Mugust 16, 1549

To the Committee on Graduate Study:

I am submitting to you a thesis written by Sung-kuei Shu
entitled "Design of the Shaded-pole Ibtor." I recommend that it be
accepted for nine quarter hours of credit in partial fulfillment
of the requirements for the degree of Master of Science, with a

major in [ectrical ingineering.

Major Professor

We have read this thesis
and recommend its acceptance:

Hileerl!

Accepted for the Committee

Dean of the Graduate School



DESIGN OF THE SHADED-POLE HKOTOR

A THESIS

Submitted to
The Committee on Graduate Study
of
The University of Tennessee
in
Partial Fulfillment of the Requirements
for the degree of
Master of Science

by
Sung-luei Shu

Mgust 1949



= -
B " e ) ! g
- ' .
- ‘, "-.'_: h -
T VFE ;‘d‘ - l =ML

:—" ;d_-p VW




ACKNOYLEDGIMNT

The writer wishes to thank Professor P. C. Cromwell who
sugzested the problem for his waluable direction and suggestions
during the investigation.

Appreciation is expressed to Professor §. Q. leffell for
his kind help in performing the experimental test.

The writer would like with pleasure to take this oppertunity
to thank most heartily Professor Cromwell and his Department of
Electrical Engineering of the University of Tennessee for the
generous appointment as a teaching assistant of the Department

which made this work possible,

261125



SECTION
L.
T
ITI.
IV.
148
Vi.

VII.

TABLEE OF CONTENT3

I N TRO mCTION. * & = . = @ . &
FIELD ANALYSIS. o o o 4 o o o &
CIRCUIT ANALYSTIS. + « + o « o &

EXAMPLE OF DESIGN CAICULATIONS.

OPSRATING CHARACTERISTICS (CALCULATED

LABORATORY TEST RESULTS . . , .

CONCLUSION. + s o & = = + + »

BIBLIOGRAPHY & & ¢ o = & « 6 + = & «

APPINDLE T o 5 ous e o ® s & & & A0

APPENDIX TI . 5 = 3 shalom: i & -5 5 o alce

+

-

22
32
42
65
67
69
71
76



S|

LIST OF TABLES

TABLE PAGE
3 I' CalGUlation &leet DDDDD L IR TR . S S . . & = . - . - - 51

TTen  fant Tata and Resulta, '« v e o v & o = S 66



LIST OF FIGURES

FICURE PAGE
1. e Me . ®ave of Shatote s s T e e e e e 4
2, HORGITIAD PIGIE . ¢ . . e e e e s senie s e s 6 s s 8
3. Relation of Stator and Rotor Axes. . . . . . S o ) 15
lin  PEOEaafc@ lBmmt = i . o o e ek aMR N A Bk, A 17
.5. Diagram of Pole and Rotor in Shaded Pole Motor . . . . . 22
b EqudvalenBilieeutt & .« . 4 ¥ B e s v gew e o8 s 5 4 29
7. Output Constant for Single-phase Motors. . . . + « . . . 33
B¢ "‘Pola Axt o 4 = v & a S o A e AL e A RTA s s 3
e Peld Porhdngs s ¢ 5 » 4 » SR RS o R 36
10. Rotor Punching « « « o o sew a ¢ a o & © @ ¢ a 5 + = s &+ 4o

11, Air Gap CoofPledant. @ s o o s & @ = 4 xiw x v A s e e LS
12, VMagnetization and Core Loss Curves . + « « + « o0 « .« L7
13. Curves for Obtaining the Slot Leakage Constant - . . -« 51
ll;. Permeance Gurves . . . .+ + « IR - LR . 63
15. Circuit Diagram for Test . - + ¢ ¢ « « « v o o e 65

16. Curves for.Obtaining Ag « = « « « = « = « ¢ « o « & o 11



I. INTRODUCTION

4 shaded~pole motor is a single-phase induction motor provided
;ith an guxiliary short=circuited winding displaced in magnetic posi-
tion from the main winding. This auxiliary winding (called a "shading
coil") is used for producing the starting torque.

The essential parts of a shaded-pole motor are the stator,
carrying the main winding, the shading coil and the squirrel~cage rotor.
Although a non—-salient-pole or distributed winding can be used for the
stator, it is ususlly bullt as salient pole type motor. The shading
coil surrounds a portion about % to % of the whole pole. Usually iron
wedges are used to bridge the adjacent pole tips to increase the leak-
age flux of the shaded poles in order to improve the motor characteri-
stics. CSometimes these bridges are punched in one piece of the stator
laminations. The sqguirrel-cage rotor is the same in construction as
that used for polyphase induction motors.

Horsepower ratings cover a wide range from 0.00025 to 0.1. Four-
pole motors are chosen for the upper range of ratings and the two-pole
machine is used for medium and lower ranges.

The performance characteristics are alsc in a wide wvariety.
locked=rotor torques range from 25 to 90 per cent of full 1oa& torque.
Breakdomn torques (or maximum torgques) are of the order of 115 to 130
per cent of full load torque. Efficiency is rarely over 25 to 30 per
cent., Slip is high with 1.5 to 3.0 per cent at no load and 10 to 20
per cent at full load.

These motors are used for nearly all gpplications requiring an



induction motor of 1/20 hp or less such as fans, humidifiers, hair
driers, etc.

Athouph shaded-pole motors have been widely used in practice
the design of these motors is still based upon experience in many res-
pects. P. H. Trickey has given an analysis of the slectric circuits
and performance calculations of shaded-pole motors (see reference 9 and
10), but only the special case of 90 electrical degrees between the
effective centers of un~shaded portion of whole pole and shaded pole
was considered.

The author purposes to get general solutions for magnetic and
aelectric design characteristics for the shaded-pole motor with any angle
f between the center line of the main pole axis and the shaded pole axis.
These solutions are applied to a practical design and checked with labo-
ratory results.

. This paper consists of seven sections as glven in the contents.
Following this introductlon is the field asnalysis. Both the stator and
rotor fields are analyzed and the resultant air gap flux wave is given

in a2 genersl equation. The condition for eliminating stator harmonics
and the criteria for the existence of rotor harmonics are also derived.
For clgarity in the analysis the permeance wave is assumed in a square
form. Actually this will never to be so because of the fringing and
bridge effeets. In the third section the four electric circuit equations
(main winding, shading coil and two rotor circuits in direct and quadra-
ture axes) ‘are set up by means of coupled circuit theory. These equations

are only solved for steady state both at standstill and running conditions.

The transient solutions are quite long and complicated and nearly meaning~
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" less for design so they are not given here. The equivalent circuit is
expressed b; a diagram. The torque equation will be derived in terms of
circult constants and cufrents. The deerign procedure and‘perfomancé
caleulations are treated with an example (1/h0 hp shaded pole motor made
by Robbins & Myers, Inc.) in section IV & V respectively. Lbst of the
guiding values and empirical equations used for design are taken from
Kuhlmann's book (reference 4). Some of the constants are calculated

by the equations given-in Trickey's paper (reference 9). Calculated

results weré checked experimentally.



II. FIELD ANALYSIS

1. Main pole magnetomotive force (H. M. F.):

Both the main winding and the shading coil are assumed to be
concentrated around their pole surfaces, then the wave of the magneto-
motive force due to either main winding current or shading 6oil current

can be drawn in a square form as shown in Fig. 1.
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Fig. 1. M, M. F. wave of stator: (a) salient poles,

(b) main pole mmf, (c) shaded pole mmf.



where W = width of main pole in inches,
g™ width of shaded pole in inches,
T = pole pitch in inches,
f = space angle between main pole and shaded pole in electrical

degrees (with respect to the synchronous wave),
i = current (amp.) per conductor in main field winding,
1= current (amp.) per conductor in shading coil,
N = mumber of turms per pole for nmain [ield winding,
Ng= m-nnber of turns per pole for shading coil.
Express the main pole m.m.f. in cosine series {no constant and
sine terms here), then the coefficients are

T o
ay %/f(x) cos—-— dx = gIf(x) cos T2 e
.»r -]

T
2 L4 = vaIx
%

,_zj. g

It

z'-...“f
T
- Ni sin¥’X vrrx ]

w
£

[Ni sinm/

- o t

2N1 vl _ vaw
[si N5, ¢osyYn sin 2C

Therefore h—B—i:H;LCN (where v = odd number.)

Asaume 1 = fI simmt (I is the effective walue of main field

currqnt.), then the m.m.f. dus to main field current is

= LNI _. 1 yn¥il V77X
fulx,t) = 22 simwt &, § singr cos

= LL%{E ofd-}; 1ng-’3c-f sin(wt + 22} + sin(wt - 2= )]

Let F = W"I 1.80NT.



Hence fa(x,t) = gm oé.i %Bi yai [sin(wt. + v"’5) + sinlwt - iLx?]’
(1)

in which sm‘-’ﬂ = Kyy (pltch factor for vth hamonic)

2. OShaded pole k. M, F.:

letdd = time angle between i and i4 (lagging).

Assume ig = V2Ig sin(wt -f) (Ig is the effective value of shading
coil current.), then in a similar way as in II-1 we get the m.m.f. due to

shading coil current,
- L/2N 1 _. vaW. [ - vrX
fs(x,t) £ 7[355. ogj = suzqrrﬁ- sin(wt =ol + - I vﬁ)
+ sin(wt -4 - ZE 4 vﬂ)]

Lot F. = ’_4@;1;‘::& = 1.80NgI,,

S

£ (x,t) =58 > L 55" [ intwt — o + XEZ - v4)
s PR
(o]

T
+ sin(wt - ok - 1;:?-: + vﬂ)] (2)
in which sinv%ﬁ: = vas (piteh factor for vth harmonic of shaded

pOle MmemMefe )

3. Total stator M. M. F.:
Add the magnetomotive forces for main poie and shaded pole, we

get the total m.m.f. of the stator.

