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Abstract

Neutron multiplicity analysis (NMA) is a non-destructive method for estimating fissile mass from
the rate of detecting one, two or more emitted fission neutrons within a time gate, known as the
neutron moments. NMA relies on the point model which expresses the neutron moments as an-
alytic expressions of a constant and uniform probability for each neutron to induce fission. To
use a constant probability of fission the point model approximates the geometry of assemblies
of fissile materials as a single point in time and space, neglecting all geometry. This approxima-
tion significantly underestimates the fissile mass and enrichment for large assemblies. This work
presents the Varying Probability of Fission (VPF) model, which extends the point kinetic model
by allowing the probability of fission to vary with position and the number of fissions in each fis-
sion chain, termed the neutron collision number. While the VPF model requires a several values
of the fission probability, additional constraints can be imposed to reduce the number of solved
variables. These constraints can be modelled interpolation functions with parameters determined
from Monte Carlo simulation. Additionally, the Associated Particle Imaging (API) technique pro-
vides additional information on interrogating neutron direction and transmission images. After
applying a back projection step API systems provide imaged data of emitted neutron singles and
doubles for induced fission at varying positions in addition to the transmission image. This work
presents how the imaged data of neutron transmission, neutron singles and doubles can be in-
corporated into a VPF analysis and provide images of the spatially dependent induced neutron
tission probability and the rate of induced neutron chains. The VPF model could enable a new,
real-time quantitative assessment capability for nuclear material assemblies that are imaged by
API systems.
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Chapter 1

Introduction

1.1 Overview and Motivation

Neutron multiplicity analysis (NMA) for non-destructive assay of (NDA) nuclear materials has
traditionally relied on the point model formalism by Bohnel, which expresses the neutron mul-
tiplicity moments as analytic functions of the probability that any neutron within the sample in-
duces fission [1]. The rates of neutron single, double, and triple coincidences measured by an
NMA system is proportional to the respective neutron moments and the rate of initiated fission
chains. With an estimated fission chain initiation rate, a determination of fissile mass can be made
and is the reason NMA is a widely used technique in nonproliferation [2]. The success of applying
the point model is tied to how well the measurement meets the point model assumptions: All neu-
trons are approximated to be at a single point in time and space, with constant values of energy
and probability to induce fission. These assumptions break down for subcritical fissile assemblies
with large extended geometries, where variations of neutron multiplication “on the position in the
active material at which the source of neutrons is introduced” cannot be ignored [3]. The ability
to extend the point model and derive a new set of analytic equations applicable for extended or
non-point assemblies is an enabling capability in non-proliferation scenarios [4].

This dissertation presents an extension of the point model for extended assemblies of fissile
material which allows for real time analysis of imaged data of neutron singles and doubles taken
by tagged neutron interrogation (TNI) systems. The traditional point model and equations for
neutron moments are derived in Chapter 2. To extend the point model, Chapter 3 creates a Monte
Carlo simulation which matches the point model assumptions as close as possible. This allows a
direct investigation of how extended geometries violate the point model. Two dominant factors
are shown. The first factor is the aforementioned variation of neutron multiplication on the posi-
tion of the event generating a neutron. The second contributing factor is the changing distribution
of induced fission positions as the fission chain distributes throughout the volume. This varia-
tion is dependent on the number of collisions preceding each induced fission, termed the collision
number. Chapter 4 presents new moment equations which include these two effects by relaxing
the assumption that the probability of fission is constant and instead is dependent on the position
of the first event in a fission chain and the collision number. This is termed the Varying Probability
of Fission (VPF) model. The simplifications of the physics of Chapter 3 are then relaxed, and the
accuracy of the VPF model including the effects of neutron energy variation, capture, elastic and
inelastic scatter is presented in second portion of Chapter 4.



An application of the VPF model is to interpret 3D images of neutron singles and doubles,
where voxel position is the location of induced fission by an external source. Associated Particle
Imaging (API) systems generate this data through the use of a position-sensitive alpha particle
detector which tags the direction of the recoiling neutron created in a deuterium-tritium (DT) re-
action neutron generator. With repeated measurements at different orientation angles, sinograms
are created. A forward model of the measurement process is used in an iterative reconstruction
method to create 3D images of detected neutron singles and doubles in a voxelized image space
[5]. Section 2.5.4 overviews how current interpretation of these images is done through compar-
ison with trial Monte Carlo simulations where geometry and materials are iterated in a specified
manner. As the VPF model is dependent on the starting position of the fission chain, applying the
VPF for interpreting APl imaged data enables real time conversion of imaged data from API mea-
surements into quantifiable images related to enrichment and the probability of a neutron to ini-
tiate fission. The application of the VPF model for interpreting API measurements is presented in
Chapter 5. This is an enabling capability of API and similar systems for real-time non-proliferation
scenarios.

1.2 List of Original Contributions

1. Chapter 3 presents a modified version of the Monte Carlo N-Particle (MCNP) program of
neutron transport which matches the point model assumptions except for the point geome-
try assumption to quantify the accuracy of the point model assumptions.

2. Chapter 3 additionally presents two factors of the point geometry bias. The variation of the
probability of fission with position of introduced source neutron, and the changing spatial
distribution of neutron induced fissions with collision number. These two effects are shown
that when combined, the probability of fission varies with collision number.

3. Chapter 4 then derives a new model which allows the probability of fission to vary with
collision number, termed the Varying Probability of Fission Model. New equations of neu-
trons moments are derived. The accuracy of the VPF model is presented for a simulation of
neutrons including all effects such as neutron energy variation and neutron capture, elastic,
and inelastic reactions. This is done in comparison with the simplified physics of Chapter 3.

4. Chapter 5 then presents an application of using the VPF model to rapidly interpret images
of neutron singles and doubles taken from a TNI system. Model parameters are determined
from MCNP, then applied to the imaged data of several complicated geometries. The VPF
model and determined parameters are incorporated into a least squares error minimizer
to estimate the first collision probabilities and number of induced fissions from images of
neutron singles and doubles. This is done over several geometries, and is able to provide
accurate estimations of the number of fissions at each position without having to run a full
Monte Carlo simulation for each geometry.



1.3 Fission Chains

1.3.1 Fission

At the center of non-destructive assay of fissile materials is the nuclear process of fission, in which
a heavy atomic nucleus splits into two or more lighter daughter nuclei. Experimental evidence
of fission was first observed by Enrico Fermi between 1934 and 1935 while exposing individual
elements to neutron radiation [6]. The exposure of uranium was notable for creating radioactive
material with multiple decay half lives. Ida Noddack proposed in 1935 that the uranium nuclei
had burst into several lighter nuclei with individual half lives, but her explanation was ignored
partly due to a lack of supporting evidence [6]. During 1937 in Paris, Iréne Joliot-Curie and Pavel
Savi¢ came close to identifying one of the products as the lighter element lanthanum but instead
incorrectly attributed it as the heavier but chemically similar element actinium. Concurrent ex-
periments in Berlin starting in 1934 by Lise Meitner, Otto Hahn, and Friedrich Strassman also
examined the exposure of uranium to neutron radiation. After systematically ruling out the pro-
duction of elements neighboring uranium, Meitner urged Hahn and Strassman in 1938 to investi-
gate the possibility of the light element barium being produced. At this time Hahn and Strassman
remained in Berlin while Meitner, being an Austrian citizen and raised in a jewish household, had
fled to Sweden after Hitler’s invasion of Austria and imposition of work restrictions on people
with jewish ancestry. Hahn and Strassman were able to verify that barium was produced from
uranium exposed to neutron radiation, not the heavier element radium as was previously be-
lieved [6]. Hahn and Strassman published a paper of these results at the start of 1939 [7], and in
1944 Otto Hahn would receive the Nobel prize in chemistry for the discovery of fission. A month
after the experimental confirmation Lise Meitner and Otto Frisch provided a theoretical interpreta-
tion [8] in which they introduced the word ‘fission” and described the uranium nuclei bombarded
by neutron radiation as an excited drop of liquid which then split into smaller droplets.

Niels Bohr and John Wheeler further developed Meitner’s droplet model into the Bohr-Wheeler
Liquid-Drop model (LDM) of fission which provides a quantitative analysis of the mechanism
of nuclear fission [6], [9]. As described by the liquid model, the nucleus is pulled apart by the
coulomb repulsion of the protons but held together by a surface tension via the nuclear force. This
interplay creates a energy threshold, called the fission barrier. For a compound nucleus which has
absorbed a neutron and may fission, a nuclei may begin to cross the fission barrier. The nucleus
elongates into an elliptical shape, begins to break apart through the process of scission, and finally
split into two lighter daughter nuclei which repel each other and separate as shown in Figure
1.1. This model largely remains intact today through its modern equivalent, the macroscopic-
microscopic model of fission [6].

1.3.2 Fission Neutrons

For safeguards the relevant portion of fission is the generation of neutron and gamma particles,
which occurs throughout the entire fission process. As this work is focused on neutrons, we list
the steps of fission in terms of the emission of neutrons as described in [10].



1. A nucleus absorbs either a neutron or gamma, creating an excited compound state which
can overcome the fission barrier. In this pre-fission state neutrons may be emitted, known
as multi-chance fission. First-chance fission is the emission of zero neutrons before fission,
second-chance is the emission of one neutron before fission, et cetera. This occurs on the
scale of 1072! seconds [10].

2. As the neutron splits or scissions, some neutrons in the shrinking neck may be orphaned as
the daughter nuclei rapidly separate. These scission neutrons are predicted by some models;
however, they have not been confirmed experimentally [10].

3. The now separated daughter nuclei are in excited states. Both neutrons and gammas are
emitted through an evaporation process to dissipate the additional energy. The specific
number of neutrons emitted is dependent on the isotope of the daughters and the geom-
etry of the nucleons during scission, but generally the fragments are neutron rich. Neutrons
are emitted on the time scales of the strong nuclear force within 10~ seconds [10].

4. After the process of fission and primary neutron emission, the fragments are in their ground
states but may remain neutron rich and undergo beta decay. This process is governed by the
weak nuclear force and occurs between milliseconds to minutes [10].

Neutrons emitted from steps 1-3 are referred to as prompt neutrons, and neutrons emitted after-
wards in step 4 are delayed neutrons.

In the center-of-mass frame of reference, the energies of prompt neutrons are described by a
Maxwellian distribution which describes an evaporative process. In the lab frame of reference this
results in the Watt neutron energy spectrum. In MCNP, one of the popular computer codes for
modelling neutron transport, the Watt spectrum is expressed as a parameterized equation

f(E) = Ce */sinh VbE (1.1)

where C is a normalizing constant and a and b are fit for specific isotopes [11]. For neutron induced
tission these constants also depend on the energy of the incident neutron.

The number of prompt neutrons emitted, called the neutron multiplicity, is a function of the
excitation energy present in each fragment. Thus it is a function of both the mass of the fragment,
and the excitation energy present in the pre-fission compound nucleus provided by the initiat-
ing neutron or gamma [6]. For safeguards applications typically only the second dependence is
considered, and neutron multiplicity is averaged over the fragment mass and is a function of the
incident neutron or gamma energy which imparts its energy to the pre-fission nuclei. Previous
experiments have measured the multiplicity distributions over a range of isotopes for incident
neutron and photon energies [12], as shown in Figure 1.2 for uranium-235 with several incident
neutron energies.

1.3.3 Chain Reactions

In 1934, before the discovery of fission, Leo Szilard was granted a patent for “nuclear transmu-
tation leading to the liberation of neutrons ...by maintaining a chain reaction in which particles



which carry no positive charge ... or a multiple thereof form the lines of the chain” [13]. Despite
Szilard’s petitioning of many scientists including Rutherford, only after the experimental confir-
mation of fission in 1939 was serious investigation made on determining if a fission driven chain
reaction connected by neutrons was possible.

Following the discovery of fission, there remained three properties of fissioning nuclei which
affect the ability to sustain a chain reaciton: the number of neutrons produced in a fission reac-
tion, the probability of a neutron to induce fission, and the relative rate of non-fission neutron
absorption reactions. During 1939, work in France by Halban, Joliot, and Kowarski estimated 3.5
neutrons liberated per fission. Although this was above the correct value of 2.6, their conclusion
that “the fission chain will perpetuate itself” intensified efforts to investigate the possibility of a
nuclear chain driven weapon, both in United States and Nazi Germany [14]. Fission chains in nat-
ural uranium proved difficult; however, George Placzek identified the importance of the second
contribution. If too much natural uranium or absorbing material was present, enough neutrons
would be captured to prevent the chain from continuing. As the properties of both uranium-
235 and uranium-238 became better understood, it was suspected by many scientists that a self
sustaining nuclear reaction was, in fact, possible. This culminated in the 1939 letter written by
Albert Einstein and Szilard to President Roosevelt, establishing the Manhattan Project as the US
government investigation of using neutron driven fission chains as a weapon of war. During the
Manhattan project and after several initial experiments the first self-sustaining nuclear chain re-
action was achieved on December 2, 1942 on the rackets court at the University of Chicago led by
Enrico Fermi and Leo Szilard [14]. This first reactor used pure carbon to scatter neutrons, remov-
ing much of their energy and increasing the probability of fission. However, by this time it was
understood that a nuclear chain sustained by only the unmoderated fast neutrons emitted directly
by fission could also maintain a fission chain given in a configured mass of material enriched in
uranium-235 [15].

