvial flow diagram is superior

to a juxtaposed colored node-link diagram for showing community evolution when

the number of time steps of the network is large (see Figure 4.1). The alluvial flow

approach easily shows community actions across the entire network. An example of

the alluvial flow community diagram on a sample data set is presented in Figure 4.3.

This is a very useful visualization technique if you are concerned about the overall

understanding of the evolution of abstract structures or communities, but are not

concerned with focus on the intricacies of local behavior near individual nodes.

By merging Biofabric and alluvial flow community diagrams, the Community

Fabric visualization technique provides a new way to show the change in communities
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Figure 4.2: Node-link diagram versus Biofabric diagram of the Les Miserables’
character network. Figure a is the node-link diagram and Figure b is the Biofabric
diagram.

Figure 4.3: Alluvial flow community diagram.
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of a dynamic network while simultaneously displaying the structure of the network.

Community Fabric leverages the advantages of the two techniques, creating a

visualization that is more well suited to understanding the network topology behind

changes in communities across a dynamic network. Since both the Biofabric diagram

and the alluvial flow community diagram fix nodes to rows, we are able to overlay the

Biofabric diagram atop each flow time step in Community Fabric without significant

manipulation. This is an advantage over using adjoined node-link diagrams when

showing structure alongside community evolution.

The Community Fabric visualization technique is presented in Figure 4.4, showing

the changing dynamics of a vehicle trade network from the ATLAS data set between

two time steps. Each horizontal line is assigned a node, in this case a country.

The vertical lines represent a vehicle trade with another country. For example, in

the 1995 time step Cypress (CYP) exported vehicles to Israel (ISR). Communities

are highlighted behind horizontal node lines with a unique color. In this particular

example, we used the infomap community detection algorithm [122]; however, any

non-overlapping community detection algorithm can be used with Community Fabric.

Singleton nodes, nodes that do not have any edges or are not in a community, are

shown at the bottom of the diagram without a colored underlay. This helps illuminate

when nodes enter and exit participation in the network. For example, Guadeloupe

(GLP) has imports in 1995 but does not have any imports or exports in 1996. The

transition between time steps elicits how individual nodes are moving in and out of

communities, displaying the changing network. A Community Fabric diagram can

display any number of time steps in a dynamic network. It may be used to show a

static network or single time step, change between sequential or non-sequential time

steps, or all time steps of dynamic network. The Community Fabric diagram is suited

for dynamic networks that have discrete time steps or can be aggregated into time

steps across an interval.

In the design of Community Fabric, we drew on seminal research in visual

perception psychology incorporating the principles of continuity, similarity, and
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proximity [71]. We optimize node orderings to minimize the number of crossing

edges between time steps, creating less visual disturbance making transitions easier

to understand. We use smooth transition edge curves reducing the effort needed to

follow individual nodes. We position community nodes adjacently and denote each

community with a unique colored underlay.

In addition to using the above design principles, we have included the ability

to interactively focus on specific nodes within the Community Fabric diagram (see

Figure 4.13). By clicking a node’s corresponding horizontal line, it is brought into a

focused state. The focused state has the following characteristics:

• The selected node line is highlighted so you can follow it throughout the dynamic

network.

• The links incident on the selected node (i.e. in-links and out-links) are opaque

whereas other links in the network are transparent.

• The selected node’s community is opaque at each time step whereas other

communities are transparent.

This helps practitioners zero in on a specific node to understand its role within the

overall network.

4.3.1 Crossing Minimization

Below, we discuss the formal method for minimizing the transition edge crossings. In

the rest of the paper we refer to the edges between time steps as transition edges to

distinguish them from the vertical edges that represent node-to-node relationships.

Reducing the number of transition edge crossings in the Community Fabric

visualization is important to make the diagram more readable and interpretable. If a

transition between time steps has many nodes changing positions, there will likely be

many transition edge crossings. The need to reduce these transition edge crossings

is apparent when dealing with noisy and large networks that may span many time
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Figure 4.4: Community Fabric visualization technique on an example data set. This
data is a selection of countries’ vehicle trade data from 1995 to 1996. On the far left
and right of the visualization are the country codes (ISO alpha-3) showing which
horizontal line are assigned to each country. Communities are shown with colored
underlays at each time step. Singleton nodes at the bottom have no colored underlay
because they are not participating in vehicle trade for these years.

steps. An abundance of transition edge crossings can make it difficult to find patterns

and follow specific nodes of interest throughout the diagram.

The optimization problem of reducing transition edge crossings in the Community

Fabric diagram is related to the long studied crossing minimization problem in

computer science. We use the same sweeping heuristic approach described by

Vehlow et al. [151] for reducing the edge crossings in an alluvial flow community

diagram. This heuristic internally uses a barycentric Sugiyama style one-sided

crossing minimization algorithm and builds upon traditional layout algorithms for

visualizing hierarchical structures [146, 55]. The Sugiyama algorithm reorders nodes

in a hierarchy to reduce the number of edge crossings, creating a more readable

drawing.

In order to utilize the crossing minimization heuristic appropriately, we must

transform the Community Fabric diagram into hierarchical structures. We represent

each transition between time steps as its own hierarchical network called a transition

network. A Community Fabric diagram has T time steps ranging from 1 to T . For

each t where 1 ≤ t ≤ T − 1, there exists a transition network Gt that represents the

transition between time steps t and t+1. Thus, there are T −1 transition networks in
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a Community Fabric diagram. The entire Community Fabric hierarchical structure

can be described by the sequence of all transition networks G = G1, G2, . . . , GT−1.

