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ABSTRACT

This dissertation analyzes the problem of determination of the
maximal speed of response of a roller follower plate cam driven system.
The solution to the problem of the lift of a roller from lower to upper
dwelling conditions under the dual constraints of (1) a maximal allowed
stress, and (2) no undercutting of the cam, was obtained using the
analogy of the '"Bang Bang Problem"; this problem has a very simple
analytical solution, but its implications can be very usefully applied
to the problem of cam 1lift. After applying this analogy in the present
study, a technique of nonlinear programming was used to deal with the
process of minimizing the angle of rotation of the cam under the
constraint of a maximum allowable stress.

Using the stress constraint at its limiting value (i.e., at the
border of the domain) an initial value problem of a second order non-
linear differential equation is defined, which can be solved numeri-
cally. The study of the singular solution of this problem and the study
of this ODE in the phase plane provide important information about the
existence of restrictions in the phase plane as well as its singular
points. The maximum stress constraint is found to provide a maximum
rate of deceleration for a low angular velocity problem. Also for low
angular velocity it was necessary to add an additional constraint of a
maximum acceleration rate, because the dual constraint did not bound the

acceleration.



In the region of high angular velocity it was found that the
maximal stress constraint provides a maximum acceleration rate but a
maximum deceleration rate is obtained using a low stress.

The geometrical constraint of no undercutting determines the area

of the phase plane for a feasible solution.
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NOMENCLATURE

Arm distance of the rocker arm to the point of action of the
push rod.

Arm distance of the rocker arm to the point of action of the
valve.

Parameter for Hertz stress; also constant of integration.
diameter of the wire of the spring.

Working stroke.

Exterior diameter of the coil.

Elasticity moduli.

Exponential.

Function of yu.

Normal load.

Acceleration of gravity.

Shear modulus.

Total 1lift of the follower.

Nondimensional h.

Total 1ift of the valve.

Polar moment of inertia of the rocker arm with respect to the
axis of rotation.

Spring rate.

Curvature of the cutting tool used to manufacture the cam.
Length of the rocker arm;

also free height of the spring

valve.



xii

1n: Natural logarithm.

Displacement in the Bang-Bang problem.
m: Total mass of the follower.

m, ¢ Equivalent mass at point A.

m_: Mass of the rocker arm.

m : Mass of the spring.

m,: Mass of the valve plus spring retainer.

Bound positive value of the control value.

n: Number of turns of the coil.

p: Independent variable in the linear 0.D.E.

P: TForce between cam and follower; also numerator of a fraction.

P : Spring force at y = 0.

Pf: Spring force at R = 0.
q: Parameter function of a.
Q: Denominator of a fraction.
r: Nondimensional radius to pitch curve.
ro¢ Mean radius of the coil.
R: Radius to pitch curve.
R.: Radius of the roller follower.
s: Upper limit of the nondimensional stress.
S: Square of the maximum permissible contact stress.
t: Time; also independent variable in the modified Able equa-
tion.

u: Displacement shifted to a center; also change of variable in

the quadrature of the linear equation.




xiii

Control variable.

Nondimensional velocity.

Width of the roller follower.

State variable in the Bang-Bang problem.
Lift of the follower.

Nondimensional y.

Dependent variable.

Trinomial on z.

Symbols

Nondimensional stress.

Nondimensional prestress.

Angular velocity ratio.

Diameter of circle of singularity.

Discriminant of second order algebraic equation; also maximum
deflection of the spring valve.

Poisson's ratio.

Angular velocity of the cam.

Lower limit of the control variable; also integrating factor.
Angle of pressure; also upper limit of the control variable.
Radius of curvature of the pitch curve.

Nondimensional p.

Radius of curvature of the cam.

Contact stress.

Angle of rotation of the cam.
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Subscripts

0: Initial.
n: Natural number for polynomial coefficient; also for roots of
algebraic equation.
min: Minimum.
max: Maximum.

f: Final.

Superscripts

*: Nondimensional.

a: Transition point.



CHAPTER 1
INTRODUCTION

This dissertation is a continuation of the '"Fast Movement of a
Roller Follower Plate Cam Driven System'" [38]. The central idea is the
study of the speed of response of a cam lift problem to find optimal
results by minimizing the angle of rotation for a given 1lift (see
Fig. 1.1). This type of problem appears in the valve timing of big size
internal combustion engines used in electrical power generation or for
powering ships where units as high as 40,000 HP have been built. Also
the roller follower is used in piston aircraft engine, where a long
period of operation between overhauls is required.

The development of the cam lifter mechanism was considered in the
beginning from a kinematics point of view (see Figs. 1.2 and 1.3). The
displacement, velocity and acceleration of the follower were studied.
It has been recognized that the continuity of the velocity versus
rotation of the cam is a must, otherwise an infinite discontinuity in
the acceleration at the acceleration diagram will occur. Because of
that the linear displacement was modified in the beginning and final
part of the movement using arcs of circles or parabolas.

For a given lift and permissible angle of rotation of the cam, the
acceleration was intended to be_a minimum value. Thus the parabolic
displacement diagram was used, which has a constant acceleration

during half of the rise stroke and a negative acceleration of the same
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Figure 1.1. Cam driven mechanism.
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Figure 1.2. Cam displacement diagram: dwell-rise-dwell-return.
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Figure 1.3. Cam displacement diagram: dwell-rise-return.




numerical value in the second half of it, and therefore, the maximum
absolute value of the acceleration is kept at a minimum.

This interest in the acceleration diagrams existed because the
acceleration is related to the inertial forces between the cam and
follower and was important to keep the forces at a minimum. Later
another problem arose in cam systems. The cam applications increased in
angular velocity. Then designers focused their interest on the third
derivative of the displacement, which is called the jerk and causes
vibration due to the elasticity of the components of the cam lifter
mechanism. Then designers tried avoiding discontinuity in the acceler-
ation which is infinite jerk. Cycloidal shapes in the displacement
curve were used since they have the quality that the acceleration curve
is smooth and no discontinuity is encountered. But a disadvantage was
coming. The maximum of the absolute value of the acceleration was
bigger than it was for the parabolic shape. A further increase in the
angular velocity of the mechanism was forcing, in part, a return to the
parabolic motion, which has a shape of two rectangles for positive and
negative acceleration respectively. The so called trapezoidal accel-
eration curve was the response for keeping the jerk low and not having
too high an acceleration. Also the stress between the cam and roller
now played an important role, otherwise the wear of the cam reduced the
life of the cam system.

With all this development only one method of solution was used by

designers, they defined the displacement versus cam rotation diagram,

the base and prime circles were selected empirically, then the pitch




curve and cam profile was determined. If no undercutting appeared in
the negative acceleration part of the 1ift, the selection of the dis-
placement curve was acceptable. Meanwhile the maximum angle of pressure
was checked and 30° was considered an upper 1limit. In some cases,
because of space restrictions, 45° was accepted. After that the spring
was designed to be able to provide the required negative acceleration.
The last step was to check the contact stress between the cam and the
roller follower. The whole design process consisted of many steps with
high empirical input, much necessary experience, and many trail and
error loops.

During this time, some theoretical understanding was reached. For
example, the integral of the acceleration curve has to be zero in going
from lower to upper dwelling position and vice versa. Also the second
order differential equation of the curvature of the pitch curve in polar
coordinates allowed a proof that no finite positive acceleration will
undercut the cam. But in the negative acceleration phase undercutting
occurred if the selected empirical values were improper. However, there
was no clear understanding of the relation between acceleration and
contact stresses. That was expected because of the high nonlinearity
displayed by the curvature equation of the pitch curve.

With the introduction of computer facilities more research was
conducted but the methods were the same. Researchers were using the
acceleration curve as a control variable and the bidimensional state
space (i.e., velocity and displacement) was not understood. The geo-

metrical constraint and stress constraint were introduced after the

empirical design.




The designer began approaching good results only after much empiri-
cal work. The computer data by itself did not help in understanding the
limitations of the design.

In this dissertation the author approaches the problem of minimiz-
ing the angle of rotation of a cam for a given lift under two differen-
tial inequality constraints. They are the stress constraint given by
the materials used in the system and the geometrical constraint of no
undercutting.

The method used for optimization under the inequality constraint is
very general. First, one tries to optimize with no constraint and
determines if there exists a limit where the solution approaches an
optimum. If an optimum exists the inequality is checked to see if it
holds. If it does then the problem is already solved.

Second, if the preceding method does not work then the inequalities
are introduced one by one and one tries to find an optimal in the border
of the inequality. If there exists an optimal then it is checked to see
if the other inequality holds, if it does then the problem is solved.

In the problem of this dissertation the first method does not work
because if no constraints are put on the stress then the answer is to
apply infinite positive acceleration for half of the displacement, and
then to switch to infinite deceleration in the second half of the dis-
placement. The optimal rotation equals zero, but in checking both
inequalities, it is found that they do not hold.

The second method works and is presented in this dissertation.

Furthermore, the author studied the types of solutions and determined



under what conditions they appear. This is a typical study of nonlinear
mechanics where not only the parameters influence the solution but also

the initial conditions play an important role.



CHAPTER 2

MODEL FOR OPTIMAL SPEED OF RESPONSE

The problem of the optimal speed of response in lifting a follower
from a lower to an upper position beginning and ending at rest is
related to the simple Bang-Bang [11] problem in which the actual extreme
control function U(t) is piecewise continuous and is required to satisfy

a pointwise inequality constraint of the form,

A

o(t) < U(t) £ ¢(t) for t, St £ ty (2.1)

0
where ¢(t) and Y(t) are given known piecewise continuous functions for

Let us now consider a particle moving in free space with the second

order equation

X(t) = U(t) (2.2)

where x is the position in a one dimensional trajectory, U(t) is the
acceleration provided by a thrust system, which is the control function.

Let us limit the control variable by:

-M £ U(t) £ M for t, st st (2.3)

It is known that an optimal time in the change of position of a

particle is obtained by accelerating at a maximum rate and then switch-

ing in the middle of the trajectory to a maximum decelerating rate. Let




us integrate the equation of the trajectory which is discontinuous at
the switch point.

Recall from Eq. (1.2) that

Mif 0 <t < t1

X = U(t), Ut) = {

-M if t1 <tK< t2

The initial conditions are the following

t =0, X(0) = X(0) =0,

and the final conditions:
t = tz, X(tz) = 0 and X(tz) =L .

This lead to the following results

X =Mt and X = %Mtz, for 0 s t s t- (2.4)
and
X(t) = -Mt + 2Me,
1yl 2
X(t) = Mt + 2Mtlt - Mt1 , for t,sts t,. (2.5)

Imposing the final conditions at the end of the interval i.e.m t = t2

yields the set of two algebraic equations,

—Mt2 + 2Mt1 =0 (2.6)
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-iMt 2 + 2Mt. t., - Mt 2 + L. (2.7)

Solving the system for t2 and tl’ one obtains

t2 = Ztl,

and

(2.8)

+
ot

(]
zﬁ

Now let us define

TEtz,

which is the minimum time for change from state X(0) = 0, X(0) to state
X(T) = L, X(T) = 0.

Then the state at the midpoint can be rewritten as follows

£, = % :
Thus,
(3) = b, (2.9)
and
X3 =2 . (2.10)

The relations X(t), X(t) and X(t) can be seen in Fig. 2.1.
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Figure 2.1. Kinematics of the bang-bang problem.
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Trajectories in the Phase Plane
of the Bang-Bang Problem

The phase plane is a graph in which is plotted the velocity as a
function of the displacement and the variable time does not appear.

Recall Eq. (2.4) and its derivative

| X(t) = M2

X(t) = Mt

equation, one obtains

")
- X)
X = iiﬁ' , (2.11)

which is a parabola.

Recall Eq. (2.5) and its derivative |

X(t)

-Mt + 2Mt1

-%Mtz + 2Mt1t - Mtl2 R

X(t)

solving for t in the second equation and substituting in the first
solving for t in the first equation, using Eq. (2.8) and substituting in
|

the second equation yields

.2
X =1L -igﬁ— (2.12)

which is the second parabola for the decelerating process. The complete

trajectory in the phase plane can be seen in Fig. 2.2.




Figure 2.2.
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Trajectory in the phase plane of the bang-bang problem.
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The conclusion of the simple Bang-Bang problem is that it is
necessary that only one discontinuity occur in the piecewise continuous
control. This is where you switch from maximal acceleration to maximal
deceleration.

The next analysis will have a different governing equation and

different constraints but the general point of view is the same.

Model for the Optimal Cam's Profile

First it is important to establish a general approach for the
solution of an optimal cam profile in a roller follower cam drive
system. It is élready known that a quick response is obtained by a
positive acceleration in the first stage, followed by a shift to
deceleration in the second stage. In general the actual methods try to
avoid a discontinuity in the acceleration, but in this work it will be
allowed, specifically in the beginning position, the transition point
(where the acceleration shifts sign), and the final position of the
follower.