1.3.4 Simulation

The statistical properties of fission chains are best illustrated with a program simulating a popula-
tion of neutrons in fissile material. Energy, time, and position are neglected. The material is fully
specified by two quantities: the multiplicity distribution P(v) of a fission releasing v neutrons
with probability P(v), and the probability p that any neutron will induce a fission. The program
is outlined in Algorithm 1 and begins with a neutron population of one. Each neutron in the pop-
ulation is given a chance py of initiating a fission. If a fission is created, v neutrons are sampled
from the fission multiplicity distribution P(v) and added to the neutron population. Each fission
removes one neutron from the population to initiate the fission, and neutrons which do not fission
are removed and added to the leaked neutron population representing the number of neutrons
which have escaped or leaked from the material.
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FIGURE 1.1: Illustration of the fission process as a parent compound nucleus de-
forms into separate excited fragment nuclei. The excited fragments emit prompt
gammas and neutrons in addition to beta decay over a longer time period. Reprinted
from Progress in Particle and Nuclear Physics, 125, Nicolas Schunck, David Regnier,
Theory of nuclear fission, pg. 3, Copyright 2022, with permission from Elsevier.
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sion on uranium-235 for neutrons of 2 MeV, 5 MeV and 10 MeV. Data shown is taken
from [12].



Algorithm 1 Calculate number of neutrons emitted by a fission chain

Require: py, P(v)

1pop < 1 {neutron population}

nt < 0 {# neutrons (total)}

np < 0 {# neutrons (leak)}

nr < 0 {# fissions}

while 7,,,, > 1 do

fori =1to ny,, do
if pf > randf then

ng=mnr+1
ny ~ P(v) {Create v fission neutrons with P(v) probability}
Mpop = Mpop + 11y — 1
nr = nr +ny

else
Mpop = Mpop — 1
np=nr+1
end if
end for

end while




1.3.5 Neutron Multiplication

Fissile materials multiply the number of neutrons introduced to a system, commonly referred
to as multiplication. Robert Serber in 1945 clarified the definition of neutron multiplication to
distinguish between total multiplication and net or leakage multiplication [3]. Total multiplication
Mr is defined as the total number of neutrons created in a fissile material after introducing one
source neutron. This can be expressed mathematically as

np

Mr=1+)_v (1.2)
=0

Mt =1+ 7 (1.3)

where n is the number of fissions occurring. Taking the average of both sides yields (1.3) where i
is the average number of fissions in each chain and 7 is the average number of neutrons emitted
per fission [3]. Common usage of total multiplication refers to the averaged quantity Mt over
many chains, so it is customary to refer to (1.3) as the total multiplication M.

Alternatively total multiplication can be expressed with the probability p that any single neu-
tron induces fission. Starting with a single neutron, there is a p chance a fission occurs and creates
on average 7 neutrons, 1 + p ;7. Each of these neutrons also have a p; chance to initiate fission, cre-
ating on average 1+ p(7(1 + p¢7) neutrons. This process continues indefinitely for many fissions,
with a net multiplication

MT:1+pf17(1+pfﬁ(1+pf17(1+pf17-‘-))). (1.4)
Expanding the terms yields a geometric series
Mt =1+ psi+ (ps0)* + (ps7)° + - - (1.5)
which where ps7 < 1 corresponding to a subcritical assembly converges to the solution

1

Mt = 1—Pf17'

(1.6)

Net or leakage multiplication My, quantifies the number of neutrons which leave a system given
one source neutron. In this simplified model, the only neutrons which do not leave are those used
to induce fission. This can be expressed as,

ML=1+1’1F17—1’!1:=1—|—1’ZF(17—1) (1.7)

and is related to the total multiplication by
My = (1 — pf)MT = —. (18)

Using the parameters shown in the simulation of Figure 1.3b where py = 0.2 and v = 2.637



with (1.6) and (1.8) yields Mt = 2.116 and My = 1.693. This matches the expected values of
E[nr] = 2.116 and E[n;] = 1.693 of the leaked neutron distribution n; shown for the simulation
of Figure 1.3b created using Algorithm 1.

1.3.6 Moments of Emitted Fission Neutrons

In addition to multiplication another important quantity of fission chains are the relative rates
of one, two, or more neutrons being emitted from each fission chain. A detection system which
records the timing information of detected neutrons can measure these rates, and provides addi-
tional information about the properties of the fission chain.

Instead of using the count probabilities, it is more common to measure the combinatorial mo-
ments of the leaked neutron distribution 7 (). The jth combinatorial moment M; measures the
number of unique ways of counting j items from i objects sampled from a discrete distribution

P(i) [16], ‘ '
= (o= ()]

The first three combinatorial moments of the leaked neutron distribution ny (i) are

M =Y <i> ny(i) = Y ini (i) = By, i [ (1.10)

1

1

M= E (5)m0) = 5 Eili = D) = 5 [ 1) (1.11)

1

M=) (3) nii) = 5 Tl 1)( - 2ni (i) = S By i - 1) -2)]. (112

If 6 neutrons escape the first three combinatorial moments are 6, 16, and 20. As (1.10) is equal to
the average number of neutrons leaked from a system, for one starting neutron, M; = M.

The values of the first three moments are simulated using Algorithm 1 for various values of p¢
and shown in Figure 1.4.

1.4 Neutron Non Destructive Analysis

1.4.1 Nuclear Security and Safeguards

The textbook by Doyle et. al list three main objectives in nuclear security for the post-Cold War
and post-9/11 era [17]

¢ “The states that possess nuclear weapons, materials, and knowledge must effectively control
and protect them from theft or misuse”.

¢ “The proliferation of nuclear weapons, both within states that possess them and to addi-
tional states, should be prevented”.
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e “All states must make efforts to prevent nuclear terrorism”.

Approaches to meet these objectives fall into two categories, nuclear security and nuclear safe-
guards. Security aims to prevent the theft of nuclear materials, while safeguards aim to detect the
diversion of materials of peaceful nuclear programs for undeclared weapons programs. Security is
mainly controlled by individual states guided by the IAEA document “Physical Protection of Nu-
clear Material and Nuclear Facilities” (INFCIR /225/Rev.4) [17]. Safeguards are performed both by
individual states seeking to prevent against external and insider threats and through international
agreements enforced by the International Atomic Energy Agency (IAEA) via the Comprehensive
Safeguards Agreement (INFCIRC/153) and the Additional Protocol (INFCIRC/540) [17].

The use of technology for the measurement and accounting of nuclear materials is essential for
security and the compliance of international agreements. This can be through destructive assay or
analysis (DA) where a small sample of an interrogated item is collected and analyzed to determine
isotopic composition. Common DA methods include analytical chemistry and mass spectrometry.
However DA requires the ability to remove a small portion of the material which is not possible
for assembled items which inspectors are not able to alter due to classification or security concerns.

The alternative is to perform non destructive analysis or assay (NDA) which measures prop-
erties of nuclear materials without destruction or direct contact. Most NDA methods rely on
measuring either photons (x-ray or gamma) or neutrons, both of which are electrically neutral
and pass through many materials. When detected, the spectrum of energetic photons provide
direct measurement of uranium and plutonium isotopic composition. However for high Z ma-
terials such as uranium and plutonium metal most photons are re-absorbed limiting information
to the first few millimeters below the surface if the material is not already shielded. Neutrons
readily pass through high Z materials but their energies do not give significant isotopic or mass
estimates. However as fission chains occur within several to hundreds of nanoseconds the timing
correlations of detected neutrons are distinguishable from background sources [18]. The inten-
sity of these correlations are proportional to the amount of fissile material present. The ability to
rapidly assay large and dense samples is the reason neutron based NDA methods are popular for
nuclear material accounting scenarios in nuclear security and safeguards.

1.4.2 Neutron Counting, Coincidence Counting, and Multiplicity Analysis

Most measurements using the emission of neutrons emitted by an interrogated material can be
divided using two categories, first being whether an external source of neutron radiation is used.
Passive measurements use neutrons generated within the material, either through spontaneous
fission or («, n) emission. Active measurements rely on an external source of neutrons to begin
fission chains. As the neutron emission rate of plutonium-240 is 920 neutrons/ (sec - g), 3.0 X
10~* neutrons/ (sec - ¢) for uranium-235 and 0.0136 neutrons/ (sec - ¢) for uranium-238, plutonium
measurements can be done using passive assays while measurements of uranium typically require
an active assay [19].

The second category is the number of variables recorded by the detector electronics and used
in the analysis. Neutron counting records the rate neutron of neutrons emitted by a system, pro-
portional to the first combinatorial moment M; (1.10). Neutron coincidence counting includes
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occurrences of two neutrons in a time gate, which is proportional to the second combinatorial
moment Mj (1.11). Neutron multiplicity analysis also includes the third moment M3 (1.12) of
neutron triple coincidences. Higher moments may be included, however the lower detection ef-
ficiency generally prevents the signal from being useful. In theory for each additional moment
measured it is possible to infer another property of the material being assayed.

In addition to the combinatorial moments all of the neutron rates are proportional to the source
term, that is the strength of either the spontaneous fission, («a, 1) reaction, or fissions induced by
external neutron source of a known strength. The source strength increases with mass, allowing
an estimate of the mass for an unknown object given a previous measurement of an object with
known source strength and mass. For low multiplication where M; =~ 1, neutron counting is a
possible choice for estimating plutonium mass in a passive assay. However other neutron sources
such as ambient backgrounds and neutrons scattered from the environment must be accounted
for. Coincidence counting avoids these discriminates against these backgrounds by selecting only
neutrons which are correlated in time.

There exist several comprehensive descriptions of how neutron counting, coincidence, and
multiplicity counters are designed and operate [20]. However for the purpose of this thesis only
the main points are outlined. Assayed fissile materials are surrounded by a moderating mate-
rial such as high density polyethylene to lower the emitted neutron energy via elastic scatter on
hydrogen which are then detected by embedded gas tubes of helium-3. The recoil proton of the
neutron and helium-3 capture reaction produces a charge, which is then amplified and recorded
as a digital pulse. A multiplicity shift register then sorts the pulse stream into correlated and un-
correlated events. This is performed by delaying the input pulse stream by a predelay amount and
then counting the number of pulses within a set gate width. When another pulse comes in, the
number of pulses stored is counted in scalar electronics counting whether zero, one, two, three,
or more pulses were within the gate, which is a combination of real and accidental coincidences.
This process is repeated but replacing the short predelay by a much longer delay, where the scalars
measure the accidental uncorrelated multiplet coincidences. Subtracting the second set of scalars
from the first then yields the detected multiplicity distribution, the ‘reals’, from which the neutron
singles, doubles, and triples rates are determined.

Alternative systems which instead detect the fast neutrons emitted from the fission chain with-
out moderation have been developed. These systems have the advantage that in addition to no
moderator, the detection uses proton recoil present in organic scintillators which has a much faster
response time on the order of nanoseconds compared to the milliseconds of traditional helium-3
counters. This avoids the need for long time gates, allowing the acquisition of multiplicity counts
more frequently yielding improved counting statistics [21]. The disadvantage of scatter based sys-
tems are the lower absolute detection efficiency, the need to discriminate against gamma rays, and
the ability of a neutron to scatter multiple times across several detectors.

In both systems the measurements are compared with either a simulation of neutron transport
to estimate fissile mass, or make use of an analytical model describing the rates for the moments
of neutron coincidences. The most popular of these is the ‘point model” formalized by Bohnel,
Hage, and Cifarelli and is covered in Chapter 2 [1] [22].
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1.4.3 Associated Particle Imaging

An alternative method to passive and active neutron multiplicity assays utilizes the associated
particle technique. In this approach fast neutrons are generated in a two body collision reaction
which also produces a charged particle. If the energy and direction of the incident particle is
known, recording the solid angle of the charged particle determines the emitted solid angle of
the fast neutron. Additionally, counting the charged particle in coincidence with products of fast
neutron induced reactions allow a selection against background events [23].

One reaction is the fusion deuterium-tritium (DT) reaction, in which a deuteron is emitted from
an ion source and accelerated onto a target enriched in tritium. The reaction creates a 3.5 MeV
alpha particle and a 14.1 MeV neutron, emitted in nearly opposite directions, as shown in Figure
1.5 [24]. By recording the position of the alpha particle, the direction of the outgoing fast neutron
is known within a small solid angle. This setup is often referred to as tagged neutron interrogation
(TNI) system as each neutron has been tagged in time, energy, and direction of travel.

TNI systems provides two significant capabilities over traditional neutron multiplicity sys-
tems. By including a neutron detector adjacent to an inspected object, the fraction of fast neutrons
passing through the object can be selected in coincidence with alpha particles at different solid
angles. By repeating this process over several rotation angles a fast neutron transmission object
can be formed using medical imaging reconstruction methods, analogous to a computed tomog-
raphy image. The second capability is using the kinematics of fast neutron induced reactions to
associate detected neutrons with induced reactions. Fission neutrons travel at a slower energy of
2 MeV and arrive later in time relative to the 14.1 MeV fast neutron. By selecting neutrons rela-
tive to the time of recorded alpha particle which arrive after any possible transmitted 14.1 MeV
neutrons, neutrons created through induced fission can be selected as seen in Figure 1.6. Multiple
tission neutrons may be detected akin to multiplicity assays. With the directional information of
the tagged inducing fast neutron, the detected neutron singles and doubles can be organized as
imaged data where the pixel or voxel intensity represents the number of detected neutron singles
or doubles per path length of the tagged neutron. However an analytic model for interpreting
these models does not exist. Instead Monte Carlo simulations are used to estimate material prop-
erties based on these images, which require both computation time and the time and effort of an
operator to perform the simulation. This is described in greater detail in Section 2.5.4. This disser-
tation presents a model which can create quantitative interpretations of imaged neutron singles
and doubles from TNI systems in real time.



Fast, position-sensitive PMT
iber Optic Pla

D-T neutron
YAP scintillator generator

(not to Neutron detector
scale)

FIGURE 1.5: Figure 1 from [24] showing deuterons colliding with a tritium enriched
source inside a D-T neutron generator. A position sensitive scintillator records the
time and position of the alpha particle in coincidence with the emitted fast neu-
tron and any fast neutron induced reaction products within an inspected object.
Reprinted from [24] © 2012 IEEE.