A transition network is denoted by a 6-level proper hierarchy Gt = (V,E, n = 6, σ),

where V is the vertex set and E is the edge set. n is the number of of levels, which

is always 6 in a Community Fabric diagram as shown in Figure 4.5. σ is the vertex

ordering for all levels of the hierarchy. Gt satisfies the following 3 conditions:

1. V is partitioned into 6 subsets, that is

V = V1 ∪ V2 ∪ · · · ∪ V6 (Vi ∩ Vj = ∅, i ̸= j)

where Vi is called the ith level.

2. Every edge e = (vi, vj) ∈ E, where vi ∈ Vi and vj ∈ Vj. Each edge in E is

unique.

3. E is partitioned into 5 subsets, that is

E = E1 ∪ E2 ∪ · · · ∪ E5 (Ei ∩ Ej = ∅, i ̸= j)

where Ei ⊂ Vi × Vi+1, i = 1, . . . , 5.

The ordering of all vertices is given by σ = σ1, σ2, . . . , σ6. The ordering of the

ith-level vertices Vi is given by the vertex sequence σi = v1, v2, . . . , v|Vi|. The six total

levels in a transition network correspond to a time level, community level, and node

level for each side of the transition. Figure 4.5 shows the transition network from the

Community Fabric diagram in Figure 4.4.

To minimize the overall number of transition edge crossings in Community Fabric,

we must minimize the edge crossings between all transitions. The total number of

transition edges in a Community Fabric diagram is directly related to the ordering

of the vertices in the community levels (i.e. σ2 and σ5) and the node levels (i.e. σ3
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Figure 4.5: Transition network corresponding to the Community Fabric diagram
shown in Figure 4.4. There are six total levels in a transition network, a time level
(Level 1 and Level 6), community level (Level 2 and Level 5), and node level (Level
3 and Level 4) for each time step of the transition. The edges between Level 3 and
Level 4 are the transition edges seen in the Community Fabric diagram.
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and σ4) of each transition network. Let us consider the matrix formulation of our

problem.

The ordered adjacency matrix of the node layers of Gt is given by M t = M(σ3, σ4).

M t is a matrix where the rows and columns are ordered according to σ3 and σ4,

respectively. If σ3 = v1, . . . , vk, . . . , v|V3| and σ4 = w1, . . . , wl, . . . , w|V4|, then the

(vk, wl) element of M t, denoted by mt
kl, is given by

mt
kl =

1 if (vk, wl) ∈ E3

0 otherwise

(4.1)

representing the existence of an edge.

As an example, the adjacency matrix M1 of the transition network in Figure 4.5

is shown in Figure 4.6. We can represent an entire Community Fabric diagram G by

M = M1,M2, . . . ,MT−1 (i.e. the adjacency matrix of each transition). Using M t,

we can calculate the number of transition edge crossings from the formulas given in

[159]. If we let r(v) be the row vector of M t where v ∈ V3, then we can denote the

crossings between two vertices as

k(r(vj), r(vk)) =

q−1∑
α=1

q∑
β=α+1

mjβmkα (4.2)

where q =| V4 |. We can then compute the total number of of crossings of single

transition K(M t) with the following formula ,

K(M t) =

p−1∑
j=1

p∑
k=j+1

k(r(vj), r(vk)) (4.3)

where p =| V3 |. This double summation counts the number of crossings between

all pairs of vertices in Layer 3 of their edges to Layer 4. Thus, the total number of
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crossings in G is given by

K(G) =
T−1∑
t=1

K(M t) (4.4)

which is also the total number of crossings in the Community Fabric diagram.

Since the node orderings of all transition networks directly determines the number

of Community Fabric transition edge crossings, our goal is to find a node ordering

which significantly reduces the number of crossings. More formally, if we let σt
3 and

σt
4 be the orderings of the node layers for the tth transition, then our objective is to

find σt
3 and σt

4 for all t ∈ 1, . . . , T − 1 that minimizes K(G).

To find suitable node orderings, we use the barycentric Sugiyama style one-sided

sweeping heuristic [151]. The one-sided Sugiyama algorithm holds one side of the

transition fixed and reorders the adjacent side. For example, we hold σt
4 fixed while

reordering σt
3. The one-sided approach is used because we are dealing with multiple

interconnected hierarchical structures where the ordering of nodes in one transition

network affects the number of crossings of the adjacent transition networks. This is

because σt
4 must be the same ordering as σt+1

3 and σt
3 must be the same ordering

as σt−1
4 . The sweeping heuristic iterates through each transition in the forward or

backward direction, holding σt
3 fixed in the forward direction and σt

4 fixed in the

backward direction, attempting to improve the node ordering upon each iteration .