£(x,t) = £ (x,t) + £5(x,t).

In general,

=P sin(wt +# x+ 8), fp=Fp sin(wt +# x + &),



£(x,t) = £ + £, = F sinlwt + x -2),

where F= \/(F.l cosd, + Fy wf.'-@?_)2 + (F) sind; + F, sin92)2

-1 Fy_8in8y + Fp sind»

A= tan 5
Fl conl + F2 00392

In the same way from Eqs. (1) and (2), we get

= vn.x
fix,t) = o‘d‘{i pSin(wt + A

+ ogi Fesin(mt - TZX -J\vf) (3)

where  Fy, = 2 [{F si wz’ﬂ+ rs sinﬁﬂ cos (4 + vﬂ)}z
{-—F sin—é-fs sin(< + vﬂ)}z]% (3a)

- We
Fop = ﬁl [{F Sin2l' + Fg simwt 5% cos (et - vp’)}

+ {-FS siny—;—? sin(< - Vﬂ)}zj 3 (3v)

" R si.hl’z‘!ﬁsin(d + v8) e

N 5 R, s&nz—-éF si:x-—Eos(ohsv) 30
F . VW, i (’L_

o o sin—-Sein v/) o

Fp sinZ + Fg sincos (et~ vA) |

T

. Equation (3). shows the general wave form for the stator m.m.f.
of the shaded pole motor.
Since Fyp # Fyp,, we get a revolving field for each harmonic as
shown in Fig 2. This represents the magnitude of the revolving field
forming an elliptic shape with respect to time.

It er> Fvb’ the resultant revolving field is forward; if



Fige 2. Revolving field

Fyp < Fyys it is backward. Usually for synchronous wave, Fip>Fyy, 80
the resultant revolving field of the synchronous wave is forward. That
means it rotates in the direction from main pole to shaded pole in the

uniform air gap region.

lis Condition for eliminating harmonics of stator M.M.F.:
The backward harmonics will vanish, if F, = 0. From Eq. (3a)

2 2
aw W,
(Fm a.‘l.nr)vt + (Fs sj_nTﬁ.)v"t

+ 2(Fy sindZ®)(F, s1n¥23) cos(++ vg) = O

val)2 vls )2
(Fp sing22)" + (Fs sin¥zzs)

2(%y, singi(t!)(FB sinzggs) i

Then cos(4+ vp) = -

where v = odd rumber,

.

Similarly the condition for eliminating the forward harmonics is



& w2
(Fp sin¥™)° 4 (Fg silﬁ’.’g;';:ﬁ.)

208 (A - 8 e 2t ot 5
cos(d - vg) e (5)
2(Fyy s*_rr:?’lr*)(:*s S,Ln"é':c—)

In the design we wish to eliminate all baclavard harmonics and make

the synchronous forward wave as large as possible,

5. Harmonics of rotor M. M. F.:

In general the rotor of the shaded pole motor is always of ihe
Squirrel cage type, so the following analysis is based upon squirrel-
cage rotor desigm only.

The rotor current induced by the vth stator space harmonlc is

I

iy }/5 Doy Sin(Sth) | (6)

17Fv(l~s). (see 6-b)

where Sy
Sy means the slip of the rotor with respect to the vtH stator
space harmonic. s is the sli'p referred to ithe synchronous wave; =~
sizn used for forward v and + sign for backward v. Consider the uth
of these harmonics due to the vth stator main pole field (produced by

main winding current)., Tts mmf is

fum(Xost) = Fyp sinSowt cos‘-‘i_m.

F%m {sin(Svm + ‘-1-?2) + sin(Sywt - 2?52-) (7)

where e =L-“/——2‘II%I-‘N,

5
]

= number of coils (turns) per phase per pole pair

- = 3 for squirrel-cage rotor,

:

R.H. S5, rotor current induced by vth stator main pole field.



The uth mmf of these harmonics due to vth shaded pole fiald

(produced by the shading coil current) is

Lus(X2st) = Fyg sin(Spmt = v4) cos(33X2 - up)

F
.gi;sin(svwb + -‘-‘-'%-2 - Vol = ug)

+ sin(8pwt - 5F2 - v - uﬂ)} (8)

where F =M54g2§m

us

Tve

R.M.S. rotor current induced by vth stator shaded pole

|

field,

Then the uth mmf of these harmonics (for zero phase) due to total
vth stator field (both main pole and shaded pole) is the sum of Eqs.
(7) and (8).

a0 (Xost) = £ (x5,t) + £ (xz,f:)

Fyp sin(Spwt + “_‘tlf.a-,)\ﬁb)

+ By sin(Sgwt - 22 - A ) (9)
where Fp = % HF““‘ + Fyg cos(vd + uﬁ)} + {“Fus sin(ve + uﬁ)}'z]‘%
(9a)

T % [{F ua cos(va - uﬂ) 2 - {—Fus sin(ved - uﬂ)}QJ%

(9v)
=il Fus Sin(vol -~ uﬂ)
Aup = tan R A cos(vet = uf) (53
: -1 Fuq sin(vs - upg) |
Muf = tan Fup + Fyg cos(ve - uﬁ) (9a)

v = odd number.
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For the squirrel-cage rotor there are 2Q,/P phases (Q, is the
total number of rotor slots, P is the mmber of poles of stator.), the
time angle between two adjacent phases is 27v/m, electrical degrees,

and the phase angle is 2ru/m,. Then the mmf of uth harmonic for c

phase is

Luc(Zpst) = ubsin[&,,wt * ‘_1.’_?3 (u + v)C ")‘ub]

+ Fursm[sv“‘ L, E’_‘c..’EZ» + (u - v)-ﬁ-‘;. -7\“:] (10)

where my = 2Qy/P = number of phases for roser.
Then the total uth mmf of the rotor due to total wvth stator field

is the sum of these magnetomotive forces for m, phases:

£,(x0t) = ruo(xQ,t) + f40 (%p,t) + - - 3 £,,(x0,t)

(mQ-l ) (x ,t)

m
= ub} % cos(u+v)“"2 sin(S ot + H_.?. 2.5
2"1 |

= czzosin(uev)% cos (St + 222 - xub)}
+ Fuf{;%;o os(u-v)—-— sin (sth > -,
s gsmu—v)%"«m(svw - TR o)) @)
Lot % = EeosuenZS, by 2 - :%jsmm)%& ,
ap = 2E“lcoe. (u—v)"‘" by = .2“131.:1(\1-*?)&t£
¢ 0
then £ (xp,t) = Fy (gl + bb)2 sin(Spwt + E2 - x4 g )

+ Fap(ed + b3)% sin(sywt - X2 0 4gye)  (12)



= -1 b
where‘¢.ub=tan -—%, ¢uf:t&n -—1-

Since in a symmetrical polyphase winding (m,>2), we only have
the uth harmonic rotating in one direction ox the other, therefore
L oL
either (a% + tzsg)2 or (a% + b%.)2 should be equal to zero.

Assume a, = ‘b = 0, then

(u+v)§-§= K(é’l/me), K=u+ve$l, 22, 23, ....
# multiple. of my .

ap and bp will also both equal to zero, unless
(u - v)l?l—;t = Ea 2V)% = 21K,
K= (=-v)/m = (K=-2v)/mp = 0, 31, 2, #3,....

mo=1

ap = C%'Ocos(anxz) = Mo,
msy~1

by = & sin(21K,) = O,
+ 0

Therefore \Aaf. + b%) =m,
Assume a, = by = 0, then

248

(u - V)iz = K(Zﬂ/me), Keu=ve 2.1’ 2.2, !.3’ )

# multiple of mj.

&, and bb will also both equal to gzero, -unless
21 2n
(u + v)Ez-.—_ K + 2v)]-n-2-= 2nK,,

Ky = (u+ v)/my = (K 2v)/my = 0, 31, 22, 43, - - -
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my=l
= 2rk,) =
a %Ocos( nK5) = mp

HI2"1

b, = Z sin(erK,) = 0
-0

Therefore /(ag - b%) = m,

The criteria for the exlistence of rotor harmonic u:

Case 1: For backward waves of u,

(w=-v)/m, = (K- 2v)/m, = K, = * integers including zero.
(13)

K=u + vz # integers except zero and multiple of m,.

Case 2: For forward waves of u,

(u + v)/m2 o (K% 2v)/m2 = K, = + integers including zero.
()

K=u - v = + integers except zero and multiple of m,e

In both cases m, = 2Q2/p for squirrel cage rotor.

6. Stator flux wave:

The general formula for flux density is
B= 4’/(area) = 0.7 (AT)/1 gausses,

where AT = ampere turns,

1

length of magnetic circuit in ems. ..
= Change 1 to inches and B to lines per sq. in., then

B = il‘ A )(2.54)% = 3—2-(& lines per sq. in. (15)

(a) Flux due to the stator M. M. F.:

Eq. (3) shows the stator mmf for a Salient-pole machine. It is
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the combination of two discontimuous square waves and must go to zero
beyond the poles. If we assume the air gap under the poles is uni-
form, then the resultant flux wave must be the same in shape as that

of the mmf.
From Eq. (15) the amplitudes of flux waves for vth forward and

backward harmonics are:
3 3’2FIE
BVf s KcKS
2K
and =
Byp r—mxcxs

where 4 = alr gap in inches,

(16)

Ko= Carter's coefficient for the slots,
Kg= ratio of ampere turns per pole to ampere turns per air
gap,
Fyr and Fyy, are given by Eqs. (3a) and (3b).
Then from Egs. (3) and (16), the flux distribution wave due to

stator zmif is

b (xl,t) EBvb sin(wt + vxxl/z >\vb

+ o%dB"f sin(wt - vrx; /z —)\vf) (a7)
Equation (17) 4s only true for the resultant flux wave but
not for individual harmonics. For individual harmonics it must be
modified by permeance wave.(see 7-b.)