10 ——————

—Transmitted neutrons

Fission neutrons

Fission gammas

Normalized Counts
=
El

)
Inelastic gammas
in generator

——r

ol e e e b e e e
0 10 20 30 40 50 60 70 80 90
Time Lag (ns)

FIGURE 1.6: Figure 2 from [25] showing the time response of a neutron detected in
a tagged neutron interrogation system with fissile material present. The transmitted
neutrons and induced fission neutrons can be selected by the time lag between the
neutron detection and the associated alpha particle.

14



15

Transmitted 14.1 MeV Neutrons

0.2
' O )
01
0.05
:
0 40 1] ] 100 120 140 150

Induced Fission Neutron Singles Induced Fission Neutron Doubles

. .18
2 20
.14
“
. 0.12
0.1
fo0
-
.08
s ’ 006
B .04
" 0.02
E; 4 L L1 " W 1% 20 40 [ [1] 100 120 40 160 o

FIGURE 1.7: A combination of Figures 6, 7, 9, and 100 from [26] showing the imaged
data of tagged neutron transmission and induced neutron singles and doubles from
the Advanced Portable Neutron Imaging System (APNIS) developed at Oak Ridge
National Laboratory.




16

Chapter 2

The Point Model of Neutron Fission
Chains for Nuclear Safeguards

2.1 Probability Generating Functions

2.1.1 History

Similar problems to the fission chain process of Section 1.3.4 have been analyzed mathematically
beginning in 1874 with Sir Francis Galton and Reverend H. W. Watson [27]. Together they pro-
vided a solution to the analogous problem of determining the size of a family name after several
generations given probabilities p, that each man of the family name produces n sons.

This problem was revisited in the 1920s and 1930s to study the survival of gene mutations,
chemical chain reactions, and the multiplication of electrons in an amplifying device [27]. The
discovery of neutron induced fission [7], [8] then necessitated the need to describe nuclear chain
reactions. One approach by Stanislaw Ulam and David Hawkins at Los Alamos described neutron
chains using the probability generating function technique [28]. After the war, multiplicative and
branching processes were further developed by Ted Harris at the RAND corporation [27], [29] and
have found many applications in the fields of ecology, genetics, and biology.

Probability generating functions (PGF) remain one of the main tools for describing neutron
chain reactions to the present day, with Bohnel’s paper on the point model of neutron transport [1]
being the main reference in nuclear safeguards applications. The probability generating function
technique is now described according to the text by Grimmet and Stirzaker [30].

2.1.2 Definition

For a sequencea = {a; :i =0,1,2- - - }, the generating function G,(s) is defined as
Ga(s) = Y ajs'. (2.1)

where s is a latent or dummy variable. Considering a discrete random variable X which can take
non-negative integer values {0,1,2, ... }, the sequence f; = Pr(X = i) specifies the distribution.
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The generating function Gx(s) of the discrete probability mass function f; is called a probability
generating function (PGF) with property

Gx(s) = ifisi = isi Pr(X = i) = E(s%). (2.2)
i=0 i=0

For example, the side of one rolled fair die has distribution f; = Pr(X = i) = 1/6for1 <i <6
with a probability generating function

1 1 1 1 1 1
Gaice(s) = -5+ —8% + —s° + —s* + ~s° + _s°.

6 6 6 6 6 6 23)

The PGF of a coin flip with probability (1 — p) of landing tails Pr(X = 0) and probability p of
heads Pr(X = 1) is written as
Geoin(s) = (1 —p) + ps. (2.4)

In general, the PGF for the distribution of a discrete positive integer X is always an integer poly-
nomial }; fis" where the coefficient of each term f; is the probability and the realization of X =i is
indicated by the power of s'.

2.1.3 Properties

The power of generating functions lies with the following useful properties.

Sum of Two Random Variables

If X, Y are independent variables with the sum S = X 4 Y, the relation of the respective generating
functions is

GS (S) = Gx<S)Gy<S) (25)
Thus the PGF for the sum of two rolled fair dice is
Guvo dice(5) = Gaice (5) Gatce (s) = 8%+ 63+ 4 gll 4 112 2.6)
‘WO dice 1ce 1ce 36 18 18 36

Random Sum of Random Variables

A random discrete positive integer variable N has associated generating function Gy (s), and X is
a different random discrete positive integer variable with generating function Gx(s). The sum S
of X added N times, S = X; + X + ... X then has generating function

Gs(s) = Gn(Gx(s))- 2.7)
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For the coin and die example, consider rolling the die and flipping a number of coins equal to the
die face. The generating function for the sum of coins which landed heads is then

((L—p)+ps)° (2.8)

N =

1
Gdice then coin(s) = Gdice(GCOin(5>) = 6((1 - P) + PS) + 4+

Derivatives of Generating Functions

The original probability distribution f; = Pr(X = k) can be calculated from the associated PGF
Gx(s) by

1 dk
fk — PI‘(X - k) — H @GX(S) o (2.9)
The kth factorial moment of X is calculated from the associated PGF as
dk
EX(X-1)---(X—k+1)] = @Gx(s) (2.10)
s=1

Given a generating function, computing the factorial moment is often easier than the probabilities.

Iterations of Generating Functions

Consider again the process of (2.3) of rolling a die, abbreviated as G1(s) = Ggice(s). Now the
process is repeated where one die is rolled and the die face specifies the number of additional dice
that are rolled afterwards. The new PGF G;(s) for this twice iterated process can be written as

Ga(s) = G1(Gi(s)). (2.11)

This process can then be repeated again, yielding Gs(s) = G1(Gz(s)) and for N iterations Gy (s) =
G1(Gn-1(s)). In general the n-fold iterate of a PGF G(s) is

Gn(s) = G(G(...(G(s))...)) (2.12)

where G(G(...(G(s))...)) is G(s) nested inside itself N times.

Generating Functions for Mixture Models

A mixture or hierarchical model allows formulating a probability distribution as a series of steps
where one or more latent variables are sampled which determine the distribution of an observable
variable. They can be written in a hierarchical manner as,

Y ~ f(Y) (2.13)
XY ~ g(X|Y) (2.14)

where Y is drawn first, determining the distribution g(X|Y) that X is drawn from.
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Alternatively, the single distribution g(X) can be written as a mixture by summing over pos-
sible Y values,

Zf g(X|Y) = ZPr g(X|Y =) (2.15)

The generating function for g(X) is then

=Y s'Pr(X = Zs ZPr =iy =) (2.16)
= ZPr(Y =] Zs Pr(X =ilY =) ZPr = J)Gx|y=i(s)- (2.17)
j i

Thus the generating function for a hierarchical or mixture model is a weighted sum of the indi-
vidual generating functions.

Continuing the coin and dice examples, consider two dice A and B with associated PGFs G4 (s)
and Gg(s). A coin flip of heads probability p and tails probability (1 — p) determines which die is
rolled, with tails rolling die A and heads rolling die B. The generating function of the number on
the die face for this two step process is

Geoin,dice (s) = Pr(Coin = Tails)G4(s) + Pr(Coin = Heads)Gg(s) (2.18)
Gcoin,dice (S) = (1 - p)GA(S) + pGB(S) (2-19)

2.2 Bohnel’s Equation

The example of (2.19) can model a single neutron initiating fission, where p = py is the probability
of one neutron initiating fission and (1 — py) is the neutron leaving the material. A fission process
f(s) is the associated PGF for neutrons emitted by a neutron induced fission. The PGF describing
one neutron possibly initiating one fission is

hi(s) = (1 —pg)s+ psf(s) (2.20)
N
= Zf;fisf (2.21)
i=0

and the coefficients fo, f1,-- -, fn, correspond to the probabilities of a neutron induced fission
emitting 0,1,--- ,N ¢ neutrons.

Now instead of starting with one neutron, we begin with a fission process f*(s). Each of the
neutrons emitted from the f*(s) process then proceed according to #; (s). The sum for the number
of total emitted neutrons is given by (2.7)

81(s) = f*(m(s)) (2.22)
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Now again alter the starting event to be a neutron with probability pJ’E of initiating the fission
process g1(s) and (1 — pj) of escaping. This process is written

hy(s) = (1= pp)s+psgi(s) = (L= pf)s + pif (h(s)). (2.23)
For pys = prand f*(s) = f(s),

ha(s) = (1= pg)s + psf(h(s)) (2.24)

showing two generations of neutron induced fissions, beginning with one neutron. The previous
derivation can be repeated for N generations of fissions

hn(s) = (1= pg)s+ pr(hn-1(s)) (2.25)

It is not known how many generations a fission chain may continue, however the limit of (2.17)
can be taken as N — oo,

lim hy(s) = lim hy_1(s) = h(s) (2.26)
N—ro0 N—oc0
h(s) = (1= ps) +psf(h(s)) (227)
Equation (2.27) is referred to as the Bohnel equation, and together with the following analysis
forms the point model theory. Note that this equation describes the number of neutrons which
leave a fission chain.

2.2.1 Point Model Moments
The kth factorial moment ¢ of (2.27) is calculated according to (2.10)

d*h(s)
4)]( - dSk 1 (228)
The first three moments ¢y, ¢, ¢3 yield
$pr=1—pr+pidr (2.29)
¢2 = pr(vagi +11¢2) (2.30)
$3 = Pf(V?afl?i’ + 3vap1¢pp + v1¢h3) (2.31)

where v are the kth factorial moments of the material specific neutron induced fission multiplicity
distribution f(s)

df (h(s))

YT T (s )k

= iNék! (;{) fi (2.32)

and are usually assumed known either through compiled nuclear data libraries or previous cali-
bration. The equations of (2.29)-(2.31) can then be solved algebraically for the first three neutron

S=
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moments
_ -y
P =1 b (2.33)
¢ = (v297) ( s > (Gl U0 (2.34)
YA\ 1 —npy (1—wpyf)? '
¢P3 = (1/347? + 3v2¢1¢2) (1 i )
b (2.35)
_ Pf(l—Pf)3(3PfV%+V3—PfV1V3) ’
(1 —vipg)?

The equations (2.33)-(2.35) can alternatively be written in terms of the leakage multiplication
M,

_1-pf
Mp = — b (2.36)
o1 =ML (2.37)
¢ = M2 [1/2 (1\1//[1]“__11)] (2.38)
J— 2 —
¢35 = M° [31/3 <1\51L_ 11> + s (l\:lL_ 11)] . (2.39)

These equations match the previous simulated moments of Figure 1.4 exactly.

2.2.2 Modified Source Event

If the first event is either spontaneous fission or induced fission by an external neutron of higher
energy, the multiplicity distribution of neutrons produced in this first reaction will differ from that
in (2.21). Denoting this altered source distribution as

Ny
q(s) = Zgisl, (2.40)
i=0

with associated moments v, defined by (2.32). The PGF of (2.27) can be modified to use th the
source event g(s)

hg(s) = g (h(s)) - (241)
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The kth factorial moments ¢, x for emitted neutrons due to source event g(s) are calculated using
(2.28),

Pg1 = Vg 191 (2.42)
$g2 = Vg,qu% + Vg1 (2.43)
g3 = Ugrgqb% + 31/g,2¢1 P2 + Ug,1¢3. (2.44)

As Bohnel notes, due to differences of the neutron energy for the source event and neutrons emit-
ted from fission-neutron-induced fission the probability of fission will differ slightly for neutrons
created from the source event [1]. Using p, as the modified probability of fission for neutrons
emitted from the source event, the modified PGF &, (u) is written as

hy(s) = (1 — px)s + pxg(h(s)). (2.45)

The modified moments are then calculated using (2.30)

Px1=1—px+ PxVg1$1 (2.46)
(Px,Z = Px (Vg,ZCP% + Vg,]‘PZ) (247)
$x3 = Px (Vg,SCP% + 3vg P12 + Vg 193) - (2.48)

2.3 Relation to Neutron Multiplicity Analysis

Pazsit et al have presented the canonical form of neutron multiplicity equations which relate the
point model moments to the rates of detecting neutrons [31]. A derivation of these equations is
now summarized. The notation of their manuscript that v refers to the moments of nuclear data
for neutrons emitted from a single fission reaction, and ¢ the moments of neutrons emitted by a
fission chain initiated by a source event are maintained.

For a fission chain initiating source event a detector has a probability P;(n) of detecting n
neutrons. The P;(n) distribution includes all detector effects and differs from the distribution of
emitted neutrons from a fission chain. The expected values for the number of ways to detect 1,
2, and 3 neutrons per fission chain, which are by definition the first, second and third factorial
moments, are

4),;1,1 = i TlPd<1’l) = ]Epd [1’1] (249)
n=0

$ar = in(n—l)Pd(n) =Ep, [n(n—1)] (2.50)
n=0

$as = i n(n—1)(n—2)Ps(n) = Ep, [n(n—1)(n —2)] (2.51)

=
I
o
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where [Ep, is the expectation with respect to the distribution P;. In general,

¢ax = Ep, [(nf'k),] ~ Ep, [k! (’Z)] = kI Ep, [(Z)] . (2.52)

As neutrons are identical and neutron detector systems record the number of unique combi-
nations the factor of k! is divided out by convention and known as the either the combinatorial
or reduced factorial moment. Multiplying the combinatorial moments ¢, x/k! by the number of
fission chain starting events or the source intensity Qs yields the detected neutron multiplets Cj
recorded by a measurement system,

Cr = QS%. (2.53)
To relate the detected moments ¢, to the moments of emitted neutrons ¢, ; requires including
the factors of detection efficiency. As derived in Section 2.4.2 a detector with a uniform efficiency
€ for detecting any emitted neutron adds a factor of €* to each kth moment. Additionally, the
second and third moments are triggered by the first neutron and wait for additional neutrons
within a time gate. This adds an additional detector efficiency terms f;, f; to the second and
third moments. Combining the factors of €*, f;, f; yields expressions relating the emitted neutron
moments ¢, x to the detected neutron moments ¢, x

$a1 = €Pe,1 (2.54)
Pap = fa€>Pe2 (2.55)
Pas = f1€Pes. (2.56)

Writing (2.53) with (2.54)-(2.56) yields expressions for the measurements of a neutron detection
system,

S = Ci = Qupun = Qsegen 257)
D =G =02 = g (2.58)
T=G =00 = et (2.59)

where S are commonly referred to as neutron singles, D doubles, and T triples.