To update node orderings of each transition during a sweep, we use the barycenter

measure as in [146, 151]. The barycenter measure has been shown to be effective and

efficient when compared to other measures [60, 87, 153]. Given a transition matrix

M t, the barycenter of the kth node in V3 is given by

Btk =

∑q
l=1 l ·mt

kl∑q
l=1m

t
kl

(4.5)

calculating the position of a node with respect to its neighbors in the adjacent

layer. During an iteration of the sweeping algorithm we order nodes according to their

barycenters, in ascending order, while also keeping nodes in the same community
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Figure 4.6: Adjacency matrix, M1, of the transition network in Figure 4.5.

in adjacent positions. We must keep nodes in the same community adjacent to

preserve one colored underlay for each community when drawing the Community

Fabric diagram.

The Community Fabric crossing minimization pseudocode is presented in Algo-

rithm 3 and Algorithm 4. Algorithm 3 presents the helper method sweep, which

traverses the transition networks forward and backward trying to improve the node

orderings of σt
3 and σt

4 for all t and returns the new ordering. In the sweep method

presented here, we take a SWEEP ITERS parameter which determines how many

forward and backward passes will be made through the transition networks. This

method can be further optimized to halt on other conditions if desired.

The sweeping heuristic is presented in Algorithm 4 and determines the best node

ordering for a Community Fabric diagram. In our sweeping heuristic, we randomize

the community positions (σt
2 and σt

5) and node positions (σt
3 and σt

4) at the start of

each sweep. During a sweep, we do not alter the order of the community positions,

only the node positions. If a random start community ordering, random start node
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Algorithm 3 sweep(G,SWEEP ITERS)

1: t← randomly choose number between 1 and T − 1
2: direction← randomly choose forward or backward
3: iters← 0
4: while iters < SWEEP ITERS do
5: while 1 ≤ t ≤ T − 1 do
6: Optimize K(Mt) using barycentric measure
7: increment t in direction
8: end while
9: flip direction
10: increment iters
11: end while
12: return G’ {new Community Fabric transition networks}

ordering, and sweep produce a solution that has less crossings than we have seen

before, then we save this ordering as the new solution. The sweeping heuristic is

run a certain number of times determined by the MAX ITERS parameter. These

algorithms may be further optimized based upon preexisting knowledge of a data set.

Each sweep may also be worked on by a separate process and run in parallel for faster

computation of large networks.

4.4 Results

We visualized three network data sets across different domains using Community

Fabric to evaluate the efficacy of our technique. We visualized the interactions

of people in a hospital ward across two hours, showing how the communities and

structure of the network changed across each hour. We visualized a synthetic dynamic

network across three time steps. We also visualized five years of cotton trade between

central globe countries.
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Algorithm 4
sweeping heuristic(G,MAX ITERS, SWEEP ITERS)

1: iters← 0
2: MIN CROSSINGS ← K(G)
3: solution← ordering
4: while iters < MAX ITERS do
5: randomize community and node positions
6: ordering ← sweep(G,SWEEP ITERS)
7: if K(ordering) < MIN CROSSINGS then
8: MIN CROSSINGS ← K(ordering)
9: solution← ordering
10: end if
11: increment iters
12: end while
13: return solution {best node ordering}

4.4.1 Hospital Ward Interaction Network

We use a real temporal network of interactions among health-care workers and

patients in a hospital ward. This data was collected for a study to estimate infectious

transmission routes [149] and distributed via http://www.sociopatterns.org/. Each

participant wore an RFID tag which recorded interactions when two participants were

within close proximity of each other. The interactions were recorded at a resolution of

seconds and we chose to aggregate the network into hourly snapshots for analysis. In

this paper, we present two time steps from the hospital interaction network. The first

time step is the aggregated network showing the interactions from 5 p.m. to 6 p.m.

and the second time step is the aggregated network showing the interactions from 6

p.m. to 7 p.m. For visualization purposes, we label each participant by their role

abbreviation hyphenated with their unique ID. The following roles are present in the

network: administrator (ADM), medical doctor (MED), nurse (NUR), and patient

(PAT).

In order to understand the usefulness of our approach, we compared the traditional

adjoined node-link diagram (Figure 4.7) and Community Fabric with reduced edge
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crossings (Figure 4.8). We detected communities in both time steps using the edge

betweeness algorithm [99]. We then matched communities across time steps using the

Jaccard similarity index Backward Greedy algorithm [57, 147]. Figure 4.7 presents the

adjoined node-link diagram of the two aggregated networks each with nodes colored

by their respective community. The node positions are laid out using Fruchterman-

Reingold force-directed placement [40]. Figure 4.8 presents our approach, Community

Fabric, on the same dynamic network for comparison.

Using the sweeping heuristic for crossing minimization we were able to reduce

the number of transition edge crossings from 211 to 58 with five iterations of the

sweeping heuristic and halting each sweep when we could not reduce the crossings any

further. Figure 4.9 shows the unoptimized Community Fabric diagram as a reference.

It is evident that minimizing the number of transition edge crossings improves the

readability of the diagram.

When comparing the adjoined node-link diagram (Figure 4.7) and our approach

(Figure 4.8) we notice several major differences. With the adjoined node-link diagram

it can be hard to identify singleton nodes (colored gray) from one time step to the

next. You can see that there are a similar amount of singleton nodes in each time

step but it is not clear whether it is the same nodes or different nodes without closely

looking at all the node labels. In the Community Fabric diagram, you can clearly

see the nodes that become active and become dormant by locating the transition

edges at the bottom of the visualization. It is obvious that all of the nodes that were

singletons in the first time step become active in the second time step. This allows

the viewer to more quickly understand the structural changes with regards to active

and dormant nodes in a dynamic network.

