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ABSTRACT

A new approach to statistical modeling is studied which
integrates the information-based statistical criteria into
Ivakhnenko’s (1966) polynomial theory, also known as the Group
Method of Data Handling (GMDH).

The GMDH algorithm was introduced as a hierarchical algorithm
which constructs a mathematical model of a complex system by the

composition of lower-order polynomials of the form:

z=A+Bx+Cy +Dx2 +Ey2 + Fxy.

Under the assumptions that there exists a random error component
additive with the above deterministic component, the polynomials
generated at each level of the GMDH algorithm are statistically

modeled as regression-type equations of the following form:

2 2
y =Bo +B1x; +Baxy +PB3xy +B4x5 +Psxix, +E
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In this research, the assumption of independence of error
terms is relaxed by the derivation of information-based model
selection criteria for the GMDH algorithm. These criteria inherently
guard against multicollinearity by incorporating a measure of the
complexity of each model being evaluated. In addition to deriving
the information-based criteria for the GMDH, the consistency of the
criteria when used within the GMDH algorithm is established. While
consistency is a desirable asymptotic property for model evaluation,
it does not, by itself, guarantee that the criteria are effective in terms
of model selection. Thus, Monte Carlo experimentation is used to
study the aptness (i.e., the ability of the model to describe the
system of interest) of the model identified by the GMDH algorithm
using information-based criteria.

At the end of the GMDH algorithm, the “best approximating”
model is identified. (:In generations two and beyond, the models are
written in terms of the previous generation’s polynomials/) Hence,
the chosen model is typically not written in terms of the original set
of predictor variables. Even with the original GMDH algorithm,

existing computer programs do not provide a means of backtracing
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(i.e., back-substituting) to the original variables. The revised
algorithm (using the information-based model evaluation criteria) is
coded in MATLAB®. A backtracing algorithm is introduced and
designed for the GMDH hierarchical tree-algorithm to determine the
“best” fitting model in terms of the original vétriables using a
symbolic mathematical language by borrowing on the rules of

algebraic manipulation.
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CHAPTER 1

INTRODUCTION AND PRELIMINARIES

1.1 Introduction to Statistical Modeling

The development and use of mathematical models has been an
important topic in research institutions and industry for centuries.
These mathematical models, which include deterministic and
statistical models, address the need to be able to identify the critical
relationships between variables that impact the behavior of systems
and to describe or predict the behaviors of such systems. For
example, the Internal Revenue Service (IRS) is responsible for
identifying potential non-compliances, conducting audits of those
cases, and determining the proper tax adjustments on each audit.
(U.S. General Accounting Office, 1996) Members of the research
branch of the IRS are asked to determine factors, including taxpayer
characteristics and IRS policies and procedures, on compliance. Can

certain factors be identified which can be used to predict compliance

S



and yield levels? The objective is to be able to express the
uncertainties of this type of problem in terms of a mathematical
model. Obviously, no set of factors will provide a deterministic
relationship between taxpayer and IRS procedural characteristics

and the compliance or yield levels.

1.1.1 Definitions and Basic Concepts

Certain concepts that are foundational to the area of modeling
and terms that define objects or phenomena under study are used

throughout this thesis. These terms and concepts are now defined.

Definition: A functional relation between two variables is a
relationship that can be expressed completely by a mathematical

formula.

Based on this definition, if two variables, x and y, have a functional
relation, if the value of one of the variables is known (say, x), then
the value of y is also known. A functional relation between the

variable x and y is typically expressed in the form y=f{(x), where

12
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given a value of x, the function findicates the corresponding value of

Y.

Definition: A mathematical model is a mathematical formulation that
is used to represent or approximate the behavior or output(s) of a

system.

Mathematical models can be extremely simple, with only a single
variable, or highly complex, with many variables and representative
equations. A mathematical model is based on the fact that there is a
distinct functional relationship between the variables. Also, the term
mathematical model encompasses both deterministic models and

statistical models.

Definition: A statistical model is a mathematical formulation that
expresses the uncertainties surrounding the functional relation in

terms of probabilities.

A statistical model is used in attempts to approximate the random

behavior of systems, since it is extremely rare for a single functional



relation to completely define the outputs of a system. Thus, a

statistical model takes into account uncertainties in the relationship
between the variables used to characterize a system’s stochastic

behavior.

Definition: A parameter of a model is a constant used to represent

one of the characteristic variables of a system.

One of the major objectives in mathematical modeling is to determine
the correct or “best” values of these model parameters. Once the
parameter values are determined, then the value of a system output
(i.e., a dependent or response variable) can be predicted given values
for the variables used to characterize the system (i.e., independent

or predictor variables).

1.1.2 Uses and Selection of Statistical Models

In contrast to the deterministic model, non-deterministic,
statistical models take into account the deterministic as well as the
random component of a system. Thus, a statistical model typically

distinguishes between the functional and statistical relations




between the response variable and the independent or predictor
variables. Statistical models serve two primary purposes--to provide
a description of the system from which the data is collected and to
allow for prediction of the behavior of the system. Examples of
statistical models include regression analysis, time series models, and
analysis of variance models.

The appropriate statistical modeling method is based on the
type of information desired from the model. For instance, analysis of
variance models are used in experimentation in order to determine
how much of the variability in a system output is attributable to
specific independent variables and how much of the variability is
due to other unknown factors. On the other hand, regression analysis
is concerned with determining the form of the relationship between
a response variable and one or more independent variables so that
the model can be used to predict future values of the response
variable. Thus, regression analysis must address such questions as:
What variables should be included in the model? Is the form of the
relationship between the variables linear? If the relationship is not
linear, how can the form be described in a mathematical equation?

Finally, time series analysis is a set of modeling techniques which



attempt to develop a mathematical equation that models the

behavior of a variable over time. Thus, times series models
sometimes use regression analysis to estimate the trend of a variable
over time, but they also attempt to account for seasonal and other
patterns occurring over time. In general, modeling of time series
data is not a trivial exercise.

There exist three main steps in the modeling of data (including
times series data). These are: (i) model specification or
identification, (ii) model fitting, and (iii) model diagnostics. Even
though there are many different types and uses of statistical models,
there is one main question that underlies the development of any

statistical model:

Given a set of data from a system of interest, what is the
appropriate distributional model to describe the
statistical relation and what is the appropriate functional
form of the model to adequately represent the |

underlying mechanism or system from which the data

are obtained?



1.2 The Predictive Model of Interest

Let y represent the response or dependent variable and
X=(X;,X,,.Xy,) De the set of m independent or predictor variables.

Then, the general form of the predictive model of interest is:

y = (X, ,X;,000X) + €, (1.1)

where f(x,,X,,...X,) is an unknown mathematical function relating to
the deterministic component of the model and ¢ is the random error
relating to the statistical component of the model. The predictive
model of equation (1.1) is a generalized form of the regression-type

model where f(x1,X3,...,X ) is commonly taken to be the linear
combination of X1, X5, ..., X. This general linear model is typically

represented in matrix form as:

= X + &, (1.2)
(n};(l) (nXP)(pgl) (nx1)

where;




p= m+1; the number of parameters in the model,

y is a (nx1) vector of observations for the response variable,

X is a (nxp) matrix of values for the independent variables, |
B is a (px1) vector of parameters, and

g€ is the (nx1) vector of random errors.

Since model (1.2) is the matrix form of the regression model, a
data structure is used like that of multiple regression analysis, as

shown in Figure 1.1.

X
y Xl X2 eeoe X

Vil 1X11 X12 eee Xip
yz X21 x22 [ X X J sz

VA Xn1 Xp2 ®°° Xnm

FIGURE 1.1. Data Structure for Predictive Model of Interest



1.3 Traditional Statistical Modeling Techniques

Statistical modeling includes the identification of an
appropriate model for a given realization, estimation of the values of
the parameters of the identified model, validation of the model, and
the final application of the model. Traditionally, these components of
statistical modeling are performed separately and sequentially, as
Figure 1.2 illustrates. Akaike (1974) and Bozdogan (1981) argue
that, in traditional statistical modeling methods, there is a
meaningless separation of the estimation and validation elements.
They present information-based statistical criteria as a means for
integrating these components of statistical modeling. We propose a
heuristical modeling technique combined with information-based
criteria to integrate these components so that the identification of the
model, the estimation of parameter values, and the validation of the
model are treated as one entity. However, it is useful to first review
some of the assumptions and techniques associated with traditional

statistical modeling.



Determination of Variables to
be Included in Model

Determination of Functional
Form of Model

Estimation of Parameters of
Model

Fit of Model to Data

V

Evaluation of Model

no Is Model

Adequate
?

yes

Application of Model

FIGURE 1.2. Traditional Statistical Modeling Process
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1.3.1 Traditional Modeling Assumptions

The assumptions associated with many traditional statistical
modeling techniques (e.g., regression analysis) are:
1) The functional form of the model is known prior to the
modeling of the data.
2) The deterministic and random components of the model are
additive.

3) The probability distributions of the response variable have

2

the same variance, ¢, regardless of the values of the

predictor variables.

4) The error terms are uncorrelated. Hence, the responses y;

and y; (i #j) are uncorrelated.

5) The random error terms are normally distributed.
It is fairly obvious that several of these assumptions are impractical.
For instance, prior to the collection and study of data on a system, it
is highly unlikely that the functional form of the model is known.
We propose an approach that allows for the relaxation of the first
assumption and that permits various distributional assumptions for

the error terms.



1.3.2 Definition of the Univariate Normal Distribution

Many statistical modeling techniques are based on an
assumption that the system output of interest can be reasonably
approximated by a normal probability distribution. This assumption
is attractive since the normal distribution has unique mathematical
properties. Within the GMDH framework, we will initially develop
our approach based on this assumption of normality. For
convenience, we now define the normal distributional model for our
predictive model of interest defined in (1.2).

If X is a normally distributed random variable, then the

probability density function for X is:

1 1(X-p)?
f(X):Wexp{-E( Gu)} o< X <00, (1.3)

where 1 and o are the parameters of the normal distribution and

exp(a) denotes ¢*. The mean and variance of the normal random

variable X are:
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E(X) = u (1.4)

*(X) = &°.

We denote that X is normally distributed with mean p and variance
o2 by X ~ N(u,c2 ). One of the nice properties of a normally
distributed random variable, X, is that a linear function of X is also
normally distributed. Therefore, if X is a normal random variable
and Y = a + bX, where a and b are constants, then Y is normally
distributed with mean a+bE(X) and variance b~c~ (X).

When the functional form of the probability distribution of the

random error terms in (1.2) is specified to be normal, then the

following expectation is defined for known (i.e., fixed) x’s:

E(yj))=x B, i=1,2,..n (1.5)
(1xp)px1)

The normal error model is thus specified as:
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| 1 [ 1 ' 2]
fly; 1%;) = exp| - y; —X;B (1.6)
: (22 17z P| 20-2( ) J

The likelihood function for the normal model (1.6) is simply the joint

probability function of the n sample observations:
2 1 [ n .
LB.0") = ——5pyexp| 55 X (vi-xiB) ] (1.7)

The maximum likelihood estimators of the parameters are those
which maximize the likelihood function (1.7). For the normal model,
the maximum likelihood estimators, b,,b,,...,.b,, of By.B;....B, are the
same as those estimators provided by the method of least squares.
The maximum likelihood estimators b,,b, ,...b,, are unbiased and
consistent estimators and they have minimum variance among all

unbiased linear estimators.

1.3.3 Estimation of Parameters

One of the components of statistical modeling is estimating the

unknown values of the parameters of the model. Estimation uses
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sample observations to obtain estimates of the true values of the
parameters from the available data. There are two general methods
that are commonly used in statistical modeling for estimating
- parameter values - the method of maximum likelihood and the
method of least sqﬁares. Whatever the method of estimation, there
is obviously some error involved due to random error and
misspecification of the model. Several properties of estimators are
traditionally used to determine how well the estimated values
represent the true population parameters.

Let x,, X,, ..., X, represent a random sample of n observations

and let 6 = (084,0,,...,0) represent a set of k population parameters

to be estimated.

Definition: An estimator 0 of the parameter 0 is unbiased if E(é) =0.

Definition: é is a consistent estimator of 0 if lim P(16-61>¢) =0 for
N—oo

any £ > 0.

Definition: 0 is a minimum variance estimator of 0 if, for any other

estimator 6, cz(é) < 02(9’).
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As previously stated, there exist two general methods that are
traditionally used to estimate the parameters of a model. The
method of maximum likelihood is well established in introductory
mathematical statistics books, such as Lindgren (1976). The
maximum likelihood method is based on the maximum likelihood
principle, which basically states that the estimator  that provides
the most information from a set of data is the value that maximizes

the likelihood function,

n
L) - TT£(3y:0) (1.8)
1=

Under certain conditions of regularity, maximum likelihood
estimators are consistent estimators and they are asymptotically
normally distributed. (Lindgren, 1976)

The method of least squares is another general method of
finding estimators when the sample observations are of the form
yj = f(81.,....0k) +¢ fori=1,...n. As presented by Neter, Wasserman,

and Kutner (1983), the least squares estimator of 6 ] (j=1,...,p) is

obtained by minimizing
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Thie] = S ly; ~£0y.....6p)F (1.9)

with respect to 6;. Thus, the method of least squares does not

require that the probability distribution of the error terms be
known. Least squares estimators usually have the property of being

unbiased.

1.3.4 Traditional Model Evaluation Criteria

In addition to obtaining good parameter estimates, it is also
necessary to evaluate the model as a whole in terms of how well the
model approximates the behavior of the system of interest. In order
to develop a “good”, predictive statistical model, three main
characteristics of the model must be considered:

1) The goodness-of-fit of the developed model to the actual
system,
2) the variation that exists in the parameter estimates, and

3) the parsimoniousness and complexity of the model.
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Here, parsimoniousness is based on the principle of parsimony which
states that a complex model should not be used when a simpler
model is sufficient. Empirically, complexity is defined to be a
measure of the interdependence among the components of a random
vector.

In most classical statistical modeling methods, such as regression
analysis, model evaluation criteria are based on inferences about
population means from normal distributions. Thus, assuming that
the normal random error model is applicable, the significance of the
parameter estimates and the goodness of fit of the model is typically
based on the most commonly used measure of performance, the

mean squared error (MSE):

o 2
MSE = =i Z¥i)” (1.10)
n-p

where y; is the observed value of the response variable, y; is the

predicted value of y; using the estimated model, and p is the number

of parameters estimated in the model. Based on the mean squared



19

error, an F test is used to test whether there is a regression relation

between the dependent variable, y, and the set of predictor
variables, X{,..Xy

Also related to the mean square error is the coefficient of

multiple determination, R2, which is defined as:

X -9

R% =1 .
> (yi - ¥)?

(1.11)

2
R~ is the most commonly used criterion for deciding on the

appropriateness of the chosen model. However, a large R> does not

necessarily imply that the estimated model is useful for prediction.

o]
Since R“ increases with the addition of more predictor variables,

many practitioners utilize the adjusted coefficient of determination,

2
R3, which takes into account both the sample size as well as the

number of parameters in the model. Rg is defined as:

Rzzl_(n—I]Z()ﬁ—?i)z (1.12)
) n-p) ¥ (y; - > ’



When multicollinearity exists among the independent

variables, these traditional evaluation methods become weaker.
Multicollinearity, or intercorrelation, exists when the independent
variables are correlated among themselves. A conclusion concerning
a regression relation based on an F test as well as the value of the
coefficient of determination are affected by the existence of
multicollinearity. Thus, the methodology presented in this thesis
utilizes information-based criteria in addition to these traditional
evaluation methods. Information-based model evaluation criteria
provide a means for effectively evaluating the usefulness of a model
even when multicollinearity exists among the independent variables.
Chapter 3 discusses the theory and the practical application of the
use of information-based criteria in model identification and

evaluation.

1.4 An Example of Estimating the Predictive Model of
Interest Using Regression Analysis

We consider the multiple regression analysis of data from a

study performed by J. T. Wakely (1949) on the quantity of vitamin
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B, in turnip greens. These data are provided in Table 1.1. Anderson

and Bancroft (1959) fit the following predictive model to these data:

y=Bo +B1x1 +B2xy +P3x3 +P4x1X2 +E, (1.13)

where:
x; = radiation in gram calories per minute during preceding
half day of sunlight,

X, = average soil moisture tension,
X3 = air temperature in degrees Fahrenheit, and

y = milligrams of vitamin B, per gram of turnip green.

Regression analysis under model (1.13) yields the parameter
estimates provided in Table 1.2 and the summary of fit in Table 1.3.

However, if we fit the polynomial model,

o)
y=PBo +Bix2 +P2x3 +PB3x; +¢ (1.14)



TABLE 1.1. Data for Study of Vitamin B, in Turnip Greens

M

et et

y X1 X2 X3
#mg BZPer gram radiation in gram avg. soil temperature
of turnip greens lories o : i (Fahrenheit)

1104 1.76 0.07 7.8
102.8 1.55 0.07 8.9
101.0 273 0.07 8.9
108.4 273 0.07 7.2
100.7 2.56 0.07 84
100.3 2.80 0.07 8.7
93.7 1.84 0.07 8.7
90.6 1.98 0.02 7.6
96.2 0.80 0.02 6.7
99.0 0.80 0.02 6.2
884 1.05 0.02 7.0
75.3 1.80 0.02 7.3
77.1 230 0.02 8.2
65.7 191 047 8.3
56.8 191 047 8.2
62.1 191 047 6.9
53.2 2.13 047 7.6
594 213 047 6.9
58.7 1.51 047 75
58.0 2.05 047 7.6
102.8 2.80 0.07 74
98.9 2.16 0.07 8.8
994 0.59 0.02 6.5
920 1.80 0.02 6.5
824 1.77 0.02 7.6
74.0 2.03 047 7.6
61.0 0.76 047 74




TABLE 1.2. Regression Parameter Estimates for Model (1.7)

504066 204 0.0005

Inter‘cept.,’ bo‘

Radiation, b, 2.6213 4.7441 0.55 0.5961
Moisture, b, -75.6944 39.6393 -1.91 0.0693
Temp, b, 1.5206 3.1331 0.49 0.6322
Interaction, b, -1.6421 21.5369 -0.08 0.9339

TABLE 1.3 Summary of Fit for Estimated Model (1.7)

Number of Observations 27

Mean of Response Variable 84.233
RZ 0.754
R§ 0.709
Root MSE 10.131
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to the same set of data, we obtain an R2 of .9038, a root mean square

error of 6.1958, and a set of predictor variables which are each

statistically significant at a 0.05 level of significance. These results

lead to the following questions:

1) How do we determine the “best” set of variables to be included in
the model?

2) How can we know the correct degree and form of the functional
model without making preliminary assumptions?

3) How can we ensure that the model obtained is, in fact, the “best
approximating model” in terms of goodness of fit and complexity?

Given any list of potential independent variables, the

investigator is usually responsible for screening out some of the

variables based on the knowledge that a variable is not relevant to

describing or predicting the behavior of the system or that two or

more variables provide redundant information with regards to the

response variable. Some potential variables are screened out

because they are highly intercorrelated with other independent

variables. Consider models (1.13) and (1.14) for the turnip green

data in Table 1.1. Model (1.14) does not include x; in its functional



form. The correlation matrix provided in Table 1.4 shows a

somewhat strong correlation between the variables x; and x3. Due to

this correlation between x; and x3, the presence of both variables in

the model may not add any information to the predictive capability
of the model, but may increase the variation in estimation. Even

with the aid of modern statistical tools, the variable selection process

requires much subjective judgment. Which variable, x; or x3, should

be included in the model to “best” fit the turnip green data? How did
Wakely (1949) determine the three independent variables used in

our study out of all possible factors which potentially impact the
amount of vitamin B, in turnip greens?
Criteria that have traditionally been used in variable selection

procedures are R%, as defined in (1.11), MSE, defined in (1.10), and

Mallow’s (1966) Cp- The C,, criterion is concerned concerned with the

total mean squared error of the n fitted values for each of the models

estimated from a subset of the set of predictive variables. For a full

definition of the C,, criterion, see Neter, Wasserman, and Kutner



26

TABLE 1.4. Correlation Matrix for Predictor Variables of Turnip
Green Data

Radiation, x; Moisture, x;  Temperature, x3

Variable
Radiation, x; 1.000 0.012 0.537
Moisture, x; 0.012 1.000 -0.014
0.537 -0.014 1.000

Temperature, x3

(1983). As previously stated, maximizing R? does not take into
account the number of parameters in the resulting model.
Minimizing MSE, which adjusts R? by dividing by the degrees of
freedom, is equivalent to maximizing the adjusted coefficient of
multiple determination, defined in equation (1.6). Mallow’s C,

assumes that MSE for the full model, with all independent variables

included in the model, is a good estimate of the error variance. Also,

Mallow’s C, cannot be used as a general criterion except for the

linear regression-type models. Therefore, this thesis studies the use
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of information-theoretic criteria as a more general means of variable
selection that will reduce the need for subjective judgment.