The detector efficiency factors €, f;, f are determined using a spontaneous fission source such
as Cf252 of known strength Q, and emitted neutron moments ¢,y = v, ;. Measurements of S, D,
and T are used to solve for €, f;, and f; using equations (2.57)-(2.59). Then for a calibrated system
of known system parameters, measurements of S, D, and T and equations (2.57)-(2.59) enable
solving for up to three desired properties of an assayed material. The forms of Qs and ¢, differ
depending on the type of assay and are now described.
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2.3.1 Spontaneously Fissioning Pure Metal

In the case for fission chains initiated by spontaneous fission, the multiplicity distributions do not
match those for neutron induced fission. The emitted neutron moments are described by (2.42)-
(2.44). Writing (2.57)-(2.59) where ¢,k = ¢srx = Pgx With the subscript ;¢ for spontaneous fission
and moments vy¢x = Vg with source strength Qs = Qsy,

sz = st € st,14)1 (2.60)
1

Dy = Qs fu€ 5 (Vsf2f? + Vs162) (2.61)
1

Tsr = Qs fr€ 3 (V391 + Bvspadi + vsa1h3) - (2.62)

These equations are valid for spontaneously fissioning pure non-oxidized metals not in the pres-
ence of low-Z materials or moisture.

2.3.2 Oxide Materials and (&, 71) Source Contributions

Many spontaneous fissioning sources also decay by emitting an energetic alpha particle. In the
presence of low Z materials elements such as oxygen in a metal oxide or hydrogen and nitrogen for
a material which has absorbed moisture, this leads to additional neutrons being created through
(a, 1) reactions and a greater number of fission chain starting events than the source strength Qs
of equations (2.60)-(2.62).

If the contribution of fission chain events due to (&, 1) reactions by a spontaneously fissioning
source is Q,, then the additional counts can be expressed using (2.60)-(2.62) with Qsr = Q, and
Vss1 =1, V550 = 0, V53 = 0 as each (a, 1) creates one neutron

Se = Quedr (2.63)
Dy = Qu fuc® 192 269
To = Qu fi€® %4’& (2.65)

By convention, instead of Q, the strength of the («, n) contribution is written using the ratio «
of neutrons produced from (a, 1) and spontaneous fission reactions

N (2.66)

B stvsf,l .
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Using Qn = aQssVsy,1 the total detector measurements are written

S = sz + S, = stevsfllq)l(l +a) (2.67)
1
D = Dsf + D, = stfd€2§ (st,Z(P% + (1 + “)st,l¢2) (2.68)
1
T =Ts+Ta = Qsf ftea5 (Vsfai + Bvspoprn + (1 + a)vspaps) - (2.69)

With the notation F = Q,f and the forms of ¢ in equations (2.36)-(2.39) gives the equations present
in [31] and [32]

S = FeMvrvss,1(1 + ) @70
Fe? fM > M -1

D = f;L |:st,2 + < VlL— 1 > st,1(1 + “)V2:| (271)
Fed fiM® Mg -1

T= féL {st,e» + ( = ) [Bvsr.2v2 + vspa (1 + a)vs]

M —1)7
+3 < L > vera(1+ a)v3 (2.72)

1/1—1

The three measurements S, D, T are used to solve for F, My, «.
For plutonium samples, a determined value of F allows to solve for the 240Pu effective mass

F=Q,f = mi Y (2.73)

where Y?% is the spontaneous fission rate per gram. For 240Pu, Y = 473.5 fissions s ! g~1. Addi-

tional details of the relation of effective mass and isotopic composition can be found in Appendix
A.

2.3.3 Active Assay Using an External Neutron Source

For materials that do not have a useful spontaneous fission rate, such as uranium, the use of an
external source of neutrons to begin fission chains is required. This modifies the source term Q;.
For U235

F=Qs=0CY,mZ® (2.74)

where Y; is the event rate of the external neutron sources and mﬁ?f is the effective U235 mass. Not
every neutron produced by the sources initiates a fission chain, this is accounted for by introducing
the source coupling constant Cs which relates how many source events interact with the assayed
material.

For pure uranium metal there are three required modifications of the measured neutron rates
compared to (2.70)-(2.72). First, as there is no source of a particles in the sample the («, 1) con-
tribution is ignored, &« = 0. Second, as we are including additional neutrons into the system the
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singles rate will now also measure the source and must be accounted for. Lastly, the neutron mo-
ments for neutrons emitted by spontaneous fission are replaced with the moments for neutrons
created in an induced fission by an external source, v, Fn = Vs

This leads to the modified equations for S, D, T

S = FeMypv,s1 + So + Ss (2.75)
Fe? f;My? ML —1
D= w [vs,z + < L ) 1/5,11/2] (2.76)
2 1% B 1
Fe? fiM; 3 M —1
T= Fe /ML Vs3 + L [3Us 212 + Vs 113]
6 V1 — 1

2
+3 <ML — 1> Vs 113 (2.77)
v1 —1 !
The additional singles contributions are the detected neutrons from the source without a sample
present Sp and the change S; of source neutrons scattering into the detector when the sample is
present.

With two unknowns and three equations, typically only the D and T terms are used to solve
for My, and F, avoiding the need to determine Sy and Ss. However, unlike for spontaneous fission
the effective mass cannot be determined due to the additional Cs term present. This source cou-
pling constant is a function of sample geometry, relative source position, sample mass, isotopic
composition, moderation of the detection system, and other factors. Past approaches for active
assay of uranium have relied on a heuristic functional form of C; dependent on sample mass and
multiplication for geometrically similar objects of the same composition. Parameters are deter-
mined using either calibrated standards of known mass or Monte Carlo simulation, allowing C;
to be estimated for a class of similar objects of varying mass and/or multiplication [2].

2.4 Extensions of the Point Model

An advantage of the PGF approach is that the Bohnel equation (2.27) is easily modified to include
additional physics or detector effects. The resulting moments are then calculated as before using
(2.28). A few common examples are described.

24.1 Neutron Capture and (n,xn) Reactions

Reactions other than fission alter the neutron population in a fissile material. These include neu-
tron capture, in which an atomic nucleus absorbs a neutron and de-excites through gamma emis-
sion, and non-fission reactions which emit either 2 or 3 neutrons. These can be expressed with
the respective probabilities p., p2,, p3». Modifying the point model PGF to include these reactions
explicitly yields

§°(s) = pe+ (1= pr— pc— pan — P3n)s + pans” + pans® + prf(g7(s)). (2.78)
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While the moment equations can be written explicitly, it is more common to instead modify the
definition of fission to include additional reactions, known as the super fission concept [1]. Then
the point model PGF is written with the super fission probability p} and modified nuclear data

moments 1/]?k

Pf=Pf+ Pt pant pan (2.79)
g (s) = (1—pp)s+pfr(g7(s)) (2.80)
Ne fg..i 2 3
f* (S) _ pr Zl':() is + P;*-l- PansS” + P3us (2.81)
f

which results in the same moments as (2.33)-(2.35) where the neutron multiplicity data moments
are altered v; — v/

vi =Py 4 oP2 <2> +3bn <3> (2.82)
Pr Py \I Py \I

For a specific enrichment, the ratios of interaction probabilities can be determined from the macro-
scopic cross sections X,

pr=1—e = (2.83)
pr=1- o~ (BT e+ Zon+Zan)] (2.84)
where over a small distance |,
pX ~ Z‘x

= . 2.85
Pj; Zf+zc+22n +Z3n ( )

v} can also be determined for a specific enrichment using a calibration source of known mass and
adjusting the values of v to match the measured neutron multiplicities, either through measure-
ment or Monte Carlo simulation.

2.4.2 Detector Effects

If a detection system has uniform efficiency € for detecting any neutron, the associated PGF is
n(s)=(1—¢€)+es (2.86)

which expresses a (1 — €) chance of detecting zero neutrons and e chance of detecting one neutron
[33].

For a fissile assembly where the number of neutrons emitted is described by PGF g(s), the
resulting PGF g, (s) of those neutrons then being detected is

gy(s) = g(1(s)) (2.87)
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with moments

Py, = €r (2.88)
Py, = €2 (2.89)
Py = €3 (2.90)

which is the origin of the €” factor in the equations (2.54)-(2.56) for the neutron singles, doubles,
and triples.

Shin et al has extended this for scatter based detection systems, in which a neutron has a
probability €y of being detected once, €; of being detected twice, and €; of being detected three
times [21]. The PGF of this process is written as

17(s) = (1 —e€o) + €o(1 —€1)s + €ger (1 — €2)s> (2.91)

and associated moment equations can be derived.

2.4.3 Photons and Multiple Particles

In addition to neutrons, photons are also emitted during the fission process according to a mul-
tiplicity distribution. The photon equivalent of the point model PGF [33], accounting for only
fission interactions is

() = (1= pg) + pem(t) F (1)) (2.92)

where each s’ term is a probability of i photons being emitted and m(t) is the PGF for photons
emitted from a neutron induced fission process

N
m(t) =Y mt. (2.93)
i=0

The photon PGF nests inside the neutron multiplicity PGF f(t) to represent that some neutrons
are created, which go on to induce fission which emits more gammas.

Instead of a separate equation, a combined PGF for emitted photons and neutrons can be
written [33]

u(s,t) = (1 —ps)s+ prm(t) f(u(s,t)) (2.94)

and the PGFs of (2.27) and (2.92) are special cases of (2.94) when either s = 1 or t = 1. The joint
moments ¢; ; for i neutrons and j photons can be calculated as

Pii = it \ ot ™™

where the order of the partial differentiation does not matter due to the continuity of u(s, t) and
all of the partial derivatives.

(2.95)

s=1,t=1
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2.5 Limitations

While the point model and the approach provided by generating functions are a powerful analysis
tool, the limitations of this approach arise from the assumptions used to write the PGF. For the
neutron point model PGF (2.27), these assumptions are:

¢ Time: For each source event, all neutrons are emitted simultaneously at once.
¢ Energy: All neutrons have the same energy.
¢ Space: All neutrons are emitted from the same single point in space.

¢ Data: The moments of a single neutron induced fission, vj, are known.

These assumptions together allow the interaction and multiplicity probabilities, ps and f;, to
be written as constant numbers independent of energy or position and with no time delay between
interactions. The time, energy, and data assumptions are described briefly with recent approaches
to relax them. Examining the single point approximation is the focus of this dissertation and is
given an expanded discussion.

2.5.1 Instantaneous Time Assumption

Most neutron multiplicity systems are based on He3, which require thermalization of the emit-
ted fission neutrons in order to be detected. The thermalization process occurs on the scale of
tens of microseconds. Compared to the nanosecond timescale between fissions, previous neutron
multiplicity systems have been insensitive to timing correlations of emitted fission neutrons.

Recent advances in fast neutron scatter scintillation based detectors and list-mode read out
electronics provide the ability to measure down to the nanosecond scale. While not as efficient
as He3 systems, this allows exploring the time correlations for characterizing fissile material sig-
natures such as time between detected neutrons. In this mode the timing structure of neutron
induced fission events can be distinguished from spallation or other background neutron pro-
ducing reactions [34]. Recent work at LLNL has developed methods of describing the timing
distributions of neutron counts using the probability generating function technique and method
of characteristics [35]-[37].

However, even on the microsecond scale of slower He3 detectors there are two time related
factors which affect the rate of neutron emissions. First is the contribution of delayed neutrons,
in which neutrons are emitted up to tens of seconds after the prompt fission. Previous work
has shown that in most safeguards application the impact of delayed neutrons is below current
measurement sensitivities [38]. Second is the effect of thermalized neutrons returning back into
the fissile material and restarting the fission chain [39]. For He3 detectors this is mitigated by
surrounding the sample with a cadmium liner which absorbs thermalized neutrons traveling from
the moderator into the sample cavity [2].
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2.5.2 Monoenergetic Energy Assumption

Fission neutrons have energies over range of several MeV, which are then affected by scattering
due to elastic and inelastic scattering both within the fissile assembly and surrounding materials.
The interaction probabilities p, are functions of nuclear cross sections and thus dependent on
neutron energy. The induced neutron multiplicity distribution and the associated moments v; also
vary with energy of inducing neutron. The point model ignores these variations by assuming all
fission neutrons have an averaged value for energy. However due to Jensen’s inequality these
variations will consistently underestimate the correct value for neutron moments to some degree
[40].

A significant source of bias in the equations (2.70)-(2.72) is the assumption that the average
neutron energy from (&, 1) reactions match those from spontaneous fission of 240Pu [41]. How-
ever neutrons (&, n) reactions are typically between 1-2 MeV higher than spontaneous fission.
As the induced fission moments will differ by about 5% per MeV of the inducing neutron en-
ergy, this results in about a 0.5% change of v;; between neutrons emitted from (&, n) sources and
spontaneous fission [42]. Additionally the detection efficiency € and gate fractions are dependent
on the emitted neutron energy and can be affected by the higher («,n) neutron energies. Two
approaches for characterizing the average neutron energy difference is by measuring the fourth
moment termed the quads, or through the ring ratio method of estimating emitted neutron energy
through the ratios of neutron singles for detectors closer to the detector and those further away.
These parameters have been introduced in modified point model equations and reduce the energy
bias [41].

