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ABSTRACT 

The internal and scattered fields of the Mie problem are determined with 

the vector multipole method of classical electrodynamics, giving a complete 

treatment of the derivation. Both popular phase conventions for the complex 

representation of the fields are treated in detail, clarifying distinctions necessary 

for valid results. The expressions for the internal electric field are used to study 

the behavior of the source function for a wide range of size parameters and 

complex refractive indices. 

The source function is inserted in the differential equation of heat con 

duction and solutions are obtained from orthogonal function expansion for 

the approximation of constant thermal and optical properties and from finite 

difference differential approximation for the general case. Using these solutions, 

several specific cases of photoabsorptional heating and thermal diffusion in laser 

irradiated water drops are examined. 

A numberofsourcefunction and temperature plots are given for illustration, 

and a brief discussion of non-monochromatic laser pulses and indications of other 

elaboration are included. 
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INTRODUCTION 

This work is a theoretical study of two related physical phenomena: the 

electromagnetic field patterns involved in laser irradiation of spherical media 

and the energy transfer effects resulting from such interaction. The approach 

will be to isolate mechanisms of interest and develop mathematical models of 

their behavior from basic physical principles. The central theory exercised is the 

classical electrodynamics of the Maxwell equations,from which expressions for 

the fields within the sphere arise. These internal fields heat the material of the 

sphere,generating a thermal gradient and,thereby, heat transport phenomena. 

The application of the classical physics of electricity and magnetism to the 

scattering and absorption of light by homogeneous spheres was first begun in 

the mid-nineteenth century. Since that time, the phenomenon has been treated 

extensively by workers such as Clebsch, Lorentz, Mie, and Debye [29]. The 

general theory, which, oddly, has come to be nominally identified with Gustav 

Mie, is valid for arbitrary interface shapes, but this work, as is typical, will 

be confined to spheres. The pivotal circumstance here is the characteristic 

configuration of the fields at the medium boundary, information embedded in 

the Maxwell equations. It is just those expressions for the internal and external 

fields which simultaneously satisfy the governing equations throughout, and 

the boundary conditions at the interface, that describe the patterns which are 



observed in practice. This is prototypical physical theory and, as will be seen, 

is essentially the same approach as that taken in solution ofthe heat conduction 

problem. 

One particular warrants mention here; there are two different phase conven 

tions in popular use for the complex representation ofthe electromagnetic fields. 

Neither seems to offer a clear advantage: both carry the same physical content, 

and the two forms, which are complex conjugates, give rise to complementary 

derivations. Unfortunately, the existence of such a delicate distinction in a 

mathematical construction of this complexity provides large opportunity for 

confusion. Mixing expressions from opposing conventions in a calculation 

produces results which are generally invalid,and which,according to the specifics, 

will vary widely in manner and extent of invalidity (p.23)[8]. This circumstance 

has motivated an expansion of the scope of this work to include both popular 

phase conventions. 

The basic interaction between the light field and the spherical medium 

is the conversion of electromagnetic field energy into thermal energy of the 

atoms or molecules comprising the material*. Since the internal fields are 

generally inhomogeneous,this heating establishes a thermal gradient, producing 

heat flow within the sphere. Groups of atoms or molecules given greater than 

average vibrational or collisional energy impart some of their surplus motion to 

adjacent, or nearby, less agitated particles, and the macroscopic result is heat 

sic ___ ^ This conversion is discussed briefly in Chapter 3. 



flux proportional the temperature gradient, that is, thermal conduction (J. B. 

J. Fourier, 1822 [21]). Further, if the medium is in a fluid phase, conduction 

is complicated by the presence of an external force field such as gravity, and 

convective action may be generated. 

Free convection is a collaboration of density heterogeneity and heat conduc 

tion with gravitation. An increase of thermal activity in a group of constituent 

particles in a fluid will place greater demand on the volume required to contain 

them,thereby reducing local density. Other volume elements within the medium, 

populated by moresluggish,closely packed particles,sink toward the force center, 

displacing and raising the lighter, more lively pockets. Concomitantly, the 

individual molecules transfer energy by conduction and migrate into adjacent 

regions, so that the pockets tend to dissolve into one another [16]. However, 

since the buoyant force is the operative agent, convection is a comparatively 

slow process;for the microsecond observation times common in laser phenomena, 

mass transport by convection,even in the total absence of viscosity (d= 

is negligible. For the study to be done here, heat transport within the sphere 

will be via thermal conduction exclusively. 