Description of the Model of a Roller
Follower Cam Driven System

Let us present quickly the ideas, definition of parameters and
restrictions already described in reference [38], "Fast Movement of a
Roller Follower Plate Cam Driven System."

First the problem was described in terms of the independent
variable 6, which is the angle of rotation, and the dependent variable

R, which is the radial distance from the center of the cam to the pitch

curve. Later on the variable R was nondimesionalized to r. Now in
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brief the problem can be stated as follows:
It is required to minimize Gf

where Sf, the total angle of rotation for a given 1lift, is subject to
(1) restrictions in the contact stress between roller and follower, and
(2) to the geometrical constraint of no undercutting.

At this moment one can identify r and r' as state variables. Later
it will be possible to identify the control variables which will be
related to the two constraints already mentioned.

The constraints can be written as in [38]

0<02=CP(RL+—L)§S
£ Pe
and
1 1
—_ > max(-Kt, -ﬁ——) (2.14)
Pe f
where S = upperbound of the square of the contact stress,

P = force between cam and follower,

2

2
1_ ™ ; ! + o Y2
C E E ’

1 2

My and My = Poissons ratio for cam and follower respectively,
El and E2 = moduli of elasticity for cam and follower,
respectively,

w = width of cam and follower,
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Rf = radius of the roller follower,

Pe = radius of curvature of cam at the point of contact,
and
Kt = curvature of the cutting tool used to manufacture the

cam, always positive.

The radius of curvature of the pitch curve in polar coordinates is

given by,

2 2.3/2

- [R + (R') ] / (2 15)
s .

R2 + 2(R')2 - RR"
R=Ry+vy, (2.16)
pC =p - Rf ’ (2017)
where p = radius of curvature of the pitch curve and is positive

for a convex radius,
y = cam lift,
R0 = prime circle radius, and

R' and R" = first and second derivatives of R with respect to the

cam rotation, respectively.
By using Newton's second law and summing forces on the follower in
the direction of positive 1lift, the following expression for the force

between the cam and the follower is obtained, as in [38] (see Fig. 2.3).

P = [P0 + ky + mwzy"] [1+ (—%—l-)z]ll2 , (2.18)
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Figure 2.3. Free body diagram of the follower.
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where P spring force at y = 0,

k = spring rate,

m = total mass of the follower, and
w = angular velocity of cam.

In expression (2.18) y can be written in terms of R. Let us define a

new parameter (see Fig. 2.4)

P. =P, - kR, . (2.19)

Equation (2.18) now yields

R')le/z , (2.20)

- 2" —_—
P = [Pf + kR + mwR"} [1 + ( R

which is plotted in Fig. 2.4. On substituting Eq. (2.20) into (2.14) it

follows that

]
o = C[P. + KR + muZR"] [1 + GOy /2 (L, 1,
f R Rf Pe

(2.21)

Notice that the right most factor on the right hand side of
Eq. (2.21) must satisfy the relation

1

R

+ 150 . (2.22)
f pc

Otherwise an undercutting condition will occur. Also notice that the

first factor must satisfy the relation

P, + kR + mw?R" > 0 . (2.23)
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Figure 2.4. Prestress diagram.
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In other words the cam pushes the roller follower and never pulls it.
It is important to realize that negative values of Eqs. (2.22) and
(2.23) at the same time represent only a mathematical solution without

physical meaning for our cam configuration.

Equation (2.22) can be written in terms of p and Rf only as
follows.,
1 p
+ = + =
Re P Rg " e - R R(p-R)
Now, replace p using Eq. (2.15). Thus,
1,1 _ 1 [R% + (r1)%)3/2
Re pg Re (R% + (r")213/2 Rf[Rz + 2(R")? - RR"]
(2.24)

The numerator of Eq. (2.24) is always positive which means that
inequality (2.22) holds only if the denominator of the right-hand side
of Eq. (2.24) is positive. In the limit when the denominator approaches
+0, a second order differential equation is defined, which is very
useful for avoiding undercutting.

Let us now substitute Eq. (2.24) into Eq. (2.21) to obtain the

following expression.

[Pf + kR + msz"] [R2 + (R')2]2

c 1
£ R R+ @12 - R R? 4 22002 - ey
(2.25)

Now define nondimensional parameters as follows,




where

r

Eq.

and "

(2.25)

21

<=5
T Ck
6z if
ka
2 2
mw w

r = o— (2.26)

nondimensional stress (involves a proportionality to
the square of the allowable stress and to the inverse
of the spring rate; also C represents the effect of w,
E, and y,

upper limit of the nondimensional stress,
nondimensional prestress,

angular velocity ratio (this is the ratio between
angular velocity of the cam and the angular frequency
of the spring mass system),

nondimensional radial coordinate to the pitch curve,
first and second derivatives of r with respect to the
cam rotation, respectively, and

angle of rotation of the cam in radius.

can be put into the following nondimensional form.

Q

1 (Btr+yr) [r2 4 (032

(2.27)
3202 e ke

Te? (292
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From Eq. (2.27) the following inequality can be generated:

B+ r+yr") [r2 + (r')2]2

2 + (r')2]3/2 - r2 - Z(r')2 + rr"

1
= Ss . (2.28)
r
[r
This is the basic nondimensional inequality constraint for stress,
with s being the maximal permissible nondimensional stress.
The geometrical constraint can also be written in nondimensional
form as follows.

22 + eD21372 0 22 L 222 4 1o 5 0 (2.29)

There is a discontinuity in Eq. (2.27) if

oo 2en? - (4 ()32

r

since a becomes unbounded. Also, it is found that when r" approaches

infinity, as a, given by Eq. (2.27) approaches the following asymptote:

2 2.2
lim o = XAr— + (7]
2

r" 5> r

Now the optimum control problem can be visualized as minimizing 6,
using r" as a control variable, subject to the inequality constraints
(2.28) and (2.29). The state variables are r and r' define the phase
plane.

Let us notice that the left-hand side of the inequality (2.28) can

be a decreasing, constant or increasing function of r" depending on the
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parameters B and y and the state variables r and r'. Let us take the

derivative of the right-hand side of inequality (2.28) with respect to

.

da_ _ [+ (9212 (e + 0232 - 22 2(:)%) y - r(8 + 1)
o i (2 + 42 02 o) 4 a2

(2.30)
The sign of the 3a/3r" is only dependent on a factor in the

numerator of the right-hand side of Eq. (2.40) which is as follows:

2 2]3/2 -2

{Ir* + (") - 2(e?) vy - r(B 4 1) . (2.31)

Notice that for small values of y the stress is a decreasing
function with respect to the acceleration, while for large values of ¥y
the stress is an increasing function with respect to the acceleration.
For intermediate values of y the nondimensional stress, a, is affected
by both of the state variables r and r', which makes the response of the
system more complicated. It should be noted that the geometrical
inequality (2.29) depends only on the state variables r and r' and the
acceleration as a control variable but not on B and y. The behavior

mentioned in this paragraph is typical for a nonlinear system.

Solution of the Model for Maximum
Stress Constraint

Recall the statement of the problem for maximal speed of response,

Minimize Gf

subject to the dual constraints (2.28) and (2.29)




1 (B +r +yr") [r> + (£")?]? < s
r [r2 + (r')2]3/2 - rz - 2(r')2 + rr"
[rz + (r')2]3/2 - r2 - 2(r')2 + rr" >0,

In the study of reference [38] it was found that (2.28), considered
as an equality, provides a solution which, for low angular velocity,
minimizes the angle of rotation in the negative acceleration stage of
the follower (i.e., low value of y) and minimizes the angle of rotation
in the positive acceleration stage of the follower (i.e., high value of
Y).

This can be explained in the following way. For low values of Y
the inequality (2.28) has a decreasing relation with respect to the
acceleration. Therefore, a low value of y results in requiring a nega-
tive acceleration to achieve the maximal stress. For this to happen,
the profile of the cam has to be convex, which guarantees that the
inequality (2.29) will hold. On the other hand for high values of y the
inertial forces are important and the left-hand side of the inequality
(2.28) increases with respect to the acceleration and the maximal stress
is achieved with a positive acceleration of the follower. Now the pro-
file cam results in a concave or a convex profile depending on the
value of y, but undercutting will never occur, which guarantees again
that inequality (2.29) will hold.

The equation for maximal stress constraint was solved by reference

[38] but the study of the type of singular solution made therein was
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with a simplified model. On the present study the singularities are

analyized directly from the exact equation (2.28).

Singular Solution for Constant
Stress Constraint

The singular solution for the constant stress constraint is
obtained by using the equality portion of inequality (2.28) and by

setting r' and r" equal to zero (i.e., the equilibrium solution). This

yields

=s . (2.32)

Now on checking the geometrical constraint given by inequality

(2.29), one obtains

r2(r-1) >0 (2.33)

which indicates that for a singular solution r > 1.

On solving for r in Eq. (2.32) it follows that,

(2.34)
where & = (o - B)z -4a, and r, 2 r,.

The characteristic of Eq. (2.34) is such that for B > -1 one
obtains two roots greater than unity, with a convex curve existing in
the graph of Eq. (2.32) wherein a is plotted as a function of r as shown

by Fig. 2.5. For B < -1 one obtains only one root greater than unity;




Nondimensional stress (a)
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Figure 2.5.

1

Nondimensional radius to pitch curve (r)

Contact stress for a cam in dwelling conditions. Velocity
and acceleration of the follower are equal to zero.
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The other root, being less than one, is discarded as a singular solution
since r 2 1.

For A < 0 the mathematical solution yields two complex conjugate
roots, which indicates that no singular solution exists, that is no
dwelling condition is possible. Now, the dwelling condition is a must
for most of the applications in cam design.

Equation (2.27) can be written in the standard form of a nonlinear
second order equation as follows:

,)2]3/2

T ar{[r2 + (r

-1 - 260)%) - e ol e (D2
2 2 2,2 -
ar” - y[r™ + (£')°]
(2.35)
Equation (2.35) can be replaced by a system of two first order nonlinear

differential equations, which yields

=v’

so that,

v' = (B + r)[rz + VZ]2 - ar{[r2 + v2]3/2 - r2 - 2v2}

VZ)Z

arz -y (r2 +
On dividing the second équation by the first, it follows that

2/3/2 _ 2
2)2)

dv _ (B + r)[r2 + vz]2 - ar{[rz + v

- 2v2}
dr :

(2.36)
v[ar2 - y(r2 + v

Let us study the singularities of Eq. (2.36), which can be written

in a general form as follows:
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dv _ P(r,v)
dr = Q(r,v) (2.37)
where at the singularity,
P(r,v) = Q(r,v) =0 . (2.38)
r=r, r=r,
v=20 v=20
In the present case,
_ (g + r)[r2 + vz]2 - u.r{[r2 + v2]3/2 - r2 - 2v2}
P(r,v) = »  (2.39)
2 2 2,2
ar” - y(r™ + v°)
and
Q(r,v) =v . (2.40)
Let us make a linear expansion around the singular point r=r_,, v=20

0’

of P(r,v). One obtains

P(r,v) = P(ro,vo) + §£§§L!l I (r - ro) + gg%%‘zl Irv= _ (2.41)

r=r0 0

v=_0 v=2_0
From identity (2.38) it follows that

P(ro,vo) =0 .

P(r,v) can be written as a fraction
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P(r,v) = Alr,v)

B(r,v) °
where:
A(r,v) = (B + r)[r2 + v2]2 - ar{[r2 + v2]3/2 - r2 - 2v2} (2.42)
B(r,v) = arz - Y(r2 + vz) , (2.43)
provided that B(ro, vo) # 0.
P(ro,vo) = 0 , implies A(ro,vo) =0 (2.44)

Let us now evaluate the partial derivatives of P(r,v). One obtains,

dA - 9B
) S Bar Aar
ar BZ *
r=r, r=r,
v=_0 v=20

dA
oP  _ dr
5r | = B (2.45)
r=r, r=ry

Let us evaluate 3A/dr which is needed in Eq. (2.45). Thus,
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B+ D 4+ 0GP+ VD)
- al(c? + v2)3/2 + 3r2(r2 + vz)l/2 - 32 - 2v2]

On evaluating at the singularity,

3A _ 2.2 i i
Py =r, [r0 + 4r0(ﬁ + ro) a(&ro 3)] .

After algebraic rearrangement, one obtains

3A 2.2 .
3r =, [Sr0 4(a B)r0 + 3a] . (2.46)

In order to simplify Eq. (2.46), let us recall Eq. (2.32)

o = (B + r)r

r -1 ’

which can be written as a second degree identity at the singularity

(i.e., dwelling condition) as follows:

ro2 - (a - B)r0 +a=0. (2.47)

Using identity (2.47) in Eq. (2.46), simplifies to:

%% = r03[2r0 - (o -8)]. (2.48)
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Now the singular points are functions of a and B, to show that let us

recall Eq. (2.34)

1,2 2 ’

from Eq. (2.34) follows that

2r

(a - B) +/A

On substituting 2r0 into Eq. (2.48) yields

dA

. b . (2.49)

Let us evaluate B at the singularity, which is needed in Eq. (2.45).