2.5.3 Enrichment Dependence of Data

The desired quantity in neutron multiplicity analysis is the estimate of effective mass m¢, which is
determined from F and is dependent on the total amount and enrichment of a material. However
in some assay scenarios it is difficult to correctly predict S, D, T without having enrichment or
isotopic information a priori.

In cases of active assay of uranium using an AmLi neutron source with mean neutron energy
of 0.3 MeV nearly all fissions are on U235 due to the drop off of the U238 neutron induced fission
cross-section at 1.5 MeV. However, with a higher energy neutron source such as a 14.1 MeV DT
neutron generator the induced fission, n2n, and n3n reactions on both U235 and U238 are signif-
icant. Thus the external source neutron induced fission moments v; 1, Vs, Vs 3 are dependent on
the isotopic composition. This has been shown to significantly bias the results of the point model
equations if the isotopic composition is not known a priori [43].

2.5.4 Point Geometry Approximation

The point geometry assumption states that every neutron has the same probability py of initiating
tission regardless of the position which neutrons are introduced in a fissile assembly. Specifi-
cally on the positions of that atoms which undergo spontaneous or induced fission by an external
source, releasing additional neutrons and beginning the fission chain. This simplification was
known to largely be incorrect as far back as 1945 by Serber who stated that "the multiplication of a
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subcritical assembly depends, of course, on the position in the active material at which the source
of neutrons is introduced" [3].

This spatial dependence will bias assay results and is illustrated using an example [44] of two
samples of equal fissile masses m; = my = m and equal number of initiating events F; = F, = F
but with differing multiplications My; # My, due to either different shapes or different source
distributions.

The point model equations for the singles and doubles,

S=FMp (2.96)
D::;thy2<%?:}?> (2.97)
can be inverted to solve for F and My given a measurement of S and D
F:mmW%i+ws (2.58)
My =1+ 2])(1/1/218—1) (2.99)

If two separate assays are performed resulting in the measurements (S, D1), (Sz, D2) the individ-
ual initiating events F;, F, can be estimated using (). Combining the estimated initiating event
rates yields F; + F, = 2F.

If instead a single assay is performed of both masses m, m; together, the resulting singles and
doubles measurements will be (S + Sy, D1 + D;). Solving for F and My, yields

(My; + Mip)*

F = 2.100
142 ML% T ML% ( )

ML% + ML%
M = _—". 2.101
L2 = N T ML, (2.101)

For Mp; # My,

Fio < F; +F, = 2F (2.102)
min(MLl,MLz) < ML1+2 < maX(MLl,MLz). (2103)

This derivation illustrates that when measuring objects of differing multiplication, the combined
F1, . will be underestimated compared the true result F; + F, 4 ... from measuring each object
individually. Thus the point model equations contain a bias of underestimating F and effective
tissile mass when multiplication varies in an object.
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Direct Bias Correction

One method is to simply alter the biased fissile mass by applying correction factors f,,(My) and
fm(a) [44],

Meff, corr — fm(ML) fm(“) * Meff (2.104)
fr(ML) = ay 4 by (ML — 1) + ¢ (M — 1)? (2.105)
fn(&) = 14 ap + bya. (2.106)

The coefficients a,;, by, Cim, au, by are determined from calibration against several objects with known
effective masses. These coefficients only allow a correction to be applied for objects of similar
isotopic composition and geometry [45]. Additionally, the mass correction does not correct the
multiplication which is also a useful quantity.

Weighted Point Model

An alternative approach is to instead apply determined variable-multiplication weighting factors
wp, wr, wh, w} onto the second and third neutron moments. This forms an alternative set of point
model equations termed the "Weighted Point Model” equations

S = Fevg My (1 + ) (2.107)
D= %FGZdeSQMLZ (fD + &fg) (2108)
T= %Fe3 fivsML? (fr + aff) (2.109)
fo =wp(l+c1 (M —1)) (2.110)
fb =wper(Mp — 1) (2.111)
fr=wr(1+ca(Mp — 1) +c3(ML —1)?) (2.112)
f = wh(ca(Mp — 1) + c3(M — 1)?) (2.113)

where the coefficients ¢y, c2, c3, c4 are expressions involving the known moments vy, Vs, Vs3, Vi1,
Vip, Vi3 [44]. The effective mass is then determined by solving for F using the usual point model
inversion. The advantage of the weighted point model is that the weighting factors are more
insensitive to sample geometry and mass [44]. Additionally the values of My and « are corrected.
The weighting factors are specific to the geometric shape, the values of wp and wr determined for
cylindrical objects do not match those for spherical objects.

Follow up work has given a more physical interpretation of the weighting factors for higher
moments [46] [4]. The traditional point model equations consider only one value of My. For
objects where the multiplication varies with position 7 within a volume V this translates into de-
termining an average or expected value of neutron multiplication across the object,

_ JyMu(F)aF

(M) [, d7

(2.114)
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The underestimation of the second and third neutron moments can be explained through Jensen’s
Inequality, which states that integrals or expected values of convex functions will be greater than
the convex function applied onto the expectation or integral [40]

P((X)) < (9(X))- (2.115)

Applying Jensen’s inequality on the successive powers of multiplication present in the point
model equations,
(Mp)" < (ML") (2.116)

which can alternatively be expressed as a ratio measuring the discrepancy in the inequality
_ (ML)
- .

(M)"
The equations for the doubles, triples and higher moments are then written replacing all occur-
rences of M" with g, (Mp)". For triples this requires knowing the four coefficients g», g3, g4,

gs. For a specific geometry and composition the coefficients g,, can be determined through Monte
Carlo simulation [46] [4].

(2.117)

Spatial Neutron PGF

The previous approaches have sought to account for the lack of spatial dependence by either
altering the effective mass or the derived moment expressions. Alternatively, one can instead
alter the original point model PGF to include spatial dependence at the start. Early approaches
were made in 1D cases [47], [48], and recent work by Imre Pazsit and others have shown how to
calculate neutron moments for several basic shapes and the procedure in the general case [49] [50]
[51]. For a neutron introduced at position 7, the general space dependent PGF g(z|7) with dummy
variable z can be written as

¢(z|?) = zgo(z|F )+—A dQ/ dse ar[g(z[7 +5Q)] (2.118)
g0(z|7) = % 4ndf)e_l(?'ﬁ) (2.119)

where Q) accounts for the directions the neutron can travel over a length s to the boundary of
the object at I(7, ﬁ) and g, is the PGF of an induced fission reaction.

The moments can be calculated as before by taking the derivative with respect to z and then
setting z = 1. This results in a recursive integral equation. For a source particle introduced at 7 the
first moment n(7¥) can be written as

Vy1 — l(?,ﬁ)
n(7) = no(¥) + = / A0 / dse=*n(7(s)) (2.120)
4 0
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no(7) = % / dQe 1Y), (2.121)

For a specific geometry specifying the form of I(7,(}), a recursive-free solution for the moment
can be written as a series expansion

n(7) = i (2.122)

nk(?)— b 4ndQ/ e dse " ny_1(7'(s)) (2.123)

with similar expressions for the hlgher order moments. The integral expressions () and () can be
evaluated numerically with specified shapes, which has been done for spherical and cylindrical
cases [49], [50]. For a specified geometry and composition, this approach can provide the ex-
pected values of the neutron moments for large objects, or indicate the bias of the point geometry
assumption.

Extensions for Associated Particle Imaging Data

Analysis of data taken by API systems has largely relied on the use of Monte Carlo simulations
to infer material properties from the tagged neutron interrogation data. One approach by Swift is
to create simulated data of known geometric and material information for an interrogated object
[52]. By iterating over unknown properties such as enrichment or object radius and finding which
simulation matches the data best, the unknown properties can be inferred. The accuracy of this
approach has been demonstrated to determine uranium enrichment within 6% for simulated data.

Crye extended this approach on measurements of a shielded enriched uranium storage casting
taken by the NMIS API system [53]. Different enrichment and shielding material configurations
are simulated, and the measured and simulated neutron time correlation distributions are com-
pared. This approach is able to determine that enrichment is greater than 80%, close to the actual
enrichment of 93%. By comparing the total number of doubles the estimate is improved to at least
82% enrichment.

Despite their accuracy these Monte Carlo based approaches suffer from two drawbacks [53].
First is the computational time and resources needed to obtain Monte Carlo estimates. In Crye’s
work a total of 16 simulations are needed requiring between 2-5 hours of computation time each.
These times are not reasonable for infield measurements where results should be immediately
displayed. Second is that the modeling requires translating the imaged transmission data into the
descriptive geometry used as input in Monte Carlo programs. This is done by hand by construct-
ing the geometry out of simple shapes and makes it impractical to be done by a technician in a
reasonable time.

The ideal situation for interpreting imaged data from API systems is akin to current practice
in the medical imaging field where a measurement can be performed by a technician. Results are
rapidly shown using automated software and enable real time decision making.

An alternative approach to pure Monte Carlo simulations is to derive a set of equations for
estimating fissile mass and multiplication for API systems. Tweardy explored this approach by
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modifying the point model equations to account for a high energy interrogating neutron [54]. His
modified point model equations were found to be very sensitive to the isotopic composition of
the material, and unsuitable unless the isotopic composition was known a priori. A hybrid ap-
proach was developed which uses a suite of Monte Carlo simulations to estimate the dependence
of leakage multiplication on uranium mass and sphericity [55]. While this approach was shown
to accurately estimate leakage multiplication, estimates of enrichment showed a consistent bias.
Tweardy mentions that one contributor of this bias may be the spatial dependence of leakage
multiplication for objects which do not meet the point geometry assumption.
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Chapter 3

Study of Point Geometry Assumption

In this chapter the accuracy of approximating the geometry of a fissile assembly as a single point is
explored. This is done using a simplified version of the Monte Carlo N-Particle (MCNP) neutron
transport program which has been modified as described in Section 3.1 to evaluate only the point
geometry assumption. Additional analysis in Section 3.2 then explores the variation of the prob-
ability of fission with position of the fission reaction. The distribution of these fission reactions
is shown to vary significantly with collision number for source distributions that differ from the
fundamental mode of a fissile material, as detailed in Section 3.3. The net effect is a probability
of fission which varies with collision number as described in Section 3.4. Section 3.5 compares
the simulated and measured neutron moments using the collision dependent distributions of the
probabilities of fission, and the mean of the distributions.

3.1 Monte Carlo Simulation and Analysis

The Monte Carlo neutron transport program MCNP version 6.2 is used in full analog mode to
disable all weight splitting and variance reduction methods [11]. While the point model of neu-
tron transport described in Chapter 2 approximates all neutrons to be monoenergetic and only
induce fission reactions or escape, MCNP uses the nuclear cross section data files provided by
ENDF in the ACE format to accurately model neutron transport. This includes emission of fission
neutrons of different energies, the dependence of the number of fission neutrons on the energy
of the neutron inducing fission, and the inclusion of additional reactions such as neutron capture
and scattering and their modifications on the energy of the incident neutron. To resolve these ad-
ditional differences between the point model and simulations using MCNP, two approaches may
be taken. One approach is to modify the point model to include these additional reactions and
energy dependence or to modify the MCNP source code such that all neutrons are monoenergetic
and only fission reactions or escape are possible. This work takes the latter approach, allowing the
use of MCNP to test only the point geometry assumption of the point model for various extended
geometries. The modifications of MCNP are now described.

As this work examines the event-by-event correlations of neutrons within each fission chain,
the full information provided by MCNP is recorded using the PTRAC option which yields a binary
file containing the history of each particle. The ordering of the information is determined by
the internal neutron bank, a first-in, last-out datatype which iterates on each neutron until it is
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terminated. To reconstruct the event by event information, the provided MCNPTools C++ and
Python interfaces have been modified to create a graph representation [56]. This is accomplished
using the Boost Graph Library and is shown in Figure 3.1 [57].

MCNP relies on the ENDF nuclear cross section files in ACE to determine which reaction a
neutron undergoes in different materials and how often. This chapter has modified the cross
section files using the NJOY21 code library which allows manipulating the cross section values for
neutron induced reactions within ACE formatted files [58]. For each material the cross sections of
all non fission reactions are set to zero. In the ENDF format, this corresponds to all MT numbers
not equal to 18. The total cross section value is then set to equal the fission cross section.

To make all neutrons monoenergetic, the source code of MCNP is modified. This is done by
enabling the FREYA model of induced neutron fission through the MCNP PHYS:N card option
[11]. The FREYA submodule source code is modified so all neutrons returned to MCNP from
FREYA are assigned energies of 2.0 MeV. The starting neutron of the simulation is also assigned a
value of 2.0 MeV through the MCNP input card.

To ensure that the multiplicity distribution is known precisely, the FREYA module is modified
to use the values measured by Zucker and Holden for U-235 for an incident neutron energy of 2.0
MeV [12]. The associated moments (2.34) are v; = 2.637, v, = 5.623, v3 = 9.476.

Analysis of simulations using MCNP with these modifications verify that only fission reactions
occur and all neutrons have energies of 2.0 MeV. The moments v1,15,v3 are also verified to match
the expected values. An example of a fission chain with these modifications is shown in Figure
3.2 where all neutrons are only 2.0 MeV and the only allowed interactions are induced fission or
escape.

For every MCNP source neutron i up to a total of Ng, the number of neutrons produced for
each source neutron is denoted N (7). The jth neutron created from the ith source neutron is written
IN; ;. The PTRAC file is parsed to determine the fate of each neutron IN; ; and whether it induces a
fission or escapes the boundary of the geometry. The notation IN; ;( fescape) is used to indicate that
the neutron ended by escaping the geometry.