The velocity of the traveling waves is

dx T
d—tl =2 '37 =3 —3—- 1nches/sec. (18)

where + sign is used for forward waves and - sign for backward waves.

f1~ is the frequency of applied voltage.
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(b) Stator flux wave referred to rotor:

- Stator axis Rotor axis

P

xy in. —*

t - e e

Fig. 3. Relation of stator & rotor axes.

Xy = Vport + X = (l-s’%"—t- + Xy
Inserting this into Eq. (17), we have

by (Xpst) = ﬁf‘fb sin [fL'+ v(-e)iwt + vixpt - Ay

+ 3> Byp sin [{l - v(1-8)}wt - vax,/r ')‘vf]’
odd

or bo(xpst) = 2 Byy 8in(Sypmt + vixp/r -x )
odd :

+ 5 Byg sin(S¢™ - Ik =N p), (19)
odd

where Sip =1 + v(1 ~ s) = slip of rotor with respect to the vth
stator backward harmonic. (192)

Spe = 1-+v(1 - ’s) = slip of rotor with respect to the vth
stator forward harmonic. (19b)

8 is the slip with respect to synchronous wave and its value

is from zero to one. Therefore va is always positive but S_, may

be positive or negative. When Svf is negative this means ‘the wave
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of B,p is also going backward with respect to the rotor.

The velocities of stator flux wave with respect to rotor are:

e Sufen L L eas inches/sec.,
at— v v

z
%’52 e S"::t = 23":;f1t inches/sec.

(20)

-

The first one is used for forward waves of v and the second is

used for backward waves of v.
7. Rotor flux wave:

(a) Rotor flux for smooth air gap machine:
If the machine were non-salient pole type (i.e., with smooth air

gap), then the amplitude of the rotor flux distribution wave for uth

forward or backward harmonic woulgd be:

o 3’2F31ﬂ2
TR i

where F r and F,y are given by Eqs. (9a) and (9b),q, rKc, Kg are same

as before. Then the rotor flux distribution wave of uth harmonic would

be (from Eq. 12)

blo(xy,t) = By sin(Smt - woeole = Agp = Pus)
: : (22)
b&b(x ,t) = B\lb sin(vab + unxz/t "'Xub "‘ﬁub)
where Sv =14+ v(1 - s)

(b) Rotor flux wave for shaded-pole motor:
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Actually all shaded-pole motors are salient~pole type, so HEq.
(22) must be modified by the wave of permeance.

Assume the permeance of air path between rotor and stator out-
side the pole shoe space is 1/5 times that under poles (uniform air

gap), then the wave of permeance may be shown as Fig. L.

L - c—

[ 4
e < |
) ! h=1
h/s
ot . !
1
r d
]
iy
Fg. L. Permeance Wave.
Assume
oo oo
P(x) = a5 + 3 2, cosnnx)/p + Z b, sinmx, /zr
e 1 Y oot
TR e B R 2t[/h axy 3 l; i *]ﬁ g
2[——- z—i
/ dxl +fh dq]
t’g o-¥
g(? + 1)3
2C v =%

/h cos’-‘;‘?.l dx; /é-S- cosm.._’_‘l dx,

e 20-¥%%

fhcos.ri'.'_’fldxl-r]l;-cosl"?ldxl
t+% -

[ h cos..'zl d.x]_]

En: %'[P(Xl) cnan.l‘_’ﬁ.dxl- :-L-[



= ;%(sinn%‘ + COSn‘ITSiDI%)

= 16h al n;g s When n = even number
=0, when n = odd nmumber.
1 2L
b, =& [ P(xy) sin%';-’-‘l- dxy = 0 for n = any integer.
=]
Therefore
P(xl_) a4 2 8, cosmﬁ.
nwéven
= g+ 1) 4 S m?— ool
n—even
where h = 1.

Shift P(xl) referred to rotor,

then P(xz,t) za,+ OZO a, cos f(l - 8)mvt + 9%.."2}
n=even

18

{23)

(2h)

The actual rotor flux distribution wave of uth harmonie due to

vth stator field is the product of Eqs. (22) and {24},

boel®ost) = blo(x,,t)P(x,,t)

= a B¢ sin(Swt - _c e +<;‘:uf

+ Bu.t‘ ‘azoan sin(svﬁt - %&-J\uf +¢uf) times

n=even
cos{(l-s)mrbd-n—;,-&}



»

or ,
buf(xz,t) = aoBuf sin(Svrt\- E‘._Efa? '>‘u.f -¢n.f)
.- Sen[stn{ sy + Godnimt - (@enVF2-A 0 v,
n=even
+ sin | (S - (1-e)n)wt - (um),-(%tz “Aur +c,6ufn
(24)
Similarly,

by (Xp5t) = agByy sin(Som + T2~y +Py)

+ Bsz an[sinf (8 + (Qeedndwt # (uen)22 =X "Sbub}

n-even

+ gin { (84 - (1=s Jnwt + (u‘n))%‘a =~ Aub ’¢ub
(23)

Notice that either b ,(x,,t) or by (x,,t) contains one normal
traveling wave and two sets of infinite series traveling waves with
different speeds.

The velocities of buf(xz’t‘) with respect to rotor are (for three

different kinds of waves):

By _ BT

dt u . A

dx, _ 2(Sg*(1-s)n)fyT (26)
dt u-n =

dXZ - Z(Sv"(l"ﬂ )n)flc
d¢  u-+n

and

s

where f, = w/2¥.

The velocities of b, (x5t) with respect to rotor are:

= LT

dt u



dx, e 2(Sv+(l-s)n)f1’z (27)
at u-+n

dxy 2(Sg=(1-8)n)£T

dt 0 u-n E

(c) Rotor Flux Waves Referred to Stator:

4
Xp= X -Vt =x - (L-8).

Then from 5gs. (2L) and (25), we get

buf(x‘_[’t) = a,Bp sin {(Sv + u(l-8))wt - ‘-’%’-‘l “Agp * ¢uf}

2 5)2 cf an[sin {(Sv + u(l-s8))wt - (u—-»n)l—’rx_r-:L “Aur t ¢uf}

n=even

+ sin { (Sv + u(l-a)wt - (u+n)7-%l “Ayr t ¢ui‘}}
(23)

end by (xy,t) = a By, sin { (S - ull-shwt - =T Ay + Ay

B T e, [ain] (5 - ule)nt + el F Ay, ¢ )

n=even

+sin {(Sv - u(l-s))wt + (u-n)T-t;_-a’ “Ayp * ﬁub}]

(29)
The velocities of rotor waves with respect to stator are:
For buf(xl,t),
= 2(8u(1=s))fyT
M s
2(3,+u(1~8))fy7
- 25 A (30)

u-n

olf 2lg 2|8

2(S su(l-s))fqr
u+n 43

and

20
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For b, (x,,t),
dy _ 2(Sﬁu(l-s))f3_t’

dt u
d 2(5yu(1-8))fyT

and axy _ _ 2(5,u(-e))fyT
dt u=-=-n

(d) Total rotor flux:

The total rotor flux wave referred to stator is the summation
of byp(xy,t), (Fqe 28) and by (x,,t); (Egs 29) with both u and v fram
one to infinitys:

b (rppt) = 3 Sfbupln,t)y ¢ by (x,t)y ) . (32)
v-odd u

Notice that b o(x/,t); and by (x;,t), do not exist for the same
u (see II-5) and the criteria for the existence of u is given by Eqs.
(13) and (14).

The net air gap flux is the vector sum of total atator flux

(Eq. 17) and total rotor flux (Zq. 32),

by (x1,t) = bg(x3,t) + byplxy,t)e | (33)
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IIT. CIRCUIT ARALYSIS

l. Circuit Equations:

Fig. 5. Diagram of Pole and Rotor in Shaded Pole Motor.

IBtﬂ:

e
|

B
1]

angle in electrical degrees between main pole axis and shaded
pole axis,

stator current in main winding,

stator current in shading coil,

rotor current in the winding referred to the direct axis,
rotor current in the winding referred to the quadrature axis,
mutual inductance between main winding and shading coil,
mutual inductance between main winding and rotor winding

in direct axis,

mutual inductance between shading coil and rotor winding
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in the direct axis of shaded pole,
r + lp = main winding impedance,
ra * 1,p = shading coil impedance,
R+ p(lo + 1,) = rotor impedance in direct axis,
R + p(1, - 1,) = rotor impedapce in quadrature axis.
The circuit equations can be written as followst

For main coil circuit:
e » (relp)i + mpig + Mp cosvt 4.+ Mp cos (vt+90°) Lar
For shading coil circuit:

€

g =0= (rs-&lsp)i’ + mpi + Mp cos(vi-F) idr + lgp cos(v1;+909-,:3)iqr

For rotor circuit referred to direet axis:

egp = 0 = (Rep(1#ly cos2vt))iy + O + Mp cosvt 1 + Mp cos (vt-f)ig

For rotor circuit referred to quadrature axis:

eqr = 0 = { Rep(Ly#1p cos2(vt490°)) 1, +0

+ p cos (vt+900 i+ Mgp cos (vt+90°-)

Put the above four expressions in box notation and we get the

following equations:



=1

1 1! j‘cl:t:' iqr
e r+lp D Mpcosvt ~Mpsinvt (3k)
8
8 mp rg+lgp ¥ pcos (vt-4) < _pain(vt-§) (35)
=0
_adr
tpcosvt | M peos(vi=g) [ Rep (1,1, cos2vt) 0 (36)
=0
s ~lpsinvt | -l psdalvi-£) 0 Rep(1,-1,cosovt)  (37)
= 0

The transient sclution of these equations may be obtained by
operational methods, but it is quite long and complicated and nea;‘ly
ugeless for design. Therefore only the Stezdy state solutions are

given in the following paragraphs.