For the data of Table 1.1, two different functional forms are
specified in models (1.13) and (1.14). Each of these two forms were
specified prior to the actual modeling of the data. For model (1.13)

of the turnip data, the estimated model was found to be:

y =82.4404 +2.6213x | — 75.6944x » +1.5206x3 — 1.6421x X, (1.15)

Estimation of (1.14) by the method of least squares yields the

following estimated model:

y =121.1013 + 496.188x, —5.7981x3 — 1129.529x‘z; (1.16)

The estimated model (1.16) yields a smaller mean square error than
(1.15) and a higher RZ. Also, model (1.14) has fewer parameters to
be estimated. Obviously, if models (1.13) and (1.14) are competing

models, an investigator would clearly choose model (1.14) as the

“best approximating model” to the data. This decision is made by



comparison of only two competing models. Obviously, there are

many more competing models besides the two discussed in this
example. For large, complex systems, it is onerous, if not impossible,
to list, fit, evaluate, and compare all possible competing models. In
our research, we propose a method that makes it possible to fitting a
model to observed data without specifying the functional form of the
model prior to the actual model development.

Evaluation of an estimated model typically includes testing the
significance of the parameter estimates using the F test statistic and

evaluating the strength of the relationship between the response

variable and the predictor variables using R%. These evaluation

methods, as well as other model selection and evaluation criteria, are
usually based on inferences about population means from normal
populations. Thus, the criteria traditionally used to evaluate a model
assume that the normal error model, defined in Section 1.3.2, is

applicable.




1.5 Objective and Overview of Thesis

The overall objective or purpose of this thesis is to study some

of the major problems which still exist in statistical modeling in
general and to propose a new approach which addresses some of the
problems by using for the first time Ivakhnenko’s (1966) Group
Method of Data Handling (GMDH) with information-theoretic model
evaluation criteria. Therefore, this thesis develops the theory for the
use of the information-based statistical criteria within the GMDH
algorithm and it validates the approach through applications and
Monte Carlo simulations.

In this chapter, we discussed basic notation, definitions, and
preliminary ideas that we will need throughout the balance of the
thesis. Chapter 1 also presented the general form of the model, as
well as the data structure for our predictive model of interest, that
we will be interested in throughout the study.

Chapter 2 presents and discusses Ivakhnenko’s (1966)
algorithm which is generally referred to as the Group Method of Data
Handling (GMDH). In this chapter, the original, deterministic

algorithm is defined, model evaluation methods which have been
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used within the algorithm are discussed, and a numerical example of
the algorithm is given. We provide a brief discussion of the
development and history of the GMDH within the modeling
framework. Finally, Chapter 2 establishes basic definitions and
notations, common to Ivakhnenko’s polynomial theory, which will be
used throughout the thesis.

In Chapter 3, we briefly review the general theory of
information-based statistical criteria for model identification and
evaluation. We present the entropy-maximization principle, which
serves as a premise for the information-based criteria. Also, in
Chapter 3, the specific information-based criteria which we will use
within the GMDH algorithm are defined and discussed within the
framework of statistical modeling. Therefore, from a theoretical
point of view, we introduce and discuss Akaike’s (1973) Information
Criterion (AIC) which provided the foundation for a modern
approach to statistical model identification and evaluation based on
information-theoretic statistics. Finally, we define Bozdogan’s (1987,
1990) information-based criteria, ICOMP and ICOMP(IFIM), which
incorporate a quantification of overall model complexity in the model

evaluation criteria.
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One of the major problems associated with traditional statistical
modeling techniques is the assumption of normality of the error
terms. The approach presented in this thesis allows for the modeler
to assume different probability distributions for the random error
terms. Therefore, in Chapter 4, we derive the information-based
criteria for use within the GMDH algorithm under various
probabilistic assumptions. Also, we establish the consistency of
ICOMP and ICOMP(IFIM) as derived for the GMDH algorithm.

Chapter 4 also presents the new approach -- the GMDH
algorithm using information-based criteria. We present the general
form of the algorithm. This chapter also discusses how our approach
deals intrinsically with some of the basic issues in statistical
modeling, such as subset selection of variables and the existence of
multicollinearity among the independent variables. We provide a
numerical example to illustrate the stages of the algorithm and how
the algorithm differs from traditional statistical modeling methods.

In Chapter 5, we present the use of a genetic algorithm within
the GMDH framework. One of the proposed uses of the genetic
algorithm is at each level of the algorithm to identify which models

to pass on to the next generation of the algorithm. We also use a
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genetic élgorithm on the “best” model chosen by the GMDH algorithm
to identify the variables to maintain in the “best” approximating
model. After providing numerical examples using the genetic
algorithm, we discuss both the strengths and limitations of the
approach.

In Chapter 6, we validate our proposed approaches via Monte
Carlo simulations. In our validation efforts, we compare the
effectiveness of ICOMP and ICOMP(IFIM) as model evaluation
statistics within the GMDH under the various probabilistic
assumptions. Also, we compare the use of information-based
statistics with other criteria that have been propose for use within
the GMDH algorithm. Finally, we use simulations to study the
effectiveness of our statistical modeling methodology under various
situations, such as for times series data and when our response
variable is an indicator variable.

In Chapter 7, we discuss future research topics within the
framework of the GMDH algorithm and, in the Appendix, we provide

the major computer programming modules for the GMDH algorithm.
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CHAPTER 2

OVERVIEW OF THE GROUP METHOD OF DATA HANDLING

(THE GMDH ALGORITHM)

Statistical modeling includes the identification of an
appropriate model for a given realization, estimation of the values of
the parameters of the identified model, validation of the model, and
the final application of the model. As illustrated in Figure 1.2, these
components are performed separately and sequentially. The
proposed modeling technique integrates these components so that
the identification of the model, the estimation of parameter values,
and the validation of the model are treated as one entity and
interactive throughout the model building process. This proposed
method extends the GMDH algorithm. In this chapter, the general
GMDH algorithm is presented and the research issues related to this

algorithm are discussed.
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2.1 Introduction

The group method of data handling (GMDH) is a combinatorial
heuristic, developed by A. G. Ivakhnenko (1966), a Ukrainian
cyberneticist, which constructs a mathematical model of a system in
an evolutionary fashion. The algorithm is designed to model the
deterministic component of complex systems. It constructs high-
order regression type models beginning with a few basic quadratic
equations and constructing from these equations new generations of
more complex equations. The survival-of-the-fittest principle is
used to determine which equations at each generation survive and
get combined to form a new generation. As this algorithm continues
for several generations, a set of mathematical models is developed
that behave more and more like the actual system of interest
(Farlow, 1981). As opposed to assuming a functional form of the
model prior to parameter estimation, the GMDH algorithm considers
only the data collected. The functional relationship between the
response and predictor variables is learned directly from a self-
organization of the data. When the number of predictors, m, is large,

traditional modeling methods quickly become ill-behaved and
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computationally unmanageable due to the large number of
parameters that are simultaneously estimated. Ivakhnenko’s
algorithm avoids these problems by providing a systematic method
of finding the “best” second degree polynomials, using these to create

the “best” fourth degree polynomials, etc.

2.2 Description of Original Group Method of Data Handlin
GMDH
The GMDH algorithm is a heuristic developed to identify a

mathematical model of a complex system by looking only at the data
collected from the system and nothing else. The algorithm constructs
a high-order polynomial of the Kolmogorov-Gabor form,

m m m m m m

y=a+ 2bix; + X ZcijxixJ- + Y X ZdiijinXk +...,(2.1)
i=1 i=1  j=1 i=1 j=1 k=l
1#] i#) 2k

by a composition of lower-order polynomials via a generative, self-

organizing algorithm. These lower-order polynomials each take on

the following general form:
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_ 2
z=A+Bx+Cy +Dx +Ey2+ny. (2.2)

Therefore, the GMDH algorithm combines second-order regression-
type polynomials at each generation to arrive at the next generation
of equations. The algorithm uses a data structure like that of
multiple regression analysis. In the original algorithm as presented
by Ivakhnenko and as usually applied, the data set is subdivided
into two subsets, the training set and the checking set, for the
purpose of cross-validation. This data structure is shown in Figure
2.1. We note that a comparison of Figure 2.1 with the data structure
for our predictive model, shown in Figure 1.1, shows that one of the
objectives of the proposed research is to eliminate the need for the
subdivision of the data into training and checking sets.

Given the input data, each generation of the algorithm results
in a set of quadratic polynomials with the inputs into the generation
being polynomials from the previous layer. To find the “best”
polynomials to fit the data, the GMDH algorithm passes through three

major steps at each generation. These three primary steps are:
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(1) Construction of new variables

(2) Screening of variables

(3) Optimality test

The following section explains each of these steps from Ivakhnenko’s

initial algorithm based on Farlow’s (1981) summary and description.

2.2.1 The Steps of the GMDH Algorithm

Given a set of data of the form shown in Figure 2.1, the GMDH

algorithm begins with the original m independent variables, X1, Xp, ...,

X, and the response variable, y. At each generation, the algorithm

Yy X1 X2 eoe Xm
Yi |l *11 X2 eee Xim
21121 %2 eee m
. . . . training set
4 q 4 q
[ ] [ ® o
| Ont) | Xatd ¥ne2 000 Tntm
4 4 « CTTTTTTTT I- -----
q 4 q ]
. ] ] ] checking set
Yall *n1 *n2 *°*°* *mm

FIGURE 2.1 Data Structure of Original GMDH Algorithm
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progresses through three primary steps. If the algorithm is at

generation k, then the steps are as follows:

Step 1: (Construction of New Variables

For each pair of indendent variables, construct the second-degree

polynomials of the form shown in equation (2.2). We assume that

there are m; independent variables that entered into generation k.

The number of polynomials of the form (2.2) constructed at

generation k is equivalent to the number of pairs of the my

independent variables, which is:

mk(mk - 1)
2

(2.3)

Thus, at generation one, the algorithm generates m(m-1)/2 second-

degree polynomials. This construction of new higher-order variables

(i.e., polynomials of degree two) is illustrated in Figure 2.2.
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GENERATION k::

m, (m -1)/2 nd

= 2 +E . z
2= A1 B0 0 G Pk B e B R Ak Za e | -+ polynomial

GENERATION 2:

— > m, (m,-1)/2 nd
2,,=A B 70t Cp%p, D% +E12é1+]i2 f11 %21 | polynomial

GENERATION 1:

= 3 m(m-1)/2 nd
=M B X Y % D ) +Ell)§ TR Y | B2 The TR R Tha e P Wity o polynomial

X 4 cee .
1 XZ X3 Xm

FIGURE 2.2. Computation of New Variables at Each Generation

Step 2: (Screening of Variables)

At the completion of step one, the algorithm has constructed a group

of my(my-1)/2 new variables, z1y, Z, -, Zm k- These new variables

replace the old predictor variables from the previous generation in

the checking set. Thus, if k=1, the variables z;1, 21, ..., Zm(m-1)/2,1

replace the original independent variables, x;, X;, ..., X, in the

training set. Each of these new variables are evaluated for passage



into the next generation by determining which variables best

estimate the dependent variable, y, in the checking set. In the
algorithm as proposed by Ivakhnenko in 1966, the criterion used to
evaluate the new variables at each generation is the root mean

~ square, which is referred to by Ivakhnenko (1966) as the regularity

criterion. The root mean square, denoted as rj, is defined as:

n 2
)y (Yi —Zij)
2 i=nt+l - (Mg
Iy = — - , forj=1,2,.., ) (2.4)
Yy
i=nt+1

From (2.4), we see that the regularity criterion is computed based on

the values of the observations in the checking set. Also, with the use

of the regularity criterion, an arbitrary “cut-off” value, R, is chosen i

r'."
[

such that for any r;>R, the new variable is screened out and it is not

passed on to the next generation of the algorithm.




Step 3: (Test for Optimality)

At the end of the second step, a value of 1; is obtained for each of the

m;(my-1)/2 variables in the kth generation. In step 3, the minimum

value of these ry’s is determined and denoted as RMIN,. If RMINy is

greater than RMIN, then the algorithm stops and the polynomial (i.e.,
the new variable) with the minimum value of the regularity criterion

is chosen to be the “best” approximating model. Otherwise,
RMIN=RMIN;, , and the algorithm moves on to the next generation

and repeats these steps. According to Farlow (1984), it has been
shown that the RMIN curve has the shape as shown in Figure 2.3.
Thus, the algorithm does converge to a minimum value of the
stopping criterion.

At the end of the GMDH algorithm, the final predicted values of
the original response variable, y, are stored in the matrix Z. To
determine the estimated coefficients in the higher-order polynomial,
of the form shown in (2.1), the algorithm is backtraced and the

second-order polynomials from each iteration are evaluated unitl a

polynomial in the original variables (x;, Xy, ..., X, iS Obtained.



)
\ Stopping Point of
GMDH Algorithm

FIGURE 2.3. Behavior Curve of RMIN

2.3 A _Simple Numerical Example of the Original GMDH
Algorithm

We illustrate the functioning of the original GMDH algorithm
using the Wakely (1949) data used in Table 1.1 of Chapter 1. In
order to obtain a data structure of the form shown in Figure 2.1, the
original data is subdivided into a training set and a checking set.
This subdivision of the data is shown in Table 2.1. The algorithm

begins with the original three (3) independent variables,
X; = radiation in gram calories per minute during preceding

1/2 day of sunlight,




X, = average soil moisture tension,

X3 = air temperature in degrees Fahrenheit,
and the response variable,

y = milligrams of vitamin B, per gram of turnip greens.

Using this data, we progress through each of the three steps of the
algorithm. The Matlab® computer modules which we developed for
Ivankhenko’s original algorithm are provided in Appendix B.

In step one of the algorithm in generation one, the second
degree polynomials of the form in (2.2) are constructed using the
training set of 14 observations. In generation one, there are three
polynomials constructed. For the subdivision of data given in Table
2.1, the three polynomials in two variables constructed in level one

are.

y, = 10482 — 29.99x; + 521.13x, + 5977 —1240.93x3 +17.02,X,
yo = 1614.6 + 63.26x, — 407.42x3 +3.29x5 +26.69x3 - 79x;%3  (2.5)
y3 = 369.85 + 476.74X, — 67.41x3 —1302.06x3 +3.7x3 +13.94x,%3



TABLE 2.1. Subdivision of Wakely (1949) Data into Training and
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Checking Sets

TRAINING SET
Observation y X, X, Xs

1 1104 1.76 07 78

3 101.0 2.73 07 89
5 100.7 2.56 07 8.4
7 93.7 1.84 07 8.7
9 96.2 0.80 .02 6.7
11 88.4 1.05 02 70
13 77.1 2.30 02 8.2
15 56.8 1.91 47 8.2
17 53.2 2.13 47 76
19 58.7 1.51 47 75
21 102.8 2.80 07 74
23 99.4 0.59 .02 6.5
25 82.4 1.77 .02 76
27 61.0 0.76 A7 74

CHECKING SET
2 102.8 1.55 .07 89
4 108.4 2.73 07 7.2
6 100.3 2.80 07 8.7
8 9.6 1.98 .02 76
10 99.0 0.80 .02 6.2
12 75.3 1.80 .02 73
14 65.7 1.91 47 8.3
16 62.1 1.91 47 6.9
18 59.4 2.13 A7 6.9
20 58.0 2.05 47 76
2 98.9 2.16 07 8.8
24 92.0 1.80 02 6.5
26 74.0 2.03 47 76
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These three polynomials, y;, y,, and y3, replace the original set of

predictor variables for the algorithm.

In step two of generation one, the three new variables in (2.5)
are screened by comparing the computed regularity criterion (2.4) to
the user’s chosen cut-off value, R. In this initial example, we have
chosen a cut-off value as R=0.40. The value of the regularity criteria
for each new variable (i.e., model constructed) is obtained using the
checking set of 13 observations. The values of the regularity

criterion for each of the three models in level one are:

New Variable Regularity Criterion (x,)
v 0.1040
Y2 0.2651
V3 0.0914

Since, for each of the new variables (i.e., models) constructed in level

one, it is the case that r; <R, then no model is screened out and all

pass to the second level of the algorithm. In step three, the

minimum value of the regularity criterion for the three models (2.5)



is determined. RMIN; = 0.0914 for y3. Since this is the first

generation of the algorithm, the overall minimum value of the

regularity criterion, RMIN, is equal to the minimum value for the |
first generation. So, RMIN = RMIN; = 0.0914.

The models generated in step one of generation two of the
algorithm, using y;, v, and y;3 as the predictor variables and 14

observations in the training set, are:

¥, =33.642+ 221y, ~1.96y, +0.002y + 0.021y3 — 0.02y,y
Vo = 40227 +4.224y; — 4.282y5 — 0.37y} — 032y5 +0.696y1y3  (2.6)

Y3 = 7743 — 2.84y, +2.12y5 +0.023y3 — 0.013y,y3

The computed values of the regularity criterion for these new

variables in (2.6) are:

New Variable Regularity Criterion (rj)

7] 0.1685
Vo 0.3840
Vs 0.1761
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Again, all of the regularity criterion values are less than the cut-off

value, R=0.40. Thus, we continue to step three of the algorithm, the

“test for optimality”. RMIN, = 0.1685 and RMIN = 0.0914. Hence, the

algorithm stops and the polynomial with the minimum value of the

regularity criterion, y3 of (2.5), is chosen to be the “best”

approximating model for the data. So, the chosen model using the

original GMDH algorithm under the current subdivision of the data is:

y3 =369.85+476.74x 5 — 67.41x3 —1302.06x5 +3.7x3 +13.94xx3 (2.7)

For this same set of data, a different subdivision of the data is
obtained through the use of a random number table. This new
subdivision of the Wakely data into the training and checking sets is
provided in Table 2.2. Given the new observations in the training

set, the three polynomials generated in level one are:



TABLE 2.2. A Second Subdivision of Wakely (1949) Data into

Training and Checking Sets
TRAINING SET
Observation y St X, X,
3 101.0 273 07 ' 89
6 100.3 2.80 07 8.7
7 93.7 1.84 07 8.7
9 9.2 0.80 .02 6.7
11 88.4 1.05 .02 70
13 77.1 2.30 02 8.2
16 62.1 1.91 47 6.9
18 59.4 2.13 47 6.9
19 58.7 1.51 47 75
21 102.8 2.80 07 74
2 98.9 2.16 .07 8.8
24 92.0 1.80 .02 6.5
25 82.4 1.77 02 76
26 74.0 2.03 47 76
CHECKING SET

1 1104 1.76 07 7.8
2 102.8 1.55 07 8.9
4 108.4 2.73 07 72
5 100.7 2.56 07 8.4
8 9.6 1.98 .02 76
10 99.0 0.80 .02 6.2
12 75.3 1.80 02 7.3
14 65.7 1.91 47 83
15 56.8 1.91 47 82
17 53.2 2.13 47 7.6
20 58.0 2.05 47 76
23 99.4 0.59 .02 6.5
27 61.0 0.76 47 74




y1 = 108.25 - 29.22x] +284.87x +6.56x7 -812.22x5 +36.23x1x2

y2 = 814.27 + 24.6x] - 208.78x3 +34.49 +16.73x5 - 20.63x1x3 (2.8)
y3 = 338.20 + 117.27x2 —60.28x3 - 1043.59x2 +3.34x5 + 47.64 x2x3

The values of the regularity criterion for each of these models in

(2.8) are:
Y1 0.09185
Y2 0.2569
Y3 0.1169

At generation two of the algorithm, the RMIN,; = .0948. Since
RMIN; <RMIN,, the algorithm stops and the chosen “best”

approximating model is y; in (2.8).



2.4 Discussion of the Original GMDH Algorithm

The GMDH algorithm has many strengths which warrant its use
and continued development. Even though the algorithm is a heuristic
method (i.e., it has yet to be proven that the algorithm yields global
optimum), there has been much evidence to show that the algorithm
performs well while re(:)laxing the assumption of a known functional
form prior to the modéling process. Ikeda, Ochiai, and Sawaragi
(1976) effectively used a form of the GMDH for river flow prediction.
Rice (1979) showed the use of the algorithm for climate/crop
forecasting. Kenichi Ohashi of The World Bank (1984) developed
GMDH forecasting models for the forecasting of two key U.S. interest
rates. Additionally, there have many more who have chosen to use
the GMDH algorithm (or a variant of the GMDH) for the modelling of
economic and scientific systems.

The reasons for the growing attention to the GMDH are
primarily due to its ability to computationally develop a higher-
order model without requiring a huge number of observations. If we

believe that a system potentially has 8 predictor variables and has a

complexity to at least the fourth order, then the analysis of the
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regression model requires 495 parameters to be estimated.