Similarly to the above point, it is difficult to identify which nodes are moving

in and out of communities without deeply looking at the individual labels in the

adjoined node-link diagram. In these two time steps, the orange community has

limited change keeping all but two members. This is easy to spot in Community

Fabric as most of the transition edges are straight lines, keeping their ordering and
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Figure 4.7: Adjoined node-link diagram of two hours in the hospital interaction
network. Nodes represent people and links represent interaction between people.
Nodes are colored by their respective communities. Nodes are labeled with their
respective participant role and id.

Figure 4.8: Community Fabric visualization of two hours in the hospital interaction
network. This is the same network from Figure 4.7.
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Figure 4.9: Unoptimized Community Fabric diagram. The optimized version of this
visualization is shown in Figure 4.8.

position in the next time step, and two of the nodes have transition edges that curve

out of the community, becoming dormant nodes in the next time step. Using the

adjoined node-link diagrams, this information is not as easy to gather at a glance.

You may be able to see that a few nodes dropped out of the orange community

but locating where they went is more tedious than using Community Fabric where

transitions are streamlined together.

While the orange community does not change much, the green community’s

structure changes more drastically. Several dormant nodes become active and join the

green community, a few nodes drop out becoming dormant, and one node is annexed

from the orange community.

Another interesting thing to note is the emergence of a new red community

between 6 pm and 7 pm. We can see this clearly in both the adjoined node-link

diagram and in Community Fabric. However, we would like to understand the

structural changes that led to this new community. Looking at the node-link diagram,

it is difficult to tell where the nodes that formed the red community came from. In

Community Fabric, we can see that this new community is made up of two nodes

that were dormant in the previous time step and one node that came from the green

community.
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When analyzing communities in dynamic networks it is sometimes important to

understand the size of each community. In a node-link diagram, it is not always easy

to detect the size of each community, particularly when the node layout algorithm

does not match the communities detected (i.e. the same colored nodes are scattered

across the diagram). In Community Fabric, each node gets the same amount of

horizontal space and nodes in the same community are placed adjacent to each other.

This yields a colored underlay for each community that is directly proportional to the

size of the community in the network at each time step. This makes it less demanding

to see how the size of each community is changing throughout the dynamic network.

Thus far, we have discussed tracking community evolution in this network.

However, another important aspect of analyzing a network is understanding the

underlying structure of the network, the individual node and edges contributing to

the formation of each community. In Community Fabric, the underlying network

structure is understood through analyzing the vertical edges in the diagram. Like

traditional Biofabric diagrams, we sort the vertical edges from shortest to longest

which create edge wedges making it easier to analyze a node’s incident edges. For

example, the large edge wedge of MED-1157 in the second time step denotes that it

is the most connected member of the orange community. If we look at MED-1157’s

edge wedge in the first time step, it is not nearly as big. Thus, we quickly see that

MED-1157 becomes much more highly connected member of the orange community

in the second time step. Looking deeper at the edge structure of the network we

see that patients tend to only interact with their nurse and not with other patients.

Doctors are mostly in a community with other doctors and tend to interact with

doctors.

Another interesting aspect of analyzing dynamic networks is looking at the

modularity of communities, how densely connected they are within but how sparsely

connected they are with other communities. In Community Fabric, we intentionally

place inter-community edges first over the community underlay and intra-community

edges after. This allows the viewer to understand the modularity of the community

127



visually. For example, in this dynamic network the orange and green community

are highly connected in the first time step. In the second time step, there is only

one connection between the orange and green community. We can quickly see that

MED-1157 and PAT-1365 are the only connected nodes from the green community

to the orange community in the second time step.

4.4.2 Synthetic Dynamic Network

We generated a synthetic dynamic network for visualization. Our synthetic network

contains three time steps. The first time step was built using the Lancichinetti-

Fortunato-Radicchi (LFR) graph generation technique [76] which builds a network

with known communities. Our LFR parameter configuration is shown in Table 4.1. To

create the second time step of the dynamic network, we randomly removed edges. We

chose to remove half of the edges from about a third of the nodes. In the third and final

time step, we randomly added edges. We chose to add up to 5 edges (number of edges

randomly selected) to about a third of the nodes. After constructing the dynamic

network we performed independent static community detection with matching. As

in the previous example, we used edge betweeness community detection [99] with

Jaccard similarity matching [57].

We visualize both the adjoined node-link diagram (Figure 4.10) and the Com-

munity Fabric diagram (Figure 4.11) of this created network. The purpose of

synthetically generating this network is to showcase the ability of Community Fabric

Parameter Description Value
N number of nodes in the network 25
γ power law exponent for node degree distribution 3
β power law exponent for community size distribution 1.5
µ mixing parameter: 1− µ links will be intra-community

links
0.15

Table 4.1: Lancichinetti-Fortunato-Radicchi Graph Configuration Parameters [76].
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to visualize many time step dynamic networks. We only use three time steps for this

paper. However, dynamic networks with many more time steps can be viewed on a

display device where space constraints are not an issue. See the next example for a

network with more time steps.