2. Steady State iZquations Referred to Stationary Axes:

For staady state, replace all p by +jw.

Transfer all rotor voltages and currents in the stationary axes
(direct and quadrature axis) by keeping the angle vt equal to zero and
introducing the speed voltages in the rotor circuits. Then the above

equations are reduced into the following form °
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i ig ia iq

& r+ Jwl Jom Ju 0

eg=0 Sven Tg+jwlg Jwily cosp il sing
ed=0=trans- Jwid Jwils cosg Rdw(ly+1p ) 0

form v. : =
3 Xk + 0 | 4{1-8)wl; sing +0 +(1=g hw(1,-15)
8q=0=trans- 0 4w M, sing 0 R+jw(1p-12)
*ég;’; :: ~(1~8 ¥ | -(1-s il cosf -(l-s)w(lo«l-lg) +0 :
where - 8 = slip as decimal,

ig4 = rotor current in direct axis,

iq T rotor current in quadrature axis.
Let X <2 wl = self reactance of main winding,
X, = wl, = self reactance of shading coil,

5
J{d = w(1°+12) = self reactance of rotor winding in direet axis,

w(lo—lg) = self reactance of rotor winding in gquadrature

-
i

axis,

o
]

rutual reactance between main winding and shading

coll,

B

Xna mutual reactance between nain winding and rotor

winding in direct axis,

X4 = Wy cosf = mutual reactance betwsen shading coil and
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rotor winding in direct axis,

qu = wilg sing = matual reactqnce between shading coll and rotor
winding in quadrature axis,

S =1 -8 = v/w = speed as decinmal of synchronous speed.

Then we get the following equations:

1 L i %

‘o rejX 3% 3Xna 0 (38)
agm0 b o ) & 5 2 3%sq (39)

eq=d IXag B P | BI%g Ky (o)

o0 -SKpg | ~SKegtilaq| Ka Bage (b1)

3. Solutions of Steady State equations {Egs. 38 o 41) for all currents:

r+jX 1%, iy - @
R rarils Xgg  Hsq
AT SRy Shepilay R 24
) "std"'jxaq -SXd R-Pj_xq

A= Uy + 3V + 5U, ¢ JSV, = U = JV (L2)
1 =<—(& + 3By + SAy + JSB,) ==—(4 + JB), (u3)
g =2=(0) * 3Dy + 5C, + §3D3 = ZHC + 3D (k)
1q = 58 + 5F) + S5, + 35F,) = 2~(E + §F), (us)
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1, =50y + 3 + S0y + I5H,) = S-(0 + W), . w6)

where by = —rg(Xgky = B0 = Rig(Ky + Xg) + RABg + By

B, = reR(Xg + Xg) ~ Xg(XaEy = B%) + (X% + X¥5 ),
Ay = S rolfy,
By = S(X XX, - quid » desq)’

A = Ay + Shy,
B =z By + SB,
Cy = R(X;(Xg + X) - Xpa¥sa)s
Dy = XXy - B = Xhng¥se
L
Dy = =K, (BX, "lﬁndxsd) = MhgXsq?
c =01
D = Dy + SDy,
Iy = R(XgXng = XyXsq) + Ts¥gnds
P .= Xy(Xs%na = Tu¥ea) = Xna(meR + X5q),
%y = -SrgX Xnas

Fp = Ripkeq - SK(~KXsa + Xs¥ua) + SKpa¥aq,

e 22 ]'l'he evaluation of A and the determination of currents are
given in Appendix I,



L.

+ SEp,

o]
U
L

F = Fl = SF2:

G = ~Rhlgq

By = X (X¥g = Xng¥aads

G = rgRhya

Hy = R(-XyXaq + Xg¥na) * S¥sq(Xn¥d = Tua¥ed)s
. = 0 oy

B = H + SHy,

Uy = vhy - XBy - XDy = Bugyo
v1=m1+rBl+xmcl+);ndE1,
Uy = vAy - XBy - XDz = %pgfes
Vp = XAy + By + LpgBo

3] =Ul+8[12,

¥V = Vl + SVQ.

Standstill Solutlon of Steady State Equationt

At standstill, the speed S = O, then

A=U+3%

28

(L7)

(L3)



5. Squivalent Circuit:

Iet

33 = id/igs

8 = 1q/1 ;

29

(L9)

(50)

(51)

= iq/jB’
3, = 1g/1,.

Then from Eqs. (5) to (8), we can draw the equivalent circuit diagram

as shown in Fig. 6.

il ST < T AX
AMAA—TD
1.6 jRF0.0
1 an
, 3
2 - j838
sy ii I l
2 /400 ;
7 Xmd
72650
Fig. 6.

B JXs
-%‘
l 2.3 j&i0

28.2 12935

R jiXa

Equivalent Circuit.

B - X
-’.XS{E l 28.2 j2ob.%5
i58.0 7 e o8

2990 [97.45°

@

-S(X"'“’ Xsd_,,a“Yd)

X X
i i
73.0 [/9.20°

The mumerdical values are given for the special machine at

1550 rpm. (see V-7.)
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6s Torque Equation:
The general equation of voltage for a winding rotating in a

varying magnetic field is:

e, = Ryi + d—d% +Vl{1,

where e, = applied voltage (volts),
applied current (amperes),

Hn‘z resistance of the winding- (ohms),

e
[
"

flux-linkages (108 line-linkage),

=
1

flux density (10~3 line-linkages per radian),

=
A

J=angular velocity (radians per second).

The electrical power flow equation is:
ealg = Raia + (S_lﬁ)-_._a +V¥’ ig

where e,i, = power imput (watts),
Reig = power lost in the form of heat,

(g%) iy = the rate of increase of the stored magnetic energy,

Vi, = mechanical power output (watts).

Since H.P. output = 21[(;;183(()%) —2’1—63 —%

then the torque

1= 330000y - 11,84, Ozt (52)

Apply Bq. (52) to the shaded-pole motor of P poles, we get

the total torque as:



P = ;-l'_éa_P {1d(}.!a sing 1, + (10-12)iq)
- 1,08 3y cosf iy + (1,-15)49)} or-tt.
;o.O}Pfid(xﬁqia+xqiq) - g (Rpql+Xgaigtaia) } o02-fte, (53)

since for 60=c¢ycle,

11l.8 11.8

w = 2 ?60 - 0001.

The above equation shows the Instantaneous torque in terms of instan-
taneous currents.
The average torque developed ¢an be expressed in terms of

‘effective currents as the real part of

Ty = 0.01P { TH(R T X T ) - THE 4T +X, T aX, 1))} on-tt.
(k)
where the effective currents, I, I,, I, and Iql can be calculated
by the same equations {Eqs. 43 to L6) used for instantanecus currents
with £ {effective voltage) instead of e. I: and I; are the conjugates

of Iy and .Iq regpectively.
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IV. EXAMPLE OF DESIGN CALCULATIONS

The procedure in the dezign of a shaded-pole motor is different
from that for other type induction motors. The stator 1s something
like that used in direct current machines but with shaded pole struc—
ture attached to the main pole. The rotor is always of the squirrel-
cage type which is the same as for other inductlon motors.

The procedure for the design can be illustrated clearly by an
example:

Ratings 1/h0 hp, 1550 rpm, 115 volts, 60 cycles.
Specifisation 2

Mall load efficiency- > 22.5%

M1l loa:d power factor z60%

Locked rotor torque = 357 of full load torgue
{at rated voltage)

Iocked rotor current = 2,0 anp.

Maxirem torque Z118% of full load torque
(or breakdown torque)
Temperature rise £h0o%c
of the winding
(for conmtinuous load
operation)

l. Stator Desipgn:
(a} Uain dimensions:

Rumber of poles,

P=120 £/n (55)

For £ = 50 cycles and n = 1800 rym,
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120 x 60
p o =0 X 00
1800 4

The output equation for fractional-=horsepower motor is

ol

s (58)

where D = air gap diameter of the stator in inches,
L = length of the laminated core in inches,

The output constant C can be found from Fig. 7 with known watts/n.

soo
\\\
4oo \\;
V) \\
[
W J3oo \
X \\
N .
[
§ 200 \!-\.
U
N
R Joo
o
0 .04 .08 /2 <16 20 24 28 32
Watls ovrpet
Sy REH,
Fige T« Output Constant for Single-phase Motors.
~ Now, watts output _ 0.025x746

= 0.01037.
Syn. rpm. 180

From Fig. 7, C = 510.

Then - D°L = (watts)xC/n = 0.010375510 = 5. 29.



In general, L/D = 0.5 to 10. Take L/D = 1,0 for this machine,
1/3 :
then D=1L= (5.29) ~ = 1.7L inches, use 1.75 inches.
(b) Magnetic circuit in stator:

Pole pitch
T =nD/P = 3.14x1.75/hk = 1.375 inches.

Assume vole arc & =
pole pitch % Sl

then pole arc = 0.78x1.375 = 1.07 inches.
l /003" |
/.07”

Fig. 8. Pole Arc.

From Fig. 8, pole width is

W, = 2x0.875 8ind = 1,79 sin(%% 180y = 1.003 inches.

Assume that the pole flux density is 36,700 lines per square
inch and the lamination factor is 0.93, then the useful flux per

pole,

g = 1.75%1.003x36,700x0.93 = 60,000 lines.
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Let the radial length of pole, ZLp = 0.625". (It should be
checked by the space for main winding and shading coil.)
Assume the leakage factor of the pole, A = 1.2, then the flux

passing through the stator yoke,

;ﬁ = 80 020*1-_2 — 36,000 lines.