Therefore, to obtain the coefficient estimates, a minimum of 500
observations is necessary. Thus, with smaller data sets, the modeller
can model higher-order systems without having specific knowledge
of the expected functional form of the system.

There are, however, limitations to the GMDH as originally
proposed by Ivakhnenko. These limitations are primarily in three
areas -- the subdivision of the data, the use of the regularity
criterion, and the tendency of the algorithm to overspecify the
model. As seen in the previous example of Section 2.3, two different
subdivisions of the data can yield very different results. For the first

subdivision of the data, shown in Table 2.1, the algorithm chose a

second-order model in x, and x3. However, the second subdivision of

the data (determined from generated random numbers) in Table 2.2

yielded a choice of model to be second-order in x; and x,. Obviously,

since each model was developed from only a portion of the data set,
the information used to construct the model is different for each
subdivision of data. The loss of information to use in modelling is a

major weakness of the original algorithm, especially since the
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algorithm is developed to allow for the modelling of large systems

with small amounts of data. To be able to generate self-organized
models from the data, we desire to use the most information as
possible. Thus, the work described in the following chapters
eliminates this need to subdivide the data.

The regularity criterion of (2.4) is the proposed criteria for
making decisions regarding the models to pass on to the next
generations as well as regarding when to stop the algorithm. This
criterion is dependent on the subdivision of the data (as it is
constructed on the checking set). It also has a major disadvantage in
that it is a “poor selector in the presence of noisy data and in the
problem of medium- and long-term prediction” (Farlow, 1984).
Several other criteria, such as the unbiased criterion and the
combined criterion, have been proposed to make the criteria less
sensitive to noise. For references on these proposed variations to the
regularity criterion, see Ivakhnenko and Ivakhnenko (1974) and
Ikeda et al. (1976). Again, in this thesis, we make use of the

properties of the information-theoretic class of statistical model



evaluation criteria to provide greater robustness to noisy data

partially due to the elimination of the need for subdivision of data.
Finally, the GMDH algorithm by nature tends to overspecify the
model for several reasons. First, the use of the usual form of the
Ivakhnenko polynomial of (2.2) implies that the simplest model of
interest is a second-order polynomial. After the second iteration, the
degree is 4, then 8, and so on. Since the degree of the polynomial
doubles at each generation, the algorithm will never inherently
choose a third-order polynomial as the “best” approximating model.
In order to overcome this weakness, we develop a genetic algorithm
for use within the GMDH to determine the best models to pass on to
each generation as well as the best terms to include within each

model.



CHAPTER 3

GENERAL THEORY OF INFORMATION-BASED STATISTICAL

CRITERIA FOR MODEL IDENTIFICATION AND EVALUATION

As we discussed in the previous chapter, most of the criteria
used within the GMDH algorithm are poor selectors in the presence of
noisy data. The regularity criterion (2.4) and variations of this
criterion do not take model complexity into account. In this chapter,
we present the most important theoretical aspect of this thesis. We,
for the first time, propose the use of information-based statistical
criteria within the GMDH algorithm. Thus, this chapter plays an
important role between the previous introductory chapters and the
following chapters in which we develop the algorithm using |

information-based criteria.



3.1 Introduction

In the following sections, we will develop the underlying
theory of information-based statistical criteria. Despite the recent
development of statistical modeling in many different disciplines,
there still exists difficulty in the ability to construct an adequate
model based on the available sample information. As we develop the
theoretical background of the proposed criteria, we must remember
that, even though the proposed techniques depend heavily on their
theoretical bases, many theoretically sound statistical techniques and

criteria have practical limitations and weaknesses.

3.1.1 Review of Conventional Procedures

As described by Figure 1.1, there is a clear breakdown of
conventional modeling techniques into two primary, but separate,
stages: estimation of parameters and evaluation of model through a
type of hypothesis-testing problem. The theory concerned with the
estimation of distribution functions and the parameters of models

built around random variables is well established. This well known



theory of estimation was developed by R. A. Fisher (1912, 1921,

1925, 1934, and 1935).

The second part of most statistical modeling efforts is the
testing of the validity of the hypotheses about the specified model or
distribution function and the parameters of that function or model.
The question to be answered is: “Is the observed data consistent with
the stated hypotheses?” In this component of statistical modeling,
most criteria are developed for use within the framework of the
Neyman-Pearson theory of statistical hypothesis testing. These
criteria are therefore based on two possibilities: the proposed
hypothesis concerning the appropriateness of the fitted model is
either accepted or rejected. If this proposed hypothesis is accepted
and it is wrong, then an incorrect decision regarding the
appropriateness of the estimated model is made. This type of
incorrect decision is referred to as a Type II error. The probability
of a Type Il error is denoted by B. On the other hand, if the
proposed hypothesis is rejected and it is correct, then another
incorrect decision is made. This type of incorrect decision is referred

to as a Type I error. The probability of a Type I error occurring is
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typically denoted by a. Since both of these error types cannot be
simultaneously controlled given a set of observations, it is usual in
traditional evaluation methods to set o at a pre-assigned, arbitrary,
small value. This is stated by Lehman (1959). “The choice of a level
of significance will usually be somewhat arbitrary since in most
situations there is no precise limit to probability of an error of the
first kind that can be tolerated. It has become customary to choose
from one of a number of standard values such as .005, .01, or .05.
There is some convenience in standardization since it permits a
reduction in certain tables needed for carrying out certain tests.
Otherwise, there appears to be no particular reason for selecting
these values.”

Information based statistical criteria provide a method by
which the estimation and testing components of statistical modeling
are performed simultaneously. They also eliminate the need for the
arbitrary identification of a value for « as in traditional Neyman-
Pearson forms of testing. Therefore, we look at the theory of
information-based statistical criteria and propose their use in

statistical modeling methods as a way to eliminate some of the




weaknesses of both the original GMDH algorithm and of the

conventional theory of testing and estimation.

3.1.2 Definitions and Background of Information-Based
Statistical Criteria

The introduction of Akaike’s (1971) information criterion (AIC)
provided the foundation for a modern approach to statistical model
identification and evaluation based on information theory.
Information theory is a branch of the mathematical theory of
probability and statistics which is based on Boltzmann’s (1877)
concept of entropy. Akaike’s development of the statistical theory of
AIC was stimulated largely by the mathematical and statistical works
of Fisher (1956), Shannon (1956), and Wiener (1956). Fisher first
introduced the concept of information quantity in a statistical sense
in 1925 in his work on the theory of estimation.

Following Akaike’s initial introduction of his criterion, he
continued to develop the theory behind his entropic, information-
based criterion in a series of papers (1973, 1974, 1977, and 1981).

Information-based model selection criteria are statistical criteria
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used to choose the “best” model from a set of competing models using
/mﬁ)mlanonguanhty as a measure of goodness-of-fit. Entropy is
empirically defined to be a measure of uncertainty in a set of
collected data. If the entropy in the range of data values is large, the
information provided in the set of data will be small. The AIC
criterion provides a sample estimate of the expected entropy and is a
direct extension of Bolzmann’s generalized entropy and Kullback and
Leibler’s (1951) information-theoretic interpretation of the method
of maximum likelihood. Most information-based statistical criteria
extend from AKaike’s work and measure the closeness of the

approximation between the fitted model and the true model based

on the concept of entropy.

3.1.3 The Concept of Entropy

A model can be expressed as an estimation of the true
probability distribution function based on the set of data. Given this
expression, an effective model selection criterion minimizes the

distance between the model and the true distribution. In other



words, the criterion selects the model with the most information

about the true distribution. There exist two measures based on this
concept: Boltzmann’s generalized entropy and the Kullback-Leibler
information quantity. As discussed in the previous section, the major
development of AIC lies in the extension of an information-theoretic
interpretation of the method of maximum likelihood and the concept
of entropy. Entropy is a natural measure of discrimination between
the true distribution and the estimated or fitted model.

Let f(x16) represent the true distribution, where x is a
continuous random vector of interest and 6 is the vector of
parameters. Also, let g(xlé) represent the model estimating f(x10).

Boltzmann’s generalized entropy is defined to be:

B [f(x 10); g(x| 8)] = E[logg(x | 8) — logf(x 16)]
= [f(x10)logg(x Ié)dx — [f(x10)logf(x 10)dx
= HIf(x 10); g(x18)]- HIf(x!8); f(x10)], (3.1)

where H[f(x10); g(x| é)] is the cross-entropy that determines the

goodness-of-fit of g(x | é) to f(x18). Now, K-L information is defined

to be:
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1[f(x16); g(x 18)] = Hif (x10); f(x16)] -H[f(x | ); g(x 16)]
= —B[f(x10); g(x10)]. (3.2)

Some of the analytic properties of I[f(x 10); g(x! é)] from Kullback
(1959) are:

(1) If f(x10) = g(x|6), then I[f(x10); g(x|6)] > 0.

(2) Iff(x10)=g(x10), then I[f(x10); g(x| é)] =0.

(3) If x4, xy, ..., X, are independent, identically distributed random

variables, then the K-L information for the entire sample is

I,[f(x10); gx| é)] =nl[f(x10); g(x lé)].

Because of the duality in (3.2) between Boltzmann’s entropy
and the K-L information, we can minimize the K-L information, which
is derivable from minimal assumptions, instead of maximizing
Boltzmann’s entropy given in (3.1). The K-L information depends on
the true, unknown distribution and parameters. Thus, in order to be
able to use K-L information to evaluate and compare various models,

this quantity must be estimated from the observed data.




The K-L information can be estimated from the observed data

through its relationship to the mean or expected log likelihood.
Again, if f(x10) is the true model and g(x | é) is the entertained model,

then we can express the K-L information as:

I[f(x 10); g(x|0)] = lE[log L(x!0) - logL(x!0)], or
n

nl[f(x|6); g(x|8)]=E[logL(x|6) - log L(x 10)], (3.3)

where L(0)=f(x, Xy, ..., X,I8) is the likelihood function for the set of
data as defined in (1.3). The average log likelihood, 1/n log L(8), can
be interpreted as an estimator of the distance between f(x16) and

g(x Ié), the true and entertained models, respectively. Hence, we can

use the expected log likelihood function, over all models, to estimate

the K-L information.

3.1.4 The Entropy Maximization Principle

Given the definition of entropy in (3.1) and the relationship
described in (3.3), we can state the entropy maximization principle

according to Akaike (1977):




Formulate the object of statistical inference as the estimation of the

true distribution f(x10) from the data x=(x, Xy, ..., Xp) and try to

search for an approximate model g(x Ié) which will maximize the

expected entropy:

Ex[B(8;8)]= Ex{Hlog g(x 16)]- Hlog f(x10)]} (3.4)

Since the second term in the right-hand side of (3.4) is a constant

depending only on f(xI8), we can consider only the first term,

E x{Ellog g(x|8)]}, (3.5)

for the purpose of comparing fitted models. The quantity in (3.5)
provides a reasonable criterion for defining a best fitting model by
its maximization or by minimizing its negative. For more details,

refer to Bozdogan (1987).



3.2 Information-Theoretic Model Evaluation Criteria: AIC,

ICOMP, and ICOMP(IFIM)

In this section, we present AIC and other information-theoretic
criteria in terms of their relationship to entropy and/or information

in a set of data.

3.2.1 Akaike’s Information Criterion (AIC)

Akaike’s Information Criterion (AIC) is a sample estimate of
the expected log likelihood or, equivalently, the expected K-L
information in a set of data. Thus, AIC can be used to compare the
models in a set of competing models, as stated in the following

proposition:

Proposition: Let {my: k=1,2.... K} be a set of competing models

indexed by k=1,2.... K. Then, the criterion

AIC(K) = 2 log L(8) + 2k, (3.6)




which is minimized to choose a model My over the set of competing

models, is a sample estimator of 2E[I(8;6y )] or — 2E[log g(x 18} )] of
the true distribution with respect to a model with the parameters
determined by the method of maximum likelihood. The proof of this
proposition is provided by Bozdogan (1987).

From this proposition and Akaike’s Entropy Maximization
Principle (3.5), it is easily seen that AIC estimates E[nI]=-E[nB]. The

form of AIC provided in (3.6) is readily interpreted as:

AIC = (-2)log(maximized likelihood) + 2(no. of free parameters in model).

The first term provides us with a measure of bias or model
inaccuracy when the maximum likelihood estimators of the
parameters in the model are used. The second term serves as a
penalty for the increased unreliability for the bias in the first term
when additional free parameters are included in the model. Since
the decision rule is to minimize AIC over the set of competing
models, the “best approximating” model is chosen to be the one with

the highest information gain. The application of AIC emphasizes the
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comparison of the goodness-of-fit of the competing models while also

taking into account the principle of parsimony.

3.2.2 Bozdogan’s ICOMP Criterion

Given that any model is an estimation or approximation to the
true distribution of the system of interest, some error or loss is
incurred in the modeling process. For a general linear or nonlinear

structural model defined by

Statistical Model = Signal + Noise ,

(g ——
Deterministic Component ~ Random Component
the overall loss due to modeling can be expressed as:
Loss = Badness of Fit + Lack of Parsimony + Profusion of Complexity.

As seen in (3.6), AIC estimates badness of fit by minus twice
the expected log likelihood and it uses 2k, where k represents the
number of free parameters in the model, to penalize a model for lack

of parsimony. Several authors, including Rissanen (1976), have

questioned whether 2k is a sufficient penalty term in order to




prevent over-specialization and unnecessary complexity by the

chosen model.

Motivated by the work of Akaike, Bozdogan (1988, 1990)

developed an informational criterion, ICOMP, which incorporates a

measure of the complexity of the model into the penalty term.
Empirically, complexity is defined to be a measure of the
interdependence among the components of a random vector. Since
large values of complexity indicate a high interaction among the
variables and smaller values of complexity indicate less interaction
among the variables, the concept of complexity plays an important
role in model evaluation. Theoretically, to define an information-
theoretic measure of complexity, we use the concept of entropy
provided in Section 3.1.3 and the relationship in Shannon’s (1948)

entropy identity:

9
IX) =1(x1,X2,....Xq) = LH(xj) - H(x},X2,....,Xq), (3.7)
=1

where H(x;) is the marginal entropy of x; and H(x1,X;,...Xq) is the joint

entropy among the set of random variables. Based on this
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relationship in (3.7), Van Emden (1971) provides a reasonable initial
definition of informational complexity of a random vector with

covariance matrix X:

1

Colz) = —l'r% log(o?)~ loglz (3.8)
2L1=1 ¢ J .

where cj-)‘ is the variance of the X;.

As discussed by Van Emden (1971), the original covariance
complexity (3.8) depends upon both the marginal and joint
distributions of the random variable and is not invariant under
orthonormal transformations. Therefore, Bozdogan (1990) proposed
the use of a maximal information theoretic measure of complexity to
characterize the covariance matrix properties of the parameter
estimates and the error terms. From Bozdogan (1990) and Van
Emden(1971), the maximal complexity of a random vector with

positive definite covariance matrix X is defined as:

) 1
Ci1®)= %log(r(aJ - Elog(det(f.)), (3.9
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where q is the dimension or rank of X. C,(Z) measures both
inequality among variances as well of the contribution of the
covariances. It has been shown (Bozdogan, 1990) that C,(2) is
invariant under orthonormal transformations.

ICOMP, as an information-theoretic model evaluation criterion
for linear or nonlinear statistical models, uses an information-based
characterization of the covariance matrix properties of the parameter
estimates and the error terms starting from their finite sampling

distributions. ICOMP is defined to be:

ICOMP = -2 log L(8) + 2C;(3(8)) + 2C; (2(8)), (3.10)

where 2C1(ﬁ((§)) represents the maximal complexity (3.9) due to the
estimated covariance structure of the parameter estimates and
2C1(}5(§)) represents the complexity due to the covariance matrix of
the residuals.

In (3.10), we see that, in addition to the first term that
provides an estimate of badness of fit, ICOMP also incorporates a

measure of complexity due to the covariance matrix of the estimated
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parameters and a measure of complexity due to the covariance of the
error terms. It controls the loss due to insufficient and
overparameterized models, and it incorporates the assumption of

dependence of residuals in a single model evaluation criterion. If the
error terms are uncorrelated, then the last term of (3.7), C; (i(é)) ,

tends to zero. Among a portfolio of competing models, the model
with the minimum value of ICOMP is chosen to be the “best” model.
Thus, the “best” model is the one that achieves the most sufficient
trade-off between the a-ccuracy of the parameter estimates and the

model complexity.

3.2.3 Bozdogan’s ICOMP(IFIM) Criterion

A second approach to quantifying the concept of overall model
complexity is to use the estimated inverse-Fisher information matrix
(IFIM), also known as the Cramer-Rao lower bound matrix. In this
case, Bozdogan (1990, 1994) defines the information-theoretic model

evaluation criterion to be:



ICOMP(IFIM) = -2 log L(6) + 2c1(1‘:‘1) , (3.11)

where C; denotes the maximal information complexity as defined in

(3.9) and F represents the inverse Fisher information matrix. In

(3.11), the inverse-Fisher information matrix evaluated at 0 is used
to measure the complexity of the parameter estimates.
This approach to model evaluation takes into account the

accuracy of the estimated parameters and implicitly adjusts for the
number of free parameters in the model. If F ng (6) represents the
diagonal elements of the inverse Fisher information matrix (j=1,...,q),
then we know from Chernoff (1956) that these elements represent
the variance of the asymptotic distribution of «/H(éi -0;) for i=1,...q.

Now, consider a subset of the q parameters of size k. Then, we have

that

Fjj' 0q) 2 F; (B). (3.12)



Behboodian (1964) explains that the inequality in (3.12) means that
the variance of the asymptotic distribution of Jﬁ(éi -0;) can only
increase as the number of unknown parameters is increased. Thus,
the use of C; (IA:—1 (é)) in the information-theoretic model evaluation
criterion defined in (3.10) takes into account the fact that as we
increase the number of free parameters in a model, the accuracy of
the parameter estimates decreases. Hence, ICOMP(IFIM) chooses
simpler models that provide more accurate and efficient parameter
estimates over more complex, overspecified models as preferred

according to the principle of parsimony.

3.3 Conclusion

In order to use information-theoretic criteria for model
identification and evaluation, we must first have a probabilistic
structure of a model and a defined likelihood function of the model.
For all of the discussed criteria, when several competing models
exist, the procedure is to estimate the parameters within the models,
compute the value of the information-theoretic criteria, and compare

the models choosing the model with the minimum value of the
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criterion to be the “best”. Practically, these criteria provide a simple,
yet effective means of model evaluation and comparison without the
need to set arbitrary levels of significance and without needing to
look up any tabulated values. The effectiveness of these criteria are
directly related to their theoretical justifications. Thus, we will
derive the information-theoretic criteria for the GMDH algorithm
under the assumption of normality and discuss their theoretical
justifications in the following chapter. We will also provide a

numerical example and show some empirical results.
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CHAPTER 4
INFORMATION-BASED CRITERIA WITHIN THE GMDH

ALGORITHM UNDER THE ASSUMPTION OF NORMALITY

In order to implement and evaluate the proposed improvement
of the traditional Group Method of Data Handling, an elegant
approach to statistical data modeling, we must derive the
information-based model evaluation criteria for the GMDH. In the
initial derivation of these criteria, the following assumptions hold:

(1) The probability distributions of the response variable have
the same variance, 02, regardless of the levels of the independent or
predictor variables.

(2) The error terms and, hence, the response variables are
normally distributed.

Thus, in this chapter, the proposed statistical modeling and model

evaluation technique allows for the relaxation of the following two
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assumptions associated with many of the traditional statistical
modeling techniques:
(1) The functional form of the model is known prior to the
modeling of the data.

(2) The error terms are uncorrelated.

4.1 Introduction

Recall the form of the lower-order polynomials given in (2.2)

constructed in each stage (i.e., generation) of the GMDH algorithm:

y=A +Bx; +Cxj +Dx} + Ex} + Fxix;, for V(i ).