The intended application of the computer programs assembled for these 

calculations is the modeling of the detailed behavior of the constituent spheres 

(or approximate spheres) in mists,such as water fog or fuel spray,or particulate 

collections common in smoke and flames [9]. The attenuation of laser light by 



water drops suspended in the air can be a critical parameter of intensity ceilings 

for propagation through the atmosphere. The fragmentation of hydrocarbon 

fuel drops possible with laser radiation enhances the amenability of the fuel/air 

mixture to the chemistry necessary for the energy release sought, that is, the 

combustion process [7]. Of particular interest is the determination of heating 

times and spatial regions involved in the explosive vaporization ofsuch spherical 

media. 

The computer models can provide the field and/or temperature data in 

numerical form, but the greatest utility lies perhaps in the graphic display of 

the calculational results. Two formats, in particular, have been developed: a 

simulated three-dimensional rendition of the source function or a temperature 

distribution in a cross-sectional plane of the sphere, and a two-dimensional 

altitude map in the same plane which is essentially overlapping cross-sections 

of the three-dimensional version. As described in Chapter 2, a heating pattern 

common to a variety ofsituations is determined by the simple specification ofsize 

parameter and refractive index. Any particular frame in this sequence may be 

correlated with a time and temperature, but only by consideration of a specific 

laser pulse and set of thermal properties [as per (2.1.6)]. 

Chiefly because of its importance, liquid water is chosen in Chapter 3 to 

illustrate the effects of mechanisms governed by the heat equation. The two 

basic approximations examined are those of negligible diffusion,and of constant 



thermal and optical properties. The mathematics involved are completely 

general,and analogouscalculationsfor arbitrary media are straightforward,given 

knowledge of the temperature-dependence of the relevant properties. The ready 

availability of these data for water has also been influential in its exemplary 

selection here. 



 

CHAPTER 1 

THE MIEPROBLEM 

Of critical importance to this thesis is the determination of the electro 

magnetic fields within the spherical medium. This problem is formally defined 

as follows: a plane, monochromatic wave of unit amplitude propagating in 

the positive z direction is incident on a sphere of radius a centered at the 

origin; all media are assumed to be uncharged and isotropic with constant 

permittivity, permeability, and conductivity (and Ohm's Law behavior). The 

sphere is characterized by permittivity Co = eo + and permeability iio , 

and the ambient medium by e = e and \l . 

1.1 The Maxwell Equations 

The central theme of the electrodynamic theory used to model this phe 

nomenon is the specification that all the fields in both media are described 

everywhere by Maxwell's equations (for source-free regions): 

_ »-r -r^ l-r -r, 1 1 / nV-D=V-B= V XE+-—=V X H 5-=0, (l-l-l) 
c at c at 

the Coulomb,"absent monopole",Faraday,and Ampere/Maxwell Laws,respec 

tively. 

Two conventions are possible for the sinusoidal variation of the fields: 

g+t((cz-a;t) j23], and [19], [29], where/c= ^n, n the complex 

refractive index. Both describe waves moving in the direction of increasing 
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refractive index. Both describe waves moving in the direction of increasing 

coordinate, and both are physically acceptable and in common use. It will be 

noted that the optical and electrical quantities are related by 

\/i+T¥f+i
nRe= lie £tnd ^^Iin — (1.1.2) 

[15,p.269],and that to preserve the absorptive nature ofnim in either convention, 

opposing signs are required for it: 

g+»K« _ g+t^[nRe+tnim]z _ (1.1.3a) 

whereas e"*"''= (1.1.36) 

With the constitutive relations. 

D=cE and B=/xH , (1.1.4a,6) 

and the definition k = ^,the Maxwell equations become 

V -E= V -B=0 (1.1.5a,6) 

V X E=±ik'B , V X B=^ikefiE , (1.1.5c,d) 

where the upper sign is for the "plus" convention and the lower for the "mimis". 

RepresentingB as a curl in Ampere'slaw,in light ofthe the vector identity(true 

for arbitrary vector F), 

V X(V X F)= V(V •F)-V • VF , (1.1.6) 

7 



and the Coulomb law indicates that 

(V^+e/iA:^)E =0, (1.1.6a) 

and,similarly, beginning with the Faraday law leads to 

(V^+ =0. (1.1.6c) 

(1.1.6a,c) are vector wave equations, each the equivalent of three homogeneous 

scalar equations for the cartesian components of the fields. Moreover, owing 

again to the solenoidal nature of these fields,the vector identity, 

V^(r-r)=r-(V2F)+2V-F , (1.1.7) 

implies that the radial components in a spherical polar coordinate resolution of 

the fields satisfy the homogeneousscalar Helmholtz equation as well. These wave 

equations, along with the original curl relations,completely specify the Maxwell 

requirements: 