3.2 Variation of Probability of Fission with Position

The probability of a neutron to induce fission is dependent on the position of the neutron in an
assembly of fissile material [3], 7, due to the variation of the amount of surrounding material.
Using the PTRAC output of MCNPD, a filter on 7 being contained in a voxel at position § with half
length A, 7 € Voxel(s, A) is created. By comparing the ratio of all neutrons passing this filter to
neutrons which induce fission, a spatial dependent probability of fission is created and expressed
mathematically as

-~ ZzNS ZJN(Z) INi,]' (ftission, 7 € Voxel(s, As))
ZZNS Z?[N(i) IN; (7 € Voxel(s, A))

py(7) (3.1)

and is shown in Figure 3.3 for a simulated 6 cm sphere of uranium-235 with A = (12/(2-21)) cm
and Ns = 5 x 107 source neutrons distributed uniformly.



I Source
I Induced Fission
Il Elastic ?
Bl [nelastic ©
I Escape et
Capture /K
©
o = QG)\O
o 7-9? u:’

FIGURE 3.1: Graph representation of a single fission chain simulated using MCNP
with all physics enabled. Each reaction is a node, connected by neutrons represented
as the connecting lines. The label on the line indicates the neutron energy in MeV.
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FIGURE 3.2: Graph representation of a single fission chain simulated using MCNP
with only induced fission and escape reactions allowed. All neutrons are modified

to have a single energy of 2.0 MeV.
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FIGURE 3.3: A simulated 6 cm radius sphere of pure uranium-235 showing the es-
timated probability of a 2.0 MeV isotropically emitted neutron to induce fission, de-
pendent on the position at which the neutron is created.
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FIGURE 3.4: A processed event from MCNP which builds the history of the fission
chain into a directed graph. Nodes are events, either a source, induced fission, or
escape event. The directed lines are neutrons. The number of collisions in each
node’s history are displayed.
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Neutrons which are emitted near the center have nearly twice the probability of initiating
tission compared to neutrons emitted near the edge of the sphere. This is expected as the path
length averaged over all directions is largest at the center. Thus, py is not constant and varies
considerably with respect to the position at which each neutron is created. A previous approach
to address this variation is the “Weighted Point Model” described in Section 2.5.4.

3.3 Changing Source Distribution with Collision Number

Consider the behavior of a large burst of neutrons from a source neutrons at the center of the
sphere of uranium-235 shown in Figure 3.3. Initially all neutrons are located at source position
7o = 0 cm. For those that do not escape, the remaining neutrons then induce fission at positions
throughout the sphere. These first fission positions will form a distribution denoted as ¥ (7, 1|7y).
Next, the neutrons emitted from these first induced fission positions will then again either es-
cape or induce a second generation of fissions at positions which follow a distribution denoted
¥ (7,2|7). This process continues with additional generations of induced fission, called the colli-
sion number 7.

To determine ¥ (7, n|7) every neutron and fission reaction is assigned a collision number ac-
cording to how many collisions occurred previously. To determine the collision number 7, the
time and positions of output neutrons are correlated to fission reactions and used to construct the
tission chain event tree. With the node of the starting neutron at the top with a collision number
of zero, the collision number for each reaction is the depth of the node in the graph data structure.
The collision number of each neutron is the collision number of the parent reaction. Escape reac-
tions are not collisions and do not increase the collision number. The representation of this process
is shown for one fission chain in Figure 3.4. It can be shown that the graph and collision number
representation of a fission chain is equivalent to the continuous time rate equation formulation of
Feynman [28], [59].

This analysis is used to create a filter on collision number 7. The described MCNP simulations
and analysis can now be used to determine ¥ (7, n|7p)

Y 2 ING (7 € Voxel (5, A), n]fo)
Ny (i -
£ LV NG (7o)

Y (7,n|7y) ~ (3.2)

where IN; (7 € voxel(s,A),n|7p) is the jth neutron from the ith source particle that at collision
number n has a position 7 contained within voxel(s, A), using a simulation with a point source of
neutrons emitted at 7. Fig. 3.5 shows ¥ (7, n|7p) of a 6 cm sphere of uranium-235 with two source
positions at 7y = 0 cm and 7y = 5 cm for collision numbers n = 2,5 and the sum of position with
a collision number greater than or equal to 9. Near the beginning of the chain after two collisions
most neutrons are created at positions near the source position 7). As the chain progresses with
collision number the positions of induced fissions diffuse. After nine collisions the distribution of
induced fissions appear identical regardless of initial source position 7).
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FIGURE 3.5: The intensity of the locations of induced fissions in a 6 cm sphere of
uranium-235 for a point source of neutrons at the center (top row) and 5 cm offset
from the center (bottom row). The left column shows the positions of fissions after
two collisions, the center column after five collisions, and the right column for nine
collisions. While the distribution of fission sites is dependent on the position 7y of
the neutron source, after nine collisions the dependence has nearly disappeared and
the distributions are nearly identical.

Y (cm)
II 01

42



43

3.4 Behavior of Probability of Fission with Collision Number

The combined effect of the described spatial dependence of the probability of a neutron to induce
fission shown in Section 3.2 and the changing spatial distribution of the neutrons and fissions with
collision number described in Section 3.3 is a distribution of probabilities of fission which changes
with collision number. This can be expressed mathematically as

ps(Fin, o) = ps(F)¥ (7, n7o). (33)

The distributions of ps(7|n, 1) are shown in Figure 3.6 for the previous example of a simulated 6
cm sphere of uranium-235 with a source at the center, with the simplified modifications of MCNP.
For several and fewer collisions, most neutrons have a very high probability to fission as they
remain near the center. After several collisions they spread out into a distribution which does not
change with additional collisions and is independent of the starting position of the source.

This behavior can be shown by looking at the averaged or expected values of p¢(7|n,79),

pr(n, 7o) = Ez [ps(Fln, 70)] = Ez [ps(F)¥ (7, n|70)] . (3.4)

Figure 3.7 shows p¢(n,7) for source positions 7o = 0 cm and 7p = 5 cm. Forn = 1, ps(n =
1,70) = ps(¥ = 7). After several collisions the values for both curves of ps(n,75) are near equal
and p¢(n,7y) =~ ps(N) for some N > 1.

3.5 Analysis of Neutron Moments for Extended Geometries

The combinatorial moments (1.10)-(1.12) of the number of escaped neutrons can be estimated from
the MCNP simulations as,

Ns N (i)

4)1,MCNP = Z Z Ni,j(fescape) (35)
1 Ns N

P2, MCNP = 5 Z Z fescape ( i,j (fescape) - 1) (36)

i

O\\H

P3MCNP =

Ns Nn(
Z Z fescape ( i,j(fescape) - 1) (Ni,]'(fescape> - 2) . (37)
i

The combinatorial moments are simulated for the simplified 6 cm sphere of uranium-235 with a
source of neutrons at various radial positions and shown in Figure 3.8. The moments are shown to
vary substantially based on where in the material the source is, for the triples the moment increases
by three-fold for a source at the center compared to near the edge. This shows the sensitivity of
a neutron multiplicity measurement with the spatial distribution of the source and the spatial
variation of the probability of fission.
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FIGURE 3.6: Distribution of the probabilities of fission for a sphere of uranium-235
with a source of neutrons at the center. The distributions are shown after 2, 3, and
greater than or equal to 9 collisions.
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FIGURE 3.7: Mean values of the probability of fission with collision number for a
source at the center (blue line) and near the edge (orange line) in a 6 cm sphere of
uranium-235.
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Now we examine how to reduce the knowledge required to estimate the moments of Figure
3.8 accurately. First we will estimate the moments using only the collision and source position
dependent probability of fission distributions of Figure 3.6. Then we will approximate the distri-
butions using only the mean or average with respect to the collision number. The simple Monte
Carlo Algorithm 1 of Section 1.3.4 is modified and used to calculate the moments and compare
with the values from the simulation.

3.5.1 Calculation of Moments Using Collision and Position Dependent Distributions
of the Probability of Fission

As a first step the collision and position dependent distributions for the probabilities of fission
as shown in Figure 3.6 are calculated for each source position using (3.3). Algorithm 1 of Section
1.3.4 is modified to keep track of the collision number, and use a probability of fission which
changes with generation number. Then for a specified source position, each neutron chain uses
the probabilities of fission are sampled from the N distributions shown in Figure 3.6. This process
is repeated, building the escaped neutron distribution and the moments are calculated using (3.5)-
(3.7). These moments, ¢; , (7)) (7o) are then compared to those calculated directly from MCNP
¢imene (7o) at different radial positions 7.

The outcome of this analysis, combined with the monoenergetic and fission only simulation,
is determining how accurately the moments can be estimated by considering the variation of the
probability of fission with only position. What is not included is the variation of the probability of
fission with position and direction. Figure 3.9 shows the percent error of ¢; , /() (7o) compared to
¢imene (7o). The last two positions near the radius suffer from a lack of statistics as most neutrons
exit the assembly immediately, leading to relatively few neutrons available to estimate the proba-
bility of fission distributions for additional collision numbers. Excluding these last two points, the
average error is summarized in Table B.1. While the singles are estimated accurately, the doubles
and triples have a consistent overestimation.

The reason for the bias and the relation with neutron direction can be understood through a
simple one dimensional example shown in Figure 3.10. A fission occurs at position 7 = x, in a one
dimensional fissile material of length L. The probability of fission is

prlx,p) = (1 — 1) By ) (3.8)

where % is the macroscopic fission cross section and ! is the path length for a given position x
and direction yu. As we are assuming isotropic fission, the probability of fission averaged over
direction y is,

(pr(xm)), = % (1 —e " Zf) + % (1 — (=) Zf) (3.9)
pr(x, (1) = (1 —e Zf) = (1 —e (/2 Zf) (3.10)
(pr(x,m)), < pslx (1) (3.11)

I3
¢i((pr(x1)),) < ilps(x, (1)))- (3.12)
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FIGURE 3.8: Simulated combinatorial moments (Singles, Doubles, Triples) for the 6
cm sphere of uranium-235 in a monoenergetic fission only MCNP simulation. The
moments are shown at different positions of a point source of 5e7 neutrons.
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FIGURE 3.9: Simulated error of combinatorial moments (Singles, Doubles, Triples)
compared to the simulated moments of Figure 3.8 using a modified version of Algo-
rithm 1 where the values of ps vary with generation. The values of py are sampled
from the collision dependent distributions of Figure 3.6 (in blue) and the mean of the
distributions (in orange) shown in Figure 3.7.
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This example illustrates that the moments for fission at a specific position, averaged over direc-
tion, is greater than the direction average of the position and direction specific moments. Thus
sampling the position distribution of Figure 3.6, instead of a distribution dependent on both posi-
tion and direction, will overestimate the moments determined from a full Monte Carlo simulation
as seen in Figure 3.9.

3.5.2 Calculation of Moments Using Collision Dependent Values of Probability of
Fission Averaged over Position

Ignoring direction, now we consider the effect of using the expectation of the position dependent
probability of fission per collision (3.4). As the moments are a concave function, we can apply
Jensen’s inequality [40]

9i(E [pr(Fln, 70)]) < Bz [9i(ps(Fn, 75))] - (313)

Thus the outcome of then averaging over position 7 will be an underestimation compared to the
simulated Monte Carlo moments as seen in Figure 3.9 and Table B.1.

The conclusion is that the combinations of the two simplifications, each of which introduce
a significant bias, act against each other. The net bias is not quantified in this work, but will be
assumed to be a smaller number than either effect alone.
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FIGURE 3.10: A simple illustration of neutrons emitted from a fission at position x
in a 1D rod of fissile material of length L, which can either travel x or L — x length
through the rod depending on emitted direction.
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Chapter 4

Varying Probability of Fission Model

The varying probability of fission (VPF) model begins with the recursive derivation of the fission
chain probability distribution presented by Prasad and Snyderman [59], which extends the earlier
work of Hawkins and Ulam [28]. Prasad and Snyderman begin with a generating function F(x,y)
with latent variables x to track neutrons within the system and y for neutrons those that escape and
do not perpetuate the fission chain. The first-generation generating function of a fission creating v
tission neutrons with probability C, which can either escape or remain in the system to perpetuate
the chain is

Vmax

F(x,y) = F(x,y) = ) Clpx+ (1 —p)yl* (4.1)

v=0

where each of the v fission neutrons has probability p to induce a new fission and probability
(1 — p) to escape. The generating function for n generations of fissions is the nth iterate of F(x,y)

Fu(x,y) = F[Fi-1(x,y),y] = F[- - FI[F[F(x,¥),yl,yl,- - Yl (4.2)

where for each generation, x is replaced by F(x,y) allowing each of the internal neutrons possibly
to generate v fission neutrons with probability C, and continue the chain. For a fission chain begin-
ning with a single fission energy neutron the probability generating function after n generations

fu(x,y) s,
fu(x,y) = (1= p)y + pFu(x,y). (4.3)

The limit of f,,(x,y) for infinite collisions where the fission chain has ended and the internal neu-
tron population is zero yields the Bohnel equation [1] of the point model

h(y) = lim | lim fu(x,y)| (4.4)
hy)=(1—ply+p S Gl (45)

v=0
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where the nth factorial moment ¢, is obtained as

Pn = 7 . (4.6)

and the resulting equations have been previously derived (2.33)-(2.35).