Under the assumptions that y is normally distributed and that there
exists, therefore, a random error component additive with the above
deterministic component, the polynomials generated at each level of
the GMDH algorithm can be modeled as regression-type equations of

the following form:

2 2
y =Bo +B1x1 +Paxy +P3x] +Pax; +Bsxixo, (4.1)
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where the random vector, y, has mean or expectation given in matrix

form:
E(y)=XB, (4.2)

and € is a vector of normal random variables with mean O and

. . .2 .
variance-covariance matrix ¢ “I. We can analytically express the

density function for a particular sample observation as:

' RV2
) _x.
f(y;j IxiB,02)=(21t02) vz exp {_(y, ,1, J } (4.3)
20~
The likelihood function of the sample is:
n
L(B,6” 1xB,67) = IIf (y; IxiB,0°)
1=1
_ L] _2 'X' U '
_ (2162)™2 exp [_y y-2B : y2+B X XB]. (4.4)
o)

The maximum likelihood estimators of B and o’ are given by:

B=x"X)1x%, (4.5)
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and

A 1 ANP ~ 1;\,1\
&% = —(y-y)'(y-y) =—¢'e. (4.6)
n n

4.2 Derivation of Information-Based Statistical Criteria for
the GMDH Algorithm

Given the model in (4.1) under the assumption of normality
and the definitions of AIC in (3.6), ICOMP in (3.10) and ICOMP(IFIM)
in (3.11), we can use the maximum likelihood (ML) principle to
obtain the first terms in each of the criteria. The extensive use and
development of the maximum likelihood principle stems from the
work of Fisher (1921). The principle basically states that, in order to
estimate the parameter 0, we use that value (referred to as é) which
makes the likelihood function as large as possible. Thus, we use this
principle to obtain parameter estimates in the derivation of the
information-based criteria for the GMDH algorithm under the

assumption of normality.



4.2.1 Derivation of AIC(GMDH ;:ma1)

Given the model in (4.1) and the definition of AIC provided in
(3.6), we can maximize the log likelihood function of the model to

obtain AIC for the GMDH algorithm:

AIQGMDH pormal ) = -210gL6.5%) +2p
- -z{r-Elog(znﬂ-Blog(&z)-5}+2p
) 172 2

=nlog(2 =) +nlog(6) +n +2p, (4.7)

where p represents the number of parameters estimated in the
model, or p-1 represents the number of predictors in the model. We
note that, in the GMDH algorithm, the last term, 2p, which exists to

penalize for lack of parsimony, is constant across the competing
models at each generation of the algorithm. Thus, AIC(GMDH,,4rmar)
does not evaluate competing models on the principle of parsimony or

on complexity, but merely on goodness-of-fit. Since it is well known

that increasing the number of parameters in a model improves most



measures of goodness-of-fit, AIC(GMDH,oma)) has a tendency to

overfit in the GMDH environment. This tendency is seen in the first
numerical example in Section 4.3. Thus, from this point forward,
except for exemplary purposes, we will use ICOMP or ICOMP(IFIM)

for model selection and evaluation in the GMDH algorithm.

4.2.2 Derivation of ICOMP(GMDH,,rmar)

In order to take model complexity into account, we derive the

ICOMP criterion (3.10) for the GMDH algorithm under the assumption

y ~N(XB,6?%). Under this situation, ICOMP is defined by:

ICOMP(GMDH a1 ) = ICOMP(B, (1))

= 2logL(B, 6°) + 2IC1 EB)) + C1(ZE)]. (4.8)

The first component in (4.8), —210gL(f5,€72 ), is obtained by

maximizing the log likelihood function. The second term of



ICOMP(GMDH,orma)) is obtained from the definition of maximal

complexity (3.9):

Cl(i(ﬁ))zglo [“" X'X) }——1 g6 X X)"| (4.9)

Thus, we have that C{(E@))=C1(6%(X’X)™). Since maximal

complexity is invariant under scalar multiplication, &2 can be
factored out. Thus, the second term of the ICOMP criterion under the

assumption of normality becomes:
C1ERY=C1XX)™). (4.10)

The third component of ICOMP(GMDH ,,;ma1) is the estimated

maximal complexity of the variance-covariance matrix of the
residuals. In order to obtain this component, we use the definition of
maximal complexity (3.9) and the following relationship between the

vector of residuals and the hat matrix:
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e =(I-H)Y (4.11)

nxl nxn nxn nxl

where the hat matrix, H, is defined as:
H=X(X X)X’ (4.12)
The matrix (I-H) has the properties of symmetry and idempotency.

From these properties, the variance-covariance matrix of € can be

obtained from (4.11) as:

% (e) = (I-H)o?(Y) (I-H)' (4.13)

For the normal error model, GZ(Y): 0’2(8) =621 Also, (I-H)=(I-H).

Hence, (4.13) becomes:

T (e) =6 (I- H). (4.14)




Substituting (4.14) into the definition of maximal complexity (3.9),

we obtain the following general form for the third term:
e D 521-H)|| 1 .2
C1EE)=L1og ] T2 | |- —log[det(o' a- H)} (4.15)
2 n 2

The result in (4.15) is zero under the assumption € ~ N(0, 62 I). This

is shown as follows:

C,(e) is undefined, since the determinant of (I-H)=0. Replacing

II-HI by [T ,A;, the product of nonzero eigenvalues, we have that
=171

loglI-Hl= 10gl'[3‘=1 Aj = log(1)=0. Therefore,

—J - l1og(H A) =0, (4.16)
n 2

and Cl(ﬁ(é)) = 0. Substituting the results (4.10) and (4.16) into (4.8),




ICOMP(GMDH a1 ) = nlog(2m) + nlog(62) + n+ 2C1(X°X) ) .(4.17)

4.2.3 Derivation of ICOMPIFIM(GMDH,,;1a1)

If we adopt the second approach to quantifying model
complexity in a model evaluation criterion, ICOMPIFIM, the Fisher
information matrix and its inverse must be obtained. For the model

in (4.1), under the assumption of normality, we have:

) 1 s’x'x)! 0
Cov(B,6)=F " = v 264 (4.18)
n

From the definition of ICOMPIFIM in (3.11), we can obtain

ICOMPIFIM for the GMDH algorithm as follows:



ICOMPIFIM(GMDH,,, ;)= ~2logL(, 62) + 2C; (F ™)

w[62X'X) ) + 84 /xﬂI

.
-2
= nlog(2r) +nlog(G<) +n +(p + l)lodL
p+1 |
(4.19)

~4
-log FZ(X'X)‘ 1I— log-zg— .

Since C,(®) is scale invariant, we can factor 62 from Cl(ﬁ—l) and

simplify to obtain:

ICOMPIFIM(GMDH,, )= nlog(2x) + nlog(6°) +n

[ ryy-1, 922 ] )
Hp +1)1og|Ltr(X X)p ++12° / nJI —1og|(x'X)‘]|-1og 2% (4.20)

From (4.18) it is easily seen that as the number of parameters, p,

increases (i.e., as the size of the matrix of independent variables

A2
increases), the error variance, 6°-, gets smaller even though the

AD
complexity gets larger. Also, as 6~ increases, (X’X)' decreases.
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Therefore, Cl(f? _1) achieves a trade-off between these two extremes

and guards against multicollinearity.

4.3 Consistency of ICOMP and ICOMPIFIM for the GMDH
Algorithm

Following the work of Bozdogan and Haughton (1998), let Q
represent a positive definite matrix. Under the assumption of
normality, it is reasonable to assume (see Nishii, 1984, and Stewart,

1991) that, for the model in (4.1), (X' X)/n — Q as n = oo. Thus, if

we have two competing models, my; and my,, where

2

mkl E{Bo,Bl,...,Bkl,Gl },
_ 2

mk2 ={B0,Bl,...,Bk2,02}

and k2>k1, then we have (Xy;' Xx1)/n = Qp and (Xg2' X2)/n = Q5

where Q; and Q, are positive definite matrices. Using this

information, we show that, if m,, contains the true values of the
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parameter vector and my; does not, then the probabilities that both

ICOMP(GMDH;,;;ma1) and ICOMPIFIM(GMDH,,;rmar) select my; over my;

converge toone as n — oo,

Proposition: Let my; and my, be two competing models such that

the true value of the parameter vector lies in my,, but not in my;.
Assume that the matrices (X' Xg1)/n — Q; and X' Xk2)n — Q»,

where Q; and Q, are positive definite. The probabilities that

ICOMP(GMDH,,,;ma1) and ICOMPIFIM(GMDH,,,rma1) Select my;, converge

tooneas n —» oo,

Proof. Part 1. ICOMP(GMDHpoma)- Let maxlogl; and maxlogL, be
the maximum log likelihoods on my; and my,, respectively. Also, let
67 and 6% be the maximum likelihood estimators for 6~ (the true

parameter value) on my; and my,, respectively. By Haughton (1991),




there exists a positive value, o, such thatas n — o ,

log(&lz) >0+ log(&%) with probability one. Thus,

maxlogL;-maxlogL,=[nlog(2) + nlog(6'12 )+ n] -[nlog(2 )+ nlog(&% )+ n]

=n[log(6f) - log(&%)] > no. (4.21)

with probability one as n — e . Now, since C; is invariant under
scalar multiplication, (Xx1' Xk1)/n = Q; and (X' X2)/n — Q», then
we have that C;[(Xg;' X)) '/ n] - C;(Q;") and

C1l(Xi2' Xk2) ™ /01— C1(Q3') as n — eo. By the fact that

6% - 02 asn— o and 612 does not, there exists a value A such that
as n — o C1(Xk1'Xk1)- C1(Xk2' X2 )> A with probability one

(Bozdogan, Haughton, 1996). Q

Part 2. ICOMPIFIM(GMDH,,1mat)- The first part of
ICOMPIFIM(GMDH,,,1ma1) is the same as the first component of

ICOMP(GMDH,,4ymap)- Thus, (4.21) of part 1 of proof also holds for




ICOMPIFIM(GMDH orma)). Now, let ;! and F;' represent the

estimated inverse Fisher information matrices for m;; and my,,

respectively. From Bozdogan and Haughton (1996), there exists a

constant, 3, such that, with probability one as n goes to infinity,
Cl(I:"l_l) - Cl(lez_l)> 0. Thus, for the GMDH algorithm under the

assumption of normality,

ICOMPIFIM(m y ) - ICOMPIFIM(my, ) > no. + 8. (4.22)

If § is positive, then the proof is complete. If § is negative, then we

can multiply ICOMPIFIM(GMDH,,,ma1) through by log(n)/n, since n is

constant across competing models within the algorithm. With this

change, it follows that ICOMPIFIM(m ;) - ICOMPIFIM(my» ) > no

with probabilities going to one as n — oo .

Therefore, with probabilities one as n — e , ICOMP(GMDH,,,;q;) and

ICOMPIFIM(GMDH,,;1,;) Will choose my; over my;. B
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4.4 The GMDH Algorithm Using Information-Based

Criteria: Numerical Examples

The basic structure of the original GMDH remains the same
with the incorporation of information-based model selection criteria.
The basic differences in the algorithm is based on the elimination of
the subdivision of the data for cross-validation and in the selection of
models to be passed on to the next generation. In step 2 of the
algorithm, the screening stage, information-based model evaluation
criteria are calculated for each model as “fimess” values. After
calculating the AIC, ICOMP, or ICOMPIFIM value for each of the
models generated at a level, we utilize a selection ratio to determine
which models to keep for the next level of the algorithm. This
selection ratio is based on the one used by Luh, Minesky, and

Bozdogan (1997) in their work on genetic algorithms.
Let Max(crit); represent the highest value of the computed
information-theoretic criterion at level j of the algorithm. Let crit;;

represent the criterion value for model i of level j. For each model

obtained at level j, we obtain the difference:



D1ff,,=Max( Cl'it)j'CI' itij .
The average of these differences, Avgdiff; is obtained. The selection

ratio for model i in level j is then obtained via:

Selection Rauol] = Egjd}llf—g (4.23)

ICOMP and ICOMPIFIM are much more general than AIC, as
previously discussed. They control the risks of both insufficient and
overparameterized models and incorporate the assumption of
dependence and the independence of the residuals in one criterion
function. ICOMP and ICOMPIFIM relieve the researcher of any need
to consider the parameter dimension of a model explicitly. This is
illustrated through the numerical example provided in Section 4.3.1.
Also, as discussed in Section 4.2, ICOMPIFIM inherently guards
against multicollinearity in the set of data. A small numerical

example is provided in Section 4.3.2 which effectively illustrates this

tendency.
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4.4.1 Numerical Example: Study of Vitamin B, in Turnip
Greens

We consider the problem of identifying the appropriate model
for the data set provided in Table 1.1 of Chapter 1. These data are

from a study performed by Wakely (1949) on the quantity of

vitamin B, in turnip greens. The data set consists of n=27

observation and p=3 predictor or independent variables.

Using AIC obtained in (4.7), ICOMP for the GMDH algorithm in
(4.17), and ICOMPIFIM in (4.20), we determine the “best” model via
the GMDH algorithm. All the computations are carried out using the
newly developed open architecture algorithm and functions which is
provided in Appendix B. These algorithms and functions use
MATLAB® as the basis kernel. The “best” models are determined at
each of three generations of the GMDH algorithm; hence, the “best”
second-degree polynomial, fourth-degree polynomial, and sixth-
degree polynomial forms are identified using the information-
theoretic criteria. Also, the “best” global model is identified. The
results are provided in Table 4.1 for three generations of the

algorithm. It should be noted that the third generation signifies a




stopping point for the algorithm, since the values for all of the
criteria (specifically, the value of AIC) increase in the fourth
generation.

From Table 4.1, we see that the “best” model for the data based

on the AIC criterion is the level 3 model:

§ =44.3126 + 0.7486Z; — 0.615523 +0.0025Z] +.0145Z3 — 0129773 (4.24)

where Z; and Z3 are variables as constructed in level two of the
algorithm. As seen in Table 4.1, these variables are obtained by
evaluation of the polynomials constructed in level one and, then, by
evaluation of the polynomials constructed in level two. We can

obtain the complex form of (4.24) in terms of the original variables
(X1, X2, X3) by backtracing using the backtracing function written in

MATLAB®. (The backtracing function is also provided in Appendix

B.)




TABLE 4.1. Model Selection for the Turnip Green Data Under the

GMDH Algorithm
Level 1:
Variables Equation AIC ICOMP | ICOMPIFIM
(X;,Xy) | 2,=104.773-24.89x,+390.783x, + 181.9 | 200.1* 287.5*
5.2x5 -987.841x 4 + 21.008x 1,
(X,Xs) | 2,=850.031-5.863x,-206.188x; + 232.8 | 2599 377.1
18.535 x% + 14.48x5 - 7.258 x;x3
(Xp,X3) | 23=256.593+386.385x,-39.562x,- 177.8 | 200.1* 290.6
1205 .341 x5 +2.037 x5 + 20.069 x,x3
Level 2:
(z,,2,) | 2;=99.4685+5.8914z,-1.1231z,- 2261 | 3143 491.2
0.0363z] +0.0014z2 +0.0066z,7,
(z,23) | Z,=-52.1378+0.49952,+1.5894z- 177.2 | 2576 406.1
0.003z} —0.0053z2 +0.0025z,z,
(2,,23) | Z3=8.2319+0.0211z,+0.7383z, + 176.7 | 2481 380.1
0.005z% +0.0041z7 - 0.0024z,,7,
Level 3:
(z,,2,) | Z,=5.4847+006647% +1.221Z,+ 1957 | NA** NA**
0.0011Z; -0.0032Z; —0.0011Z,Z,
(7,Z;) | Z,-44.3126+0.7486Z,-0.6155Z, + 1755 | NA** NA**
0.0025Z] +0.0145Z; — 0.0129Z,Z,
(%.Z) | Z,=16.259+0.4656 Z,+0.0601 Z , + 176.5 | NA** NA**
0.0029Z; +0.0123Z> - 0.012Z,Z,

Note:s: *Global minima of the criteria

**]evel 2 is the stopping level for ICOMP and ICOMPIFIM; hence, the algorithm does not

proceed to Level 3 for these criteria.
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With ICOMP and ICOMPIFIM, the “best” models are is identified

to be either a second-degree polynomial in x, and x3 or a second-

degree polynomial in x; and X;:

ICOMP:

(4.25)
§ =256.593 + 386.385x —39.562x3 — 12053413 +2.037x3 +20.069x2x3

ICOMP and ICOMPIFIM :

(4.26)
§ =104.773 - 24.89x | +390.783x5 +52x7 —987841x3 +21.008x X »

In this example, ICOMP and ICOMPIFIM choose a simpler
model (4.25 or 4.26) to approximate the data. The model identified
by AIC (4.24) is a much more complex, less parsimonious model than
those chosen by ICOMP or ICOMPIFIM. As noted in the derivation of
AIC for the GMDH algorithm in Section 4.2.1, the penalty function
(i.e., 2*number of parameters) remains constant at each level of the
algorithm even though the true number of parameters in the model
increases with each generation. Also, at each level of the algorithm,

the profusion of complexity (i.e., interdependence among the

parameter estimates) increases with each generation. Therefore, as
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seen through observing the results in Table 4.1, AIC does not
appropriately distinguish model complexity and lack of parsimony in
the GMDH environment.

The ICOMP and ICOMPIFIM criteria both incorporate a measure
of the complexity due to the covariance of the parameter estimates
and the covariance of the error terms within the environment of the
GMDH algorithm. While under the normal error assumption on the
random error, the complexity of the covariance matrix of the errors
will be zero, as seen in (4.16). However, when the errors are
autocorrelated or when the errors have other general covariance
structures, this term (4.16) will not be zero. Given these results, we
see that the criteria which incorporate model complexity into the
penalty term are preferable for use within the GMDH algorithm.

This same set of data was used by Anderson and Bancroft

(1959) to fit the regression model

y =Bo +B1x; +PB2xs +B3x3 +Pax1X2 +E

Fitting this model we obtain the estimated regression model:




§ = 8244 +262x] —T569%, + 1.52x3 —1.64xX5 with R* =0.754. (4.27)

Later, Draper and Smith (1981) analyzed the same data using a
stepwise regression technique. After correcting their error in

analysis, the regression polynomial obtained was:

§ =121.1 +496.18x, — 5.79x3 — 11295 with R* =0.903.  (4.28)

The model chosen by ICOMP and ICOMPIFIM (4.26), without using

any arbitrary assumption of model form prior to data modeling

modeling, has R?=0.9201. Thus, the GMDH with information-theoretic

model selection criteria provides the analyst with an objective way
to determine the functional form of their model directly from the
data in a data-adaptive fashion, as opposed to relying on the many

locally sub-optimal model search methods.




4.4.2 Numerical Example: Study of Demand of Laundry
Detergent

We consider the problem of identifying the appropriate model
for the data set provided in Table 1 of Appendix A. These data are
from a study on the demand of a brand of liquid laundry detergent.
(Bowerman et al., 1986) The data set consists of n=30 observations
and p=4 predictor or independent variables. The dependent variable

is:

y = demand (in hundreds of thousands of bottles) in a four-
week sales period.

The independent variables are:

X1 = price (in dollars) of a bottle of the detergent;
X, = average industry price (in dollars) of competitive brands;

X3 = advertising expenditure (in hundreds of thousands of
dollars) in the sales period;

X4 = price difference between detergent’s price in sales period
and average industry price during the same period (i.e., X4
=X7-X1 )
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In level one of the algorithm, six polynomials are constructed.
These six polynomials and the associated computed values of AIC,
ICOMP, and ICOMPIFIM are provided in Table 4.2. In the screening
stage of level one, the values of the selection ratio for each of the six

models are:

New Variable Selection Ratio Selection Ratio  Selection Ratio

(AIC) (ICOMP) (ICOMPIFIM)
z,=f(x,,X;) .0902 7184 756
z,=f(x,,X;) 0 0 0
z,=1(x,,X,) .0902 7129 .749
z,=f(x,,%;) 2.044** 1.502** 1.50**
zs=f(x,,%,) .0902 6570 685
z,=f(x,,X,) 3.685** 2.409** 2.309**

** Those models with a selection ratio value greater than one (i.e.,
those models to be passed to the second generation)

As seen in the above summary, two models are identified for passing

on to the second generation of the algorithm. These two models are

z4 and zg. Thus, in level two of the algorithm, only one polynomial is

constructed as a function of z, and z;




For both ICOMP and ICOMPIFIM, the minimum value of the

criteria occurs at zg of level one. Thus, the “best” model is:

76 =32.098 - 8.637x3 +14.744x4 + 0.7594x5 + 1.1074x5 - 2.104x3%4, (4.29)

with an R% of .9226. For AIC, the criterion value in generation 2 for

the model (4.29) is -3.857. Thus, AIC chooses as the “best”

TABLE 4.2. Model Selection in Level One for the Detergent Data Under
the GMDH Algorithm with Information-Theoretic Criteria

Variables Equation AIC ICOMP | ICOMPIFIM

(X1%,) | 2,=36.14+4.27757x,-16.97 2x,- 16.6 520 92.5
4.64 x2 -0.703x 3 +6.714x 1 X,

(X;,X3) | 2,=-123.74+68.046x,+0.2767x;- 17.11 65.07 120.2
7.868x3 +0.4985 x5 - 1.449 x1x3

(x,Xs) | 25=36.14-12.6966x,-16.972x -+ 16.6 521 92.74
1.372x% - 0.703x5 + 5.308x1x4

(Xp,X3) | 24=-5.477+9.801x,-3.45x;- 5574 | 37.74 65.27
0.164 x5 +0.698 x5 —1.146 x,x3

(Xp,%g) | 25=36.14-12.697x,-4.276x,+ 16.6 53.11 9.1
1.372 X5 —4.639 4 +2.563 xx4

(X3,Xy) | 24=32.098-8.637x,+14.74dx,+ 3.684* | 21.24** | 35.69**
0.759 x5 +1.107 x5 - 2.104 x3x4

**The “best” model in level one as identified from the GMDH algorithm.




approximating model a quadratic polynomial containing x;, X3, and x4

with an R% of .923. The exact form of this model after backtracing is:

7) = ~1447.8955 +784.8607x; +390.0911x3 -~ 1137.7381x4 -116.9148x5
~29.3251x - 309.5824x3 +3.4799x3 +0.4045x3 - 33.6689x;
~0.0292x3 +0.002x] - 1.2645x] - 198.0332x,x3 +306.1178x,x4
+317.309x3%4 + 13.4122x%3 +22.9931x2%5 +75.5878x3x5
+26.0482x5x3 - 5.1336x3%4 —23.3702x3%4 — 1.4355%5%3
~0.3856x2x3 — 4.6599x3x5 —0.1154%,%3 +4.8043x3%]
-0.4069x3x3 + 0.1832x3x4 - 79.4793%7%3%4 +0.7325%3x3%4

+5.1082x,x5%x4 — 2.6889%7X3%5 - (4.30)

Obviously, the two criteria, ICOMP and ICOMPIFIM, choose a much

more parsimonious model.