On doing this,

(2.50)

On substituting expressions (2.49) and (2.50) into Eq. (2.45) it follows

that
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Similarly,

has to be evaluated. After some algebraic manipulation it leads to the

result,

v =0 . (2.52)

Finally on substituting Eq. (2.38), (2.51) and (2.52) into

Eq. (2.41), one obtains

5 (r - ro) . (2.53)

On substituting Eqs. (2.40) and (2.53) into Eq. (2.37), one finds that

(2.54)
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and

a - yroz #0 .
The positive sign denotes the upper root of Eq. (2.34) and the
negative sign the lower root.
Integrating Eq. (2.54) leads to
v al(ry - )2 = ¢ (2.55)
where C is a constant of integration depending on the initial condi-

tions.

It is seen that for the positive sign

2. 2 2
v+ (r0 -r) = C1

which is an ellipse and represents an oscillatory movement of frequency

Wy = M, while for the negative sign

v - uz(r - ro)2 =C,

which is a hyperbola and yields to nonoscillatory motion.
In the nonlinear analysis of differential equations [34] the
elliptic trajectories are recognized as centers which leads to stability

in the phase plane, and the hyperbolic trajectories are defined as

saddles or unstable singular points (see Fig. 2.6).




Nondimensional velocity (r')

Figure 2.6.
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1 2 3 4 5] 6 (s

Nondimensional radius to pitch curve (r)

Phase plane shows singular points. a =6, B = 0,
(1.27, 0) a center point, (4.73, 0) a saddle point.

Yy = 0;



35

On continuing with the analysis it is seen, therefore, that the
stability of the singular point depends on the sign of #/A and the value
of a - Yroz, for r, > 1. 1If both signs are equal, there is stability,
and if the signs are different then there is instability. Figure 2.7
shows the case for a-—yrl2 < 0. A complete list of possibilities is
shown in Table 2.1.

It is interesting to notice that the study of the simplified model
yielded the same conclusion, but the check using the exact equation is
important since some simplifications can lead to erroneous conclusions.

Let us now summarize the results of this analysis. A model was
defined for maximum stress constraint and was put into nondimensional
form. This yielded a nonlinear differential equation for which the
singular solutions were found (i.e., the equilibrium conditions or cam
dwelling). 1In addition, the type of singular point was studied to
define the stability of the system. A graph (Fig. 2.5, p. 26) was pre-
sented which gives the relation between nondimensional stress a, non-
dimensional prestress B and the nondimensional r (radius to the pitch
curve in dwelling condition). Also, the cam in its extreme dwelling

positions can be seen in Fig. 2.8.

Ordinary Solution of the 0.D.E.
for Stress Constraint

Having analyzed the singular solutions, the next logical step is to

try to find ordinary solutions for the complete family of trajectories

in the phase plane. These trajectories are unique and must agree with
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2//“\\\
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-9 l | 1 | l |
0 1 2 3 4 S 6 7 8

Nondimensional radius to pitch curve (r)

Nondimensional velocity (r')
o

Figure 2.7. Phase plane shows two centers. o =4, B = -1, y = 1; (1,0)
and (4,0) centers.
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Table 2.1. Types of Singular Points.
) 1
oL - yrlz >0 center saddle
2
oo - YRZ >0 > a- YT, center center
2
- YT, <0 saddle center
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0.5
rz =1.S r1:

Figure 2.8. Cam dwelling in its extreme positions. B = 0, s = a =
4.5.
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the stress constraint and they must be checked to see that the geometric
differential inequality is satisfied to avoid undercutting.

Recall Eq. (2.36)

dv _ (B + r)[rz + V2]2 - ar{[r2 + v2 3/2 _ r2 - 2v2}
= 2)2)

v[ar2 - Y(r2 +v
On making the change of variable

z2 = r2 + v2 s

Equation (2.36) transforms as follows:

2 2
dz _ z[(1 - y)rz” + Bz° - ar(z - 2)]
ar - 2 % . (2.56)

ar” - yz

Equation (2.56) has a singularity when the denominator of the

right-hand side is zero, this leads to a circle in the phase plane (r,v)
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Equation (2.57) is a circle of radius a = §/2, with center at
(r,v) = (8/2, 0) (see Fig. 2.9). Equation (2.56) is a first order

nonlinear differential equation.

Special Solution for Low Angular Velocity

On assigning the value zero to the parameter Yy which is the limit

case of low angular velocity Eq. (2.56) becomes the Abel equation refer-

ence [21]
dz _ ,r+83 1 2,2
i ( arz )z =z + sz . (2.57)

Equation (2.57) has two parameters a and B but on making a change
of variable it can be reduced to one parameter. Let us define a new
independent variable

t=—E£, gso0. (2.58)

ar
On substituting the new variable, one obtains

dz _ 11,y 3,12
= -1 (a +t)z0 + t 2

it (2.59)

N
N

Equation (2.59) can be solved numerically using the Runge-Kutta
fourth order algorithm. A closed form solution appears too difficult to
be found. Having found the family of solutions in t,z as t = t(z), then

r can be generated as a function of B and t. Solving for r from

Eq. (2.58), yields

r =Lt (2.60)
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\'
A
o
/ >
(a,0) (2a,0)
Figure 2.9. Circle of singularity in the phase plane. a = §/2.
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or
r=r (B,z).
For the case B = 0, Eq. (2.57) directly reduces to the form,
%% = E%- z - % 22 + % z . (2.61)
Equation (2.61) may be solved by the method of separation of
variables as in [38]. This family of solutions for Yy = 0 has no

interference with the circle of singularity since this circle has an
infinite diameter and therefore, the solution may fill the phase plane
r,v.

Equation (2.61) has a singular solution when the second degree
polynominal in z has real roots. One can see this when Eq. (2.61) is

written as follows:
dz _ = (z2 - az + 2a) .

dr ar

The roots of the second degree polynominal are

a v/ a - 8a

from which it is seen that real roots exist only for o 2 8 (see

Fig. 2.10).

It follows for this case that




Nondimensional stress (@)
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18.0

0.0

T ¥ T

) )
0.0 2.0 4.0 6.0 8.0 10.0 12.0 14.0 16.0

Number of eccentric (2z)

Figure 2.10. Family of eccentrics. B8 = 0, y = 0.
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Then z is a constant. This generates circles in the plane r,v with
center at (0,0) and radiis of z) and Zgs which are the roots of the
second order polynomial. When solving for the cam profile it is found
to be an eccentric (see Fig. 2.11).

The eccentric cam satisfy naturally the geometric constraint of no
undercutting, because it is a convex profile. There is only one point
of conflict. After 90° of rotation the pressure angle reaches 90°,
which is not allowed. But in a solution, the eccentric cam profile is
used only for generating a negative acceleration in the second part of
the rising stroke. The first part of the rising stroke which generates
positive acceleration, will be achieved by controlling the acceleration.

Range of the Upper and Lower Dwelling
Condition

One must realize that all the trajectories of the ordinary solu-
tions of 0.D.E. in the phase plane obtained for the case y =0, a > 0,
and B # 0 will be not used. First it must be mentioned that the upper
dwelling condition is not used at the value of the upper root for the
dwelling condition, because this singular point is reached by the
separatrices, and this involves an infinite amount of rotation to reach
or leave the singular point. Therefore rhax < T1°

The low dwelling position can reach the lower root for the case
B > -1 where separation does not occur. But for B £ -1, then oin -B,
which will guarantee contact between cam and roller follower.

From the previous analysis it follows that only part of the

ordinary solution is useful and even for those curves one has to check

the geometric inequality constraint (2.29) to avoid undercutting.
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FIXED CENTER EOLLER
OF ROTATION OLLOWER

Figure 2.11. An eccentric.
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A close form solution may be obtained for the case of the nondimen-
sional parameters B = 0, y = 0, that is the integration of the first
order differntial equation (2.61) in the phase plane, which may be

solved by the method of separation of variables.

Special Solution for B =y =0

The solutions for B = y = 0, o« > 0, which were obtained in [38] and
will be presented later, will also be checked by the geometrical con-
straint inequality (2.29). Let us recall Eq. 2.61

dz _ 1 3
dr ar

On separating variables of Eq. (2.61), we obtain the integral

representation

dr dz
f—= 5
z(z°- az + 2a)

|~
H

For the integration, we define

z z2 - oz + 20

q = a8 - a)

The integration leads to three different solutions. From the

reference [38] we show the general solution.

Initial condition: r = Ty 2 = ry-

Case 1. q =0, (i.e., a = 8)
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J//(A r )r z 2(z - r ) (2.62)
BRI I

Case 2. q=0a(8 - a) >0, (i.e., a < 8)

4 EXP(—=— arctan 25:;—9)
Z 2/q q
0
r=/r.z - 2r, _ (2.63)
0 z EXP(—= arctan __Q___g)
2/q /a
Case 3: q=0a(8 - a) <0, (i.e., a >0
a
4 4/-q

/2. [z - a - /=Q)(2r, - a + V/-q)
r=/ 2 zg [ i kb - : - /T;)} (2.64)

(2z - o + /?a)(Zro

The solutions for three different values of the nondimensional
stress a = 6, a = 8, and a = 9 are presented in Figs. 2.12, 2.13, 2.14.
In the case of a = 6 there is no eccentric, while for o = 8 there is one
eccentric at z = 4, and for a = 9 there are two eccentrics for z = 3 and
z = 6, respectively. These eccentrics satisfy naturally the geometric
constraint because they result in convex cam profiles.

Now we will check the geometrical constraint given by the inequal-
ity (2.29) against the solutions mentioned by Eqs. (2.62) through

(2.64).

Recall Eq. (2.35)
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Nondimensional velocity (r')

Figure 2.12. No eccentric in the phase plane. «

= 4.73, r, = 1.27.
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Y
SA

Nondimensional radius to pitch curve (r)

Nondimensional velocity (r')

8

Figure 2.13. One eccentric in the phase plane. 2z, =2, = 4; a =8, B =
0, vy = 0; r, = 6.83, r, = 1.17.
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x 2=

Nondimensional velocity (r')

T\
_.1 -
__:3 -
-3

0

Figure 2.14.

Two eccentrics in the phase plane. 2z, = 6, z

2

B

| | 1
1 2 3 4 5 6

Nondimensional radius to pitch curve (r)

=0, vy = 0; r, = 6.83, r, = 1.17.

7
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2,3/2 _ 2

oy o[t + (') - 2% - 8+ )P+ DHP2

arz - Y[r2 + (r')Z]Z

Solving for r'' for a > 0, B = y = 0, one obtains

I RS a{[rza: 2 - - 260H (s
Recall inequality (2.29)
[rz + (r')2]3/2 -2 - 2(r')2 +rr'" >0

Equation 2.65 comes from the maximal stress constraint. If we
substitute the acceleration given by Eq. (2.65) into Eq. (2.29) we will
find the region of the phase plane for which the solution holds. On

making the substitution, it follows that

1

2
a[r

£ (x9%12 > 0 (2.66)

Equation 2.66 shows that the solutions obtained in the closed form
solution by integrating the equation of maximal stress constraint for
B =y =0 holds for the entire half phase plane (i.e., r 2 0) with the

exception of the origin r = r' = 0.

If the initial condition is given outside the envelope of the
separatrices, the trajectory on the phase plane will yield an unstable
trajectory. That is, the velocity will decrease, but will not reach

zero. Instead it will reach a minimum positive value from which it will

begin to increase. The 1ift will pass the maximal dwelling position and

the cam will soon lock (see Figs. 2.15, 2.16).
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PITCH CURVE

CAM PROFILE

Figure 2.16. Profile of the cam working in the unstable region.
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0

Special Solution for Prestress B

The ordinary solution for B =0, a > 0 and vy > 0 can be studied in
closed form because the differential equation can be reduced to a linear
one.

Let us recall Eq. (2.56)

dz _ z[(1 - Y)rzz + Bz2 - ar(z - 2)] .

dr 2 4
ar - Yz

For the case under study in which B is equal to zero Eq. (2.56) reduces

further to the form

dz _ rz[(1 - Y)z2 - alz - 2)]

dr arz _ Yz4 (2.67)
Now, let us introduce the change of the independent variable
p = r? , (2.68)
so that
dp = 2rdr

On substituting the change of variable from Eq. (2.68) into

Eq. (2.67), it follws that,

dz _z [0 - Y2’ - a(z - )] (2.69)
dp wp - vz

[ 3]

On interchanging the roles of the dependent and independent variables,

one obtains
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4
%5 = % aPZ' Yz , (2.70)
(1L -vy)z" - a(z - 2)]

which is a linear equation in p. This equation can always be solved by
the method of quadratures.
Now we study the solution of the linear equation (2.70) for differ-

ents values of the parameters o (nondimensional stress) and y (angular

velocity ratio).