Assume flux density in yoke, By = 88,500 lines/sq.in., then

the depth of yoke,

o = EXN2__ o 36,000 = 0,25,
0.93L B, 0,73x1.75x58, 500 '

The outside dlismeter of stator lamination,

DO=D+21.p+2d.y = 1,75 + 2x0.625 + 2x0.25

= 3,50%,

The shape of stator lamination is shéwn in Fig. 9.
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s PO i

. B = 2442° mech. degrees

Shaded pole arc = 0.313",

= 8.L° elec. degrees » ; Pole arc = 1,07"

Fig. 9. Field Punching (Twice Size).
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{c) ¥Main winding:

The voltage equation,
E= Wiy x ].O"8 volts. (57)'

Therefore, the number of turns per pole,

3 8
~Exie . msxig’ .
N = Tt 200 turns/pole

For the giyen efficiency and power factor to be met, the full

load current is
I= = —— -2 -
E x eff. x pt mﬁ %scamp

In general the current density is from 2500 to 3000 amp. per

square inch. Ilet the current demsity of the main winding, Ay = 3000

anp./8q.in., then the section area of wire,
Sp = T/Aq = 1.2/3000 = 0.0004 sq.in,

Choose #23 enamel copper wire:
Bare diameter =0,0226 inch,

Insulated diameter

0.0242 inch,

Area of each wire, S, = 0.000L0l 8gsin,

(d) Shading coil:
A slot of 1/16 inch wide is cut on the pole for shading coil
a8 showm in Fig. 9.

Use a copper ring for each shading coll,
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Cro@s sectlion area of the copper ring
= 0,125%3/6l - 0.00587 sq.ins
2. Rotor Design:
(a) Mr gap length and rotor diameter:
The empirical e«.]u,:-zt,ion2 for the air gap length of fractional
horsepower motors is:
§ = 0.005 + 0.00035D + 0.00LL + 0.003V/1000, (58)

vhere the psripheral velocity, V=r D n/12 = 3.1hx1.75x1550/12
= 710 ft./min. Therefore

§ = 0.005 + 0.00035%1.75 + 0.001x1.75 + 0.003x720/1000

= 0,00949 in., use 0.008 in,

The cutslde diameler of the rotor,
D= D- 2§=1.75 - 2x0,008 = 1734 in.
(6) Cage winding:
To avold pulsations and oscillations of the alr gap flux in
a salient-pole machine the rmumber of slots per pele should be equal

to a2 whole mumber plus %. For this. machine we choose L3 slots per

pole, then the total nmumber of slots,

Assume the tobkal ampere-turns of rotor to be 10 per cent less

2Kul'ﬂ.ma:m, J. Hy Design of Dectrical Apparatus {New York:
John Wley & Sons, Inec., 1937), ‘P. 352.
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than that of the main winding of stator, the ratio of the total section

area 'of bsrs in rotor to the total section area of the main winding is:

Seb/Sem = 00 9An/ /Ay, (59}

where A, and A} are the current densities in the maln winding and in

the rotor bars respectively.

If the rotor bars are made of the same material as that of the
stator winding, the current density of rotor may be higher than that
of stator because the mean length of rotor winding is shorter and the
ventilation is better. Now cast aluminmum cage winding is used for I
the rotor, the current density must be half that of copper, since

alumimim has omly 508 conductivity.

Prom 1{c)}, we have
An = 3,000 amp. /8q.in,
and Scm = 0.000401xhx2x%200 = 0,642 sq.in.

Assume the current density of bars, i, = L500/2 = 2250 amp./sq.in.,

then
Seb = 0.90x0.642%3000/2250 = 0.770 sqg.in,
Section area per bar,
S, = 0.770/18 = 0,0427 sq.in.
Choose the slot size as shown in Fig. 10, the area for each
slot,

3x3.04(0T72° - 0.YI52)/L + 0.165(0.172 + 0.115)/2

ép
n

Ol Ohog 8 q- ]'.I'l-
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then cb"18 x 0.,0405 = 0,73 sqe.in.

The rotor skew is 0,375 in. per bar.

The section area of each end ring3 is

er he 0632 S —b~ (60)
TR W
Assume the current density of the end riﬁg, Aerzl.lAb, then

Ser = 2 21):0'7371}1 = 0,053 sq.in.

The size of end ring is shown in Fig. 10.

i

B>
/ ; s o. 115"
VSRR
\
4 i

os72"

%

/i\ | \ 30 7

\

g
5
I

/I ’
< e
e g

(a)

Pig. 10. Rotor Punching. (a) Cross Section of End Ring.

31bid., p. 303.



(¢) Magnetic circuit:
Minimm tooth width, .

%, = 3.1061.2/18 - 0.115 = 0,095 in.

. Maximum tooth density,

S 60, 000x) =
By = 5.93mW,q,  0.93%1. 15x0, 0908y 00800 lines/sq.in.

Ny

Diameter of shaft = 0,500 in.

Depth of rotor yoke,

dyr = #(1.200 - 0.115 - 0.500) - 0.2925 1n.

Flux density in rotor yoke,

oo 60,000/2
Byr = 5.931d,;  0.93x1. T5%0. 2925

= 63,000 1ines/sq.ine



V OPERATING CHARACTERISTICS
(Calculated from Design Data)

W2

Before calculating any characteristic curve we should find out

all the motor constants (referred to main winding) appeared in Eqse.

(38) to (41). Then we can solve those equations for all currents

and calculate operating characteristics.
l. Resistances:

(a) Resistance of main winding:

where £ = 0.690 at 25°C
= 0.796 at 65°C,
N = 200 turms,
Sp = 0.000L01 sq.in. (see IV-l-c)

P=Lk (see IV-1l-a)

L, = mean turn length

=L 3 W, + 2xthickness of coil)

= 2(1.75 + 1.003 + 2x0.L45) = 7.306 inches.

Therefore - hx200x7. 30600692
= 10 1 ohm 25°C
T 5. 000401x10° ohms at 25°

= 10.1x1.15 = 11.6 ohms at 65°C.

(b) Resistance of shading coil:

o PsLs
rq ydé (N/Ng )

(61)

(62)
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where Ng = 1 turn, (see IV-1-d)

85 = 0.00587 sq.in., (see IV-1~d)

Ls = mean turn length

2(L + W + 2xthickness of coil)

=2(1.75 + 0,282 + 2x3/64) = L.2516 inches.

Xlio 2516x04 692 P,
Therefore Ta 0.00587‘108__x(200/1) 80.3 otms at 25°¢C

= 80.3x1.15 = 92.3 ohms at 65°C

(¢) Rotor resistance:

The rotor resistanceh is

dp |, 0.63TDgy (2PN)3n(2

ey Py b

ohms,

where Q, = 18
Sp = 0.0405 sq.in. (see IV-2-b)
Ser = 040530 sq.in. (see IV-2-b)
1, = length of each bar
= (T.75% + 0.3752)% = 1,79 inches,

Dy, = diameter of end ring = 1.33 inches,

m = 2 for single phase motor,

Therefore

1,79, 0.637x1.33 (2xhx200)2x2x1.38h

0,0405x18 ~ }44x0,0530 10°

R=

245 ohms at 25°C
2l.5x1.15 = 28,2 ohms at 65°C

thid., pe 31lL.

43

(63)



2. Reactance:

where

where

Then

(a) Self reactance of main winding (o.c. reactance):

X = wl = E/I, = open-circuit reactance 6L)

=
i

‘impreased voltage,

I, = magnetizing current = AT/V2N.

The magnetic ampere turns, AT, contain the following parts:

Alr gap ampere turnag
ATg = Byd Kox0e313 (65)

By = #/(gap area) = 60,000/1.07x1.75
=32,000 lines/sq.in.,
& = 0.008 inech,

t

—Ar = Carter's coefficient (or air gap
Wtrl*';Y

K, =
coefficient) for rotor slots.

1"

t1p =7 D0/N, = 3.1ux1.734/18 = 0.3025 inch
= tooth pitch,
Wtr = 043025 = 0.046 = 0,2565 inch
= tooth width,
¥y = 2.5 from Fig. 11 corresponding to (slot opening)/

(air gap length) = 0.046/0,008 = 5.75.

K, = 0. 3025/(0. 256540.008x2.5) = 1.09.

Therefore ATg = 32,000x0.008x1.09x0.313 = 87.50 amp.turns per pole.

SIbide, p. 63.
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o)
=
3 P
[
/
Q*) 2 //
/
4o 1.7
A/ V or air aep coufident

b L34 & & & 0 T P ¢ B
_Slot" operning
Air Gap kengrs,

Flg. 11. Adr Gap Coefficient.
Rotor tooth ampere turns:

By = 86,300 lines/sq.1in. (see 1V=2-c)

From Fig. 12, we get aty = 13 amp. twmns per inch.
The length of tooth,

- 1 = #(0.172 + 0.115) + 0.265 = 0.3085 inch.
Therefore ATy = 13%0.3085 = L.01l amp, turns per pole.
Rotor yolke ampsre turns:
Byr = 63,000 1ines/sq.in. (see IV-2-c)
From Fig.,..lz, we get at.n. = }} amp. turns per inch.

(Dp ~ 204 = dyp)r _ (2.73h - 2x0.3085 - 0.2925) %

e 2P 2xh

Oa 33)4 inch.



Therefore A‘Iyr = 4x0.33h = 1,3l amp. turﬁs per pole.

Pole ampere turms:
B, = 36,700 lines/sq.in. (see IV-1~Db)
From Pig. 12, we get atp = 2 amp. turns/inch,
1, = 1,500 = 0.875 = 0,625 inch.
Therefore A’I‘p = 2x0,625 = 1.25 amp. turns per pole.
Stator yoke ampere turns:
By = 88,500 lines/sq.in. (see IV-1-b)}

From Pig. 12, a’c.:‘.r = 1l amp. turns per inch,

HE

1, = (Byq + dy) _ 3.14(3.00 +h0. 25) = 1,275 inches.