4.5 Discussion of the GMDH with Information Theoretic
Criteria

The GMDH algorithm with information-theoretic model

evaluation criteria provides a stronger, more robust version of the

original algorithm. The two greatest benefits of the use of the




information-theoretic criteria are the elimination of the need for

subdivision of the data and the selection of models based on
goodness of fit as well as on model complexity. In Chapter 2, the
Wakely turnip data was modeled using the original GMDH with the
regularity criterion as the selection criterion. The first subdivision of

the data in Table 2.1 yielded

y3 =369.85 +476 74x; —67.41x3 ~1302.06x5+3.7x5 +13.94x,%3

as the best approximating model. The second subdivision of data

yielded

y1 = 108.25 - 29.22x1 +284.87x2 +6.56x] - 812.22x5 +36.23x1x2

as the best approximating model.

We note in the previous section that the GMDH with ICOMP

chooses both a model in x; and x; (4.25) as well as one in x;, and x3

(4.26) as good approximating models. ICOMPIFIM chooses the model

in x; and x3 (4.26) as the best fitting model. Thus, we obtained very




102

similar results without any subdivision of the data when using
ICOMP or ICOMPIFIM.

We also note that AIC does not take into account the
complexity of the chosen model. Hence, it chooses much more
complex, less parsimonious models as seen in both examples in
Section 4.4. Thus, in order to resolve the issue of overspecification of
models that was identified with respect to the original GMDH, either
ICOMP or ICOMPIFIM should be used within the framework of the
GMDH algorithm.

As can be seen by the model chosen in (4.30) by AIC for the
detergent data, the GMDH produces highly complex models as it
moves up the hierarchy bf generations. In fact, one of the arguments
against the use of the GMDH is that it results in overparameterized
models. There are several proposed versions of GMDH which attempt
to deal with the issue of overparameterization by changing some of
the steps or by changing the basic form of the quadratic polynomial
to different types of functions. Readers are referred to Ikeda et al.
(1976) and Tamuru and Kondo (1984) for some of these variations.

As opposed to changing the structural steps of the algorithm or the
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functional form of the polynomial, we propose the use of the genetic
algorithm as a means to eliminate those terms within a chosen model
which are not necessary to effectively using a model for predictive
reasons. In the next chapter, we present an overview of the genetic
algorithm and discuss its usefulness within the framework of the

GMDH algorithm.
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CHAPTER 5
THE GENETIC ALGORITHM WITHIN THE FRAMEWORK OF THE

GMDH ALGORITHM

At the end of the GMDH algorithm, one or more “best”
approximating models are identified. This “best” approximating
model is of the Kolmogorov-Gabor form shown in (2.1). Given the
pairwise nature of the construction of models at each level, a data set
with a large number of potential predictor variables may frequently
result in a chosen model at the third, fourth, or higher generation of
the algorithm. After backtracing, if we started with six input
variables and a model is chosen at the third generation of the

algorithm, then we would have an Ivakhnenko polynomial of degree
eight in x;, X, ..., X¢. Thus, the resulting polynomial would have

3,003 terms with hundreds of terms like BxxJx3x3x3x2xp and

BiX;X4. Therefore, a great concern about the algorithm is the
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number of potentially unnecessary terms that are maintained in the
“best” approximating model at the end of the heuristic search in the
hierarchy.

Much work has been done to attempt to reduce the number of
terms that are unnecessary for maintaining the predictive power of
the resulting model. Barron et al. (1984) used a clustering algorithm

to identify subsets of “like” predictor variables. They also proposed
that the original candidate inputs (Xj,....Xp) be introduced as input

variables into each following generation along with the outputs from
the previous level’s generation of new models. The main weakness
of this approach is the number of additional models that must be
estimated at each level of the algorithm.

Tamura and Kondo (1984) proposed the identification of both
partial and intermediate polynomials at each generation to allow for
some choice in the terms included in the following layer of the
algorithm. At each level, the optimal partial polynomials are
determined by applying a stepwise regression procedure to each

second-order Ivakhnenko polynomial generated. However, there

exists much criticism in the literature (Moses, 1986, and Wilkinson,
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1989) of stepwise selection since it does not always find the best
subset of predictor variables from the original set of variables. Also,
stepwise regression analysis only uses local sampling in its searching
process (Sokal and Rohlf, 1981). In order to be able to search the
large solution space and to keep from introducing additional
variables at each generation of the algorithm, we propose the use of
the genetic algorithm with information-based criteria to determine
the “best” subset of the variables (i.e., terms) included in the final

model obtained at the end of the algorithm.

5.1 An Overview of the Genetic Algorithm

| The genetic algorithm (GA) is a general purpose search algorithm
that is loosely based on the mechanisms of biological inheritance and
how traits are transmitted from the parents to their offspring.
Genetic algorithms were formally introduced in the United States in
the 1970s by John Holland at The University of Michigan. Thus,

much of the early work on the GA was done by Holland (1975) who

proposed that the biological methods of crossover, mutation, and
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reproduction could be used as a computer-based search and problem
solving method. The following discussion of the GA is merely a brief
overview of the basic nature of the algorithm. Readers who desire a
more in-depth discussion of GAs are referred to Goldberg’s (1989)
book Genetic Algorithm in Search, Optimization, and Machine
Learning and Holland’s (1992) article Genetic Algorithms.

GA’s belong to the family of stochastic search methods. The
major difference between the GA and other stochastic search
methods is the operation of the method on a population of solutions
at each iteration as opposed to operating only on a single solution.

Following the language of biological evolution, each potential
solution to the problem is encoded as a chromosome. An initial
population of chromosomes is created. Each chromosome represents
a complete solution to the objective function or the problem being
solved. The algorithm then applies genetic operators--crossover and
mutation--to the individuals in the population to generate new
chromosomes (i.e., offspring or children) from pieces of the parent
chromosomes. The crossover operator combines two parent

chromosomes to produce two more chromosomes. Thus, it is through
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the crossover function that genetic material is passed from one

generation to the next. Through the mutation operator, randomness

is introduced into the search. This randomness ensures that

additional solutions are created and evaluated that might not be

found by crossover alone. (Goldberg, 1989)

In general, a GA consists of a set of basic, sequential steps (Lin

and Lee, 1996, and Bearse and Bozdogan, 1998):

1.

2.

Creation of an initial population of chromosomes.

Evaluation of each of the chromosomes in the population.
Creation of offspring by application of the genetic operators
mutation and crossover.

Elimination of the unfit members of the population.

Evaluation of the new offspring.

Insertion of offspring into the population.

Evaluate stopping criterion. If satisfied, stop. Otherwise, return
to step 3.

The GA consists of three major components: the representation

of the problem as a string of digits, the fitness function, and the

genetic operators. The effectiveness and efficiency of the GA is
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dependent upon the development of these three components. The
overall performance of the GA is highly dependent upon the
development of the fitness function, since it is this function which
evaluates the quality of a potential solution and determines a
potential solution’s likelihood of reproducing. Itis through this
fitness function that the biological idea of “survival of the fittest” is
defined so that the “fittest” potential solutions are kept from one
generation to the next and the least “fit” potential solutions die off. In
many cases, the GA performs very efficiently. In fact, since the GA
does not use gradients, it often performs better than gradient search
methods, especially if the search space has a lot of local optima.
(Goldberg, 1989) As stated best by Nygard, Ficek, and Sharda
(1992), “...the efficiency of genetic search is due to an ‘intrinsic
parallelism’--each trial becomes less and less random, as desirable
substrings increase in frequency of occurrence and undesirable

substrings are suppressed.”
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5.2 Genetic Algorithms for the GMDH

As previously stated, the strength of the GMDH algorithm is its

ability to produce a self-organized functional representation of the
form y=£f(X1,X,...Xyy) Without any apriori assumptions regarding the

functional form prior to the modeling of the data. Along with this
strength comes one of the biggest weaknesses of the GMDH. That is,
the resulting model is often quite complex with a number of higher-
order terms that do not substantially improve the predictive power
of the model. Thus, in this thesis, we propose and develop for the
first time the use of a genetic algorithm for choosing the best terms
(i.e., predictors) to maintain in the final model. Since the GAisa
stochastic search process, it allows us to globally search for the best
“sub-model” even when the initial set of terms is quite large. There
are two possible applications of a GA within the framework of the
GMDH. The first is the use of the GA only at the end of the GMDH to
identify the “best” sub-model of the final version produced by the
algorithm. The second application is to use the GA prior to invoking

the GMDH in order to reduce the number of variables introduced into
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the first level of the GMDH. Both applications are presented and the

results are compared in Chapter 6 of this thesis.

5.2.1 A Genetic Algorithm Using Information-Theoretic
Fitness Functions for the Backtraced GMDH Model

The basic steps of the described algorithm follows the approach
of Goldberg (1989), often referred to as the Simple Genetic Algorithm
(SGA). The more detailed components of the approach, including the
incorporation of ICOMP and ICOMP(IFIM) for the fitness functions
within the GA, follow the work of Luh, Minesky, and Bozdogan
(1996). The major difference in the approaches lies in the
initialization of the population. In the use of the GA for multiple
regression, the initial population consists of various combinations of
predictors in different possible functional forms of a regression
equation. However, in our application, we are provided with the
Kolmogorov-Gabor functional form (2.1) as an output from
backtracing the model obtained via the GMDH algorithm. Thus, the
possible models to be evaluated are limited to subsets of the model

generated by the GMDH.
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The first stage of the GA is to establish the coding scheme for
the possible sub-models of the resulting GMDH equation. For
example, let us assume that the “best” approximating model from the
GMDH was a second-generation Kolmogorov-Gabor equation in three

variables. Then, the structure of the model would be:

3 3 3 3 3.,
shixt+ 2 2EXN4 2 2R

3 3 3
y=a;+ Tbix;+ 3 eixf+ Tdixg+
i=1 i i=1 i=1 1=di2j 1=1 42

i=1

(5.1)

3 3 3 3 3 3 3 3 )
+ 3 Elixizx;+ )y Zmixi it Y . Yy zniXinXk
izli;tj j=1 i=ljzj Fl i=ljzj Fljzk k=1

The estimated model (5.1) contains 33 terms, including the
intercept term. Thus, each chromosome is represented by a string of
33 binary digits. Each possible sub-model is represented as a binary
string, where (1) indicates the presence of a term in the model and
(0) indicates the absence of that term. So, the binary string
{111111111111111111111111111111111} represents the case
where all 33 terms are included in the model being evaluated, and

{111100000000000000000000000000000} represents the case
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where only the intercept term, X;, X, and x3 are included in the

submodel (i.e., none of the interaction or higher-order terms are
included).

The second major stage of the GA is to initialize a population of
chromosomes. The size of the population (n) is a set of n submodels
selected at random by the algorithm to enter into the first iteration
of the GA. It should be noted that, for our computational modules of
the GA, the population size is selected by the user. However, as is
seen in Chapter 6, the size of the population does affect the ability of
the algorithm to identify the “best” submodel within a reasonable
number of generations.

For the fitness function used to evaluate each model (i.e.,
chromosome) generated, we use the information-theoretic criteria of
ICOMP or ICOMP(IFIM). These criteria were defined in general in
equations (3.10) and (3.11), respectively. The derived forms of these
two criteria are those for the univariate normal multiple regression
case. As derived in Bozdogan (1988) and Bozdogan and Haughton
(1998), the ICOMP and ICOMPIFIM evaluation criteria used within

the GA are, respectively:
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ICOMP(GA) = -2 log L{B,&7) + 21 (Cov(®)) + 2¢/(Cov(@)),

= nlog(2m)+ nlog(RSS/n) +n+2Cy (X' X)), (5.2)

ICOMPIFIM(GA) = 2log L{8,6% ) + 2C;(Cov(F ™))

[ a2ty 114284 /0 |
= nlog(2m) +nlog(@%) +n+(k + biog| e )1(<)+ 3+ 26* /n J

(5.3)
~4

22 xrr e 20
- logIGZ(X X) 1| ~log—.

In the algorithm and functions we provide for the GA, the
investigator chooses whether the desired fitness function is
ICOMP(GA) or ICOMPIFIM(GA).

Thus, the GA evaluates the chromosomes at each generation
using either ICOMP(GA) or ICOMPIFIM(GA), as chosen by the
investigator. The chosen criterion is evaluated for each submodel in
order to assess which of the generated submodels are “fittest” and
are therefore used in the mating pool. Following Luh, Minesky, and
Bozdogan (1997), a fitness ratio is computed to determine the

likelihood of a given submodel being introduced into the mating pool
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and, thereby, being used as parents to produce offspring. The fimess
ratio for submodel i is based on the difference between the
maximum value of the information criteria in the existing population
and the value of ICOMP or ICOMPIFIM for submodel i. As shown in

(4.23), the fitness ratio for submodel i in a population of size n is:

Fitness Ratio; = n————‘— ,
)3 lef/
i=1
n

where Diff;=Max (Criterion Value) - (Criterion Value;). The higher
Vn

(5.4)

the fitness ratio for a submodel, the higher the likelihood that the
submodel will be included in the mating pool. So, if submodel 1 has
a fitness ratio of 0.5 and submodel 2 has a fitness ratio of 1.5, then
submodel 2 is three times more likely to enter into the mating pool.
The last major components that must be defined for the GA are
the genetic crossover and mutation operators. The crossover
probability, another input by the investigator, determines the
probability of mating between two parents in the mating pool. Thus,

a crossover probability of zero (0) means that no mating between
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parents occurs, and all of the members of the current mating pool are
entered into the next generation of the algorithm. In this case, the
only possibility for change in the population comes through the
mutation operation. A crossover probability of one (1) indicates that
all parents mate to form new offspring. Here, none of the parents
are maintained and passed into the next generation. The risk with
an extremely high crossover probability is that a “good” submodel is
removed from the search prior to possible genetic improvements
that might be made in future generations of the algorithm. In
general, there are no specific rules for identifying the best crossover
probability.

The basic crossover operator used in our algorithm is based on
that of Goldberg (1989). As illustrated in Figure 5.1, given a pair of
parent chromosomes, the algorithm randomly chooses a position
along the chromosomes to be the crossover point. The pieces of the
parent chromosomes to the right of the crossover point are

interchanged in order to create two offspring. |

e




Crossover Point

j SN | Parent Chromosome 1

_l Parent Chromosome 2

] Offspring 1

] Offspring 2

FIGURE 5.1 The Crossover Operator Used in the Genetic Algorithm

The mutation operator is used to allow for a drastic move of
the GA into a completely different response surface area. The
mutation probability determines the likelihood that the algorithm
will randomly add or delete a term from the submodel (i.e., a
randomly selected binary digit is changed from O to 1 or from 1 to
0). Lin and Lee (1996) recommend that the probability of mutation
is kept fairly low in order to prevent the GA from becoming merely a

random search technique.
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After these general components are defined, the GA moves
from one generation to the next for the specified number of
generations. Each generation is made up of a mixture of parent
submodels and offspring, as determined by the crossover and
mutation ratios. Bearse and Bozdogan (1998) point out that the
relationship between the population size (n), the number of alleles
(i.e., binary digits) in each chromosome, and the structure of the data
set influence the number of generations needed for the GA to reach
an optimal solution. This relationship is currently not completely
understood. In our results shown in Chapter 6, we compare the
performance of the GA on the GMDH backtraced model for varying

population sizes and number of generations the algorithm is run.

5.2.2 A Numerical Example: The GA with ICOMP Fitness
Function for the Backtraced GMDH Model

We illustrate the application of the GA to increase the
parsimony of the resulting model from the GMDH by using the
Wakely (1949) data from Table 1.1. Recall that this data set contains

only three predictor variables. Thus, for this problem, all possible
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submodels can easily be evaluated since only 2%-1 submodels are

possible. However, we use this data set to walk through the major
components of the GA in this environment. Recall from Section 4.3.1
that the GMDH with ICOMP and ICOMPIFIM identified the following

model (4.25) for the Wakely (1949) data:

§ =104.773-2.89x; +390.783x,+5.2x3 - 987.841x5 +21.008x x,.

Following the major steps of the GA stated in Section 5.1, we begin
the algorithm with the creation of an initial population of
chromosomes. Since the above model contains six terms, we encode
each possible submodel as a binary string with six loci, as shown in
Table 5.1.

Also in the first step is the selection of an initial population of
chromosomes. For this example, we choose a population size of six
(i.e., n=6). From the 63 possible submodels, the algorithm randomly
chooses six submodels (i.e., chromosomes) to use in the first

generation of the algorithm. These six chromosomes in binary form




TABLE 5.1 Possible Submodels and Their Binary Representation for

the GA
Terms in Submodel Binary String
Intercept, Xx1,X2, x%, x%,xlxz 111111
Intercept, xi,X2, x%, x% 111110
Intercept, x1,X2, xlz 111100
Intercept, xi,x2 111000
X1X2 000001

are M;=[1000001], M,=[111110], M5=[100101], M,=[001101],

M;s=[010110], and M¢=[111110]. We note that M;=M. In our

algorithm, we do allow for duplicate members in a population.
However, if desired, the investigator can require six unique
chromosomes in the initial population.

The second stage is the evaluation of each of these six
chromosomes in the initial population. Using ICOMP in (5.2) as the
fitness function, the values of the fitness function for each of the
chromosomes in generation 1 are shown in column 3 of Table 5.2.

Since the creation of offspring is dependent on the selection of a




mating pool, we compute the fitness ratio (5.4) for each of the

chromosomes in generation one. These values of the fitness ratio are

shown in column 4 of Table 5.2.

The third step of the GA is the creation of the offspring through

the crossover and mutation genetic operators. The first pair of

parent chromosomes chosen to mate are {M3 and Ms}; the second set

of parents are {M, and Mg}; and the third pair of mating parents are

TABLE 5.2. Generations One and Two Chromosomes and their Fitness

Values for the GMDH Model of the Wakely Data

Generation 1 Binary Fitness
Model ID String ICOMP Ratio

M, 100001 207.02 1.25
M, 111110 199.98 1.36
M, 100101 202.73 1.32
M, 001101 283.83 0
M 010110 240.69 0.70
M, 111110 199.98 1.36

Generation 2
M, 100110 198.61 1.46
M, 010101 235.50 0.18
M, 111110 199.98 1.41
M, 111010 196.13 1.54
M, 111110 199.98 141
M 010110 240.69 0

=
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{M, and Ms}. For each pair of parents, the crossover point (i.e., the

point in the binary string where the crossover occurs) is chosen
randomly by the computer algorithm. As shown in Figure 5.1, a new
population of submodels is formed by interchanging the chromosome
alleles to the right of the crossover point. After the crossover
operator occurs, each allele in the new chromosomes has a possibility
of mutation, based on the mutation probability provided by the
investigator. (In this example, the mutation probability is set to be
0.001.) If, however, both parents have the identical binary string,
then we increase the mutation probability to 0.10 to prevent the
algorithm from getting stuck in one particular region of the overall
solution space. The results for the mating in generations one and two
are provided in Table 5.3.