Case 1. y = 1.

Equation (2.70) simplifies further to the following form

dp _ 2 ap - z4

dz  z oz - 2)

In standard form, this becomes

3
dp 2p _ 2z
dz + z(z - 2) a(z - 2) ° (2.71)

The integrating factor ¢(z) of Eq. (2.71) is:

¢(Z) = EXP (Iz(z _ 2)) ’

on integrating, one obtains

¢(z) = 2= 2

On multiplying Eq. (2.71) by the integrating factor ¢(z), it follows

that,
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or

2
d (z - 2)p, _ 2z
i [ > ] = S (2.72)
On integrating Eq. (2.72), one obtains
3
(z - 2)p = 2z + C, C = constant,
z 3a
or solving for p yields
iz 2, .42 (2.73)
P=%2-2 '3 ’ ’ :
and y =1 .

The case z = 2 can be studied separately by substituting y = 1 and

z = 2 in Eq. (2.67) which yields,

dz _ o

dr

therefore,

z=C , C = constant




57

Equation (2.74) represents a circle of radius equal to two with center
in the origin of the phase plane.
Equation (2.73) for the initial condition 8 =0, z =r,, p = ro2

can be expressed in the following form

z 2,3

3
P =57 I35 - xg) + xglrg - 2]

(z

e = 2 15560 - 1)+ g, - DY (2.75)

where Yy = 1 and z # 2 (see Fig. 2.17).

Before continuing with the study of this case we have to check the
geometrical inequality constraint (2.29) which represents the possibil-
ity of generating a true cam surface without undercutting.

The solution given by Eq. (2.74) z = 2 represents an eccentric, but
in solving for the cam's profile one obtains a cam which corresponds to
a limiting case. The eccentricity of the cam is seen to be equal to
unity and the radius of the eccentric cam profile is equal to =zero.
Therefore this case is not physically realizable. Therefore the solu-
tion given by Eq. (2.74) must be discarded (see Fig. 2.18). The same
result can be found by using inequality (2.29).

Recall inequality (2.29)

(22 + (92132 2 22 L2 4 " > 0
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=)
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0

Nondimensional velocity (r')

Nondimensional radius to pitch curve (r)

Figure 2.17. Phase plane of a cam working at y = 1.
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ROLER

r=2C0sl)

Figure 2.18. Eccentric for z = 2.
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or

zz(z -2)+ 2+ rr't >0 . (2.76)
For the case z = 2 the solution for r is as follows
r = 2cosf ,
where y = 1, and z = 2, from which

r = - 2cosb

Substituting these expressions into the inequality (2.76) leads to

z2(z -2)=0 , forz=2

Thus, it is seen that the inequality (2.76) which is another form of
inequality (2.29), does not hold, and therefore the cam is not physi-
cally realizable. This is the same conclusion reached by solving for
the eccentric z = 2.

Another important conclusion is that z = 2 is the solution of the
second order differential equation obtained when inequality (2.20) is

set to a limit case, that is

2+ @22 - 2 -2 et =0 (2.77)
Equation (2.77) has the solution given by

r = 2cosb
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The next step is to validate the solution given by Eq. (2.75). We

proceed similarly as the case § = 0, y = 0. Let us recall Eq. (2.35)

232 _ 22 - aenh - (gt + 0HP

"+ ar{[rz + (")
arz - Y[r2 + (r')Z]Z

On solving for r'' and substituting B = 0, y = 1 one obtains
g

ooy [r2+ (zD%)2 - of(r? 4 (1:")2]3/2 - r2 - 2(en%
ar2 - [r2 + (r')z]2

r

or

M= 2 - a[zz(z -2) + rz]
4

ar = Z

(2.78)

Now recall Eq. (2.76), which is another form of Eq. (2.29)

2

zz(z -2)+r"+">0.

Now on substituting Eq. (2.78), which is the 0.D.E. for maximal

stress constraint, into inequality (2.76), one obtains

4 2 2
22 -a[z(z - 2) + 7] 5 0

2 4
ar” - z

zz(z -2) + r2 + r

After algebraic rearranging, one finds

\
\
(2.79)
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Inequality (2.79) gives the region of the phase plane (r,v) which
results in a physically meaningful solution.
The denominator of inequality (2.79) defines the circle of

singularity with diameter § given by

§= /2
/3

where, § = /o since Yy =1.

If the point of the phase plane is inside of that circle then

It is possible to find areas of solution that will satisfy the
inequality constraint (2.79) for that happens the signs of numerator an
denominator of the left hand side of inequality (2.79) have to be equal.
That occurs outside the circle of singularity and outside the eccentric
given by z = 2, on a second possibility occurs in the intersection
between the circle of singularity and the cifcle generated by the

eccentric z = 2 (see Fig. 2.19).

Case 2 Yy # 1.

Before solving Eq. (2.71) we wish to determine the region in the

phase plane (r,v) for which a physical solution exists.

Recall the inequality (2.76)
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zz(z -2) + r2 + rrc'" > 0,

Recall Eq. (2.35) using the value B = 0

4 2 2
o= p—olzle Drrly (2.80)
ar” - yz
On substituting Eq. (2.80) into Eq. (2.76), it leads to
4 2 2
zz(z - 2) + 2y 22 —ofz gz - ZZ tr]l ..
ar” - yz
After algebraic simplification, one finds that
2 2
g 12 (2 g) e LR (2.81)
ar” - yz

In inequality (2.81) z4 is greater than zero, which implies that the
numerator and denominator of the fraction on the left hand side must
have equal signs to agree with the geometrical constraints of no under-
cutting. Again the denominator represents a circle with center at (§/2,
0) and radius &§/2 drawn in the phase plane and inside the circle the
function arz - Yz4 is positive and outside the circle it is negative.

Now let us analyze the numerator

v222 - z) + (1 - > .

We can obtain the limiting curve by setting the expression equal to

zero. On doing so
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Yz2(2 -z)+ (1 - y)r2 =0 . (2.82)

Transforming Eq. (2.82) into polar coordinates under the substitution r

= zcosy, we obtain

Yz2(2 -z)+ (1 - Y)zzcoszw =0,

or

zz[y(Z -z)+ (1 - Y)cosz¢] =0 .

Being z2 > 0, then follows that

y(2 -2z)+ (1 - Y)coszw =0 .

On solving for z, we obtain

= 1 -y, ,1-y
z =2+ 2y + 7y cos2y . (2.83)

Because the domain of y which is the pressure angle is ¢ ¢ (-7/2,
m/2) the third term correspond to two leaves of a four-leaved rose,
being the first two terms a circle.

The intersection of the curve given by Eq. (2.38) and the ordinate

of the phase plane can be determined as follows,

v = 2 siny .

Thus,

v=(2+ lii—l) siny + lii—l cos2y siny .
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Evaluating the first two derivatives with respect to y at ¢ = 90°, one

obtains,
dv _ 1 -y 1 -y _ . .
v (2 + 7y ) cosy + 7 [cos2y cosy - 2sin2y siny]
with
dv =0 t 1 int
v , extremal poin
y = 90°
and,
Q_% = -(2 + lE:—l)simp - l—:—l[b sin2y cosyp + 5 cos2y siny]
dy Y 2y
with

dy =20 - 2y) (2.84)

2 Y '
Wy < 900

From 2.84 may be predicted that the point (0,2) is a maximum or a

minimum depending on y.

Yy < 0.5 (r,v) = (0,2) is a local minimum.
y = 0.5 (r,v) = (0,2) is a point of inflexion.
Yy > 0.5 (r,v) = (0,2) is maximum.

See Fig. 2.20.
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Nondimensional velocity (r')

Nondimensional radius to pitch curve

Figure 2.20. Family of geometric constraint curves. B = 0.
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The figure in the phase plane given by Eq. (2.83) is symmetric with
respect to the abscissa. The intersection between the interior region
of the curve of Eq. (2.83) and the interior region of the circle of
singularity (radius &/2 and center at (8/2, 0)) is a feasible solution.
Also the complement of the union of both surfaces defined above is a

feasible solution. (See Fig. 2.21.)

Singular Solutions for B = 0

Equation (2.68) has singular solutions which are found by setting
the second degree polynominal to zero. Then two root are found. If the
roots are real then the singular solution are eccentrics, but if the
roots are complex conjugate then the singular solutions are not physical
solutions.

Let us recall Eq. (2.68).

dz _ rz[(1 - V22 - a(z - 2)]

dr 2 4 ’
or - Yz

from which is isolated the second degree polynominal
2
(1 ~-y)z" ~a(z -2)=0. (2.85)

It can be put into the form,

o _ _z
R (2.86)

where z > 2, B = 0.

(See Fig. 2.22) =z from Eq. (2.85) can be solved to yield,
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Family of eccentrics at y = 0. B = 0.
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o+ a - 8(1 - yY)a

1,2 = 20 - y) (2.87)

z

Equations (2.86) and (2.87) represent the same information and the
singular solutions if they are real will be represented by zq and z,
constants, which are eccentrics.

The solution for the pitch curve is represented by

r, =z, cosh . (2.88)

Equation (2.88) has to satisfy the inequality constrain (2.76),

zz(z -2) + rz +re" >0 .,

Substituting Eq. (2.88) into the left-hand side of Ineq. (2.76), we

find

2 .
z; (zi 2) >0; fori=1, 2
from which

z, - 2>0. (2.89)

No physical eccentric can exist with z, less than or equal to two.

From Eq. (2.86) it is seen that this forces the angular velocity ratio

Y, to be less than one for the singular solutions.
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Ordinary Solution for B = 0

The next step is to find the ordinary solutions of Eq. (2.71) for
the general case y # 1. Let us recall Eq. (2.71), and put it into the

standard form of a linear 0.D.E. It follows that,

dp _ 20p - 2723
dz 2 2 *
z[(1 - Y)2° - az + 24a] (1 -v)z° - az + 2a

Let us define,

(1 - Y)z2 - az + 2a

[
I}

q = a[8(1 - y) - a]
Case 2. q = 0, this implies

a=8(1-y) (2.88)
and
Z=(1-y)z - &)%, (2.89)

equation (2.88) also implies that y < 1 because o > 0.

Substituting Eqs. (2.88) and (2.89) into the linear equation (2.71)

and simplifying leads to the following equation.

3
dz _ _ _16p  _ _ 2yz . (2.90)
P Lz -2 (- (2 - 4)2

The integrating factor for this equation is

6(z) = exp | ___lQ_QE_E
z(z - 4)
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exp( f + Log 2 ; 4)

z 4

4 4
exp(z — 4) .
On multiplying Eq. (2.90) by the integrating factor, one gets

2

d p(z - 4) 4 _ 2y z 4
dz[ z exp(z - 4)] T 1Y - 2) exp(z - 4) ) (2.91)
Integrating Eq. (2.91) yields
2
p(z - 4) 4y _ . 2y z 4
z exp(z ) 1 -y I (z - 4) exp(z =) iz .
On making the following change of variable
t == f 7 (2.92)
the expression can be reduced to
p_exp(t) 8y 1+ t)z
T+l "T-5 f 3 exp(t) dt .

t

On solving the definite integral on the right-hand side, one obtains

t, p t

pexp(t) | _ 4y _ (5t + 1) exp(t)
T+ 1 “T-% [7Ei(t) > ] R (2.93)

t

to» P to
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t
Ei(t) = EEELEZ du ,

-0

which is the exponential integral function, and is tabulated in most
mathematical tables. Finally, the explicit expression of the solution

can be written as follows,

p, exp(t, - t) 7(E.(t) - E.(t,))
p=(t+1) { 0 e +01) + 141 Y{ i i* 0
0

exp(t)
(5t, + 1) exp(t, - t)
+ 0 0 _S5t+1 ) (2.94)
t2 1:2
0
Case 3. q > 0 there is no eccentric, q = 8 a 1@ - v) - az >0
implies y < 1 - of8. Recall the 1linear equation for p given by

Eq. (2.70), on putting in standard form,

dp _ 2ap - -Zyz3
dz 2 2
z[(1 - )z - az + 2a] (1 - y)z" - az + 2a

this equation can be written more compact using

Z=(1-1vy)z 2 az + 2a .