4.1 Derivation of VPF Moments

The above analysis assumes that the probability of fission p is independent of generation number
i. We now derive the case where this is not assumed and all neutrons for generation i have a
fission probability p; and escape probability (1 — p;). Instead of beginning with an induced fission
we write the generating function g; (x, y) for a single first generation fission energy neutron which
may escape with probability (1 — p;) or fission with probability p; and create v internal neutrons
with count probability C,,

g1(x,y) = (1= p1)y + p1C(x). (4.7)

In general an ith generation fission energy neutron has the probability generating function

gi(x,y) = (1= pi)y + piC(x). (4.8)

The PGF for multiple fissions is written by replacing x with the PGF for the next generation g;(x —
gi+1(x,v),y). For a neutron of generation i, the PGF of internal and escaped neutrons for later
generation j is then

8i,.i(x,y) = &i(gi+1(8i+2(- - gi-1(8i(x, ¥),y) -+, ¥), ) y) (4.9)
8i..j(x,y) = (1= pi)y + piC(gis,...j(x, ¥)) (4.10)

The factorial moments are now derived for one neutron of generation i continuing to generation
j. The notation will be cp;- i cp;-,.__ ir c]);-”._. j for the first, second, and third factorial moments.
The first y partial derivative of (4.10) followed by setting x = y = 1 yields

; ) (dc ) <a >
-8y j (X = =pi) +pi | 7-(z2=gim,..i(% -8i+1,..,j (%,
<ay8 i(xy) - A =pi) +pi| (2= 8ir,.j (%)) o N8 i(xy)

x=y=1
(4.11)

Asgi(x =1,y =1) =1theng; 1; = g1(gj(x = L,y = 1) = 1,y = 1) = 1 which implies
8i...j(x =1,y = 1) = 1. Thus the kth derivative of C(g;1,..;(x,y)) is the kth factorial moment vy

dkc Vmax 1/'
(dzk(z = gz'+1,...,j(x,y))>x_y_1 = V;) Cvm = V. (4.12)
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The relation of (4.11) yields a recursive equation,

$i..j = 1= pi+ pidis,., (4.13)

where

0
B = (aygz j(x y)>x_y_1' (4.14)

Writing out the first several terms of (4.14) yields,

!

b= (1=pi) + pivi(1 = pir1) + pivipicivi(1 = piy2) + in1Pi+1V1pi+21/1¢:-+3,m’]-. (4.15)

The terms of (4.15) imply the closed form of the first factorial moment qb

.....

]

a—1
¢ =Y (1—pa) [Tpova. (4.16)
a b=i

=i

The same procedure can be repeated for the second, third, and higher moments. For brevity,
only the recursive relations and the closed forms of the second and third moments are shown:

¢ i =piva(disr. j)* + pivapicivi(Piia, ;) (4.17)

$i...; = piva(¢ie,.;)° +3Pn/zpl+1(¢z+1 D@ i) T pvidia, (4.18)
—1

9. —VZZPa Pai,., Hpm (4.19)
b=i

it ’ — _ ’
$i i =3 Palbair, ;)] H pyv1 + 312 2 Pa(Pasr,..j ) aya,., H Poi1- (4.20)
a=i b=i a=i
The first three moments ®@,,, ®,, @, beginning with the first collision i = 1 to the nth collision are
, , n -1
D, =P =3, (1—pa H Py (4.21)
a=1
" " n—1
@y =1, = V2 1 PP, H po1 (4.22)
a=1

n—1 a—1
(Dn = (Pl,...,n =V3 Z pfl(¢a+l,...,n)3 H PrV1 + 3V2 Z Pa (¢a+l ..... ¢a+1 H Povi- (4'23)
a=1 b=1 a=1

In the case of neutrons having a uniform probability of fission per collision, p; = p, the infinite
collision limit n — oo yields the point model moments listed as equations (21)-(23) in the work by
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Bohnel [1] and in the previous chapter as (2.33)-(2.35).

_ Y 1-p
lim @ (p; = p) = ,}5& (=) Ll = (4.24)
n—00 Pz —P)= n—00 ZP ¢a+1 P ! - (1 — le)3 '

a= a=1

n—1
lim @, (pi = p) = lim <V3rf Y (Pasr, ) (1) +3v2p ) ¢u+1,...,n¢a+1,...,n(Pvl)u1)
(4.26)

_ pr(1—pp)°Bppvi + v — pyavs)
(1= vpys)?

Lastly, approximating the VPF equations such that after N collisions the probability of fission
is constant leads to the following equations

N a—1 N
®; =) (1—pa) [Trov + <H pm) 1 (4.27)
a=i b=i b=i
" N , a—1 N
D =2 ) pa(@yi)? T [ o + (H Pbﬁ) $2 (4.28)

a=i b=i b=i
- L (i@ + 3@, @) o (Man ) a2

where ¢1, ¢, ¢3 are the original point model moments (2.33)-(2.35). The final VPF moment equa-
tions, over all collisions for i = 1 where p; = p fori > N, are thus Q = CD; 17 o' = <I>;/ 1, and

" "

® = @,_,. This formulation is computationally faster than using a large number of p; values.

4.2 Validation of VPF Moments

The VPF equations (4.21)-(4.23) are now shown to accurately model the moments of a system with
a varying probability of fission per generation. A simple Monte Carlo program was written in
Python, which begins with an internal neutron population of one and either induces a fission with
probability p; and generates v additional internal neutrons sampled from a fission multiplicity
distribution P(v), or is transferred to the escape neutron population with probability (1 — p1).
This process is repeated for successive generations on every neutron in the current generation
internal neutron population until no internal neutrons remain and the chain has ended. Each
neutron generation uses a different value for the probability of fission.

In this simulation the collision dependent probability of fission p; is given the functional form

pi=(1- a)i’lpl + poozxi’l (4.30)

where p; = 0.3, poo = 0.2,and & = 0.6.
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The simulation is then run for F = 107 source events using the multiplicity distribution of
uranium-235 induced by a 2.0 MeV neutron measured by Zucker and Holden where v; = 2.637,
v, = 5.623, v3 = 9.476 [12]. The number distribution of escaped neutrons per generation is
recorded and shown in Figure 4.1.

The generation dependent leaked neutron distributions are used to calculate the Monte Carlo

estimated generation dependent neutron singles SM¢, doubles DM, and triples TMC where
SMC = FE[n.(i)] (4.31)
DMC =F %IE[nL(i)(nL(i) —1)] (4.32)
TE = P LRy (3) (n1 (1) — 1) (n0.(1) — 2)]. (433)

6

These are plotted and compared with the VPF singles SY'F, doubles DY and triples T'*¥

SYPF — F @, (4.34)
]_ "

DYF = F 5P (4.35)
1 "

TVPE = F E(Di (4.36)

in Figure 4.2 and are in agreement with the results obtained using the VPF equations.

4.3 Including All Physics in the VPF Model

The MCNP program of Section 3.1 is now reverted back to the original version of MCNP which
includes all neutron physics such as energy variation and capture and scattering.

4.3.1 Additional Neutron Reactions

The inclusion of neutron capture and (n,xn) reactions into the point model has been discussed pre-
viously in Section 2.4.1 as the ‘superfission” approach. The VPF model takes the same approach,
replacing p; with the superfission probability p; = p; r + pic + Pi2n + pisn where p; f is the prob-
ability of a neutron in the ith generation to induce fission, p;. to be captured, and p;»,, pisn to
undergo a (n,2n) or (n,3n) reaction, respectively.

It is assumed that the ratio of each reaction probability to the total probability does not change
with position or generation number. This approximation is reasonable if the material is bare and
homogeneous. Additional materials, nonuniform enrichment, or surrounding shielding will vio-
late this assumption.

With the other modifications described, the superfission neutron multiplicity distribution is
determined by tallying the number of daughter neutrons using the graph representation of the
MCNP PTRAC data, and shown in Figure 4.3. The associated moments are v; = 2.352, v, = 4.957
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and v3 = 8.232. The simulation is a uniformly distributed source of neutrons in a 6 cm radius
sphere of pure uranium-235.

4.3.2 Matching Source and Fission Neutron Energies

Previously in the simplified MCNP program the source neutron energy matched the energy of
neutrons emitted from fission. This again must be maintained otherwise the first collision prob-
abilities will be biased. The energies of the neutrons emitted per each ‘superfission” event are
recorded. Then the source neutron energy spectrum is modified to match the superfission neutron
energy spectrum as closely as possible. The results are shown in Figure 4.4, where the superfission
spectrum was found to match a Maxwellian spectrum with parameter a4 = 1.333. This spectrum
takes into account energy variations due to neutrons inelastically scattering.

However, the variations of the probability of fission with energy are not taken into account.
As neutrons which inelastically scatter will have lower energies than those that induce fission
immediately, the probability of fission will vary significantly. This is expected to give a similar
bias as averaging over neutron direction described in Section 3.5.1. The values of the probability
of fission are shown in Figure 4.5 for both the simple model and the full physics for a 6 cm sphere
of uranium-235 at source positions at the center and near the sphere edge.

4.4 Results of VPF Model Moment Equations

The accuracy of the VPF moment equations (4.34)-(4.36) to describe the simulated moments, in
the simplified and the full physics simulations, is now presented in Figure 4.6. In both cases the
input parameters are the calculated moments of neutrons emitted from fission, and the input true
values of the probability of fission dependent on source position and collision number. The results
show excellent agreement, with the bias introduced by using the full physics simulation shown in
Table B.2. As with the averaging over direction described in Section 3.5.1, averaging over neutron
energy introduces a positive bias.
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Chapter 5

Interpreting Simulated Imaged Data of
API Measurements using the VPF Model

In this chapter we proceed to develop a way to interpret simulated API data using the VPF model.
The goal is to use images of singles and doubles, S(7), D(¥) to estimate the number of chain start-
ing events F(7) and the spatial dependent probability of fission p(7). For the simulated sphere of
Section 4.3 the transmission image and singles and doubles S(7), D(7) are shown in Figure 5.1.
The goal is to use these images to reconstruct F(¥) and p(7) as shown in Figure 5.2.

The procedure for doing so will be as follows. First, we must create a forward model which
inputs the true images F(¥) and p(¥) and creates the imaged singles and doubles data S(¥), D(7).
The VPF model requires the probabilities of fission for each collision. The first problem to address
will be to estimate the values of p¢(n, 7)) given only p¢(7). Second, this forward model is incor-
porated into an optimization routine to minimize least squares error and estimate F(7) and p¢(7)
from the transmitted, singles and doubles images.

5.1 Constructing the Forward Model

5.1.1 Estimating Intermediate Values of the Probability of Fission

We begin by revisiting the curve of ps(n,7y) shown in Figure 3.7. Given the values ps(n = 1,7)
and ps(n — o0,7y) = pg(c0) we seek to find a functional form to find the intermediate values of
pf(n,7o). The form used previously in (4.30)

pr(n,7o) = (1— oc)i’lpf(l,?o) + pf(oo)aifl. (5.1)

The curves of (5.1) are fit for the sphere simulation at various radial positions, with « and ps(o0)
as variables to determine. The result is shown in Figure 5.3, where the best fit value is « = 0.39
determined by minimizing over all radial positions 7. The additional error in the VPF moments
(4.34)-(4.36) of using the functional form (5.1) is shown in Figure 5.4. It’s seen that the functional
form well approximates the curves of p¢(7o, 1) near the center of the sphere, but towards the edge
introduces a few percent of additional error.
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FIGURE 5.1: Simulated API data for a 6 cm radius sphere of U235 using MCNP for
107 uniformly distributed neutrons. All of the physics is enabled as described in
Section 4.3.
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5.1.2 Estimating the Asymptotic Value of the Probability of Fission

The functional form of (5.1) still requires knowing the asymptotic value p¢(c0). Here it is shown
one approach in which this can be approximated using the transmission image and the values of
pf(7o,n = 1). We return back to the form (3.4) which for n — oo is,

pr(e0) = pr(n — oo, 7)) = Eg [ps(F|n — oo,7)] = By [pr(F)¥ (7,1 — oo|Fo)] (5.2)
pr(oo) = Ez [ps(7)¥(7, )] (5.3)

where ¥ (7, o0) is the fundamental node shown previously for n > 9 in Figure 3.5. Since we are
already assuming that we know p¢(7) = ps(n = 1,7), what is left is to approximate ¥ (7, ).

To do so we turn to the transmission image shown in Figure 5.1. As the fundamental node
reflects the distributions of fissions after many previous collisions the general behavior is that
¥ (7, 00) is highest at positions where there is the most surrounding material, and lowest towards
the edges of the object. Using the transmission image, which is proportional to the density of
material, we look for a kernel k(7 — ') which when convolved with the transmission image I(7)
will approximate the fundamental node

¥ (7, 00) & / 1(3)k(3 — 7)d5. (5.4)
v
A simple choice would be a spherical kernel where

1, ‘7—?" S Vﬁ

. 5.5
0, ‘7—7/‘ > rg (5:5)

ksphere (7_; - 7:;/ rﬁ) = {

Knowing previously that ps(c0) = 0.314, spherical kernels of varying rg are tested radii to
find that which yields the correct value. The best radius is found to be rg = 4.1 cm which yields
pr(c0) = 0.309. The kernel and resulting approximation of ¢ (7, co) are shown in Figure 5.5.

5.1.3 Forward VPF Model for API

With the parameters « = 0.40 and rg = 4.1 cm of Sections 5.1.1 and 5.1.2, and the determined
superfission moments v; = 2.352 and v, = 4.957 of Section 4.3.1, a forward model for transforming
the images of F(7) and p(¥) of Figure 5.2 is constructed. The VPF equations 4.34-4.36 are used
where the intermediate values of the fission probability are given by (5.1) with ps(¥,n = 1) =
p¢(7) and ps(co) determined by (5.3) and (5.4). The result is shown in Figure 5.6. The distribution
of the percent error for each bin of the forward model and the simulated values from MCNP
is shown in Figure 5.7. It is seen that the singles are much better estimated than the doubles.
Comparing the sums of the singles and doubles yields error estimates of S{'} = —0.42% and

total

D%, = —7.11%. The conclusion is that the VPF forward model is slightly biased to underestimate

the number of singles and doubles, and that the doubles are more sensitive to the simplifications
of the VPF model compared to the singles.
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FIGURE 5.5: Applying the spherical kernel (left) on the transmission image (Figure
5.1) yields an approximation of ¥ (7, o0). The spherical radius rg = 4.1 cm yields a
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5.2 Estimate of F(7) and p(7) from S(7) and D(7) Using VPF Model

With a forward model now in place, it is possible to go in the reverse direction and find the images
F(7), ps(7) which minimizes the weighted sum of squares error between the forward projected
images SV (7), DVPF () and the simulated imaged data S(7), D(7). This procedure is outlined
now.