Those members of the population which do not get selected to
mate get eliminated from the population. Hence, each new
generation after generation one begins with the offspring from the
previous generation. The algorithm continues until the specified
number of generations has been completed or until the stopping

criterion has been met.
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TABLE 5.3. Mating Results for Generations One and Two of the GA

for the Wakely Data Model
Generation Generation
Parents Crossc}ver Pt Offspring| Parents Cross ozver PL Offspring
1001l01 4 100110 111110 1 111110
0101/10 010101 | 1k1)1110 101110
111lo 5 111110 1111110 0 111110
111(1)1lo” 111010 | [111010 111010
1111110 3 111110 10011l0 5 100110
010l110 010110 10011l (0) 100111

*Note: (1) denotes mutation of the allele froma 1 to a 0. (0) denotes mutation from a0 to a
1. So, in the second set of parents in generation 1, the second mate mutates at the fourth
allele.

For a data set with a large number of potential predictor
variables, the GMDH tends to move to a higher number of
generations in order to incorporate the variables into the model.
This problem of selection of appropriate subsets of predictor
variables prior to the modeling of the data is a long outstanding

issue. It has been at the root of many studies done in the work on
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regression analysis (Mantel, 1970, Boyce et al., 1974, Hocking, 1976,
and Miller, 1990). All possible subset routines are often used to
identify the subset of predictor variables. However, when a data set
consists of 20 potential predictor variables, the number of possible
subsets is 1,233,311. Therefore, it is both practically and
computationally extremely inefficient to attempt to evaluate all
possible subsets prior to the modeling of the data.

A second common approach for variable selection is to use
stepwise regression routines. Again, much criticism of stepwise
algorithms exists in the literature. As with many subset selection
routines, stepwise regression does not necessarily find the optimum
subset of predictor variables (Hocking, 1976 and 1983, Moses, 1986).
A key weakness lies in the nature of the stepwise regression
algorithms, which primarily employ local searching. Hence, stepwise
routines often converge at a “local optimum” within a limited area of
the solution space. (Sokal and Rohlf, 1981)

We propose the use of the GA with information-based model
evaluation criteria as an effective means for identifying the subset of

variables to be entered into the GMDH algorithm. As previously
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stated, the GA allows us to perform a stochastic search which
performs well in the face of a large solution space with potential local
optima (assuming a sufficient population size and number of
generations).

The basic structure of the proposed GA is the same as that
presented in the previous section. The major difference lies in the
nature of the input into the algorithm. When the GA was utilized to
identify a more parsimonious submodel to the one obtained from the
GMDH, the functional form of the response surface was known prior
to invoking the GA. In this case, the nature of the functional form is
unknown prior to variable subset selection. Therefore, we assume a
functional form linear in the predictor variables entered into the GA.

For example, if the potential set of predictor variables is
X=[x;,X2,X3,X4,Xs], then the submodels being evaluated by the GA are
subsets of the model y = By + B X1 + P2x2 +P3X3 +BaXq +Bs5X5 +&.
We utilize the GA, guided by information-based evaluation criteria,
to help select the best variables to enter in the GMDH algorithm. As

is shown in the following chapters, this approach tends to reduce the

computational burden faced by the GMDH.

o
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To illustrate the use of the GA for variable screening, we use a
data set containing seven potential predictor variables. The data set,
originally from G. Thackray of ICI plc, is used by Wetherill et al.
(1986) to fit a response surface model. The data set, provided in
Appendix A, is from a study on the concentration of gas output from
a liquid stream. The response variable, y, is the concentration of gas

output, ppm. The seven potential predictor variables are:

x1=vessel pressure

X,=nozzle pressure

x3=flow rate

x4=inlet gas concentration (ppm)
xs=liquid temperature (C°)
X¢=pH

x7=liquid concentration.

Without pre-screening of the variables, the GMDH algorithm
moves to the fifth generation and provides a model of the tenth-

order. In order to identify the “best” subset of predictor variables

prior to invoking the GMDH, we enter the variables x,, X, ..., X7 into

the GA. (Note: Due to the scale of x4, we take the natural log of x4

prior to entering it into the GA.) We run the GA for 30 generations




with a population size of n=8. The algorithm converges on X1, X3, X4,

and x-} as the subset of variables with the minimum value of ICOMP

being 585.6. Using these variables as the four predictor variables
entered into the GMDH with ICOMP as the model evaluation criteria,
the GMDH now converges on a Level 3 model in four variables. Still,
the resulting model from the GMDH is an eighth-order model
containing 294 terms. The resulting value of ICOMP for this GMDH
model is 620.636, obviously higher than the criterion value
identified in the subset selection GA due to the greater complexity of
the model.

In order to obtain a “good” submodel with fewer terms, we
again invoke the GA with information criteria, as in Section 5.2.2.
The final model chosen by the GA after 200 generations with a
population size of n=60 was the following with an ICOMP value of

567.9.

S’= bO +b1x1 + bzX3 + b3X4 +b4X7 + b5X%+ b6X1X4 +

2 2 2
b7x1x7 + b8x1x4 + b9x1x3.

(5.5)
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As is seen through this numerical example, a model which includes
all terms, regardless of the contribution of the individual terms, is
rarely a satisfactory choice. (Wetherill et al., 1986)

We compare the resulting model in (5.5) to the model obtained
by Wetherill et al. in their response surface modeling. Given the
nature of the data and knowledge concerning the physical properties
of the experiment, the investigators expected a quadratic model with

interaction terms. Therefore, based on process knowledge and

examination of the relationships between the predictor variables and
the predictor variables with the response variable, Wetherill et al.
chose to fit a quadratic model with 35 terms, including the seven
squared terms and 21 cross-product variables. In general, the model

he chose to fit to the data was of the form:

A p PP 2p P 5
y= b0+ Zbixi + Z Zbinin + 2 Zbkxi (5.6)
i=1 i=1j=i k=p+li=1

Fitting this model to the data, we obtain an ICOMP value of 886.33

for the model in (5.6). One reason for the substantial increase in the
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ICOMP value for the fitted model (5.6) was the fact that only two-
variable, first-order interaction terms were included in the model.
From (5.5), we see that three of the terms in the model were two-

variable quadratic interactions.

5.4 Discussion and Conclusion

As the computational limitations of technology has been
reduced, more attention has been given recently to automatic model
generation, also referred to as self-organizing modeling. Mueller
(1998) recently covers various methods incompassed in the area of
automatic model generation. Much of the current literature focuses

on methods for selecting models from data and the concepts behind

the algorithms used for the self-organization of data. (Muller et al.,
1997, Ivakhnenko et al., 1994, and Fayyad, 1996) Few recent works
have attempted to directly discuss the potential weaknesses of the
GMDH and to develop methods for accommodating these weaknesses.

Our application of the GA, with information-based fitness

functions, on the final backtraced model from the GMDH algorithm




130

has performed well with respect to the identification of a “better”,
more parsimonious submodel. For large data sets with large number
of predictor variables, the GMDH algorithm tends to move to higher
levels, generating extremely complex models with hundereds and
thousands of terms. As seen in example using the Thackray data
(Section 5.3), the GA allowed us to identify a better-fitting, less
complex, and more parsimonious model to the data. The value of the
GMDH lied in the ability to generate a model without assuming the
functional form prior to modeling. As seen in comparing (5.4) with
(5.5), the functional form of the model assumed by Wetherill et al.
(5.6) had a much greater number of terms and still did not include
some key, significant terms. We again note the value of being able to
relax the assumption of the functional form prior to the modeling of
the data. Through the use of the GMDH, a self-organizing modeling
heuristic, and the application of the GA, a much more parsimonious,

less complex and “better fitting” model was obtained for the data.
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CHAPTER 6

THE PERFORMANCE OF THE GMDH WITH INFORMATION-
BASED MODEL EVALUATION CRITERIA: EMPIRICAL RESULTS

The methods developed in this thesis are designed to
contribute to the areas of statistical modeling and response surface
methodologies by making self-organization methods more reliable,
efficient, and effective. In order to understand the overall
contributions of our work, certain specific areas were investigated.
First, we claim that our method outperforms that of Ivakhnenko’s
algorithm with respect to two primary issues -- the elimination of
the need for the subdivision of the data and better performance of
information-based criteria in comparison to the use of the regularity
criterion (2.4). Therefore, we compare the performance of the
Ivakhnenko algorithm to the GMDH with information-based criteria
using data generated from a known relationship (i.e., the functional

form is known prior to the modeling of the data). We also show a
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comparison of the overall performance of the GMDH under AIC (4.7),

ICOMP (4.8) and ICOMPIFIM (4.20).

6.1 The Simulation Protocol

In order to assess the performance of the proposed approach
presented in this thesis, we adopt a specific simulation protocol to be
used across all scenarios. This protocol is used to compare the
performance of AIC, ICOMP, and ICOMPIFIM as derived in Chapter 4
for the GMDH algorithm. We then compare the performance of the
GMDH with Information-Based Model Evaluation Criteria to the
performance of the Ivakhnenko’s algorithm using this same protocol.
Finally, we assess the performance of the genetic algorithm on the
backtracked model as well as for pre-screening of variables prior to
invoking the GMDH algorithm.

The data for each of the simulation studies are generated as
follows. The set of five (5) predictor variables introduced into the

algorithms are generated as:
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X; =10+ ¢&y;

Xy = 10 + 0.381 + OE);

x3 = 10 + 0.3g; + 0.5604 ag;, + 0.8282 ae3;
Xq4= -8 + 0.5 €4;

X5 = 5+03 Es,

where a = \/1—(0.3)2 =40.91 and €4, €, €3, £4, and €5, are normally

distributed random variables with mean zero (0) and variance one
(1). The response variable, y, is generated from the following

functional relationship:

y = -8 + X7 + 0.5x; + 0.3x3 + 0.5¢, (6.1)

where £-N(0,0). Obviously, for each of the simulations, it is expected

that the algorithms choose a model containing x;, Xz, and x3.

6.2 A Comparison of the Performance of AIC, ICOMP, and
ICOMPIFIM within the GMDH

In Chapters 3 and 4, three information-based model evaluation,

criteria, AIC, ICOMP and ICOMPIFIM, were discussed and derived for
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the GMDH environment under the assumption of normally
distributed error terms. In order to understand the relative
performance of the GMDH algorithm with information-based criteria
used to evaluate and screen models at each level, we use the
simulation protocol of Section 6.1. The response variables are
generated from (6.1) with a standard deviation of 6=0.05. Table 6.1
presents summary results for 50 runs of the GMDH for each of the

three information-based criteria.

We expect that the algorithm will choose a Level 2 model in x;,

X,, and x3 due to the nature of the GMDH algorithm. We recall the

general form (2.2) of the basic polynomial used at each generation of

the GMDH:
y=A+Bx+Cy+Dx2 +Ey2 + Fxy.

At level one, the algorithm only constructs polynomials in two
variables. Thus, in order to obtain a model in three variables, the

algorithm must move to level two. Since the response variable
generated from (6.1) is a first-order model in X1, X;, and x3, we

expect the algorithm to stop at level 2.
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TABLE 6.1. Results from 50 Simulation Runs of the GMDH with AIC,
ICOMP, and ICOMPIFIM.

Level of No. Times
Chosen Variables in Chosen by
Model Chosen Model AIC ICOMP ICOMPIFIM
2 X1,X2,X3 18 30
3 X1,X2,X3 0 0 2
3 X1,X2,X3,X4 8 18 8
3 X1,X2,X3,Xs5 6 14 J
4 X1,X2,X3,X4,Xs5 32 0 !

The results summarized in Table 6.1 contain the frequency of
times that the GMDH algorithm chooses the “best approximating

model” to be a model of the level in column 1 containing the

variables in column 2. These initial simulation runs clearly
demonstrate that the GMDH algorithm performs poorly in the case of
Akaike’s Information Criterion (AIC). In Chapter 4, it was suggested
from the numerical example on the Wakely (1949) data that AIC
tended to “overfit” the model. We recall the form of AIC as derived

for the GMDH algorithm in (4.7):




136

AIQGMDH , o rmna) = log@r) +n log(6)+n + 2K,

where n represents the number of observations in the data set and k
is the number of parameters estimated in the model. Due to the
nature of the GMDH algorithm, AIC fails to punish for the growing
complexity of the model as the algorithm moves from level-to-level.
Therefore, in the GMDH environment, AIC chooses to add terms to

the model in order to obtain a “better fitting” model (a weakness

. .. y .
common to the coefficient of determination, R", in regression

analysis). This weakness is clearly seen in the results of Table 6.1, as
AIC chooses a higher-order model in all five predictor variables 64%
of the time. AIC does not appropriately distinguish model
complexity and lack of parsimony in the GMDH environment.

The results in Table 6.1 also suggest that the information-based
criterion ICOMPIFIM performs better than ICOMP in the GMDH
algorithm. The inherent structure of the inverse-Fisher information
matrix punishes for lack of parsimony as well as for added

complexity through the incorporation of both the error variance and



the (X’X) 1 matrix in the evaluation criterion. This result will be

examined in further simulation studies, comparing the performance
of ICOMP and ICOMPIFIM in the GMDH with the performance of the

regularity criterion (2.4) in the algorithm.

6.3 A Comparison of the Performance of the GMDH with
Information-Based Criteria to the Original
Ivakhnenko Algorithm

Three primary weaknesses of Ivakhnenko’s algorithm were
discussed in Chapter 2. The first weakness relates to the subdivision
of the data set into the training and checking sets. The subdivision of
the initial data set reduces the amount of information available for
model building. Also, the approach to subdividing the data randomly
can yield substantially different results for the same set of data. The
second major weakness of the original GMDH was the overall
performance of the regularity criterion (2.4). Basically, the
regularity criterion is the root mean squared error computed as the
difference between the predicted values and the actual values for

the values of the observations in the checking set. Thus, the
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regularity criterion has a tendency, as do other criteria based solely
on mean squared error, to choose overparameterized models. The
fact that the value of the regularity criterion is computed from the
observations in the checking set renders it a weak criterion for
“noisy” data.

The incorporation of information-based model evaluation
criteria in the GMDH was designed to eliminate these three primary
weaknesses from the algorithm. The objective is to obtain a self-
organizing modeling algorithm that

e does NOT require subdivision of the data;
e does NOT tend to choose overparameterized models; and that
e DOES perform well for “noisy” data sets (i.e., for data sets from
processes that exhibit higher amounts of variation).
Empirical studies show that the proposed algorithm performs well in
overcoming each of these stated weaknesses.

In order to illustrate the ability of our algorithm to overcome
the weaknesses of the original GMDH, Monte Carlo simulation studies
were performed to compare our algorithm under two different levels

of variation in the response variable, y. Tables 6.2 and 6.3 provide
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TABLE 6.2 Monte Carlo Experimental Results for GMDH with 6=0.05

(100 Experimental Runs)
Variables in Frequency
Level Model Original ICOMP ICOMPIFIM
1 X1,X 5 0 0
2 X1,X2,X3 10 38 o4
2 X1,X2,X3,X4 1 0 0
3 X1,X2,X3 8 0 3
3 Xy,X2,X3,X4 26 35 16
3 X;,X2,X3,Xs 19 27 16
3 X1,X2,X3,X4,Xs 31 0 0
4 Xy,X0,X3,Xa4 0 0 1

TABLE 6.3 Monte Carlo Experimental Results for GMDH with 6=0.25

(100 Experimental Runs)
Variables in Frequency
Level Model Ori&inal ICOMP ICOMPIFIM

1 X1,X7 22 0 0
1 X;,X3 4 0 0
2 X1,X2,X3 11 39 ol
2 X1,X2,Xs 1 0

3 X;,X2,X3 4 0 &)
3 X1,X2,X3,X4 8 30 10
3 X1,X2,X3,Xs 12 29 17
3 X1 ,X2,X4,Xs5 2 0 0
3 X3 ,X2,X3,X4,Xs 7 0 2
4 X1,X2,X3,X4 S 0 1
4 X;,X2,X3,Xs 4 1 0
4 20 1 3

x1 7xJ2L7X3 ,X4,X5




summaries of the results for 100 simulation runs for each of the

three algorithms:
1) The GMDH with ICOMP criterion;
2) The GMDH with ICOMPIFIM criterion; and

3)  The original GMDH with the regularity criterion.

6.3.1 Empirical Results with Respect to Model Identification

For the results shown in Table 6.2, the observations were
generated according to the protocol in Section 6.1 with 6=0.05. Table
6.3 contains the summarized results for the situation in which
6=0.25 (i.e., the variability in the responses is much larger). For both
tables, the first column represents the level that contains the model
with the minimum value of the evaluation criterion (e.g., regularity,
ICOMP or ICOMPIFIM). The second column contains the variables
that are contained in the backtraced model chosen by the algorithm.

The last columns represent the number of times under ICOMP,

ICOMPIFIM and the original algorithm, respectively, that the




141

algorithm chooses a model from the specified level with the specified
variables.

From the results in Table 6.2, it is obvious that our proposed
algorithm performs much better than the original algorithm, even in

the situation of low variability. The GMDH with the ICOMP criterion

chooses the correct model (i.e., a level 2 model in x;,X;, and Xx3) in

38% of the experimental runs; whereas, the original algorithm only
chose the best model 10% of the time. The proposed algorithm
performs even better using the information-based criterion
ICOMPIFIM. The GMDH with ICOMPIFIM chose the correct model 64
out of 100 runs - a 600% improvement over the original algorithm!
For the situation in which the variation is increased to 6=0.25,
the GMDH with information-based model evaluation criteria
performs almost identically to its performance under 6=0.05. We
see in Table 6.3, that the GMDH with ICOMP chooses the correct
model 39% of the time in the situation of higher variability -- almost
identical to its performance under lower variability. Similarly, the
GMDH with ICOMPIFIM chooses the correct model 61% of the time

when 6=0.25 vs. 64% when 6=0.05. On the other hand, the original
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algorithm had greater difficulty identifying the appropriate level in
which to stop under the situation with greater variability. The
original algorithm still chose the best model on 11 out of 100 runs.
However, it also chose a first level model in only two variables 22%
of the time vs. 5% of the runs in the case with 6=0.05. More
critically, the original algorithm never chose a fourth level model in
the case of lower variation. When the “noise” in the data was
increased by 5x, the original GMDH chose a fourth level model 29% of
the time. Hence, it had a much more difficult time approaching the
correct model in the situation of increased variation. The GMDH with
information-based criteria was fairly robust to the increased
variability, with the results remaining similar across the two levels

of variation.

6.3.2 Empirical Results with Respect to Algorithm Efficiency

One of the challenges faced by the entire field of self-

organizing modeling methods and automatic model generation

techniques is the computational burdens that result due to the large
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number of terms and models that are evaluated. Thus, a major
consideration of the performance of the proposed algorithm is the
efficiency in which the algorithm progresses until it reaches the
stopping criterion. We define efficiency in this framework in terms
of the total number of models that the algorithm must evaluate prior
to terminating, either by attaining the “best” approximating model or
by reaching the maximum number of allowed generations. The
efficiency of the GMDH with information-based criteria is compared
to the efficiency of the Ivakhnenko algorithm by identifying the
number of models evaluated by the algorithm in 50 simulation runs
of each algorithm for the protocol defined in Section 6.1 under the
cases of 6=0.05 and 6=0.25.

Figure 6.1 shows the frequency distribution of the number of
models evaluated under the original algorithm for the two levels of
variability. Obviously, as the “noise” in the data increases, the range
of the number of models evaluated increases drastically. For the
case of 6=0.05, the maximum number of models evaluated by the
algorithm in one experimental run was 389. However, when ¢ was

increased to 0.25, the algorithm was required to evaluate up to 5,281
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Evaluated by the Original GMDH for 6=0.05 and 6=0.25
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models -- a much greater computational burden. Figures 6.2 and 6.3
show the efficiency of the GMDH with ICOMP and ICOMPIFIM,
respectively. As seen in these figures, the GMDH with information-
based criteria consistently requires the evaluation of fewer models to
identify the correct model. Even with the increased variability in the
response variable, the proposed algorithm performs much more
efficiently. Under ICOMP, the maximum number of models the
algorithm was required to evaluate was 146. With ICOMPIFIM, the
maximum number evaluated was 96. Thus, the proposed algorithm
consistently performs much more efficientdly than Ivakhnenko’s

algorithm.

6.4 Performance of the GA in the GMDH Environment

Given the structure of the polynomials used to construct the
polynomials at each level of the GMDH, the model chosen by the
algorithm contains terms that are insignificant in terms of the
predictive power of the model. We therefore utilize the GA as a

means to “backfit” the final GMDH model to a more parsimonious
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form. There still exist several performance questions with the
application of the GA dealing with the required number of
generations, the selection of the population size, and the choice of
mutation and crossover probabilities.

In order to understand the ability of the GA to effectively
“backfit” the final GMDH model, we ran the GA under various
population sizes and number of generations with probability of
crossover = (.75 and probability of mutation = 0.01. These

experimental runs were performed based on the level 2 GMDH model

in x;, X, and x3. Thus, the input into the GA is the set of terms in the

backtraced GMDH model shown in Table 6.4.