With this substitution
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The integrating factor for this equation is given by,

¢(z) = exp (-2a | S%

On evaluating the integral it is found that,

2
dz _ 1 z_, 1 dz
sz = sz *3 )3 (2.96)
1 z2 1 -12(1 - Y)z - a
=HLog-Z—+——tan
2/ q vV q
Thus, the integrating factor, becomes
1 z2 a -1 2(1 - Y)z - a
¢(z) = exp -5 Logy— - —— tan
v q v q

or

1
2

|N

o(z) = @ o1 2(1 - y)z - a] .

exp[- — t
/q /q

Z

Multiplying the linear O.D.E. Eq. (2.95) by the integrating factor #(z)

and we obtain the exact equation as follows,

2
d z a -1 21 - Y)z - ol
—lpe(z)] = -2y exp[-——— tan .
dz ) —~ ~ J

On integrating, one obtains,
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3]

exp - tan-1 20 - y)z - a

¢(z) = -2
o v x /q

dz . (2.97)

N IN
N p=s

The integral on the right-hand side of Eq. (2.97) can be simplified

under the change of variable.

-1 2(1 - Y)z - «
/q

u = tan

making this substitution, one finds

2
z a -1 2(1 - yY)z - a]
exp|-—— tan dz
Iz; [/_q v q

= . 5/2 I (“2 + 2a/€tan u+gq tanzu)(sec u) exp(-—E u) du ,

4(1 - y) v q

this integral can be reduced to the form

| (sec u) exp(-—= u) du + F(u)
v q
but even so the integral does not have an expression in terms of
elementary functions and it has to be evaluated wusing numerical
integration. At this point we stop the effort because we already have
on hand a numerical solution of the differential equation for the
general case.

Case 4. q < 0 there are two eccentrics, q = 8 al(l - yv) - az < 0,

and Yy # 1.
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Following a procedure similar to Case 3 it is possible to calculate
the integrating factor of the linear O0.D.E., but the second quadrature
can not be performed in terms of elementary functions. The integral has

the form

a

-12(1 - y)z - a
f z exp -——— tanh
22 /o =

dz .

Using the transformation

-12(1 - y)z - o
/=q

u = tanh

we obtain the integral

o3

I (sech u) exp ( u) du ,

-q

This integral also has no elementary solution. Therefore we stop here
the effoort in trying to find close form solutions, and we will use the

numerical solution to solve this type of problem.

Space of Solution for the General Case

For the general case for maximal stress constraint the nonlinear
first degree differential equation in the phase plane namely Eq. (2.56)
does not have a closed form solution.

However, we may obtain a numerical solution using the Runge Kutta
method which is very accurate. We are interested in determining the

part of the phase plane for which there are physical solutions. To
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accomplish this we recall the second order differential equation (2.35)

that applies to maximal stress constraint, and is given by

2
r

T |l SO0 b Rl i 10 e S (I 5] Ul S €10 s

arz - Y[r2 + (r,)2]2

and the geometrical inequality (2.29), which is given by

[r2 + (r')2]3/2 - r2 - 2(r')2 +re" >0,

or the alternative form given by Inequality (2.76)

z(z - 2) + r2 + rre'" > 0.

We introduce into Eq. (2.35) the following change of variable

z2 = r2 + (r')2 ,

obtaining

ar[z(z2 - 2) + r2] - (B + r)z4

™ + =0 . (2.98)
ar” - yz
On solving for r" in Eq. (2.98), one obtains
4 2 2
o= (B + 1)z g.r[z(z4 2) + 7] (2.99)
ar” - yz

Substituting r" from Eq. (2.99) into the geometrical inequality con-

straint (2.76), it follows that

4 2 2
22(z - 2) + 22 + LB+ r)z - ar[z (za- 2) + 7]

>0 .

2
ar” - yz
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After algebraic simplication we obtain

ZA[(B + r)r - er - Yzz(z - 2)l 5.

2 4
ar” - yz

In this case za > 0. Then the inequality reduces to

(B + r)r - er - YZZ(Z - 2)

2 4
ar” - yz

>0 .

For the special case of y = 0 inequality (2.100) reduces to

B+r. o,

ar
Since a and r are both positive we obtain

r > -8 (2.101)

as a solution space.
Continuing with the analysis of inequality (2.100), we find that it
holds if its numerator and denominator have equal signs.

Setting the numerator equal to zero we may find the limit curve in

the phase plane where it change sign. Thus,

(B + r)r - er - Yzz(z -2)=0. (2.102)

With the change of variable r = z cosy, Eq. (2.102) changes to polar
form, with z being the distance from the origin to a point in the phase

plane and y the polar angle which is the physically pressure angle.

Thus,
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z[(B + z cosy)cosy - yzcoszw -yz(z - 2)] =0 .
Since z > 0, then

(B + z cosy)cosy - Yzcoszw - yz(z -2)=0.

On putting this expression in the form of a second degree polynominal in

z, we get

‘Yzz + [(1 - Y)Cosz¢ + 2ylz + Bcosy =0 . (2.103)

On solving for z we obtain

g = 2L+ 1 —Ax)coszw i¢/[27 + (1 - Y)cos2¢]2 + 4Bycosy

2y . (2.104)

For the special case of p = 0, then z = r and the solution intercepts

the abscissa at

r=1+yi‘/(l+y)2+431

5 . (2.105)
For B = -1 there is a further reduction of the expression. Namely,
1y (- y) (2.106)

2y

which leads to the values




81

We can now study the solution in more depth for the case B = -1 and

y = 0.5, Eq. (2.104) becomes

g = 2 + coszw t/{i@ + cosztj))2 - 8cosy
2 »

which yields real values of z in the domain
m
vel-3, 3]

Making a table of z as a function of ¢ in the interval [0, w/2] we
obtain a curve in the phase plane (Fig. 2.23).

For the case under study (B = -1, y = 0.5), a given polar angle ¥
yields two real roots of the quadratic equation in z Eq. (2.103) which
has a negative coefficient on the second order term in z (i.e., -Yzz).
This means the parabola has its vertex above the abscissa and the
quadratic expression on z is positive between the roots given by
Eq. (2.104) (see Fig. 2.24). If the roots of this second degree alge-
braic equation are complex conjugates, that means that the parabola of z
versus P does not intercept the abscissa and all the values of the
quadratic expression on z are negative.

Having found the areas of the phase plane where the numerator is
positive and negative then we combine the solution with the sign of the
denominator given by the circle of singularity which has center at (§/2,

0) and radius §/2. The solution is physically feasible if the signs of

numerator and denominator are alike.
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7

Nondimensional velocity

1 2 3 r

Nondimensional radius to pitch curve

Figure 2.23. Feasible region in the phase plane for the general case.
g =-1, y = 0.5.
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f(z) = —Y22 + [(1 - Y)coszw + 2y]lz + Bcosy

f(2)

Figure 2.24. Second degree polynomial on z.
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For the case of B < -1 we know that there the physical solution is
for r > -B. That means that also the area in the phase plane between
the lines r = 0 and r = -B has to be discarded as a physical solution.

Solution for Low Stress at High
Angular Velocity

This solution is interesting for negative acceleration on the
roller follower but it is necessary to run the cam driven system at high
angular velocity. In this case we set the nondimensional stress equal
to zero and look for the space of feasible solution in the phase plane.

The case of low stress has the same solution as the general case
for the values o > 0, B # 0, y > 0, that was studied where inequality
(2.100) was the function that controlled the space of physical

solutions. Let us recall inequality (2.100).

(B+r)r-Yr2-Yz2(z-12>0.

2 4
af - Yz

In the case for low stress we take the limit case when a goes to
zero and find that the diameter of the circle of singularity goes to
zero. That is, the circle is at the origin of the phase plane. For the
rest of the space of the phase plane the denominator is negative. The
numerator does not depend on a. Therefore, the sign of it is controlled
by the second order polynominal on z Eq. (2.103). The roots where the

polynominal shifts sign are given by Eq. (2.104).

Let us recall Eq. (2.104)
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g = 2 * a - Y)coszw iJ/[ZY + (1 - Y)coszw]2 + 4Bycosy
2y

The region between the roots given by Eq. (2.104) is forbidden, because
the numerator is positive. Outside that region the sign of the
numerator is negative and the solution becomes feasible.

The solution for low stress was studied in reference [38] and it
was found that it corresponds to harmonic motion. This came from
setting a equal to zero in Eq. (2.35).

Let us recall Eq. (2.35)

P B O MR 11 b SN (R )] R %

arz - Y[rz + (r')Z]Z

On setting a = 0, and simplifying the fraction, Eq. (2.35) reduces to a

linear second order equation as follows

"+ g+r _ 0,
Y
or
' + 1 r = B . (2.107)
Y Y
Its solution for the initial condition 6 =0, r = Tg» and r' =0

is:

r = (r0 + B) cos(woe) - B, (2.108)
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where

The trajectory in the phase plane is an ellipse with the following

equation

(r + B)i O ==1, (2.109)
(ry +8) [wg(ry + B)]
(see Fig. 2.25).

Only the negative part of the acceleration is used, because in the
positive part separation between the roller follower and cam would
occur. However in a practical application it may be preferred to use a
low positive value of the nondimensional stress o to avoid separation.
For example using the value of « equal to the unity may be a good
choice. In that case the movement will be governed by the general

numerical solution but the shape will be similar to harmonic motion as

defined by Eq. (2.108).

Model for Controlled Curvature

Controlled curvature is a second form of defining the movement of
the roller follower. In this case we define directly the radius to the
pitch curve r = r(8) as a function of the angle of rotation. This
definition has to agree with the geometric constraint. In this case it
is rather simple to agree because any convex, straight line, or concave

profile with nondimensional curvature greater than




\
m

| l
0 1 2 3 4 o 6 7 8

Nondimensional radius to pitch curve (r)

Nondimensional velocity (r')

Figure 2.25. Low stress motion in the phase plane. a =0, B = -1, vy =
0.5.
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R

max (-— , -1)
Kt

will satisfy with the geometric inequality constraint (2.29). Now one
must check the nondimensional stress given in inequality constraint
(2.28). 1If the defined curve satisfies inequality (2.28) the problem
has a feasible solution. Otherwise the solution for controlled
curvature has to be reformulated.

We are interested first in the problem of low angular velocity.

Putting y = 0, inequality (2.28) reduces to

(8 + )% + (£")?)?

[r2 + (r')2]3/2 - r2 - Z(r')2 + rr'!

a=1 Ss  (2.110)

Equation (2.110) tells us that the nondimensional stress is a
decreasing function of the acceleration. According to reference [26] no
positive acceleration of the follower will undercut the cam. That means
that for the case of low angular velocity when we neglect the inertial
forces we can use any definition of r as a function of 8 (r = r(8)).
Therefore a very high value of the positive acceleration can be reached.
For practical reasons however we may define a minimum cam curvature
(i.e., maximal concavity) as a number greater than -1 let us say -3, or
the equivalent bounding the maximal acceleration by a value equal to M
(i.e., r'' < M:M >> 0).

Now we must mention the validity of the formula for contact

stresses which was developed by Hertz [8], which is used in this model.
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Hertz mentioned that his model considers only a small area of contact
compared with the size of the bodies in contact and he refers to the
case of a sphere just fitting in a cylindrical cavity of the same radius
as the sphere's, which will invalidate his model, as well as invalidate
the case in the present study when a roller follower, which is a
cylinder, fits in a cylindrical cavity of the same radius. But in this
problem, by limiting the acceleration, we avoid the limit case and can
thus be assured that the contact stress given by the Hertz's formula
gives an acceptable value of the actual stress. Hertz did not give a
recommendation for the range of validity of his contact stress formula
which is used by many researchers in the combination of convex and
concave bodies.

There is another viewpoint worthy of discussion, the cases of
intermediate and high angular velocity. In those cases the inertial

forces are important, the stress constraint is reached first. Therefore

a big concavity will not occur.
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CHAPTER 3

APPLICATIONS

In this chapter we apply the theory set forth in Chapter 2, for
several cam 1ift problems. We then will display the phase plane using a
and B to set the equilibrium points or extremal dwelling conditions.
Then using 8 and y we establish the area where the solution for stress
constraint is feasible and draw the circle of singularity. Then we
decide what type of movement is required. We will begin by studying
cases in nondimensional form under the condition that we hope to have a
short angle of rotation to complete the rise stroke. Then we will
change the values of the parameters a, B, and y to understand how they
affect the solution. Later we use a practical example using numerical
dimensional data to show how the solution is applied.

Solution of a Nondimensional Cam Lift
Problem in Low Angular Velocity

Problem: Determine the rise profile in a nondimensional cam work-
ing with low angular velocity (i.e., use y = 0). The material has a
maximum nondimensional stress a = 6. Set initially the prestress g = 0.
The positive acceleration is limited by the maximum value of 4 and the
initial value of the actual lower dwelling position is rin 2. Deter-
mine the best solution for the cam profile which gives the minimum angle
of rotation subject to the stress constraint and to the maximal positive

acceleration already mentioned. Use first T oax = 3 (i.e., nondimen-

sional 1lift h* = 1).
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Solution. First we need to establish the function of the radius to
the pitch curve r and its derivative r' as a function of the angle of
rotation for the phase of positive acceleration. From the statement of
the problem if follows that r" = 4. On integrating, considering the

P = | Q- = =
following initial conditions © 0, T, 0, r, ¥ oin 2, we get

40 . (3.1)
With a second integration,

r =2 4 20% . (3.2)

It is important to determine the equilibrium point for extreme

dwelling conditions. Let us recall Eq. (2.34)

where A = (o - B)z - 4a.