T 2P =3 %

Therefore ATy = 1yx1. 275 = 17.90 amp. turns per pols.

Total ampere turms per pols,

AT=ATg+ATt+ATTr+ATP+A‘]:y
87.50 + 4o01 + 1234 + 1.25 4+ 27.90

= 112,0 ampere turns per pole.

112/ 2x200 = 0.396 amp. (effective)

In

Then, by Eq. (64) we get

X = 115/Q396 = 290.0 ohms.

{b) Matual reactance between main winding and rotor winding in

direct axis (magnetizing reactance):

J;nd=wM=X—(Xi+ EXb+2X3k)

(66)
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where X, = primary leakage reactance,
X, = bridge leakage reactance,

X5~ skew leakage reactahce.
These leakage reactances can be calculated by Trickey's

fonnula96 as follows:

Xy = 2nr(2m)210"8(3.19ug/21> + (span)/P). (67)
where the span of primary coil is equal to the width of pole plus

the thickness of coil,

span = 1,003 + 0.450 5 1,453 inches.

Referring to Fig. 13, for d = 0, ¢ = 0, ay/ap = 0.375/1.188 = 0,316,
b/ay = 0.56/1.188 = 0.473, the slot constant, K, is then

F = 0.70.

Ks

2x3.1)pc60(2m200)210‘8(3.19x1.75x0. 70/2xl + L.453/4)

Therefore Zi

= 8,22 ohms.
X = 2ng(2PN)22078 (3.191/0P x 1,/d3) ©(68)
where d; = distance between adjacent tips of poles

=T - (pOIe RrC) = 10375’ = 10070 = 0-305 in.Ch,

}, =dK, = 0.008x1.09 = 0,00872 inch.

Therefore X, = 2x3.1hx60(2xlx200)21075 (3,191 75x0, 00872/ lixlix0. 305)

6Trickey, P. H, "An Analysis of the Shaded Pole Motor,"
A.I.5.%, Transactions, 55:101k,.September 1936.
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0.0965 ohm, say 0.10 ohm,

Xsk de(l - Cgxk )/ Caks ' (69)

_ sin6g/2 _ 8in(0.865/2) _
where Cox = ——5;:5é— = 0. 865/2 0. 970, :

since gsk = rotor bar skew in radians

O = %x&}_?f!b = 1x0.375/1.73k = 0,865 radian.

Therefore Xgp = Xpd(1 - 0.970)/0.970 = 0.031X 4.

Substituting these three leakage reactances and X inmto Eq. (66),

we obtain

X,g = 290.0 - (8.22 + 2x0.10 + 2x0,031Ky4)-

Therefore X;3 = 265.0 ohms.

(c) Iutual reactance between main winding and shading coil:

In = Xp + Xg + i, (70)
where Xy = 0,10 ohm,
Xgi = 0.031X,4 = 0.031x265.0 = 8,22 ohms,
wiy = X, 4(shaded pole arc )/ (pole arc)
= 265x0,313/1.070 = 77.50 ohms.
Therefore X; = 0,10 + 8.22 + 77.50 = 85.82 ohms, say 85.8 ohms.

(dY Self-reactance of shading coil:

3=Xs + % (71)
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where the shading coil leakage reactance was given by Ti':l.ckey'7 as

following equations?
= '21 -8 '
Xis = 27£(2PN)7107° (3.19LKs/UP + (5pan)/P) , (72)

in which the span of shading coil = 0.282 + 3/6L = 0.329. Then

Xyg = 2x341lx60 (2xhx200 121078(3.19x1.7520.7/1sxs + 0.329/L)

3.15 ohms.

Therefore xs = 3015 + 85.80 = 88095 Ohms, say 89.0 ohms,

(e) Rotor self-reactance in the direct axis:
X3 = w(ly + 13) = Xyp + Xpqe (73)

The rotor leakage reactance can be divided into three com- -
ponents (neglecting leakage reactance of the end connection for
squirrel cage rotor)s

The slot leakage reactance8 is

X,y = 200(2EN)2207 6.381K, /B, )

in which the slot constant, K;, can be found from Fig. 13 (on the
next page). For a;/a, = 0.172/0.115 = 1.50 and b/a, = 0.165/0.115

= 1.435, we get

0410

i

F

and K5 = 0.40 + 0.016/0.0L6 + 0.172/(0.0L6+0.172)

= 1057.

TIbide, p. 10l

81bid., p. 101k
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Substituting Kg imto Eq. (74), we obtain -

0

b TP 2x3.1hx60(2>dm200)21o”8x6.38x1.75ﬂ.57/18

9.0 ohms,

2.0 9
16 f // //
N
12 07 ‘/ >
(1 . 0‘6 0 //
o8 // ",I/’
A il
04 e e
e RS, Slot
° o4 a8 12 16 20 24 28 32 26
bé,

Fig. 13. Curves for Obtaining the Slot Leakage Constant,

Ks = F + d/e + 2¢/(e+ay).

The skew leakage reastance is
X = 8.22 ohms. (se V-2-c)
The zig zag leakage reac‘t;anoe9 is
X, = % Xy (P/0)° | (75)
= $x265 (/18 ¥ =10.90 olms.

Then —
Xp T Xs1ot + Ko + Xp

¥uhimann, op. cit., p. 221,
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From V-2-b we have X4 = 265.0 ohms. By Eq. (73) we obtain
Xq = 2.5 + 265.0 = 293.5 ohms.

(f) Rotor self-reactance in the quadrature axis:

% = xar + AKI" (76)

The magnetiszing reactance in guadrature axis is

Xnq = Xmaho/Ads 7)

where A, ie the ratio of the maximm wvalue of the fundamental to the
maximam value of the air gap flux wave when a salienp‘pole machine
is excited only by a sine-wave muf in the quadrature axis and Ay
is the ratio of the maximum value of the fundamental to the maximum
value of the air gap flux wave when a salient pole machine is ex-
clted only by a sine-wave mmf in the direct axis. j

Assume the permeance of air gap in the region between two
adjacent pole tips is 1/5 of that under the pole, then the forrmlalt®

for '&q is

Ay = 1/5 (1 + L) - b sin(fn)/sm, (78)

where ¢ = (pole arc )/ (pole pitch) = 0,78 (see IV-1-b)
Hence Ay = (1 + x0.78)/5 ~ L sin(0.78%)/5r% = 0.662.

The value of A4 can be expressedll as

107, ngsdor?, & H, Theory of A. C. Machinmery (New York:
k&r“"‘ml BJOk Company‘, 19h0), P 378_1

2 ‘uSee Appendix II.
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A 5 (1 + bP)/5 + & singa/s (79)

1/5 + LxQ.78/5 + L sin(0.78%)/51 = 0,986.
Then Xgq = 265x0.662/0.986 = 178.0 ohms.

Therefore Iq = 28,5 4 178.0 = 206.5 ohms,

3. List of Constants:

All the constants calculated above are listed as follows:

r = 10,1 ohms at 25°C
= 11.6 ohms at 65°C
Ty = 80.3 ohms at 25%g
= 2.3 ohms at 65°C
R = 24.5 oms at 25°C
23,5 ohms at 65°C

X = 290 ohns

X; = 89.0 omms

X, = 85.8 ohms

X3 = 293.5 ohms

Xy = 206.5 ohms

X4 = 265.0 ohns

Xga = wlg cos 8= 77,5 coskB8.Lh° = 51.5 ohms
Xoq = wlig sinf= 77.5 sinkg.L® = 58.0 ohms

L. Core losa:

The weight of pole laminations,

q, = Pmpwpxo.%xo. 278 {(80)



Gp = lxl.75%0.625x14003%0+93x0,278 = 1,138 1bs.

From Pig. 12 {pe 47), the core loss per pound per cycle is 0,01 watt
for Bp = 36,700 liﬁes per sq.in. Then the core loss in poles,

Wep = Gp £x0.01 = 1.138x60x0,01 = 0,683 watt.

The iron weight of stator yoke {(referred to Fig. 3),

Oy = 0.25M(3,0 + 0.25 11.75%0.273 = 1.24 1bs.

From Fig. 12, for By = 88,500 lines per sq.in,, the core loss per

pound per cycle is 0,054 watt, Then the core loss in stator yoke,
Wy = 1.2hx60x0,058 = 4.02 watts.

The core loss of rotor and additional losses (as surface losses
in the testh due to variation in the air gap density, losses due to
glot filing, losses due to non~-uniform flux distribution and losses
in the end plates and end-brackets) can be estimated as 0.8 to 1.2
times that of the stator. For thls motor assume the total core loss

is 2 times the stator core losses,
We = 2(%p + Wey) = 2(0,683 + h,02) = 9.11 watts.

The component current for core loss is

*

I, = W./E (81)

9,11/115 = 0,082 anpere.

5. Friction and Windage loss:
For the small motor, the friction and windage loss is generally
assumed to be 8% of the rated output at rated spesd and varies as the

sguare of the speed.
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Wpy = 0.08x18.65 = 1.49 watts at.1550 rpm,

since rated output = 1/L0 hp = 18,65 watts.

6. Performance
First of

in terms of S;

7

P
!