1. The VPF model parameters (a, g, v1, 12) are determined from an MCNP simulation of a 6.0
cm radius sphere of uranium-235. These are (« = 0.40, rg =4.1cm,v; = 2.3517, v, = 4.9568).

2. Images of the 14.1 MeV neutron transmission, emitted singles S(7) and doubles D(7) are
prepared for a geometry and source distribution which are not known a priori in the recon-
struction.

3. Aninitial estimate of F(7) and p(7) is determined using the point model equations for each
voxel of S(¥) and D(7).

4. An objective function to minimize is computed, being the weighted sum of squared errors
(WSSE) of the input data S(7) and D(7) and the forward projections SV'*(7) and DV"¥ (7)
summed over all voxels 7;,

2
+ 1(7;)

2
S(#) — SVPE(#)

S(7:)

D(7;) — DY"E(7)
D(7:)

WSSE =) " I(#) (5.6)

where the weights are the reciprocal of the variance of the singles or doubles simulated
values, \/S(7;) and \/D(7;), times the relative density I(7;).

5. An optimization routine is used to find new estimates of F(¥) and p(¥) which yields a
lower WSSE. In this work the Python library Scipy-optimization implementation of the Broy-
den-Fletcher—Goldfarb—Shanno limited-memory unconstrained nonlinear optimization al-
gorithm (L-BFGS-B) [60].

6. The optimization routine is run for a fixed number of 250 iterations, returning estimates of
F(7) and p¢(7). Additional iterations were not found to yield any improved results.

The above procedure is now applied on several different geometries of uranium-235 metal
with density of 18.74 g/cm?. In each case, the source neutrons are distributed uniformly through-
out the volume with isotropic directions and an energy spectrum matching Figure 4.4. The ge-
ometries simulated are shown in Figure 5.8 and listed now.

1. A sphere of uranium-235 with radius of 6.0 cm.
2. A square triangular prism of uranium-235 with side length of 6.0 cm.

3. A 161-type storage casting of uranium-235 consisting of an annular cylinder with inner di-
ameter of 8.890 cm, outer diameter 12.700 cm, and 14.856 cm height.
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4. The University of Tennessee ‘Power T’ logo composed of uranium-235 with side length of
20.0 cm and depth of 10.0 cm.

5.3 Results

The previously described procedure for reconstruction of F(7) and p¢(¥) for the geometries of
Figure 5.8 are now computed. For each geometry 10® source particles are distributed uniformly
and 3D voxellized images of both the emitted singles and doubles S(7¥), D(7) are computed along
with the underlying true values of F(¥) and p(¥). The output of the reconstruction estimates of
FVPE(7) and p}/P F(7) are shown for the four geometries in Figures 5.9, 5.10, 5.11, 5.12.

The results are overall excellent, correctly reconstructing the values of F(7) and p (7). For the
largest geometry of the ‘Power T logo, there is a slight overestimation of ps towards the center
with an underestimation of F. Due to the large directional variation of p; at the center it is likely
that the previously described bias in Section 3.5.2 for assuming a single value of py limits the
accuracy.

The results are summarized in Table B.3. As a simple comparison the total values of the recon-
structed FVPF(7) is compared with the value yielded by the point model equations (2.57), (2.58)
neglecting detection efficiency, € = 1.0. In all cases the VPF model improves the bias of the point
model, yielding a better estimation of F as desired.
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FIGURE 5.7: Histogram of the percent errors for each bin of the simulated singles and
doubles (Figure 5.1) and the estimated singles and doubles for the forward model
(Figure 5.6.)



FIGURE 5.8: The simulated geometries from which simulated API data is created to
evaluate the application of the VPF model. Descriptions of the geometries are listed
in Section 5.2.
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Chapter 6

Conclusions and Future Work

This dissertation presented an extension of the point model, the Varying Probability of Fission
model, and a method for applying the VPF model to quantiatively interpret simulated imaged
data from API systems. After altering the point model probability generating function with a
probability of fission that varies with starting position of the neutron and the generation number,
new moment equations for the neutron singles, doubles, and triples were derived (4.27), (4.28),
(4.29). Section 4.4 showed these equations closely match the varying moments determined by
MCNP simulation. A forward model was then created in Section 5.1 to create images of singles
and doubles given the spatial dependent probability of fission and the number of source neutrons
within a voxel. This was then applied in the reverse direction to estimate these quantities from
simulated imaged data of singles and doubles directly. The results of Section 5.3 showed excellent
agreement between the VPF reconstruction and the true images determined by MCNP.

Incorporating this work into existing API systems will enable real-time characterization of fis-
sile materials, providing inspectors the information to make on-site evaluations and decisions.
However, there are still several steps left to complete before this work can be applied for a larger
variety of materials including plutonium, mixed oxide materials, and materials of unknown en-
richment. These steps and other proposed future work include:

1. In the point model, an enrichment determination is made using the estimate of F and the
specific activity and/or coupling parameter of an external neutron source. However, the
model parameters 11, 12 have also shown to be highly dependent on enrichment [43] due
to the variation of the capture to fission cross-section ratio. The possibility of modifying the
presented reconstruction method with a global enrichment parameter should be explored.

2. The coupling parameter concept has not yet been explored in the VPF approach. The re-
constructed values of F(¥) are proportional to the the external neutron source flux at 7 and
the macroscopic cross-section of the ‘superfission” at 7, which is dependent on enrichment.
Previous work [54] should be extended to account for these factors using the VPF approach.

3. The use of imaged triples data may provide another set of variables that could be useful. For
example, if shielded material is present there will be a large non-uniform scattering contri-
bution which will not be proportional to p¢(7). The use of triples may provide a method for
creating a probability of scatter p;(7) image and allow the use of the VPF model for shielded
fissile assemblies.
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4. Other effects such as detector efficiency and cross-talk must be accounted for to incorporate
the VPF model into existing API systems.

Lastly, we revisit a mentioned earlier approach in Section 2.5.4 developed in the past several
years. This approach by Imre Pazsit and others includes the dependence neutron direction into to
the probability of fission. Additionally the dependence on the macroscopic cross-section is made
explicit. Investigating whether this approach is significantly faster than MCNP and whether it
may provide a better way to explicitly account for enrichment estimation should be explored as
well.
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Appendix A

Enrichment and Effective Mass

A.1 Enrichment

Uranium enrichment is defined as the isotopic ratio of 2°U to all U isotopes, of which 28U is the
most dominant naturally [61]. The isotopic ratio can be defined as an atom fraction

_# of atoms 235U
* 7 #of atoms U

-100% (A1)

or as a weight fraction
p _ grams of 2°U
Y gramsof U

The safeguards agreement between the United States and the IAEA (INFCIRC/288) alternatively
defines enrichment as "the ratio of the combined weight of the isotopes uranium-233 and uranium-
235 to that of the total uranium in question” [62]. In this work, uranium enrichment is defined
using (A.2) and only the isotopes 2°U and 2*®U are considered.

- 100%. (A.2)

A.2 Neutron Counting Rates and Effective Mass

For an object composed of several isotopes 7, the observed doubles rate D is the sum of the doubles
rate for each isotope,

D = ZDZ = E %Fiel'szi(VZ,i(l)Z)- (A3)

where (1,¢,) is the second neutron moment for a fission event from isotope i, €; is the detection
efficiency for the neutrons emitted by isotope i and fp; is the associated doubles gate fraction [32].
Each isotope has an associated fission event rate F;. In general,

Fl' = m;i; (A4)

where ga; is the event rate per unit mass and is dependent on the event process such as spontaneous
or induced fission.
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While isotopic composition is not known in general, typically an assay is interested in one
tiducial isotope j. Most assay results report their results in terms of an effective mass which inter-

prets the doubles rate as solely due to the j isotope, written as <m]->]e)ff [32]. This effective mass is
derived by equating (A.3) to a single isotope j with an effective event rate <Fj>gf = <mf>l)ff wj where
the D superscript indicates this is for the doubles rate

. 1 D
D = 2 (F)e & fova ¢ (A.5)

1 1 D
Z Em,‘lxieizf[)il/zligbz = 5 <m]‘>eff ocje]zfpjvzljcpz. (A.6)
i

This yields an expression for the effective mass in terms of each isotope,

<mj>gf _ Zmi (aﬂ/z,i> (61'2fDi> — Zmiry}?j (A.7)

ajva;) \ € fo;

2
D “in,z) € fpi
Vi = . (A.8)
& <“jV2,j (eff Dj

The effective mass is thus a combination of the individual masses weighted by the coefficients
’y}?j. The first portion of 'yl]?j involving «; and v, ; is a function of nuclear data and is detector
independent. The second portion including €; and fp; is specific to a detection system and the
energy spectra of neutrons emitted by isotope i. Generally this detector specific ratio is near unity
[63].

If the isotopic composition of the material is available from a separate measurement providing

the weight fractions w; = m;/ Zj m;j, the total mass m,r = Zj m; can be determined from <m]->3f,
<mj>l)ff
Mot = —— (A.9)
e
D
(Wj) ¢ = Zwi’yg (A.10)
1

where <wf>l)ff is the effective weight fraction [64]. The calculation of (A.8) can be done in two ways
listed below.
A.2.1 Detector Independent Calculation

Assuming the detection specific parameters €; and fp; do not vary with isotope i, 'yZD]- can be ap-
proximated as

D XiVp i
P . A1l
Vil (“jvz,j ) ( :
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and for a specified assay mode can be calculated from known nuclear data.
For a passive neutron assay of spontaneously fissioning isotopes, a; = g; where g; is the spon-
taneous fission event rate per unit mass

_ Na

&= 4. Aj (A12)

with N4 as Avogadro’s constant, A; the molar mass of isotope i and A; the associated decay con-
stant.

A common task in passive neutron assay is the measurement of ?*°Pu content with 2*®Pu and
242py present. Using the data listed in Table B.4 the effective mass equation is,

(mag0) D = mgo + 2.573 migag + 1.708 mpgy. (A.13)

Similar equations for active assay and other modes of neutron counting for many isotopes can
be derived. These have been compiled previously into a database which lists the doubles effective
mass coefficients for many scenarios and isotopes [63].

A.2.2 Direct Measurement of Pure Isotopic Samples

Taking assay measurements to determine the ratio of the doubles rate for an isotope 7 and a fiducial
isotope j is a another way to calculate 'yB,

D; _ 3Miti€} fp Vo i _ . pMida (A14)
D;  ymjjelfovaign; ;g2
p_ Dimi ) (A.15)

Tij D;m; ¢

In this case the sample dependent multiplication ratio ¢ ;/¢2; must be either assumed unity
or modelled through Monte Carlo simulation [65]. Thus if two known samples of isotopically
pure isotopes are available, the mass coefficients which including the factors of detector response
€; and fp,; can be determined through experiment. This approach can also be done using only
Monte Carlo simulation, provided an accurate detector model and post analysis.

The presented derivation for estimating effective mass has been done using only the doubles
rates, however equivalent relations can be derived for both the singles and triples rates as well [64].
It is current practice to only consider the doubles rate derivation of effective mass, and nearly all
literature refers to the doubles expression when discussing effective mass [66]. This is due in part
to the popular use of coincidence counting, which relies only the the doubles rate for estimating
effective mass. Additionally, a neutron multiplicity system will estimate a single value of F which
is applied on the singles, doubles, and triples rate equations. To avoid the ambiguity of reporting
three separate effective masses, only the doubles effective mass is reported and used in creating
limits for safeguards.
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Appendix B

Tables

TABLE B.1: Averaged Error of Figure 3.9 excluding the last two points due to poor
statistics. The error is calculated for using the distributions of p¢(7|n,7y) shown in
Figure 3.6 and the mean values p(n,7) shown in Figure 3.7, versus the moments
determined from the number of escaped neutrons from MCNP.

Singles Error Doubles Error Triples Error
Using p f(?\n, 7o) Dist. 0.02% 3.657% 18.12%
Using p¢(n,79) Mean Val.  -0.02% -1.32% -7.21%

TABLE B.2: Averaged Error of Figure 4.6 excluding the last two points due to poor
statistics. The error is for the VPF and simulated moments for the simplified physics
and the full physics models.

Singles Error Doubles Error Triples Error
Simple Physics  -0.01% -1.29% -7.21%
Full Physics 1.21% 0.67% -4.19%




TABLE B.3: The summed values of the singles and doubles for the simulated API
data of the geometries shown in Figures 5.9, 5.10, 5.11, 5.12. The percent error of
the VPF reconstruction of the sum of F(7) is made with the true value of 108. Ad-
ditionally the total singles and doubles are used with the point model equations to
estimate the total F. The VPF model shows a large improvement in estimating F
compared to the point model.

Total Singles  Total Doubles Total FVPF(7) Error Point Model Error

Sphere 2.43e8 1.82e9 -1.85% -5.38 %
Prism 1.93e8 7.27e8 0.27% -4.12 %
‘Power T 2.12e8 1.07e9 -1.34% -5.09 %
161 Casting 1.46e8 1.81e8 -0.05 % -0.55 %

TABLE B.4: Nuclear data of the spontaneous fission event rate g;, the second moment
of the number of neutrons emitted 1, ; and the associated effective mass coefficient

7P, 4 in reference to 2*°Pu for isotopes 2*Pu and 2*2Pu. Table and data are taken
from [63].

"Pu gi(s7'g™) w2 YD
i=238 1169.8 3.957 2573
i=240 475.01 2154 1.0

i=242 807.15 2.149 1.708
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