Using the data a = 6, B = 0, we obtain

r, = 4.73, and r, = 1.27 .

1 2

We are using a r ., = 2 and r = 3 whose values are between the
min max
extreme dwelling conditions.
Now because we have low angular velocity using y = 0, the negative

acceleration is obtained by the maximal stress constraint which is

defined using the data: o =6, B=0, y=0. We run the numerical
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solution backward from the final conditions obtaining a table of values
for 6, r, and r' using the initial condition Tk 3; r' = 0.

The data of the first phase of the movement (i.e., positive accel-
eration) and the second phase of the movement (i.e., negative accelera-
tion) are shown in Table 3.1. Also the data used in Table 3.1 can be
represented in the phase plane (see Fig. 3.1). The intersection of the
curve of positive acceleration and negative acceleration determine the
transition point where the movement switchs from maximal acceleration to
maximal deceleration.

The addition of the angles of rotation for first and second phase
determine the total 1lift rotation going from the dwelling condition at
r . =2 to the dwelling condition at r = 3. From Table 3.1 we find

min max

that for the rise of the roller follower;

positive acceleration 6 19° of rotation,

negative acceleration 6 = 61° of rotation,

total raise stroke 6 = 80° of rotation.
See Table 3.2 and Fig. 3.2.

From the analysis it is seen that the positive acceleration acts
‘quickly while the negative acceleration has a poor speed of response.
Also in this case the nondimensional 1ift is one so that the dimensional
lift is equal to the roller radius. This will result in a quite large
roller. This can be seen in Fig. 3.3 where the cam profile is produced

from the data of Table 3.2.

To determine the effect of changing the nondimensional stroke we

change only LI 4 with the rest of the parameters remaining the same.
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Table 3.1. Determination of Transition Point for Case 1.

Acceleration Deceleration
8° r r' 8° T r'

0 2.000 0.000 0 3.000 0.000
10 2,061 0.698 -50 2.467 1.143
11 2.074 0.768 =51 2.445 1.159
12 2,088 0.838 -52 2.425 1.174
13 2.103 0.908 =53 2.404 1.189
14 2.119 0.977 ~54 2,383 1.204
15 2.137 1.047 =55 2.362 1.218
16 2.156 1.117 -56 2.341 1.232
17 2.176 1.187 =57 2.319 1.246
18 2.197 1.257 -58 2.297 1.259
19 2.220 1.327 -59 2.275 1.271
20 2.244 1.396 -60 2,253 1.283

-61 2,230 1.295
-62 2,208 1.306
a
Transition point Toin - max 3, a=6, B=y =20
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Figure 3.1. Rise movement in the phase plane for case 1.
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Table 3.2. Trajectory of the Pitch Curve and Angle of Pressure Versus
Cam's Rotation for Case 1.

eo r rI ‘,)o
0 2.000 0.000 0.0
5 2.015 0.349 9.8
10 2.061 0.698 18.7
15 2.137 1.047 26.1
192 2.220 1.327 30.9
20 2.253 1.283 29.7
25 2.362 1.218 27.3 |
30 2.465 1.143 24.9
35 2.561 1.057 22.4
40 2.649 0.962 20.0
45 2.729 0.859 17.5
50 2.799 0.749 15.0
55 2.860 0.634 12.5
60 2.910 0.513 10.0
65 2.949 0.388 7.5
70 2.977 0.261 5.0
75 2.994 0.131 2.5
80 3.000 0.000 0.0

a ‘s .
Transition point, r
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Figure 3.2. Displacement diagram for case 1.
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For the solution of the 1lift problem using Toax = 4 we operate in
the same way as the previous case. In this case the nondimensional 1lift
is two, that is the radius of the roller follower is one-half of the
lift. Thus, we have a solution using a smaller roller. Let us see what
is the effect of this change in the total angle of rotation for com-
pleting the 1lift.

Table 3.3 and Fig. 3.4 shows that the transition point occurs after
26° of the cam's rotation and that there is 90° of cam rotation for the
negative acceleration in the rise stroke. This makes a total rotation
of 116° to complete the total 1lift.

In summary, enlarging the nondimensional 1ift will reduce the
roller size but increases the total angle of rotation. Table 3.4 and
Figs. 3.5 and 3.6 complete the information relating the movement.

Also as secondary information we may compare the maximal angle of
pressure. Table 3.2 shows 30.9° for the first problem of lift equal to
one and Table 3.4 shows a maximal angle of pressure of 37° for 1lift
equal to two. This value has a secondary importance of increasing the
side force and increases the friction of the stem. This effect is not
considered in this dissertation.

As a second variation of the original problem we may reduce the
prestress from the value B = 0 to B = -1.

In this case we reduce the spring force for all positions in the
interval r € [2, 4]. This affects the steepness of the cam because we
keep all the other factors constant. That is o =6, y = 0.

For this case the minimal dwelling condition occurs at r, = 1 and

the maximal dwelling condition at r, = 6. We are working between




9

9

Table 3.3. Determination of Transition Point for Case 2.

Acceleration Deceleration
6° r r' a° r r'

0 2.000 0.000 -0 4,000 0.000
10 2.061 0.698 -10 3.980 0.233
20 2.244 1.396 -20 3.919 0.466
22 2.295 1.536 -30 3.817 0.700
23 2.322 1.606 -40 3.675 0.931
24 2.351 1.676 -50 3.492 1.156
25 2.381 1.745 -60 3.272 1.367
26 2.412 1.815 -70 3.016 1.557
27 2.444 1.855 -80 2.730 1.715

-85 2.578 1.779
-88 2.483 1.812
-89 2.452 1.821
-90 2.420 1.830
3Transition point, T in 2, r 4, a =6, =y =0
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Table 3.4. Trajectory of the Pitch Curve and Angle of Pressure Versus
Cam's Rotation for Case 2.

eo r rl wo
0 2.000 0.000 0.0
10 2.061 0.698 18.7
20 2.244 1.396 31.9
262 2.412 1.815 37.0
30 2.547 1.790 35.1
40 2.848 1.657 30.2
50 3.123 1.484 25.4
60 3.365 1.285 20.9
70 3.570 1.067 16.6
80 3.736 0.839 12.7
90 3.863 0.606 8.9
100 3.948 0.373 5.4
110 3.993 0.140 2.0
116 4,000 0.000 0.0
aTransition point, r . =2, r =4, a=6, =y =0.

min max




102

]

42

4.0

RADIUS TO PITCH CURVE ()

0 10 20 30 40 S0 60 70 80 %0 100 Mo 120
ANGLE OF ROTATION IN DEGREES

Figure 3.5. Displacement diagram for case 2.
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Figure 3.6. Cam contour for case 2.
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r. =2andr = 4, which is in the allowed interval and we know that
min max
for r = 1 we reach separation between cam and roller follower. From
Chapter 2 it follows that all of the seminfinite plane defined for r > 1

are physical solutions for maximal stress constraint.

Solution. Table 3.5 and Fig. 3.7 shows the transition point at 40°
of cam rotation at which follows 40° of cam rotation for the negative
acceleration phase. That makes a total angle of rotation of 80° to
complete the lift. We recover the performance in the speed of response
of the first case but we retain the roller follower of the second case
but as a negative secondary effect we increase the maximal pressure
angle to 43.2° which is quite large (see Table 3.6). After observing
Figs. 3.8 and 3.9 it is obvious that the average and maximal pressure
angles increase when we try to reduce the angle of rotation for a given
lift, however the contact force has been reduced from which the secon-
dary effect of friction in the stem is reduced.

After analyzing this problem we find that a negative value of the
prestress is a good choice and a large value of nondimensional 1lift is
preferred for having a smaller roller follower.

The information available in the current literature states that
increasing the base circle reduces the pressure angle but in opposition
also results in an increase of the tangential velocity of the cam. In
part that is the reason that we select LI 2, instead of a smaller

in

value, which could be as smaller as r, = 1.27 for the first case in this

problem.



105

Table 3.5. Determination of Transition Point for Case 3.

Acceleration Deceleration
g° r r' g° T r'

0 2.000 0.000 -0 4,000 0.000
10 2.061 0.6908 -10 3.939 0.697
20 2.244 1.396 -20 3.757 1.388
30 2.548 2.094 -30 3.455 2.076
35 2.746 2.443 -35 3.259 2.424
39 2.927 2.723 -39 3.079 2.712
402 2.975 2.793 -402 3.031 2.786

8Transition point, T oin - 2, r =4, a=6, B=-1, y=0.
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Table 3.6. Trajectory of the Pitch Curve and Angle of Pressure Versus
Cam's Rotation for Case 3.

8° r r! wo
0 2.000 0.000 0.0
10 2.061 0.698 18.7
20 2.244 1.396 31.9
30 2.548 2.094 39.4
402 2.975 2.793 43.2
50 3.455 2.076 31.0
60 3.757 1.388 20.3
*70 3.939 0.697 10.0
80 4.000 0.000 0.0
8Transition point, T oin = 2, Toax - 4, a =6, Bp=-1, vy =0.
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Influence of the Nondimensional Stress

As a third variation of the original problem we increase the non-
dimensional stress from o = 6 to a = 12. We expect, without solving the
problem, that the speed of response will increase in the second phase of
deceleration. Because a higher value in the nondimensional stress a
permits a higher convexity of the cam during the deceleration phase.

We solve the problem with the following data: a« =12, B = -1,
Yy=0, r.,. =2, r = 4, We are still bounded in the acceleration
phase by r'" = 4. On solving the problem we will present the final re-
sults. We find that after 48° of rotation the transition point is
reached. After that the maximal nondimensional stress a = 12 is used,
which gives maximal deceleration rate and the maximal position is
reached in 21° of rotation. That makes a total of 69° for the 1lift ot
the cam from L 2 to oax o 4 (see Fig. 3.10). We find a better
speed of response in this case but on observing the phase plane this
indicates that now the acceleration phase has the poor speed of

response.

Influence of the Angular Velocity Ratio

The angular velocity ratio y also has an influence on the speed of
response of the cam because it affects the influence of the inertia
force on the system. There are two known effects. First in the posi-
tive acceleration phase the inertia force is added, therefore, the
stress increases, second in the deceleration phase the inertia force is
subtracted, therefore, the stress decreases. This is general but

depending on the value of Yy and also on the initial conditions the
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112

behavior of the cam is different. To see this consider the profile
obtained for y equal to zero. Now use this for y not zero but small,
let us say y = .1, the circle of singularity defined by its diameter
§ = Ya/y contains inside both equilibrium points or extremum dwelling
conditions. In this case the inertia force will not be important and the
behavior of the cam will be similar to the solution given by y = 0.
That is, in the first phase of the acceleration during the rise stroke
the stress will increase but will not approach @ ax and the maximal
acceleration rate M controls the movement, for the deceleration phase
during the rise stroke the stress is lowered by the inertia force. Thus
the stress will be lower than the maximum stress and the profile can be
changed to reestablish the value of maximal stress which results in a
higher deceleration. With these conditions we have a better speed of
response.

Now for a high value of the angular velocity ratio one or both
extreme dwelling conditions are outside of the circle of singularity of
diameter 6. Also we have to consider Eq. (2.104) to determine the
feasible region of solution in the phase plane. Given those conditions
we have during the phase of acceleration that the maximum stress con-
straint, that is the value M of maximal acceleration does not control
the movement, and in the phase of deceleration of the rise stroke we
have again that the inertia force is dominant and we find that the
stress a equal zero gives the best response.

Knowing that the value of the angular velocity ratio y can be
varied, the following question arises as to what is the maximal value

that can be achieved. In reference [38] was explained that the value
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Y =1 represented a higher 1limit. The reason was explained
that as y approaches one then the natural angular frequency of the mass
spring system is approached. But really the necessary demanding speed
of response play the most important role. As an example the roller
follower plate cam is used in the timing of valves of piston aircraft
engines. The intake valve is open about 240° of rotation [12] of the
crankshaft, but because in the four stroke cycle the camshaft rotates
half the rate of the crankshaft that demands that the camshaft has to
open and close the intake valve in 120° of rotation, which we will see
in the examples is a very demanding situation. Actually in applications
of aircraft engines the opening is reached in 45°, and is about the same
for closing.

One conclusion can be mentioned. If a cam is working with y = 1 a
further increase in its speed will lower the positive acceleration
phase, and also will lower the negative acceleration phase obtained for
a low stress (a = 0). This will result in a worse speed of response.
This indicates that values less than y = 1 provide a better speed of

response.