"
N
I

Ny
]

W9
]

Calculations:
all, calculate the following factors (from A to V)

Then compute the results in the calculation sheet.
—rg(Rgky - BD) = RE, (X + X)) + ROGy + X5)

=92.3(293.5x206.5 - 28222) - 28.2289.0(293.5 + 206.5)
+ 28.2(31.5° + TB0°)

~6.605x10°,

= reR(Xg + Xq) - o (TgXq = BY) + (¥gXoq + XaXaq)

92.3x2842(293.5 + 206,5) - 89.0(293.5x206,5 - 28.22)
+ (206.5+ET.5° + 293.5x38.0°)
~2.195x10°,

= rgXgXyS = 92.3%x293.5%x206. 55

5.600x10%s,
(teXaTy - TgTq - Ky¥gq)S
(89.0%293,5%20645 ~ 206.5x31.52 - 293.5x58.02)3

3.865x106s,

R(%p(Xq + Xq) = FaXsd)
28.2(85.8x(293.5+206.5) = 265.0%x51.5)

0.825x10°,
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D = Xp(XyZy = B9 = XBoaXey |
= 85.8(293.5x206.5 ~ 28.2°) - 206.5x265.0x51.5
=2, 10x10°

0 = 0

Dy = ~REpgXsy = (KnXa Xma%ea)Xys
= -28. 2X265.0368.0 = (85- 8x293-5 "' 265.0!51- 5)}(206053
= ={0.134 + 2.3815)x106,

Ey = R{XgXyq - Tm¥Xsa) + Ta¥g¥nd
= 28.2(85.0x265.0 = 85,8x51.5) + 92.3%x206.5%x265.0
= 5.59Ox106,

P) = Xy (Zekng = Su¥eq) = Xpg(ral + o)

206.5(89.0%265.0 - 85.8x51.5) - 265.0(92.3x28.2 + 58.0°)

2.380m10°,

u

-rg¥qfnaS = =92 3x206.5%265.05
-5.060x1065,

= RlgXaq = (% (Xehnd = Ya¥sa) = g%y )
28.2x85.8x58.0 = (206.5(89.0x265.0 - 85.8x51.5)
~ 265,0x58,0°)8

]

(0.240 - 3.0685)x20°,

-R’&'ﬂxﬂq = -2&. 2x85-8x58.0

-0.1ax10°,
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B = Raq(En%q ~ ¥pa¥ed)
~58.0(85.8%293.5 = 265.0%x51.5)
-0.670m10°%,

G = rgiX,q = 92.3x28.2%265,0
H 7y

= 0,690x107,
Hp = R{Tyq ~ %n¥ea) + (KpXa ~ YpaXsq Meq®
= 28.2(89.0x265.0 - 85.8x51.5) + (85,8x293.5 - 265.0x51.5)
2(0.5H0 + 0.6703)x10%,
Uy = riy - B - Gy ~ Gy
= (—110616.605 k] 290.032- h95 o 85.8::2.310 - 26500x20 380 )106
= -181.500°, '
Vi=Xly + By + 0 + Lgly
= (=290,0x6.605 — 11.6x2.495 + 8E.8x0.825 + 265.0x5.590)10°
= -397.2x10°,

Up = rhp =~ BBy ~ Do = LpgF2
3 (11.6%5,6008 - 290.0x3.8655 - 85.8(0.134+2,3815)

- 265,0(0.140-3. 0688 ) )x106

= 0.10 o 3?053)(106

Vo2 = XAy + rBo+ Xpabp
=(290x5. 6005 + 11.6x3.8655 ~265.0x%.0608)x20°

= 327.85x100.
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TABLE I

B

CALCULATION SHEET

S (% of syn. gpeed)

B 0.86 0.90 0.967
(1550 rpm) (1620 rpm) (A740 rpm)
i r (hot) 11.6 11.6 11.6 1.6
2 rg (hot) 9243 92.3 92.3 9243
3 R (hot) 2842 28,2 28.2 28.2
b X 290,0 290,0 290.0 290.0
5 Xg 89.0 89.0 89.0 89.0
6 Y 85.8 85.8 858 85.8
7 X4 293.5 293.5 293.5 293.5
8 X, 206.5 206.5 206.5 206.5
9 T4 265.0 265.0 265.0 265.0
10 Xsg 51.5 51.5 51.5 51,5
11 Zsq 58.0 58.0 58.0 58.0
12 g ox 2070 LaB08 | beBOE. T 08 —6.605
13 By x 107 2098 =295 <2095 2,495
1 Axl0025.6005 0O h.810 e 5.110
15 Bx100.3.8655 0 3.320 3.480 3,740
Wk areoban |
=(474345 )10 =6 605 ~241465 ~2.075 -1.375
v BT
={B1+3B> 20 ~2,495 0. 360 0.635 1,123
18 (A + 5B)10°8 7.07/200.7° 2.498/471.7°2.170/163.0%1.775/1140.7°
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Item Quantity

TABLE I, CONTINUED

— ===

S (% of ayn. speed)

59

0,86 0.90 0.967
¢ (1550 rpm) (1620 rpn) (1740 rpm)
19 & x10° 0825 0.825 0.825 0.825
20 D x 107 2.310 2.310 2.310 2.310
21 Gy x 107 0 0 0 0
22 Dgxlo-é
23 ¢ x107° "
= (#8010 0. 825 0.825 0.825 0.825
24 D g8 %
a (D)+8D,)10™°  2.310 0.170 —0.010 ~0.335
25 (C+ 3DNO°  2.15/70.35° 0.842/11.64°0.825/5.7° 0.890/73.1°
26 5 x107° 5.590 5.590 5.5% 5.590
27 F x107 2,380 2.380 2.3680 2.380
28 sz10"6= ~5.0605 0 -l1e350 -}, 600 -L.900
29 Fpao™
30 £ x1070 =
= (E,+88,)10 5.590 1.850 1.k%0 0.865 .
n Fax070 -
= (Fy+5F,)10 2.380 0.230 0.020 ~0.350
32 (8+ §FN07° 6.07/23.08° 1.86/7.1° 1.k9/0.77° 0.938/22.8°
33 & x107° o1 o4 =0al  -0.1d
K x107 -0.670 0,670  ~0.670 ~0.670"
33 G x W0 0. 690 04630 0.690 0,690
3% Hyx 167
= 0,5L+0.67S  0.5L0 1.116 1.143 1.138
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TABLE I, CONTINUED

S (¢ of syn. speed)
L DAl 0 0.86 0.90 0.967
‘ (1550 rm) (1620 rpn) (1740 rpm)

37 6 <00

= (G1+SG2)10 0.1l 0.453 0.479 0.525
38 Hx107 |

= (Hl+bH2)10 -0.670 0.290 0.360 0,479
39  (G+ jH)lO 0.6814/258.1°0,539/32.6° 0.600/36.9° 0.710/L2.4°
4o, wpx I Nl Tigus ¢ Cd8Ls 1615
B v x 16 «397.2 ~397.2 -397.2 -397.2
W2 up x 107 ,

= 0.10-37.55 0.10 -32.1 ~33.6 -3642
L3  vox 107
= 327.85S 0 282.0 295.0 317.0

Wy u :A:lO'6 W

= (uy+50,)10" -181.5 ~209.1 ~211.7 ~216.5
hs v x 10"6 e

= (vy#5v,)107 =397.2 -155.0 ~131.5 ~91.0
b6 (u + jv)2070 437.2/2 249.5/211.85°

BT Lsdd 0/216.55° 235.0/202
L7 E 115 115 115 115
L8 I = (47)(18)/(L6) 1.87/BL.73° 1.00/hB8.85°

1.105/50.85° 0.867/82.1°
L9 Iy = (U7)(25)/(u6)  0.6l44/175.08° o.3ao/"i§t§§°
0.372/20L.91° 0.435/22L.5°
50 I, = (L47)(32)/(L6) 1.595/222.35° 0.686/211.03°
* 0.822/209.55° . 0.459/225.1°
= (U7)(39)/(46)  0.180/12.67° 0.2762/175.95°

0.238/183.95° 0.347/160.5°
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TABLE I, CONTINUED

——— —
—— ==

8 (% of syn. speed)

o 0.586 0.90 0.967
(1550 rpm) (1620 rpm) (1740 rpm)
52 ; 59,5/47.27° S s VT
Toas ™ 17.72/h.54° 11.58/0.5°
5 RS I & £9.L/235.02° 3942/36.13°
a ad 40.13/25,5° 32.9/65.0°
o T ~89,2/57.1° =73.3/126.1°
Fnd I; ~59.8/139.1° ~79.5/98.3°
55 - i ~5.96/187.75° - =5,42/37.6°
fsaT'y ~11.56,/2056° ~7.77/8L.5°
56 -X ~84.2/235.08° =55.7/36,13°
d qu "S?cm -11.6.7/6;.0
57 Re (52) +-++ (56) 12.4 51.0 Lo.6 14,0
58 Ty = 0,04 x{57) 0.1496 2.0L0 1.625 0.560
59 Py = 1<SSTd {w.) 0 28.10 23,40 8.66
60 Vg, 0 1.h9 1.63 1.89
61 Output (sw.)
= {59) - (1) © 27.61 21,77 6.77
62 Com loss 90111 90hl 901‘1 9!1{1
63 ) 0.082 - 0.082 0. 082 0.082
6 L = (63) + (18) 1.93/L0.5° 1.165/1?é.‘°o 1.040/T8.5° 0.910/357.5°
68  rT 13.20 15.75 12.55 9460
66 . r I 38.30 12.78 13.32 17.L8
67 RI 71.70 19.08 13.28 S.94
68 R Ii 0.51 1.60 2.16 3.0
69 Total loss = (60) |
+ (62) + {65) 16kh.52 60.11 52,35 b7.72

up to (68)
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TABLE I, CONTINUED

Ttem  Quantity S (% of syn. speed)
0 0.86 0.90 04967
: (1550 rpm) (1620 'rpm) (1740 rpm)

70 Inoput )

= (69) + (61)  16L.52 87.72 7h.12 SkaLi9
7L Eef. = (61)/(70) 0 0.315 06293 - 04123
72 P.F. = (70)/EIL 0.740 0.655 0.620 0.520
73 H.P, output

= (61)/7u6 0 0.0370 0.0291 0.0091

In the above calculation sheet, the currents, I, I;, I3 and Iq
are calculated by Eqs. (43) to (46). The line current Ij is the vector
sum of I and .Ic (core loss current).