Using the sweeping heuristic for crossing minimization we were able to reduce

the number of transition edge crossings from 439 to 48 with five iterations of the

sweeping heuristic. In this particular dynamic network, there are three communities

in the first time step and five communities in the subsequent time steps. From time

step one to time step two the red community is split into two communities forming a

new purple community. Two nodes from the orange community break off to form a

brown community which persists throughout the rest of the network. The emergence

of new communities in time step two makes sense because we removed edges. The

removal of edges causes communities to become less densely connected yielding the

splitting of communities. In time step three, the number of communities remain the

same from time step two. In this time step, we added edges to random nodes. These

edges may or may not be intra-community edges and are more likely to be inter-

community edges because the partner node was chosen at random. Ultimately, this

makes the network less modular than previous time steps. We can quickly see the

difference between modularity of each time step by looking at the right most edges.

Figure 4.10: Node-link diagram of a synthetically generated dynamic network.
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Figure 4.11: Community Fabric diagram of a synthetically generated dynamic
network.

There are the least amount of inter-community edges in time step two, whereas the

most number of inter-community edges are in the last time step.

4.4.3 Atlas Economic Trade Data

We use yearly aggregated economic world trade data between countries [4]. This data

is based upon the United Nations Comtrade data and is cleaned up by the Harvard

Growth Lab for open research. In this example, we selected cotton trade among 18

central globe countries from five consecutive years, 2014 to 2018. The Community

Fabric diagram is presented in Figure 4.12. As in the previous examples, we used

edge betweeness community detection [99] with Jaccard similarity matching [57].

Looking at this network from a macro level, we see that there are several changes

taking place throughout this network. The communities are changing frequently and

are not as stable as the previous two networks. The longest persisting community is

the brown community made up of Uzbekistan and Kyrgyzstan from 2015 to 2018,

driven by Uzbekistan’s cotton export to Kyrgyzstan in those years. The green

community is present from 2014 to 2016 but splits in 2017. Other than the brown

and green communities, no other community persists for more than two time steps in

this network.

Observing the network from a micro view, we can gain insight into the specific

node level relationship changes taking place. In 2014, the United Arab Emirates and
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Figure 4.12: Community Fabric diagram of cotton trade from 2014 to 2018 between
central globe countries.

Pakistan are the major exporters. However, in 2018 Pakistan is only exporting to one

country while the United Arab Emirates is still trading with many countries.

In Figure 4.13, we present the same dynamic network with the United Arab

Emirates selected for focus. In this focused mode, it is easier to follow one specific

node throughout the network. We can more clearly see that the United Arab Emirates

is involved throughout every time step as the major exporter of cotton among central

globe countries.

4.5 Conclusion

We have presented a novel approach for visualizing evolving communities in a

dynamic network, together with evolving structure of the network. Community

Fabric improves on existing state-of-the-art techniques via a hybrid approach, which

superimposes a Biofabric-like [85] structural graph atop each time step of a traditional

alluvial flow community diagram [151]. By using Biofabric style horizontal node

placement and vertical edge placement, we alleviate the need to deal with restricted

node-link layouts to show network structure. This allows us to display inter-

community edges and intra-community edges as identical edges, which was not

possible before.

We use a hierarchical edge crossing minimization algorithm to reduce transition

edge crossings in the Community Fabric diagram, making the visualization more

palatable to viewers. Our results demonstrated a significant decrease in the number

of transition edge crossings among all example networks.
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Figure 4.13: Community Fabric diagram with the United Arab Emirates
interactively selected to focus on. This dynamic network shows cotton trade from
2014 to 2018 between central globe countries, the same data used in Figure 4.12.

The Community Fabric diagram was developed using modern web-based visual-

ization tools, showing it is possible to implement such a visualization. We showcased

our visualization on three different example datasets: a human interaction network, a

synthetic network, and a trade network. Our results indicate that Community Fabric

can be used to more easily interpret and understand the interplay of structural change

and community evolution in dynamic graphs.

4.6 Future Work

For future work, we suggest possible directions to advance the Community Fabric

visualization technique. Adding more interactivity to our visualization and allowing

the user to select different node/edge orderings based on their data and preferences

may advance the usefulness of Community Fabric. It is possible to provide a more

horizontally compact version of our visualization by modifying the edge assignment

algorithm to allow the stacking of edges where there is no overlap. We have not

yet considered enhanced coloring techniques for coloring the nodes and edges, such

as stability-based coloring techniques and coloring based on other network metrics

[151]. Future directions include providing an implementation of the sweeping crossing

minimization heuristic to the open source and research community for further study.

A framework specific implementation, such as integration of the algorithm into the

popular Open Graph Drawing Framework [28] would provide easy accessibility. We
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would like to further compare and rigorously evaluate different community detection

algorithms using Community Fabric.
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Céline Robardet. Distributed algorithms to find similar time series. In Lecture