Table 6.5 provides a summary of the performance of the GA for
under various population sizes, n, and number of generations. As
illustrated, the GA performs better with the larger population sizes
(n=75) across the various number of generations that the algorithm
was run. The resulting values for ICOMPIFIM(GA) reported in Table
6.4 can be compared to the value for the “best” model from which

the data were generated. In this case, the model with terms

{constant, x,, X, and x3} has an ICOMPIFIM criterion value of -353.9.
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TABLE 6.4 Terms in the Backtraced GMDH Model
Variables in Variables in
Term No. Term Term No. Term
0 X, 17 X X3
1 X2 18 x2x§
2 X3 19 X{X3
3 X4 20 xlxg
4 X3 21 XX
> X% 22 X%XB
6 x% 23 x%x%
7 d 24
8 X% 25 X%Xz
: 26
10 x§ 27 X33
1 4 28
12 X3 29 X1X2X3
13 X1X2 30 X1 XX5
14 X1X3 31 XX5X3
15 X2X3 32 X$X7X3
16 Xlx%
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TABLE 6.5 Results on the Backfitting of the GMDH Model via the

Genetic Algorithm

Terms in
n # Generations| ICOMPIFIM Model
50 50 -310 1,2,4,6,13,14,15,

17,21,25
50 75 -323.9 0,1,2,6,14,17
50 100 -338.4 0,2,3,4,7
50 200 -320 0,1,2,6,8,9
75 50 -338 0,1,2,3,8,12
75 75 -333.1 0,1,2,3,6,14,17
75 100 -336 0,1,2,3,5,14

In Chapter 5, we also demonstrated the use of the genetic

algorithm for pre-screening variables prior to invoking the GMDH

algorithm. The ability of the GA with information-based fitess

functions to identify the “best” subset of predictors was studied by

performing 100 runs using the protocol described in Section 6.1. The

input into the GA was the variable set {constant,x; X;,X3,X4,Xs}.

Recalling the function in (6.1) from which the values for the response

variables were obtained, we expect that the GA consistently

identifies either the subset {constant,x;,X,,x3} as the set of variables
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that should be entered into the GMDH algorithm. The GA is run

under the following conditions: n=6, no. of generations = 25,
p(crossover)=.75 and p(mutation)=.01 with ICOMPIFIM as the fitness
function. The results showed that the GA chose the correct subset of
variables to enter into the GMDH in 81 out of the 100 runs.
(Obviously, this proportion can be improved by increasing the
number of generations and/or the population size, n.) Thus, 81% of
the time, the GA selected only the variables contained in the correct

model. The other 11% of the time the GA chose either
{constant,x;,X;,X3,X4} Or {constant,x;,X;,X3,Xs}.

As discussed in Chapter 7, the use of the GA is a means to
compensate for one of the primary weaknesses of the GMDH
algorithm--its tendency to build unnecessarily complex models.
However, through backfitting with the GA, we can obtain a much
more parsimonious model that maintains the goodness-of-fit,
improves the parsimony, and decreases the complexity. Again, the
value in the overall approach is its ability to “self-organize” a
functional model of a set of data with a relatively small number of

observations and without assuming any functional form prior to
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modeling. Through pre-screening of variables using the GA, we are

able to reduce the computational burden of the GMDH algorithm.




CHAPTER 7

FUTURE RESEARCH ON THE GMDH AND RELATED AREAS

The GMDH is a statistical modeling heuristical approach that
attempts to deal with the common problem of lack of knowledge
concerning the proper structure of a model. For example, in stock
identification modeling, it is typically assumed that the best
functional form for the modeling of the data is either linear or
quadratic. This assumption is often questionable or known to be
false. (Prager, 1988) However, most modeling and response surface
methodologies have focused on the estimation of the parameters of a

given model and not to determine the functional form of the model.




7.1 Suengths and Limitations of the GMDH

The idea behind the self-organizing modeling methods is that
the functional form of the model can be determined from the data,
not from assumptions of the researcher. The GMDH algorithm is a
heuristical method that attempts to identify a higher-order
polynomial that optimizes a model evaluation criterion (in our case,
either ICOMP or ICOMPIFIM). With this heuristic, it is desirable that
the investigator only supplies the data set into the modeling
technique. Any other information is obtained from the observations
themselves. The GMDH as developed in this thesis has several
advantages:

° It allows for the fitting of a high-order model without a large
amount of data. Given the iterative, hierarchical nature of the
algorithm, a complete multinomial model can be estimated with less
than 100 data observations.

o The algorithm eliminates the need for subdivision of the data

into a “training” and “checking” set, allowing for the full information
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available in the observations to be used in the model building stages
of the algorithm.

. The algorithm using information-based criteria performs
extremely well in the face of “noisy” data sets. The information-
theoretic model evaluation criteria, ICOMP and ICOMPIFIM, are fairly
robust to reasonable increases in the variation exhibited by the data.
Poor performance in the face of “noisy” data has been one of the

major criticisms of self-organizing modeling methods.

o The developed algorithm is computationally more efficient than

previous forms of self-organization, data handling techniques,

requiring the evaluation of fewer models in order to minimize the

error statistic, ICOMP or ICOMPIFIM.

° The algorithm does provide a “good” estimated model in

situations where the researcher/modeler has limited knowledge on

the behavior of a system prior to data collection. There is no claim |
by ourselves, by Ivakhnenko, or by other researchers in this area

that self-organizing methods provide the optimal structure --

“merely a good one”. (Ivakhnenko et al., 1979, Farlow, 1981, and

Prager, 1988)
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As with many heuristical methods, the approach as presented
in this thesis stll has several weaknesses. The primary weakness is
that in order to identify a “good” model, the algorithm often builds a
full polynomial of higher-order that contains many terms that need
not be used. The second major weakness lies in the fact that the
method still assumes that the error terms are normally distributed.
Finally, the size of the models being built at higher levels of the
algorithm still create a huge computational burden. The nature of
the areas which still need to be studied in the area of self-organizing
modeling methods are based on these three primary weaknesses.
Therefore, our future research in the area of the GMDH is focused on
relaxing the assumption of normality, reducing the unnecessary
complexity from the models generated by the GMDH, and working to

reduce the computational burden that the methodology poses.

7.2 Future Research Endeavors

The current algorithm is concerned with the identification of a

functional form to model a set of data with minimal assumptions
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required by the researcher. One major assumption still remains --
normally distributed error terms. Future work is to be concerned
with the selection of the functional model and the estimation of the
parameters in the situation of generalized linear models (GLM’s), a
class of models introduced by Nelder and Wedderburn (1972). Since
the class of GLM’s is large, encompassing ordinary linear regression,
logistic regression, Poisson regression, etc., it is undesirable to derive
the form of the information-based criteria for every possible
distribution covered by the class of GLM’s. Nordberg (1981) shows
that he is able to perform variable selection for GLM’s by converting
the problem into a variable selection problem for an ordinary linear

regression model. In 1982, Nordberg presents his empirical studies

which shows that a quadratic log likelihood approximation works
well for variable selection purposes. We plan to investigate the use
of Nordberg’s approximation of the log likelihood and his proposed
data transformation for the area of model evaluation and screening
within the framework of the GMDH. If his procedure can be

appropriately modified, it can serve as a means to relax the

o




assumption of normality without altering the computational

structure of the GMDH.

Even though our approach has effectively reduced the number
of models being evaluated by the algorithm, the GMDH still produces
models with terms that are not useful or significant with respect to
improving the predictive power of the algorithm. We have
attempted to address this weakness by using the GA to “backfit” the
final model obtained from the GMDH. However, the GA is also
computationally expensive, evaluating a large number of models at
each generation within the GMDH environment. Since a level four
model in six variables could contain up to 7,200 terms, the
population size for the GA would need to be quite large (e.g., n=500
or n=1,000) in order to cover such a large potential response surface.
We plan to investigate structural changes within the GMDH to
eliminate the need for extensive “backfitting” after model
identification and estimation. Tamura and Kondo (1980) have
proposed the identification of optimal partial polynomials at each
level and only passing the partial polynomials to the next stage. As a

branch of Tamura and Kondo’s work, we plan to investigate
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modifications to the quadratic polynomials in the current algorithm
while maintaining ICOMP and ICOMPIFIM as the model evaluation
functions.

Empirical evidence shows that the developed approach handles
the problem of model identification and estimation for problems with
noise five times greater than those handled by the original algorithm.
We also desire to investigate the predictive power of the GMDH with
information-theoretic criteria for modeling problems with noise 10 to
25 times greater than the levels currently being investigated in the
literature. According to Ivakhnenko (1984), this task is “necessary
in order to solve problems in the prediction of complex processes in
ecology, meteorology, economics, and other areas”. Some attempts
have been made to accomplish this task by incorporating pattern
recognition and coding theories into the GMDH. (Yurachkovskiy,

1982, Ivakhnenko et al., 1981) These attempts have primarily
focused on deterministic prediction (Ivakhnenko et al, 1982), not on
the development of evaluation criteria which are increase the

GMDH’s robustness to noise in the systems being modeled.
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APPENDIX A

DATA SETS FOR NUMERICAL EXAMPLES

I. Data from Study on Demand of Brand of Liquid Laundry Detergent
(Bowerman et al., 1986)

y = demand (in hundreds of thousands) for a bottle of the
detergent in a sales period;

x, = price (in dollars) of detergent as offered by the manufacturer
in the sales period;

X, = avg. industry price (in dollars) of competitors’ similar
detergents in the sales period;

x, = advertising expenditure (in hundreds of thousands of dollars)
to promote the detergent in the sales period;

x, = observed price difference (in dollars) between manufacturer’s
priced and average industry price (i.e., X, = X; - X;).




TABLE A.1 LIQUID DETERGENT DEMAND DATA

Sales Period y X, X, X3 X4

1 7.38 3.85 3.80 5.50 -0.05
2 8.51 3.75 4.00 6.75 0.25
3 9.52 3.70 4.30 7.25 0.60
4 7.50 3.70 3.70 5.50 0.00
5 9.33 3.60 3.85 7.00 0.25
6 8.28 3.60 3.80 6.50 0.20
7 8.75 3.60 3.75 6.75 0.15
8 7.87 3.80 3.85 5.25 0.05
9 7.10 3.80 3.65 5.25 -0.15
10 8.00 3.85 4.00 6.00 0.15
11 7.89 3.90 4.10 0.50 0.20
12 8.15 3.90 4.00 0.25 0.10
13 9.10 3.70 4.10 7.00 040
14 8.86 3.75 4.20 6.90 045
15 8.90 3.75 4.10 6.80 0.35
16 8.87 3.80 4.10 0.80 0.30
17 9.26 3.70 4.20 7.10 0.50
18 9.00 3.80 4.30 7.00 0.50
19 8.75 3.70 4.10 6.80 0.40
20 7.95 3.80 3.75 6.50 -0.05
21 7.65 3.80 3.75 0.25 -0.05
22 7.27 3.75 3.65 6.00 -0.10
23 8.00 3.70 3.90 6.50 0.20
24 8.50 3.55 3.65 7.00 0.10
25 8.75 3.60 4.10 6.80 0.50
20 9.21 3.65 4.25 6.80 0.60
27 8.27 3.70 3.65 6.50 -0.05
28 7.67 3.75 3.75 5.75 0.00
29 7.93 3.80 3.85 5.80 0.05
30 9.26 3.70 4.25 6.80 0.55




11. Data from Experiments on Degassing an Aqueous Liquid Stream--
The Thackray Data (Wetherill et al., 1986)

y = outlet gas concentration(ppm);
X, = vessel pressure;

X, = nozzle pressure;

X, = flow rate (m3hr'1);

X, = inlet gas concentration (ppm);
x5 = liquid temperature (°C);
X¢ = PH;

x5 = liquid concentration.




TABLE A.2 DATA ON DEGASSING AN AQUEOUS LIQUID STREAM

Observation

X4

Xs

\-

0.99
0.99
0.99
043
0.43
0.41

0.32
030
0.99
0.99
0.99
0.99
0.99
0.38
0.37
0.33
0.99
0.99
045
0.34
0.99
0.99

0.99
0.99
0.39
0.39
0.38
0.99
0.99
0.99
0.34
0.35
0.35
0.99
0.99
0.99
0.99
0.36
0.36
0.35
0.36
0.39

497
468
497
582
617
580
475
497
624
S04
416
444
475
504
427
355

397

70
71
68
69
68
69

67
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lo.2
16.1
154
15.5
15.5
15.6
15.5
15.5
16.4
16.5
16.5
15.9
16.0
159
15.9
15.9
15.8
15.9
15.8
15.7
15.7
15.0
15.6
14.8
14.0
15.2
15.1
15.1
15.2
14.9
149
14.8
15.3
15.2
15.2
15.3
154
15.3
15.3
15.4
15.3
154
154
15.5




TABLE A.2 (Continued)

Observation | y X, X X4 X, X-
45 92 0.38 12.7 424 1.8 15.5
46 85 0.38 12.7 446 1.8 15.6
47 85 0.39 12.7 424 1.8 15.6
43 126 041 12.5 550 1.8 16.2
49 57 0.40 12.5 448 1.8 16.2
50 126 0.99 12.7 416 1.8 16.1
51 119 0.99 12.5 416 1.8 16.1
52 142 0.47 12.7 482 1.8 15.7
53 128 047 12.7 482 1.8 15.7
54 113 047 12.5 523 1.8 15.8
55 134 044 120 423 1.8 15.7
56 129 0.99 12.0 404 1.8 16.8
57 134 0.99 11.2 404 1.8 16.9
58 134 0.99 9.9 389 1.8 16.9
39 o4 043 120 404 1.8 16.9




APPENDIX B

COMPUTATIONAL MODULES IN MATLAB® FOR THE GMDH
ALGORITHM

This appendix gives the major computer programs of the GMDH
Algorithm. The programs were developed in Matlab®, version 4.0.
These programs were debugged and remodified by making
numerous runs on the Wakely (1949) data and the detergent data in

Appendix A.

1. Main Matlab® Module for the Original GMDH Algorithm

% GMDHorig is a 'm' file to compute the Ivakhnenko polynomials according to
% the original algorithm as developed by Ivankhenko

%o

% Developed by Dr. H. Bozdogan and Cheryl Hild

o

% Written by Cheryl Hild

% Department of Statistics

Yo The University of Tennessee

% Knoxville, TN 37996

%

% Copyrnght 4/26/98

% All rights reserved

%

% The output from 'GMDHorig' is saved on your ‘orig.out' file.
%

diary ong.out

clear variables

echo off

format long




format compact
digits(10)
%
% Input your x matrix where the first nt rows are the observations in the training set
% and the last (n-nt) rows are the checking set.
%
% y is the response vector with the first nt observations being
% the responses for the training set (1 by n)
%
%
% The matrix of independent variables is:
x=[3.70 430 7.25 .6
3.603.806.5 .2
80 3.655.25-.15

b

.1
1
.1

0O W

O N o
rVoni

043 7.
74.1
3.83.756.25-.05
3.753.656-.1
3.553.657.1
3.64.168.5
3.753.755.750
3.83.8558.05
3.853.855-.05
3.7546.75 .25
3.73.7550
363857 .25
3.63.756.75 .15
3.80 3.855.25.05
38546.15
3946.25.1
3.75426.9 .45
3.754.1 6.8.35
3.7427.1.5
3.83.756.5-.05
37396522
3.654.256.8 .6
3.73.656.5-.05
3.7 4.25 6.8 .55];

3.
3.9
3.7
3.8
3.8
3.

.p.
.0\
00

o)}
19}

% The dependent variable is:
y=[9.52 8.28 7.1 7.89 9.1 8.87 9 8.75 7.65 7.27 8.5 8.757.67 7.93 ...
7.388.517.59.33 8.757.87 8 8.15 8.86 8.9 9.26 7.95 8 9.21 8.27 9.26];

Y=y
[n,m]=size(x)
xid=1:m;
xid=xid.";
overallRMIN=100;




ntrain=input('How many observations are in your training set?")
ncheck=n-ntrain
noiter=1;
maxiter=input('What is the maximum number of generations desired?’)
disp(NOTE: If the RMIN value increases from one generation to the next,’)
disp(‘before the maximum number of generations is reached, the al gorithm will stop.)
disp(' )
Rcutoff=input("What is cutoff value for the regularity criterion?’)
Beta=[];
Regs=(];
xback=[];
Coeffpassed=[}];
nomodels=m*(m-1)/2
modid=1:nomodels;
modid=modid.";
mk=nomodels;
modpass=zeros(nomodels,maxiter);
for i=1:maxiter
modpass(:,i)=modid;

end
disp("")
disp('Note: The Parameter Estimates are Displayed at Each')
disp(' Level in 6x1 vectors of the form (bo,b1,b2,b3,b4,b5,b6).")
disp(' ")
while noiter<=maxiter

disp(['LEVEL ',num2str(noiter),' OF THE GMDH ALGORITHM'])
[B,R,data,Bback,overallRI\/IIN,noiter,modpass,mk]:ivanori g(m,n,ntrain,ncheck,noite
r,maxiter,x,xback,y,modpass,Rcutoff,overalIRMIN);

if mk-1==1
break
end
disp(")

disp(‘The Estimated Parameter Coefficients Are: "
nomodels=mk*(mk-1)/2
for I=1:nomodels
disp([' Model ',num2str(1),""])
disp(' "
disp(B(:.1))
end
disp(")
disp('The Values of the Regularity Criterion Are:')
disp(")
disp(' Regularity )
disp(’' "
for I=1:nomodels
disp(['Model ',num2str(1)," ' num2str(R(1))]);
disp(' )

end

disp(")

Beta=[Beta,B];
Coeffpassed=[Coeffpassed,Bback];




if mk<m
for c=mk:m
- R=[R;0];
end
end
x=data;
noiter=noiter+1;
end
noiter=noiter-1;
back ="y';
back=input('To run backtracing, enter y or Y ; otherwise, enter n or N','s');
if back == 'y'lback=="Y"
[estmodel1]=backorig(m,noiter,nomodels,Beta,Regs,Coeffpassed);
else
break
end
diary off
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Ia. Matlab® Function to Estimate Parameters and Compute Values
for Regularity Criterion for the Original GMDH Algorithm

% The ‘ivanorig' function composes and estimates the models at each level of the
algorithm

% based on the data in the training set.

%

% The function then computes the regularity criterion for each of the composed
% models based

% on the observations in the checking set.

%

% Developed by Dr. H. Bozdogan and Cheryl Hild
%

% Written by Cheryl Hild

% Management Science Program
% The University of Tennessee
%o Knoxville, TN 37996

%

% Copyright 4/26/98

% All Rights Reserved

%

function[levell ,Reg,data,Bback,overallRMIN,noiter,modpass,mk]=ivanori g(m,n,ntrai

n,ncheck,noiter, maxiter,X,xback,y,modpass,Rcutoff ;overallRMIN)
X3
[n,m]=size(x);
mk=m;
Xtrain=x(1:ntrain,:);
ytrain=y(1:ntrain);
xsqtrain=[}];
xsq=[];
fori=1:m
Xvtrain=xtrain(:,1);
xv=x(:,1);
for k=1:ntrain
sqtrain(k)=xvtrain(k)*xvtrain(k);
end
for i=1:n
sq(D)=xv(l)*xv(l);
end
Xsqtrain=[xsqtrain;sqtrain];
xsq=[xsq;sq];
end
ztrain=rot90(xsqtrain);
z=rot90(xsq);
xsqtrain=flipud(ztrain);
xsq=flipud(z);
level1={];
Bback=[];




ysq=[ones(1,n)];
ysq=ysq.";
Reg=[];
data=[];
p=0;
fori=1:m-1

for j=2:m

if i<j&i~j;

p=p+l;
model=[i,j];

x 1train=xtrain(:,i);

x1=x(:,1);
X2train=xtrain(:,j);

X2=X(,));

clear xxtrain;
clear xx;
for k=1:ntrain;
xxtrain(k)=x1train(k)*x2train(k);
end
for1=1:n;
xx(D=x1(1)*x2(1);
end
Xxtrain=xxtrain.";

XX=XX.";
constanttrain=[ones(1,ntrain)];
constanttrain=constanttrain.';

constant=[ones(1,n)];
constant=constant.";

ESTIMATION OF PARAMETERS IN QUADRATIC POLYNOMIALS
FOR EACH PAIR OF VARIABLES (USING ONLY TRAINING SET)

xrtrain=[constanttrain,x 1train,x2train,xsqtrain(:,i),xsqtrain(:,j) ,Xxtrain] ;
xr=[constant,x1,x2,xsq(:,1),xsq(:,J),XX];

design=inv(xrtrain'*xrtrain);
coeff=design*xrtrain'*ytrain;
[d,e]=size(coeff);
yhattrain=xrtrain*coeff’,
yhat=xr*coeff;
residtrain=ytrain-yhattrain;
sum(residtrain);
resid=y-yhat;
forc=1:n
residsq(c)=resid(c)*resid(c);
end




EYALUATION OF ESTIMATED MODELS: COMPUTATION OF
R~ AND REGULARITY CRITERION (BASED ON CHECKING SET)

rss=resid'*resid;
ybar=sum(y)/n;
ybarsq=ybar*ybar;
forc=1:n
ysq(0)=y(c)*y(c);
end
ssy=y"*y;
rsqr=1-(rss/(ssy-n*ybarsq));
sighatsq=(resid"*resid)/n;
sumresidsqck=0;
sumysqck=0;
for c=ntrain+1:n
sumresidsqck=sumresidsqck+residsq(c);
sumysqck=sumysqck+ysq(c);
end
Regcrit(i,j)=sqrt(sumresidsqck/sumysqck);
Reg=[Reg;Regcrit(i,j)1;

CALL FUNCTION TO SCREEN VARIABLES BASED ON VALUES
OF THE REGULARITY CRITERION

[coeffpass,modpass]=varelimon g(p,coeff,Reg,Rcutoff ,modpass,noiter);
levell=[levell,coeff];
Bback=[Bback,coeffpass];

[f,nopoly]=size(levell);

clear f

CALL FUNCTION TO CREATE MATRIX OF NEW VARIABLES FOR
NEXT LEVEL OF THE ALGORITHM

if noiter<maxiter
[data,databack]=newdataorig(n,coeff coeffpass,level1,1,) ,p-X,Xsq,xx,data,databack);
end
if p==3
currentRMIN=min(Reg)
if currentRMIN<overall RMIN
overallRMIN=currentRMIN
else
noiter=maxiter+1
end
end
end
end
end
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Ib. Matlab® Function to Screen Variables for Next Level of
Algorithm

% The 'varelimorig' function compares the obtained value for the regularity criterion
% to the cutoff value provided by the user.