The average torque developed, T;, is obtained by Eq. (5L).

The power developed is

_ 2 (T4/16)x1800s 2
) 3,000 = 746 watts = 16ST; watts. (82)

The power output is equal to the power developed mimus friction
and windage loss and the power input is equal to the power output plus
total losses. The efficiency and power factor are calculated in the
usual way.

The calculated performance curves are drawn in Fige 1l with

broken lines,
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7. Constants for Equivalent Circuit:

The ratios of transformation for the four currents at 1550 rpm

are
0.238/183. 950 0
=I./T = 0.215/139.10 ,
pie. 1. 1os‘/‘)ﬂf'?’
0.238/183.95

- (o]
22 = To/%e = Gaparmh.ore - O+EU0L20:96

J 0.822/209.5° _ , 1, e
a3 = TyfT = 0. 372/200.91°

8 = Ly/T, = WOZM@ =3.1450/25.50°

The equivalent impedance,

~S(Xng/21 + Xsa/ap + 2,%3)

~0.86(265.0/0.215/139.10° + 5145/0.6140/20.96°
+ 73. 450/25.5°%293,.5)
"hgoo - 329.'4. 2 = 299/ QQOE; .

The equivalent impedance,
S(Xsq/a3 + Xo/a)) = 0.86(58.0/2.210/I5L° + 206.5/3.L50/25.50°)
= 69.0 + 32h.0 = 73.0/19.20°,

The equivalent core loss resistance is:

= (core loss )/Ic 9.&1/(0.082) = 1400 ohms.

The other constants have been given in Table I.
The equivalent circuit for this special machine at 1550 rpn is

shown in Pig. 6 by numerical values.



65

IV. LABORATORY TEST RESULES

l. Equipment:
This test was carried on in the-Flectrical Zngineering lobora=~
tory of the University of Termessee. The following equipment was used:

amneter, voltmeter, wattmeter, stroboscope, prony brake and scale.

2. GClrcuit Diagram:

s
15y
— e S
Fig.45. Circuit Diagram for Test.
3. Procedure:

(a) Instruments connected as shown in Fig. 15 The motor was
operated for about twenty mimmutes in order to warm the machine to its
operating temperature.

(b) Increase the load from zero to breakdown point and take

readings of voltmeter, ammeter, wattmeter, stroboscope (for rpm) and
scale reading for each load. j
(c) With the rotor locked the same readings as (b) were ob-

tained except the speed (equal to zero).



4. Dsta and results:

TABLE IIX

TEST DATA AND RESULIS

v I w R.P.M, oB T P.F. H.FP. Eff,

115 0.90 49,6 1730 0,00 0,00 0.L78 0,00  0.00
115 0,92  5h.6 1715 0,70  0.35 0,516  0.00715 0.,0988
115 0.96 60,0 1655 . 1.30 0,65 0.5h3  0.0128 0,1590
115 1.020 72,0 1shs 3.20  1.60 0,615 0.029l) 043040
15 1,080 77.0 1500 3.80 -1.90 0,620  0.0339 0.,3260

115 1,55 1140 0 0.90  0.45  0.640 0 0
where T=%x (0z) oz.ft.
P.F. = W/VI,

_ 217 x (R.P.Me)
H.P. = S [0 0,0000119T x {(R.P.U.),

Effo (HoPa )wx 7’46 -

These laboratory results are showm in Fig, 1L with full lines.
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VII. CONCIUSION

For preliminary design it is not necessary to apply the field
analysis as given In Section II. In precise design we can improve the
field form by means of analysis. As pointed out in II-3 the harmonics
of mmf may be eliminated by the conditions of Eqs. (10) and (11).
Although these harmonics can not be eliminated in anmy given case, we
can make them much smaller in design by analysis of the field.

The clrcuit analysis (Section III) must be used in preliminary
design for calculating the electrical characteristies. For fractional
horsepower motor design, the output should be calculated from torque
developed which is obtained through this circuit analysis, Since the
output is very small, we can not get it accurately by estimating the
constant losses. ('ﬁ'c ard E'i'm) ags the method used for larger motor
design.

Figure 1l; shows that all the calculated performance curves are
close to the lasboratory results.

The calculated speed regulation is rather better than the actual
value., This error may be due to the torque equation (Ege. 5h). Actu-
ally the rotor windings are not concentrated in direct and quadrature
axes and the torque equation must be modified by a distribution factor
{less than unity). For this special machine a factor about 0.7 is
suitable for multiplying the torque equation which can bring the cal-
culated speed regulation close to the test results.

The other difference-1s that the locked current and input cal-
culated are larger than the lsboratory results (see Calculation Sheet

and Test Data.). This error may be due to the temperature of the test



machine :
which was below the assumed operating temperature (65° C)
in des:i.gls |
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APPENDIX I

Evaiuation of A and Determination of Currents.

g 7 Xm J Xmd o
7 Xm 5 +7Xs 7 Xsd I Xsg
JXmd SXg +iXsa K *iXa 5K
~Skma =S Xed +jXsg -5k R+iX

(5 +74s [K-XaXg IR Clathp) + 5°XaYy]
& (r4)) { -1Xsa [ 5K X.y "/Y?X sd 17KXsd */5/4}17 ) %J(y-j'S?Xﬂ
1iXsp [-5'Ket Xog 1.5 X Xoa t SRXst + Kasp ~1 R¥sg 415 Y Xed

3 Xsa [ St ~Xp Yo + 5"y

o [ KXk +iR (aHy) + S Sk ]
~7kn ﬁ i
4 Xsg[75Xa Kot +5 Rl 75 Xt Yol]

5 Yo SR¥sg =Xt +1 Rt 450Ny 15 HpXea =15 M)
*‘ij¢:‘ S ~{r; +iXs) [ / K At "/G'Xnd *SZX;XM] ]
*f)(sf [~ 75 Xma Xet Kt Mg +5 Q’MX? 7S Yot Nt}

Fis (ol -R2) s (b 24) + R (o X))
A = (4]X) ) +j[6R (XaXp) ~Xs aky-R?) + Xy hsa hakep

+ Sk Xadys]

+ 5[5 (X Xt Ky Hp X~k )]



'X R [Xm ( XdX{)—deXsdJ + 7Pl ( Aok =K *)-Xgkna K f
+ JAm
{ +50) +js[-F )’».417—()4")’4 ~Nmd Aot M5 5]

¢ [ R(Xskmd ~XmXsa) 'H?X?de] )
tidoa? TNy st KXot )~Yoa (R +457)]
S5 [‘ S !?X; de]

Let A== 6 (ladyRY) -RX; (fa34g) R (Ko +X5")
B= GROu+ig)-Xs Chakp-R) + (Hp)ed +haky’)
A= i XakyS
8= (Xshaky=Koksq -daksz )5 ,

A= At A5

BT Gt lS g
Cr= R I (Kat ) ~Foatoa] ,
Di= M (Jtho R°) ~ X5 Yna Ko,
C:= O ,
= -ﬁ)’mX;Z — (A X -/Ymdlsd)/g S >
cC= G ,

D=01 *’Dzs,'

3

475 [ R Xsp= (g (Ko - Yot ) At X535 ] /-



Ev= R(Xs Xed~XmXsa) + GXpXnd ,
Foo 17 (Ns Xmd =XmXsa ) =Xma ( Eﬁr)(sf 2 B
E,=- EX; Xmd S

FZ = KR Jm Xy "‘[X/ (/(SXM/ 'Xm/(s'd)"'/mdlf;)s ’

E= E/"’EZ )
F = F +F2$ ;
G, "“'l?XmX?f,

Hy ==~Xsp (X Kt ~Hrna No )
Gz= 1K Amd
Ha= R (Xskma =X Xscd ) + [ Xsg Cind Nma e )] S,
G=G tG:S
H=H+5H:,
Then A =(r+X)[A+i6,+ 54z +[S B, #ikm [C1 4]0, +50) /50

4 Kea[E iRt 5E, +iSE]



G

= [YA-XE XD, ~Jmd F1] +J[XA + YB3 + Ind E, ]
+ 5 (VA =XB, ~Xu Oy ~Nnd o] +7 5 [XAA1E, 1A F |
A=Y, +jy;y +5U:+jSV = U+]V
;=L [A4+8,+54.+]5B.] =% (A+78)

Zs

%[CI '*J.D/ "'0"'.7.59:] =§(C "‘]'0)

= Z[E +iF t5F.+/SR] =% (E*/F)

I
(15 +7Xs ) [ SXa Xod + S Kood 415 Yo | (

ok 5 5 [ 5% Xog =] e Xed +SEXsct +Xallsp RNy 175 Kesa
R 4 MXMd’YJZ + S A X g ]S K Ko ]

= { ~RXosg + ] [~257 (Jim Y ~Kint Xsd )] + S (1R Ket) }
t7S[R C XeXomd ~Him Xt ) +X;7>(%./Y4 ')’md)?d),f]

f‘(G, +1H, +5G. +/'S‘//z) = 2%(6 *i”)
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APPENDIX II

Derivation of A4 (Bae 79. )

Rermeante Connn )/—r\/
/
, i /] A g
)

/sw'/l I 3

B Cunre

r__ é =¢II‘ g

T

Fige 16. Curves for Obtaining Aye

%[;Qnada

Ad = .

Qoowunce M/’If= ASn A, %2?( BE= PAsNA,

r+b
2
- ,44——;7,2{/ ’Afmolﬂ/al +/ /4
7%
o3 o
e

=4_:z;-rf'5”-‘[w—é~£h[7r—$)+[ﬂ+b ~Ton (1 +6) — 7 +6
+ EN(m-6)] + F 27 -r~b+5 )] } ’

~d(re 1) + A5
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