Notes in Computer Science (including subseries Lecture Notes in Artificial

Intelligence and Lecture Notes in Bioinformatics), volume 11908 of Lecture

Notes in Computer Science, pages 781–785. Springer International Publishing,

Cham, 2020. ISBN 9783030461324. 30

[79] Bryan Lewin, Daniele Giovannucci, and Panos Varangis. Coffee markets: New

paradigms in global supply and demand. (Agriculture and Rural Development

Discussion Paper No. 3), 2004. 101

146

http://dx.doi.org/10.1103/PhysRevE.78.046110


[80] Chung-Sheng Li, Philip S. Yu, and Vittorio Castelli. Malm: a framework for

mining sequence database at multiple abstraction levels. In Proceedings of the

Seventh International Conference on Information and Knowledge Management,

CIKM ’98, page 267–272, New York, NY, USA, 1998. Association for

Computing Machinery. ISBN 1581130619. doi: 10.1145/288627.288666. URL

https://doi.org/10.1145/288627.288666. 10, 12, 20, 21, 33

[81] Jessica Lin, Eamonn Keogh, Stefano Lonardi, and Bill Chiu. A symbolic

representation of time series, with implications for streaming algorithms. In

Proceedings of the 8th ACM SIGMOD Workshop on Research Issues in Data

Mining and Knowledge Discovery, DMKD ’03, pages 2–11, 2003. 27

[82] Jessica Lin, Eamonn Keogh, Li Wei, and Stefano Lonardi. Experiencing

sax: a novel symbolic representation of time series. Data Mining and

Knowledge Discovery, 15(2):107–144, Oct 2007. ISSN 1573-756X. doi: 10.

1007/s10618-007-0064-z. URL https://doi.org/10.1007/s10618-007-0064-z. 15,

17, 29, 32

[83] Michele Linardi and Themis Palpanas. Scalable, variable-length similarity

search in data series: The ulisse approach. Proceedings of the VLDB

Endowment, 11(13):2236–2248, 2018. ISSN 2150-8097. 30

[84] Michele Linardi and Themis Palpanas. Ulisse: Ultra compact index for variable-

length similarity search in data series. In 2018 IEEE 34th International

Conference on Data Engineering (ICDE), pages 1356–1359. IEEE, 2018. ISBN

9781538655207. 30

[85] William Longabaugh. Combing the hairball with biofabric: A new approach

for visualization of large networks. BMC bioinformatics, 13:275, 10 2012. doi:

10.1186/1471-2105-13-275. 110, 131

147

https://doi.org/10.1145/288627.288666
https://doi.org/10.1007/s10618-007-0064-z


[86] Sedigheh Mahdavi, Shima Khoshraftar, and Aijun An. dynnode2vec: Scalable

dynamic network embedding. In 2018 IEEE International Conference on Big

Data (Big Data), pages 3762–3765, 2018. doi: 10.1109/BigData.2018.8621910.

72, 73, 98

[87] Erkki Makinen. Experiments on drawing 2-level hierarchical graphs. Interna-

tional Journal of Computer Mathematics, 36(3-4):175–181, 1990. doi: 10.1080/

00207169008803921. URL https://doi.org/10.1080/00207169008803921. 120

[88] P.-F. Marteau. Time warp edit distance with stiffness adjustment for time series

matching. IEEE transactions on pattern analysis and machine intelligence, 31

(2):306–318, 2009. ISSN 0162-8828. 26

[89] Yasuko Matsubara, Yasushi Sakurai, and Christos Faloutsos. Autoplait:

Automatic mining of co-evolving time sequences. In Proceedings of the ACM

SIGMOD International Conference on Management of Data, pages 193–204,

2014. ISBN 9781450323765. 31

[90] Tomas Mikolov, Kai Chen, Gregory S. Corrado, and Jeffrey Dean. Efficient

estimation of word representations in vector space. In International Conference

on Learning Representations, 2013. 72

[91] Tomas Mikolov, Ilya Sutskever, Kai Chen, Greg S Corrado, and Jeff Dean.

Distributed representations of words and phrases and their compositionality.

In C.J. Burges, L. Bottou, M. Welling, Z. Ghahramani, and K.Q. Weinberger,

editors, Advances in Neural Information Processing Systems, volume 26. Curran

Associates, Inc., 2013. URL https://proceedings.neurips.cc/paper files/paper/

2013/file/9aa42b31882ec039965f3c4923ce901b-Paper.pdf. 72

[92] Saptarshi Mondal and C. Jeganathan. Mountain agriculture extraction from

time-series modis ndvi using dynamic time warping technique. International

148

https://doi.org/10.1080/00207169008803921
https://proceedings.neurips.cc/paper_files/paper/2013/file/9aa42b31882ec039965f3c4923ce901b-Paper.pdf
https://proceedings.neurips.cc/paper_files/paper/2013/file/9aa42b31882ec039965f3c4923ce901b-Paper.pdf


Journal of Remote Sensing, 39(11):3679–3704, 2018. ISSN 0143-1161. doi:

10.1080/01431161.2018.1444289. 34
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A Dynamic Time Warping (DTW)

A.1 Background

Dynamic programming was a strategy to solve optimization problems developed by

Richard Bellman in the 1950s while he was working for the RAND Corporation. He

gave several invited talks about dynamic programming which included a talk given to

the National Academy of Sciences [10] and to the American Mathematical Society [11]

in the early 1950s. Bellman later wrote two books on the topic [12, 13] and in the 1960s

the usefulness of dynamic programming to applications of many kind became apparent

to others. In the 1970s, the dynamic programming algorithm was heavily studied and

was successfully used for spoken word recognition by Sakoe, Chiba, Itakura, Myers,

Rabiner, Rosenberg, Levinson, and others. [126] and [152] first showed the ability for

dynamic programming to detect spoken words, an approach that came to be called

Dynamic Time Warping (DTW) in the data mining community. While more popular

DTW speech recognition papers were developed later [125, 97, 98], DTW began being

used for more than just speech recognition and proved itself useful in many other time

series domains.