Solution for Angular Velocity Ratio
Yy =0.1

With reference to the data given by

the total angle of rotation of the cam is 6 = 80°. We will try a varia-

tion in the angular velocity ratio from y = 0 to y = 0.1. We first have
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to establish the area of solution in the phase plane. For this we draw
in the phase plane the circle of singularity whose diameter is given by
8§ =Valy, & =7.75. We then find the roots of Eq. (2.104). Let us

recall Eq. (2.104)

_2y + (1 - y)coszw i//[ZY + (1 - y)coszw]2 + 4Bycosy
2y :

2

Between the roots found by Eq. (2.104) the function z is positive. We
draw the roots of z as a function of y and because all the smaller roots
are in the area where r < 1 (unfeasible region) we do not draw them.
The large roots form a shape similar to an ellipse, from z = 10 in the
case P = 0° to smaller values near the line r = 1 (see Fig. 3.11 and
Table 3.7). |

After seeing Fig. 3.11, we recognize it as a typical case of low
angular velocity with both extremal dwelling points in the interior of
the circle of singularity. Also the region between the dwelling points
is inside the region where the second degree polynominal given by the
numerator of inequality (2.100) is positive. Thus the intersection of
these two areas is the feasible region in the phase plane (see
Fig. 3.11).

After plotting in the phase plane the curve of constant acceler-
ation r" = 4 with initial dwelling position at r = 2 and plotting the
curve of constant stress backward with initial condition of dwelling at

r = 4 and using the parameters a =6, B = -1, y=0.1 we see in

Fig. 3.11 that the trajectory is in the feasible region.
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Values of the Roots Given by Equation (2.104).

r, Vi r, vy
10.000 0.000 1.000 0.000
9.567 1.687 0.998 0.176
8.354 3.040 0.993 0.362
6.592 3.806 0.985 0.569
4.601 3.860 0.977 0.820
2.688 3.203 0.988 1.178
2.330 2.982 1.002 1.282
1.311 2.018 1.233 1.898
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The movement is defined in Table 3.8. The acceleration at constant
rate is maintained during 46° to the transition point. Then there is a
switch to the maximal stress constraint using the nondimensional stress
a = 6. After 29° the maximal position is reached for Toax o 4,

Thus, the total angle of rotation to obtain a nondimensional 1ift
h* = 2 is 75°. We have improved the solution by lowering the rotation
by 5° with respect to the value obtained for y = 0. Figure 3.12 shows

the 1lift versus rotation of the cam for the values of Table 3.8.

Solution for Angular Velocity Ratio

Y = 0.2

With the better results obtained using y = 0.1 in a low angular
velocity case, we consider an increase in the speed in the low angular
velocity to y = 0.2. We first draw in the phase plane, the circle of
singularity. Its diameter is § = 5.48.

The roots given by Eq. (2.104) are now smaller with z = 5 for v=20
and approximately z = 1.75 for § = 52°. Now the upper dwelling position
is outside the circle of singularity but our stroke from r = 2 to

min
oax 4 is in the feasible region. However the velocity is restricted
to a maximum value of v = 2 to stay in the feasible region. In the last
case we used values of v as high as v = 3.211. Seeing Fig. 3.13 we
conclude that is impossible to use an acceleration r" = 4. We have to
lower it to maintain movement inside the feasible region. On doing this
we will lose immediately our speed of response in the positive accel-
eration and also in the total motion from L 2 to Toax = 4., We will

not go further for the case y = 0.2 and it is better to study the case

where the motion is in the region of high angular velocity.
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Table 3.8. Trajectory of the Pitch Curve and Angle of Pressure Versus
Cam Rotation for Case 5.

8° r r' P°

0 2.000 0.000 0.0
10 2.061 0.698 18.7
20 2.244 1.396 31.9
30 2.548 2.094 39.4
40 2.975 2.793 43.2
462 3.289 3.211 44,3
50 3.464 2.584 36.7
60 3.812 1.454 20.9
70 3.979 0.477 6.8
75 4.000 0.000 .0

a cas .
Transition point.




119

4.2
]

4.0

3.8
| !

3.6
|

3.4
]

3.2
!

.0

RADIUS TO PITCH CURVE ()
3

|

10

¥

T
20 30

!
40

Y
50

T
60

T
70

T
80

T ) 1
90 100 10 120

ANGLE OF ROTATION IN DEGREES

Figure 3.12.

Displacement diagram for case 5.
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Solution for Angular Velocity Ratio
y = 0.5

We proceed as before. The data for this case is a =6, B = -1,
y = 0.5. We first draw in the phase plane the circle of singularity.
Its diameter is § = Va/y = 3.46. Second, we plot the curve given by the
roots of Eq. (2.104) as a function of ¥, we obtain a smaller curve with
maximum value z = 2 that occurs at y =0 (i.e., r=2, v=20), and a

minimum value z = 1.60 that occurs at

51°. The plot stop in this
angle because the region defined by r <1 is unfeasible. All this
information can be seen in Fig. 3.14. The situation is follows. The
lower extremal dwelling position is at r, = 1 and is inside the circle
of singularity. The upper extremal dwelling position r, = 6 is outside
of the circle of singularity and is a center. Now the lower dwelling
position set for this problem is rin 2 situated in the unfeasible
region. The upper dwelling position is roax 4 and is situated in a
feasible region of high angular velocity outside the circle of singu-
larity. If we use the maximal stress constraint a =6 at r = 4, v =20
we will obtain positive acceleration rather than deceleration. That
indicates that we have to reformulate our lower and upper dwelling
position. On doing that we set Toin = 4, Toax 6, and h* = 2,

Now our problem is a typical case of high angular velocity. We

first obtain positive acceleration using maximal stress constraint with

a = 6. At the transition point we shift to low stress constraint with

a = 0. On following the ellipse in the phase plane we arrive at the

upper dwelling position L 6, which is also the maximal possible

dwelling position (i.e., r, = 6).

1
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The solution can be described as follows. Using maximal stress
constraint « = 6 we go from r = 4, v =0 to the transition point r =
5.689, v = 2.418 using 50° of rotation of the cam, then shifting to low
stress ¢ = 0 we move from the transition point decelerating using all
the spring force and arriving at the upper dwelling position after
additional 14° of rotation of the cam, see Table 3.9 and Figs. 3.15 and
3.16.

The total angle of rotation for the 1lift h* = 2 is 64°, which is
11° lower than the case studied using angular velocity ratio y = 0.1.

We will stop here with the nondimensional application. We have
already achieved a good understanding of the model, especially how the

parameters o, B, and y and the initial conditions influence the speed of

response of the system.

Numerical Example

For completing the presentation of the applications, we will
present an example with a case of a timing valve of an internal com-
bustion engine. The valve train corresponds to a car engine of
302 cubic inches built by Ford Company. This engine uses a four stroke
spark ignition cycle, the valves are situated in the cylinder head.

The system has a camshaft connected to the crankshaft with a speed
reduction ratio of two. A flat follower is used and is connected with a
push rod, rocker arm, and valve. A spring retainer and spring valve is
mounted in the cylinder head to close the valve and to maintain contact

between the follower and cam during the deceleration of the valve system

(see Fig. 3.17).
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Table 3.9. Trajectory of the Pitch Curve and Angle of Pressure Versus
Cam Rotation for a High Angular Velocity Ratio.

8° r r! e
0 4.000 0.000 0.0
10 4,146 1.446 19.2
20 4.457 2.043 24.6
30 4,842 2.337 25.8
40 5.262 2.448 24.9
50 5.689 2.418 23.0
55 5.877 1.558 14.8
60 5.976 0.697 .7
64 6.000 0.000 .0
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Figure 3.16. Cam contour at high angular velocity ratio.
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Figure 3.17. Engine valve system.




128

The system described uses a flat follower. We will modify the
follower to a roller follower type, but will retain the rest of the
components. The weight of the components is as follows:

valve: 0.1133 kg

spring retainer: 0.0321 kg
spring valve: 0.1204 kg
rocker arm: 0.1022 kg
push rod: 0.0439 kg
follower: 0.1055 kg

We determine the equivalent mass at A of the valve, spring
retainer, spring valve, and rocker arm. To do this we need the geo-
metrical dimensions of the rocker arm (see Fig. 3.17).

The equivalent mass at the point A is evaluated using the following

expression

J+ (m +-lm)b2
n = v 3's (3.1)
A aZ :

m, equivalent mass at A (valve, spring retainer, spring valve and

rocker arm).
J: moment of inertia of the rocker arm with respect to the axis
of rotation.
m : mass of the valve plus mass of the spring retainer.
m_: mass of the spring.

a: arm distance of the rocker arm to the point of action of the

push rod.
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b: arm distance of the rocker arm to the point of action of the
valve.
A measure of the rocker arm yielded a = 35 mm, and b = 22 mm.

The moment of inertia of the rocker is estimated as

m 1

J =3 (3.2)

where m : mass of the rocker arm.
1: length of the rocker arm.

With the data m_ = 0.1022 kg, and 1 = 76 mm and using Eq. (3.2) we

find that J = 29.52 kg-mmz.

Let us evaluate m, using Eq. (3.1),

29.59 kg-mm> + (0.1133 + 0.032 + 941%95) kg (35 mm)>

m, = = 0.5305 kg
A (22 mm)2

Now to determine the total equivalent mass m we have to add to m,
the mass of the push rod and the mass of the follower (we estimate the
mass of the roller follower to be about the same as the mass of the flat

follower). On doing that,

m = 0.5305 + 0.0439 + 0.1055 [kg]

m = 0.6799 kg.

Next, the spring rate k is calculated using the well known formula,

(3.3)
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where k: spring rate,
G: shear modulus,
d: diameter of the wire,
n: number of turns of the coil, and
r_: mean radius of the coil.

m

The data of the spring valve is:

D =38.1 m
e
= 5.6 mm
n=4a
G =8 x 10° kp/cm?

where De: exterior diameter of the coil,
kp: kilopond defined as the attraction force exerted by the earth
over a mass of 1 kilogram (1 kp = 9.807N), and
N: Newton unit of force of S.I. system.

r can be evaluated using the geometrical relationship,

D -d
r = —= = 16.25 mm
m 2

Substituting the numerical values above into Eq. (3.3), yields

8 x 10° —5% (5.6 mm)”*

k = m = 7.162 X2
mm

(64)(4)(16.25 mm)>

or

k = 70,239 N |
m



https://64)(4)(16.25
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Now that we have a physical model that corresponds to the model
presented in this study, we can use it to study the speed of response of
the roller follower cam driven system.

We assume that the car engine presented in this example is rotating
at 2,600 rpm then the camshaft is rotating at 1,300 rpm or w = 136.1
rad/s.

At this time we can determine the angular velocity ratio y. Let us

recall Eq. (2.26)

Substituting values into Eq. (2.26), we obtain

(136.1
Y:

5§9)2 0.6799 kg

70,239 Y
m

y = 0.179 (nondimensional) .

The next step is to determine the maximum nondimensional stress s,

which is
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We select from reference [19, page 151], Oax ~ 220,000 psi, M=

= 0.3, E, = E2 = 30 x 106 psi. Transforming to the S.I. system

H2 1

yields,
o = 220,000 psi x 6.8948 10° L3
max psi

1516.9 10° pa,

}

30 x 106 psi x 6.8948 10

=
]

3 Pa_
psi

206.8 10° Pa

On substituting into the expression for 1/C, we obtain

% 2n(0.91%w . (% in m)
206.8 10° Pa
and,
1 _ -9 m_
c = 0.02765 10 ~ w Pa

Now substituting O hax’ k, and 1/C into the above expression for s,

yields
(1516.9 10° Pa)? x 0.02765 1072 w 2
s=
70,239 N
m
or
s = 905.8 w; (w in m) , (3.4)

s results nondimensional.
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We have to select the roller follower for this problem. This will
fix the value of s which is the maximal nondimensional stress. We
select a roller with radius Rf = 10 mm and width w = 6.5 mm.

Substituting for w into Eq. (3.4), one obtains
s = 5.89 nondimensional

Now we must select the prestress number B. For this we have to
consider the base radius of the cam which is taken to be 16 mm, the free
height of the spring and its maximum possible deflection. The geometri-
cal data of the spring is

free height 1 = 53 mm.
maximum deflection A = 25 mm.

Also we need to know the 1ift of the cam h, which is related to the

lift of the valve h by Eq. (3.5). Namely,

h =

hva
5 - (3.5)

By knowing the diameter of the valve Dv’ hv can be obtained.

Normally hv is a quarter of Dv in this case D = 46 mm from which we

find
hv = 11.5 mm.