%0 For those regularity values which are less than the cutoff value, the associated
% models are not passed into the next level of the algorithm.
%
% Developed by Dr. H. Bozdogan and Cheryl Hild
%
% Written by Cheryl Hild
% Management Science Program
% The University of Tennessee
% Knoxville, TN 37996
%
% Copyright 4/26/98
% All Rights Reserved
%
functioncoeffpass,modpass]=varelimorig(p,coeff,Reg,Rcutoff,modpass,noiter)
if Reg(p)>Rcutoff

modpass(p,noiter)=0;

fori=1:6

coeffpass(1)=0;

end

end

end
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Ic. Matlab® Function to Compute the Polynomials at all n Data Points

and to Create New Matrix of Variables

% The 'newdataorig' function creates matrix of new observations by evaluating
% polynomials

% at level j at all n data points and using these values as the x matrix for the next
% generation.

%

% Developed by Dr. H. Bozdogan and Cheryl Hild
o

% Written by Cheryl Hild

% Management Science Program
% The University of Tennessee
Yo Knoxville, TN 37996

%

% Copyright 4/26/98

% All Rights Reserved

%o

function[data,xback]=newdataori g(n,coeff coef] fpass,levell,i,j ,p,x,xsq,xx,data,xback)
v1=(];
v2=[];
v=[zeros(size(n))];
clear Bo
forl=1:n
Bo(l)=coeffpass(1);
end
Bo=Bo.";
v1=Bo+coeffpass(2)*x(:,i)+coeff] pass(3)*x(:,j)+coeff] pass(4)*xsq(:,1);
v2=coeffpass(5)*xsq(:,j)+coef fpass(6)*xx;
v=v1+v2;
xback=[xback,v];
if v~=0
data=[data,v];
end

end
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I1. Main Matlab® Module for the GMDH Algorithm with Information-
Based Model Evaluation Criteria

% GMDH is an 'm’ file to develop the functional form of a model and to
% estimate the parameters through a GMDH type algorithm using inf ormation-
% based model evaluation critena to screen variables at each level.
%
% Developed by Dr. H. Bozdogan and Cheryl Hild
%
% Written by Cheryl Hild
% Management Science Program
% The University of Tennessee
% Knoxville, TN 37996
% Copyright 4/26/98
% All Rights Reserved
%
% The output from 'GMDH!' is saved on your 'GMDH.out' file.
%
diary GMDH.out
clear vanables
echo off
format short
digits(10)
%
% Input a (1 x n) row vector of the values for each of the predictor variables
% vy 1s the response (1 X n) vector
%
% The matrix of independent varniables is:
x1=[2.80 2.30 2.8 2.73 1.05 2.13 1.8 .8 1.91 2.16 1.77 1.51 1.84 2.03 1.76 1.55
2.73 2.56 1.98 .8 1.8 1.91 1.91 2.13 2.05 .59 .76];
xl=x1."
x2=[.07 .02 .07 .07 .02 .47 .02 .02 .47 .07 .02 .47 .07 .47 .07 .07 .07 .07 .02 .02
.02 .47 47 47 47 .02 47];,
x2=x2."
x3=[8.78.27.4897.069656769887.675877678897284766.2
7.38382767.66.574];
x3=x3.%
x=[x1 x2 x3];
% The dependent varable is:
y=[100.3 77.1 102.8 101 88.4 59.4 92 96.2 62.1 98.9 82.4 58.7 ...
93.7 74 110.4 102.8 108.4 100.7 96.6 ...
99 75.3 65.7 56.8 53.2 58 99.4 61},

[n,m}=size(x);
xid=1:m;
xid=xid.";
Rcutoff=0;
noiter=1;




The user inputs the maximum number of levels that the GMDH
will generate and chooses the Information-Based Criteria to be used

maxiter=input('What is the maximum number of generations desired?)
disp(' )

disp(The following information-theoretic model selection criteria are available for
use:")

disp('AIC-1")

disp('1COMP-2")

disp('1COMP(IFIM)-3")

critselect=input('Input the number of the criterion you desire to use.")
disp(' )

Beta=[];

Regs=([];

xback=[];

mods={];

Coeffpassed=[];

refno={];

locator=0;

nomodels=m*(m-1)/2;

mk=nomodels;

modpass=zeros(nomodels,maxiter);

disp(")

disp('Note: The Parameter Estimates are Displayed at Each')

disp(' Level in 6x1 vectors of the form (bo,b1,b2,b3,b4,b5,b6).")

disp(' ")

The module calls the ivakIC function to compose, evaluate, and screen the
polynomials at each generation of the algorithm

while noiter<=maxiter
disp(['LEVEL ',num2str(noiter),' OF THE GMDH ALGORITHM'"))
[B.data,Bback,noiter,mods,mk,AIC,ICOMP,1 COMPIf locator,refno}=ivakl C(noiter,m
axiter,x,xback,y,mods,critselect,Rcutoff Jocator,refno);
Beta=[Beta,B];
Coeffpassed=[Coeffpassed,Bback];
if critselect=1
Regs=[Regs;AIC];
elseif critselect==2
Regs=[Regs;ICOMP];
elseif critselect—3
Regs=[Regs;ICOMPif];
end
x=data;
noiter=noiter+1;
if mk-1==1
break
end
disp(")
disp('The Estimated Parameter Coefficients Are:')




nomodels=mk*(mk-1)/2
for I=1:nomodels
disp(' Model ',num2str(l),"'])
disp(' "
disp(B(:.D))
end
disp(")
disp('The Values of the Information Theoretic Criterion Are:')
disp(")
disp(")
if critselect—1
disp(' AIC )
disp(’ '
for I=1:nomodels
disp(['Model ',num2str(l)," 'num2str(AIC(1))]);
end
elseif critselect==2
disp(' ICOMP )

disp('
for I=1:nomodels
disp(['Model ',num2str(1)," ',num2str(ICOMP(1))]);

end
elseif critselect—3

disp(' ICOMP(IFIM) )
disp(' )

for I=1:nomodels
disp(['Model ',num2str(l)," ',num2str(ICOMPif(1))]);
end
end
disp(' ")
end
noiter=noiter-1;
refno
diary off
back ='y';

‘back2’ is a function file to backtrace the final model with the minimum
value of the chosen criterion. The output of the ‘back2’ function is
the complex model in terms of the original variables.

back=input('To run backtracing, enter y or Y ; otherwise, enter n or N,'s');
if back=="y'lback=="Y"

disp(" )

m;

noiter;

[estmodel 1]=back2(m,noiter,nomodels,Regs,Coeffpassed,refno,mods);
else

break
end
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I1a. Matlab® Function to Estimate Parameters and Compute Values
of the Information-Based Criteria for the GMDH Algorithm

% The 'ivakIC' function composes and estimates the models at each level of the
algorithm by computing the values of the chosen Information-Based Criterion

%

%

%

% Developed by Dr. H. Bozdogan and Cheryl Hild
%

% Written by Cheryl Hild

% Management Science Program
% The University of Tennessee
% Knoxville, TN 37996

%

% Copyright 4/26/98

% All Rights Reserved

%

function[level 1,data, Bback,noiter,mods,mk,AIC,ICOMP,ICOMPiIf locator,refno]=iva
kIC(noiter,maxiter,x,xback,y,mods,critselect,Rcutoff locator,refno)
%
AIC=]});
ICOMP=[];
ICOMPif=[];
[n,m]=size(X);
mk=m;
xsq=[];
fori=1:m

xv=x(:,1);

forl=1:n

sq)=xv(*xv());

end

xsq=[xsq;sq];
end
z=rot90(xsq);
xsq=flipud(z);
level1={];
Bback=[];
ysq=[ones(1,n)];
ysq=ysq.";
data=[];
p=0;
fori=1l:m-1

for j=2:m

model=[1,j];
mods=[mods; model];
x1=x(:,1);




xX2=x(:.});

clear xx;

for I=1:n;
“xx()=x1(1)*x2(1);

end
XX=XX.";
constant=[ones(1,n)];
constant=constant.";
xr=[constant,x1,x2,xsq(:,1),xsq(:,)),XX];
design=inv(Xr'*xr);
coeff=design*xr'*y;
[d,e]=size(coeff);
yhat=xr*coeff;
resid=y-yhat;
sum(resid);
for c=1:n
residsq(c)=resid(c)*resid(c);
end
rss=resid'*resid;
ybar=sum(y)/n;
ybarsq=ybar*ybar;
for c=1:n
ysq(c)=y(c)*y(c);
end
ssy=y*y;
rsqr=1-(rss/(ssy-n*ybarsq));
sighatsq=(resid'*resid)/n;
lackoffit=n*log(2*pi)+n*log(sighatsq)+n;
covBhat=sighatsq*design;
v=diag(covBhat);
w=diag(v);
corrBhat=wA(-1/2)*covBhat*wA(-1/2);
CompCorrBhat=d/2*log(trace(corrBhat)/d)-1/2*log(det(corrBhat));
if critselect—1
AlCerit(i,j)=lackoffit+2*d;
AIC=[AIC;AlICcnt(i,))];
elseif critselect==2
CompCovBhat=(d/2)*log(trace(covBhat)/d)-1/2*log(det(covBhat));
ICOMPcrit(i,j)=lackoffit+2* CompCovBhat,;
ICOMP=[1COMP;ICOMPecrit(i,j)];
elseif critselect==3
a=(d+1)*log((trace(covBhat)+2*sighatsq/n)/d);
b=-1*log(det(design));
c=-1*log(2*sighatsq/n);
ICOMPifent(i,j)=lackoffit+2*(a+b+c)
ICOMPif=[ICOMPIf;ICOMPifcrit(i,)];
else
disp('Incorrect criterion selection number’)
break;
end
levell=[levell,coeff];
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if noiter<=maxiter
[data,databack]=newdata(n,coeff Jevell,i,},p.X,Xsq,XX ,data,databack);

end
if p=mk*(mk-1)/2
if critselect=1
[coeff pass,mods,data,locator,ref no)=vareliminate(mk,p,levell ,AIC Rcutoff,mods,
noiter,data,n,locator,refno);

elseif critselect=2
[coeffpass,mods,data,locator, ref) noj=vareliminate(mk,p,levell ,JCOMP,Rcutoff,

mods,noiter,data,n,locator,refno);

elseif critselect==3

[coeffpass,mods,data,locator, ref! noj=vareliminate(mk,p,level 1 JCOMPIf ,Rcutoff,
mods,noiter,data,n,locator,refno);

end

end

Bback=[Bback,coeffpass];

[f,nopoly]=size(levell);

clear f

end
end
end




IIb. Matlab® Function to Compose New Variables and Create New
Matrix of Predictor Variables for Each Generation

% The 'newdata’ function creates matrix of new observations by evaluating
% polynomials
% atlevel j atall n data points and using these values as the x matrix for the next
% generation.
%o
% Developed by Dr. H. Bozdogan and Cheryl Hild
%o
% Written by Cheryl Hild
% Management Science Program
% The University of Tennessee
% Knoxville, TN 37996
%
% Copyright 4/26/98
% All Rights Reserved
%
function[data,xback]=newdata(n,coeff levell,1,j .P,X,Xsq,XxX,data,xback);
vi=(];
v2=(];
v=[zeros(size(n))];
clear Bo
for I=1:n
Bo(l)=coeff(1);
end
Bo=Bo.";
v1=Bo+coeff(2)*x(:,i)+coeff(3)*x(:,j)+coeff(4)*xsq(:,1);
v2=coeff(5)*xsq(:,j)+coeff(6)*xx;
v=v1+v2;
data=[data,v];
xback=data;
end




IIc. Matlab® Function to Screen Variables for Next Level of
Algorithm

% The 'vareliminate' function compares the obtained value for the information criterion
% to the maximum value of the criterion in the geneneration.

% A selection ratio is computed as the difference between the computed value and the
% maximum value divided by the average difference in the generation.

%

% Those models with a selection ratio higher than the cutoff value input by the user

% are screened and not passed to the next level of the algorithm.

%

% Developed by Dr. H. Bozdogan and Cheryl Hild
%o

% Written by Cheryl Hild

% Management Science Program
% The University of Tennessee
% Knoxville, TN 37996

%o

% Copyright 4/26/98

% All Rights Reserved

%

function[coeffpass,mods,updatedata,locator,ref! noj=vareliminate(mk,p,coeff,crit,Rcuto
ff,mods,noiter,data,n,locator,refno)
disp('start of elimination function’)
refno=[refno,p];
data;
updatedata={];
Diff=[];
ration=[];
coeffpass=coeff;
maxcrit=max(crit);
if p~=1
fori=1:p
Diff(i)=maxcrit-crit(i);
end
avgdiff=sum(Diff)/p;
for i=1:p
ratio(i)=Diff(i)/avgdiff;
end
ratio;
coeffpass;
updatedata;
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fori=1:p

if ratio(i)<Rcutoff
mods(locator+i,1)=0;
mods(locator+i,2)=0;
for j=1:6

coeffpass(j,1)=0;

end

end

if ratio(i)>=Rcutoff
updatedata=[updatedata,data(:,i)};
end
end

end

updatedata;

mods;

coeffpass

locator=locator+p;

end

end




I11. Matlab® Function to Backtrace the Model in the Last Generation
of the GMDH Algorithm with the Minimum Value of the
Criterion

% The "back2'backtraces the final model from the GMDH and expresses it in terms
% of the original predictor variables.

%

% Developed by Dr. H. Bozdogan and Cheryl Hild
%

% Written by Cheryl Hild

% Management Science Program

% The University of Tennessee

% Knoxville, TN 37996

%

% Copyright 4/26/98

% All Rights Reserved

%

function[b] = back2(m,noiter,nomodels,Regs,Bback,refno,mods)
diary backtracing.out
models=[1;
format short;
modlocatorl=1;
modlocator2=0;
[r,nogens}=size(refno);
B=Bback;
nullvector=zeros(1:6);
[rows,cols]=size(B);
disp('Input the number of generation of the algorithm with the model you wish to
backtrace.')
nolevels=input([This number must be <= ', num2str(nogens)])
if nolevels==1
modlocatorl=1;
modlocator2=modlocatorl+refno(1)-1;
mods(modlocator1:modlocator2,:);
elseif nolevels>1
for i=1:nolevels-1
modlocator1=modlocator1+refno(i);
end
modlocator2=modlocator1+refno(i+1)-1;
end
levelRegs=Regs(modlocator]:modlocator2);
minRegs=min(levelRegs)
modelcolumn=find(Regs==minRegs)
y='yh
x='Xx";
eqform="b(1)+b(2)*x+b(3)*y+b(4)*x 2+b(5)*yA2+b(6)*x*y",
eqform=sym(eqform);
models=sym(modelcolumn, 1,'eqform’);

o




for i=1:modelcolumn
b=B(:,1);
b=b.";

if b~=nullvector
stepl=subs(eqform,num2str(b(1)),'b(1)");
step2=subs(step1,num2str(b(2)),'d(2)");
step3=subs(step2,num2str(b(3)),'b(3)");
step4=subs(step3,num2str(b(4)),'b(4)");
stepS=subs(step4,num2str(b(5)),'d(5)");
esteq=subs(step5,num2str(b(6)),'b(6)");
models=sym(models,i,1,esteq);
end
k=k+1;
end
models
varform='x(t)";
varform=sym(varform);

index=0;
for i=1:refno(1)
sym(models);
y=sym(models,i,1);
if sym(y(1))~='e'
varl=subs(varform,num2str(mods(i, 1)),'t");
var2=subs(varform,num2str(mods(i,2)),'t");
Z=sym(models,i,1);
A=subs(Z,varl,'x");
estmod=subs(A,var2,'y');
models=sym(models,i,1,estmod);
end
end
models;

disp(LEVEL ONE IN ORIGINAL VARIABLES")

if nolevels==
disp('The best approximating model in generation ')
disp([num2str(nolevels)," ")
finalmodel=sym(models,modelcolumn, 1)
break

end

currentindex=0;

levelindex=[];

for i=1:nolevels
currentindex=currentindex+refno(i);
levelindex(i)=currentindex;

end

levelindex(nolevels)=modelcolumn;

levelindex;

o




nodeletes=0;
for i=1:modelcolumn
if mods(i,1)==0&mods(i,2)==0
nodeletes=nodeletes+1;
end
end
finalmodels=sym(modelcolumn-nodeletes, 1,'Q’);
finalmodid=[];

for j=1:levelindex(nolevels)
if mods(j,1)~=0&mods(j,2)~=0
index=index+1;
finalmodid=[finalmodid;mods(j,:)];
equate=sym(models,j,1);
tosub=sym(finalmodels,index,1);
newequate=subs(tosub,equate,'Q");
finalmodels=sym(finailmodels,index,1,newequate);
end
end
finalmodels;
for k=nolevels:-1:2
for i=levelindex(k):-1:levelindex(k-1)+1
if mods(i,1)==0&mods(1,2)==
refno(k)=refno(k)-1;
end
end
end
for i=1:refno(1)
if mods(i,1)==0&mods(1,2)==0
refno(1)=refno(1)-1;
end
end
refno;
currentindex=0;
for i=1:nolevels
currentindex=currentindex+refno(1);
levelindex(i)=currentindex;
end
levelindex(nolevels)=modelcolumn-nodeletes;
modelcolumn=levelindex(nolevels);
levelbreak={0, levelindex];
finalmodid;

if nolevels>2
for i=2:nolevels-1
for j=levelindex(i-1)+1:levelindex(i)
subid 1=finalmodid(j, 1);
subid2=finalmodid(j,2);
sublocatorl=levelbreak(i-1)+subidl;
sublocator2=levelbreak(i-1)+subid2;
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Maineq=sym(finalmodels.j,1);
Subeql=sym(finalmodels,sublocatorl,1);
Subeq2=sym(finalmodels,sublocator2,1);
Firstsub=subs(Maineq,Subeq1,'x");
Secondsub=subs(Firstsub,Subeq2,'y");
g=expand(Secondsub);
finalmodels=sym(finalmodels,},1,q);
end

end

end

digits(7)

subid 1=finalmodid(modelcolumn, 1);

subid2=finalmodid(modelcolumn,2);

i=nolevels;

sublocatorl=levelbreak(i-1)+subidl;

sublocator2=levelbreak(i-1)+subid2;

Maineg=sym(finalmodels,modelcolumn,1)

Subeql=sym(finalmodels,sublocator1,1);

Subeql=vpa(Subeql,6);

Subeq2=sym(finalmodels,sublocator2,1);

Subeq2=vpa(Subeq2,6);

Firstsub=subs(Maineq,Subeq1,'x");

Secondsub=subs(Firstsub,Subeq2,'y");

g=expand(Secondsub)

diary off
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