Using DTW for time series data mining was popularized by [14] and research

on the topic has since exploded. Another driving factor in DTW’s use has been its

ability to perform well compared to other similarity measures on a variety of data

sets [34, 132, 45]. Furthermore, the highly cited pioneering work [120] developed an

innovative approach to performing exact similarity searches using DTW faster than

the gold standard Euclidean distance searches on large datasets. This advancement

has garnered further interest in the continued use of DTW as a time series analysis

technique due to the feasibility to perform exact and efficient subsequence searches.

For a complete overview of DTW, see [131].
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A.2 Method

Let us define time series to be a real-valued sequence where each element represents

a measurement at a point in time. More formally, a time series is T = (t1, t2, . . . , tN)

where ti ∈ R and 1 ≤ i ≤ N . To generate a measure of similarity, we will be

comparing a time series query Tq = (t1, . . . , ti, . . . , tN) to a reference time series

Tr = (t
′
1, . . . , t

′
j, . . . , t

′
N) determining how similar Tq is to Tr.

DTW is ultimately proposed as an optimization problem which computes the

minimum cost temporal alignment between two time series. The cost to align two

values is most commonly calculated using Euclidean distance. That is, the cost to

align an element ti ∈ Tq with an element tj ∈ Tr can be defined by the following

equation.

dist(ti, t
′

j) =
√

(ti − t
′
j)

2 (6)

Subsequently, DTW can be defined by the following minimizing optimization

equation:

DTW (Tq, Tr) = min
π∈A(Tq ,Tr)

 ∑
(i,j)∈π

dist
(
ti, t

′
j

) (7)

where an alignment path π (i.e. warping path) is a sequence of index pairs

((i1, j1) , . . . , (ik, jk) , . . . , (iK , jK)). The warping path length is K and each pair

πk = (ik, jk) represents the temporal alignment of the query element ti to the reference

element t
′
j at the kth position in the warping path. A (Tq, Tr) is the universal set of

all admissible paths. For a path to be admissible, it must satisfy the following three

conditions:

1. Boundary Condition: The starting and ending points of the query and

reference must be aligned.

π1 = (1, 1) (8)

πK = (N,N) (9)
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2. Monotonicity Condition: The alignment path is monotonically increasing

on both indexes, i and j.

ik−1 ≤ik ≤ ik+1 (10)

jk−1 ≤jk ≤ jk+1 (11)

3. Continuity Condition: Every index i and j must appear at least once. This

limits the alignment path to only a single step in time, thus preventing long

jumps.

πk − πk−1 ∈ {(1, 1), (1, 0), (0, 1)} (12)

It is worth noting that the number of possible admissible paths |A| is finite and

equivalent to the Delannoy number, which describes the number of paths between

diagonal corners of any arbitrary sized rectangular grid [6]. For our practical purposes,

the dynamic programming table or cost matrix is always square and the Delannoy

numbers of square matrices are known as the central Delannoy numbers∗. The closed

formula for computing the central Delannoy number and subsequently the number of

admissible paths is given by:

Central-Dellanoy(n) = |A (Tq, Tr) | =
N∑
k=1

 N

k

2

2k (13)

With the number of temporal alignments increasing exponentially in the size of

N , it becomes intractable to compute all possible alignments and compare their costs.

This rules out the possibility of determining the minimal temporal alignment in

a brute-force fashion for even small sizes of N . Thus, we need a technique such

as dynamic programming often coupled with additional optimization strategies to

∗The central Delannoy numbers - OEIS A001850. The on-line encyclopedia of integer sequences.
oeis.org/A001850.
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compute the minimum temporal alignment or warping path in a reasonable amount

of time (i.e. at least polynomial time).

Dynamic programming solves the DTW optimization equation (Equation 6) by

breaking it down into recursively defined sub-problems which can be exploited to

make computation more efficient. The DTW algorithm formulates the sub-problems

as prefixes of the optimization equation. Let’s consider the following sub-problem

definition:

δi,j = DTW (Tq → i, Tr → j) (14)

where Tq → i = (t1, . . . , ti) and Tr → j = (t
′
1, . . . , t

′
j). Thus, δi,j is the best

alignment of the prefix sequences of the query and reference time series up to and

including ti and t
′
j, respectively. Relating the sub-problems, we can see that

δi,j = min
π∈A(Tq→i,Tr→j)

 ∑
(m,n)∈π

dist
(
tm, t

′
n

) (15)

= dist
(
ti, t

′
j

)
+ min

π∈A(Tq→i,Tr→j)

 ∑
(m,n)∈πK̂

dist
(
tm, t

′
n

) (16)

= dist
(
ti, t

′
j

)
+min


δi−1,j cost to align Tq → (i− 1) and Tr → j

δi,j−1 cost to align Tq → i and Tr → (j − 1)

δi−1,j−1 cost to align Tq → (i− 1) and Tr → (j − 1)

(17)

Equation 16 follows from the Boundary Condition (Equation 9), since we must

align the last elements of the query and reference. πK̂ = (π1, . . . , πK−1) is a path

π with the last alignment removed from the sequence or the path up to but not

including πK . Equation 17 follows from from the Continuity Condition (Equation 12)

restricting the penultimate alignment of π to three possibilities.
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We can further define the warping path as a matrix (Aπ), such that:

(Aπ)i,j =

1 if (i, j) ∈ π

0 otherwise

(18)

An example warping path matrix is shown in Figure A.1. In this example, the first

point of the reference time series gets mapped onto the first four points of the query

time series. The ending of the warping path aligns the last point of the query to the

last four points of the reference. This example demonstrates how the comparison of

two time series with the same shape (sine wave period), albeit occurring at different

times, get aligned properly.