On substituting h _ into Eg. (3.5), one finds

h =7.23 mm.
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For the prestress parameter we select B = -1.4. We must now check
the spring's dimensional compatibility with its spring prestress B and
deflection. Based on the definition of B, the equilibrium position of
the center of the roller is -1.4 unit away from the center of the cam
(the negative sign indicating that the roller center is above the cam
center). Thus, the bottom surface of the roller at equilibrium is
0.4 units above the center of the cam. Since the roller follower has a
radius Rf = 10 mm, then when the spring is at its free height the bottom
surface of the roller is 4 mm away from the center of the cam. Since
the base radius is 16 mm, the roller will be pushed 12 mm and the spring
is compressed the same amount. As shown above, the lift of the follower

is 7.23 mm so that the deflection of the spring will be
12 + 7.23 = 19.23 mm.

The maximum deflection allowed for the spring is 25 mm. Therefore
the selection of the value of B = -1.4 is adequate and we can begin to
solve for the angle of rotation of the cam for the given 1lift h.

*
The nondimensional 1ift h is obtained with the formula

thus,

%
h = 0.723 (nondimensional) .
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With the values of o« = 5.89 and B = -1.4 we obtain the lowest
dwelling condition at r = 1.4 and the upper extreme dwelling condition

at

where A = (a - B)2 - 4a,

For a = 5.89, and B = -1.4 we obtain

r, = 6.365.

In this problem we are working between r , = 2.6 and r = 3.323,
min max
which are within the limits.

The diameter of the circle of singularity is given by

5=/$
and,
§ =5.74 .
r s T and the circle of singularity can now be drawn in the

min max
phase plane. The next step is to solve Eq. (2.104), which gives the
geometrical constraint curve. That with the circle of singularity

determines the feasible region in the phase plane.

With the data B = -1.4 and y = 0.179 we run a computer program

which solves numerically obtaining Table 3.10. The geometrical
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Table 3.10. Values of the Geometrical Constraint Curve, for the Numer-
ical Example.

P° r vy r, v,

0 5.032 0.000 1.554 0.000

5 4,971 0.435 1.555 0.136
10 4,791 0.845 1.559 0.275
15 4.498 1.205 1.567 0.420
20 4.104 1.494 1.581 0.576
25 3.618 1.687 1.609 0.751
30 3.040 1.755 1.671 0.965
35 2.241 1.569 1.918 1.343

Parameters: B = -1.4; y = 0.179.
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constraint curve and the circle of singularity is then drawn in the
phase plane (see Fig. 3.18).

The optimal solution for the 1lift problem in this numerical
example, which stays within the feasible region, is obtained by accel-
erating at the constant rate r" = 2.7 during 36° of cam rotation then
switching to maximum stress constraint a = 5.89 for the deceleration
part of the rise stroke during 14°. The maximum 1lift of the valve is
achieved in 50° of rotation and the performance can be considered
acceptable for an adaptation (see Table 3.11). Furthermore because all
data was real we can be sure that the example has geometrical compat-
ibility.

The total figure for the timing of the valve will be:

rise 50°
dwell 20°
return 50°
dwell 240°
The 1lift diagram, and the contour of the cam can be seen in

Figs. 3.19 and 3.20 respectively.
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Figure 3.18. Phase plane trajectory for numerical example. a = 5.89,
g =-1.4, y = 0.179.
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Table 3.11. Trajectory of the Pitch Curve, Angle of Pressure and
Stress Versus Cam Rotation for Numerical Example.

g° r r! r" Pp° o

2.600 0.000 2.7 0.0 1.66

2.610 0.236 2.7 5.2 1.69
10 2.641 0.471 2.7 10.1 1.79
15 2.692 0.707 2.7 14.7 1.92
20 2.764 0.942 2.7 18.8 2.12
25 2.857 1.178 2.7 22.4 2.36
30 2.970 1.414 2.7 25.5 2.63
35 3.103 1.649 2.7 28.0 2.93
362 3.129 1.683 -9.1 28.3 5.89
40 3.227 1.129 -7.1 19.3 5.89
45 3.299 0.546 6.4 9.3 5.89
50 3.323 0.000 -6.2 0.0 5.89

a o s .
Transition point: s

5.89, B = -1.4, y = 0.179.
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NONDIMENSIONAL LIFT (h#)

I 1 1

0 10 20 30 40 50 60
ANGLE OF ROTATION IN DEGREES

Figure 3.19. Displacement diagram for numerical example.
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CHAPTER 4
CONCLUSIONS

The analogy of the simple Bang-Bang problem proved to be important
in finding an approach on the solution of a maximal speed of response of
a roller follower cam plate system.

The change of variable 2% = r% + (r')2 is efficient in showing the
governing ordinary differential equation in a compact form in the origi-
nal second order autonomous O.D.E. and in the first order O0.D.E. in the
phase plane.

The three nondimensional parameters a, B, Y, and the initial condi-
tions define the type of solution, which for the general case has only
numerical solution.

Giving the value zero to the nondimensional prestress (i.e., B =
0), the first order 0.D.E. in the phase plane reduces to a linear one,
which has always solution by quadratures. Also an additional restric-
tion for the value of the angular velocity ratio equal to zero (i.e., B
= 0, y = 0) represent the homogenous solution of the linear 0.D.E. in
the phase plane.

The special case of only the parameter Yy = 0 reduces the first
order 0.D.E. in the phase plane to the Abel equation but no close form
solution was found. But a new change of variable reduces the Abel
equation to only one governing parameter, which is interesting for the
tabulation of the solutjon.

In low angular velocity the additional constraint of bounding the

acceleration was necessary that means apply the old criteria, but the
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deceleration phase is governed by the stress constraint and the solution
given in the work is optimal.

In high angular velocity the acceleration and deceleration are
governed by the stress constraint and the solution of the initial value
problem gives the optimal solution for the complete rise stroke.

The return stroke has symmetri with the rise stroke, that come from
the even power of the velocity on the governing second order O.D.E.

The major finding is the region of true physical solution in the
phase plane which result in the combination of the circle of singularity
and the geometrical constraint curve.

The optimal result obtained in the numerical example angle of rota-
tion for the 1lift or return of a valve was found to be 50° which is
adequate. In the literature reference [12] states that for aircraft
piston engines a rotation of 45° was achieved in lifting the valves, but
in that case the design was optimized for a specific application where
one could select the parameters in favor of an optimal result.

Future research in this area can be expanded to the possibility of
adding viscous damping. This will introduce a fourth nondimensional
parameter to the second order ODE and all of the solutions have to be
reworked.

Another research area is to introduce the elasticity of the train
valve mechanism, which implies a study of vibrations and dynamic

response of the valve due to the forced displacement of the follower

under the cam action.
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THI S PROGRAM DETERMINE PART OF THE PHASE ,
PLANE WHERE THE SOLUTION IS PHYSICALLY. VALUES
OF BETA AN GAMMA ARE REQUIRED THE SOLUTION WILL
BE IN POLAR FORM WITH THE PAIR PSIsZ. THEN WIL
BE CONVERT INTO CARTESIAN COORDINATES.

REAL BETA,GAMMA,PS1,721,22,C4Al,DELTA, SQRTDEL
INTEGER J '

USE DO LOOP FOR GENERATING A SET OF VALUES

BETA=-1.4%
GAMMA=0,.179
WRITE(41l,%) 'YBETA=',BETA, *GAMMA=",GAMMA
WRITE(41,%) * ANGLE, R2, V2, R1l, Vit
DO 10 J=1,91
PSI=91-J
THETA=PSI*3.14159/180
C=COS(THETA)
S=SIN{THETA)
Al=2%GAMMA+{1-GAMMA )} *C%*%*2
DELTA=A1%%2+4%BETAXGAMMA*(
IF (DELTA) 20,30,40
WRITE(4Ll, %) PSI,*COMPLEX ROOTS'
GO0 T0 10
Z1=A1/2/GAMMA
12=171
60 TO 50
SQRTDEL=SQRTIDELTA)
Z1=(A1+SQRTDEL)/2/GAMMA
22={A1-SQRTDEL)/2/GAMMA
R1=Z21%C °
R2=22%(
V1=Z1%S
V2=12%*S
WRITE(4le%) PSIyR2,V2,4R1,V1
CONTINUE
STOP
END
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c PROGRAM STRESS
C CALCULATE THE TRAJECTORY OF THE PITCH
C CURVE WITH S5TRESS CONSTRAINT.
C
C T41S PRCGRAM USE THE SUBROUTINE DVERK
c FROM THE IMSUL LIBRARY (A SET OF FOR-
c TRAN SUBROUTINES FOR MATHEMATICS AND
c STATISTICS). DVERK IS A DIFFERENTIAL
C EJUAT ION SOLVER RUNGE KUTTA-VERNER
C FIFTH AND SIX ORDER METHOD.
C

INTEGER N,IND,NW, IER,K,NTIME

REAL*8 Y(2),C(24)4W(2+9)9XsTOL,XEND

EXTERNAL FCN

NW=2

N =2

A=5.89

B=-1.4

GAMMA=0.179

WRITE (40, %) ¢ A=t,A,? B=14B," GAMMA="',GAMMA

NTIME=50

WRITE(4D2,%) * THETA=',NTIME

WRITE(4O0,%*) ' THETA, RADIUS, VELOCITY,?®

w0 PRESSURE ANGLE, AND ACCELERATION?®

X =0.000

Y{l) =3.32300

Y(2) =0.0D0

Yi=Y( 1)

Y2=Y(2)
C
C PREANG: PRESSURE ANGLE
C

PREANG=(180/3.,141593) *DATAN{Y(2)/VY(1)})
C
C DETERMINE THE ACCFLERATION R2 AS A FUNCTION
C OF A, By GAMMA AND THE STATE VARTABLES Y(1)
¢ AND Y(2).
C

I=SQRT{YL*%2+Y2%%2)

R2=(B+Y1)*Z**%4
P2=R2=AFY I (Z*%3-2%7%%2+Y 1%%*2)
R2=R2 /(A% Y1%%2-CAMMA* 7% *4)
K=0
ARITE{40,%) KyY1l,yY2,PREANG,R2
T0L=27.001D0
IND =1
DO 19 K=1,NTIME
XEND=0.017452D0%DFLOAT(K)
CALL DVERK(NyFCNyXeYs XENDyTOLoIND,
* CyNWyW,IER)
IF(IND.LT.0.0R.IER.GT.0)GO TO 20
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Y(1) AND Y(2) ARE THE CURRENT
SOLUTIONS VALUES AT X.

Yl=Y(1) ‘

Y2=Y(2) -
PREANG=(180/3.141593)*DATANIY{2)/Y(1))
Z=SQRT(YL**2+Y2%%x2)

R2=(B+Y1)%Zx%x4

R2=R2~A*Y1#{Z#%%3~2% 7x*2+Y 1%%2)

R2=R2/1A%Y1+%2-GCAMMA%7*%4)
WRITE(404+%*) Ky¥1sY2,PREANG,R2

CONTI NUE

STOP

CONTINUE

HAND_LE IND.LT.0 OR IER.GT.O

I TEMS THAT MAY HELP DIAGNOSE THE
PROBLEM SHOULD BE OUTPUT HERE.
INDyTOLsNyWeY{1l)yseoas Y{N) 4 XENDyAND
C(l)yeeeyCl24).

sTQP
END
SUBROUTINE FCNINy XeYs YPRIME)
INTEGER N
REAL*8 A,ByCyYIN),YPRIME(N),X
A=5.89D0
B=-1.400
C=0.17900
YPRIME{1) =Y (2)
YPRIME(2)=((B+Y{1))*(Y{1)%%2
+Y(2) %%2) %% 2
-A*Y{1)
LY(1) *#%2+4Y(2) *%2) *%(1.5D0)
=Y({1)*%2-2.0D0%Y{2)*%2))
JUAXY (1) *%2
=~CR(Y(1)%%2+4Y(2)%%2)%%*2)
RETURN
END
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THIS PROGRAM GENERATES A PARABOLA
IN THE PHASE PLANE USING CONSTANT
ACCELERATION,

INTEGER THETA,I

A=2.7
RI=2.¢ i
B:—lotf
C=0.179 ‘ : 1
WRITE(39,%) ¢ BETA=",B,! GAMMA=?,(C
WRITE(39,%) *ACCELERATION=',A,
' BASE RADIUS="',RI

WRITE(39,%) *THETA, RADUIS, VELOCITY,*
+»* PRZSSURE ANGLE, AND STRESS?®

D0 10 I=1,91
THETA=T-1
AMGLE=THETA%3,14159/180
RPRIME=A®ANGLE
R=RI+{A/2)%ANGLE**2
Z=SQRT(R**2+RPRIME%*x2)
ALPHA=(B+R+CxA) *Z *x4 :
ALPHA=ALPHA/( [*%3-2%T %« 2+R¥%2+R*¥A) /R
PRESSU={180/3.14159)%ATAN(RPRIME/X)
ARITE(39,%) THETA,R,RPRIME,PRESSU,ALPHA
CONTINUE

STOP

END
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