A.3 Variants and Optimization

Since the popularization of DTW, there have been many variants of DTW proposed in

the literature [1]. These variants have generally been developed for specific purposes

or to strive for improvement over the original DTW algorithm. While different

variants are shown to outperform the original DTW algorithm on a case-by-case

basis, the original DTW algorithm with a Sakoe-Chiba warping band constraint does

not perform statistically worse than other techniques on a wide variety of data sets

[45]. Other concerns about DTW include the possibility of a pathological alignment

between two time series. A pathological warping path presents itself when a relatively

small number of features of one time series get mapped onto a large number of features

of the other time series, producing an unintended correspondence [63].

Furthermore, there have been many additional techniques proposed for how to

restrict the warping path and help reduce the the number of pathological warpings.

The most widely used warping path constraints are shape-based constraints. The

Sakoe-Chiba band [125] imposes that the warping path not stray too far from the

diagonal. The Itakura parallelogram [56] is similar to the Sakoe-Chiba band, but

†Graphics adapted from Romain Tavenard under CC BY-SA.
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Figure A.1: Warping Path Matrix (Left) and Corresponding Temporal
Alignment (Right)†

allows the warping path to map to further points in the center of the warping path

matrix. The shape constraint can also be generated through machine learning [17,

169, 173]. Figure A.2 shows these approaches visually on the warping path matrix.

Another approach to restrict warping path is by controlling the length of the overall

path [174]. In addition to conciliating illogical warping paths, the constraint of a

warping band inherently reduces computational complexity.

While pathological warpings are a legitimate concern in most practice, the

environment in which we are using DTW is more controlled – we are calculating

DTW over shorter length windows and our reference time series are synthetically

produced eliminating noise (see Section 2.4.2). The use of the Sakoe-Chiba warping

band and our controlled environment should be sufficient in allaying most situations

in which a pathological alignment might occur. However, in certain situations such as

a short time series segment, degenerate warpings can still happen (see Figure 2.15).
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Figure A.2: Warping Path Constraints

171



Vita

Evan Ezell, a native of Georgia raised in Canton, developed an interest in computer

science and mathematics early in life. After high school, he earned a Bachelor

of Arts in Computer Science from Maryville College in 2018. Ezell continued his

academic journey at the University of Tennessee, where he received a Master of

Science in Computer Science in 2020 and a Doctor of Philosophy in Data Science and

Engineering in 2025. During his graduate studies, he served as a Graduate Research

Assistant at Oak Ridge National Laboratory in the Geographic Data Science Section

for four years and worked as a Senior Research Engineer at Graf Research Corporation

for two years.

172


	Front Matter
	Title
	Dedication
	Acknowledgements
	Quote
	Abstract

	Table of Contents
	1 Introduction
	1.1 What is Temporal Data and Why Does it Matter?
	1.2 Scope and Purpose
	1.3 Practical Challenges

	2 Shape Profiling: A Shape-Based Representation for Time Series Analysis
	2.1 Abstract
	2.2 Introduction
	2.3 Background
	2.3.1 Representation Methods
	2.3.2 Distance Measures
	2.3.3 Indexing
	2.3.4 Segmentation
	2.3.5 Classification

	2.4 Methods
	2.4.1 Semantic Segmentation
	2.4.2 Taxonomic Classification of Time Series Segments

	2.5 Data
	2.6 Results
	2.7 Limitations
	2.8 Conclusion
	2.9 Future Work
	2.10 Author Contributions

	3  Dynamic Network Matrix Profile: Uncovering Temporal Patterns in Dynamic Graphs 
	3.1 Abstract
	3.2 Introduction
	3.3 Background
	3.4 Methods
	3.5 Capital Bikeshare Results
	3.5.1 Data
	3.5.2 Model Training
	3.5.3 Embeddings
	3.5.4 Multidimensional Matrix Profile

	3.6 Atlas Coffee Trade Results
	3.6.1 Data
	3.6.2 Model and Embeddings
	3.6.3 Multidimensional Matrix Profile

	3.7 Limitations
	3.8 Conclusion
	3.9 Future Work
	3.10 Author Contributions

	4 Community Fabric: Visualizing Communities and Structure in Dynamic Networks
	4.1 Abstract
	4.2 Introduction
	4.3 Methods
	4.3.1 Crossing Minimization

	4.4 Results
	4.4.1 Hospital Ward Interaction Network
	4.4.2 Synthetic Dynamic Network
	4.4.3 Atlas Economic Trade Data

	4.5 Conclusion
	4.6 Future Work
	4.7 Author Contributions
	4.8 Acknowledgements

	Bibliography
	Appendices
	A Dynamic Time Warping (DTW)
	A.1 Background
	A.2 Method
	A.3 Variants and Optimization


	Vita