(V^+e/xA:^)E =(v^+eMfc^)r •E=0 (1.1.6a,6) 

(V^+e^A:^)B =(v^+e/x/i:^)r -3=0 (1.1.6c,d) 

E=±-Vv xB , B=:f|VxE. (1.1.6e,/)
e/xK k 

GENERAL SOLUTION OF THE MAXWELL EQUATIONS 

The Helmholtzform ofthe Maxwell equations,(1.1.6),serves as the starting 

point in the construction of a general solution to the original, equivalent, 
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formulation,(1.1.5). It is, in fact, the eigenfunctions of the Helmholtz operator 

which will be used in Chapter 2 to generate a solution to the diffusion equation 

(Appendix A). These eigenfunctions form a complete basis set of orthogonal 

functions; that is,(y^+A2)0(r)=0implies 0(r)= X)n,m Cnmfn[><r)Ynm[0,(i>), 

where /n(Ar) are combinations of the spherical Bessel and Neumann functions 

and is the (scalar) spherical harmonic [15,p.742]. For the present 

purpose,it is the radial electric and magnetic fields which are expanded in terms 

this basis: 

r-E=±J^Q:£;(n,m)/n(/cr)F„^(n) (1.1.8a) 
n,m 

T'B — d:^ ^ OLg(n.,rn)fn{Kr^^Ynm(fl) , (1.1.86) 
n,m 

where /c = ,and fl ~ 0,(^. The definition of explicitly negative expansion 

coefficients in the minus convention is, of course, not necessary; it is done to 

enhance the symmetry of the results [(1.2.18),(1.4.5,7)]. 

Representing E and B in (1.1.8), again,as curls,and exchanging the scalar 

and vector product operators give 

L •B=-e^A:̂ OiEin,m)fn{Kr)Ynmi^) (1.1.9a) 
n,m 

L-E= A:^Q:B(n,m)/„(/cr)y„^(n), (1.1.96) 
n,m 

where L is the ordinary angular momentum operator, i*r x V [15,p.743]. The 

well-known property L • Ly„rn(fl)= n{n+l)y„r„(n)[5,p.84] then suggests that 
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expressions of the form 

a(7i,m)/n(/cr)Lynm(n)[n(n+l)]"^ (1.1.10) 
n,m 

satisfy (1.1.9); however, the vectors in the summation are purely tangential 

(Appendix C) and E and B , generally, are not. In response, the so-called 

multipole fields are defined by the conditions; 

VxE®=±tA;B® VxB^=^ienkE^ (1.1.11a,6) 

V X E® =±ikB^ V X B® =^iefikB^ (1.1.11c,d) 

r-E® = r-B® = 0. (1.1.lie,/) 

The total fields will then be expressed as E = E® E® and B — B® -|- B® 

so that they have essentially been divided into tangential(E®,B®)and general 

(E®,B®)parts. 

(1.1.lie)implies that r-E® =r •E,and if theformer is inserted in the radial 

expansion,(1.1.8a), and subsequent manipulation above, there follows L-B® = 

—eiik^^^aE[n,m)fn{K,r)Ynm['^), which, since B® is purely tangential, does 

have, as an acceptable solution, 

B® =-e/zA:^a£;(n,m)/„(Kr)LY"„,„(n)[n(n+1)]"^ , (l.1.12a) 
n,m 

and,by the same token, 

E® = A:^aB(n,m)/„(/cr)LYnm(n)[n(n +1)]"^ . (1.1.126) 
n,m 

10 



Then the curl equations provide radial components as well as a second (orthog 

onal to the first) transverse pair(Appendix C): 

=±-^{-€fj,k)y^aE{n,m)V x /„(/cr)LYnm(n)[n(n -h l)]~^ (1.1.12c) 
n,m 

= T^(+A:) ocB{n,m)V x /n(/cr)LyHm(n)[n(n+1)]"^ . (I.1.12d) 
n,m 

Finally, since all the multipole fields are curls, they are divergenceless and it is 

straightforward to show that they satisfy the Maxwell equation set (1.1.5). 

Therefore,these expressions constitute a general solution to the same: 

E(r)=E®(r)+E^(r) (1.1.13a) 

B(r)=B®(r)+B®(r). (1.1.136) 

Introducing the vector spherical harmonic, Xnm(fl) = ['n{n -t- l)]~^LY'„rn(fI), 

into (1.1.12) and substituting the results into (1.1.13) give, after rearrangement: 

% 

aB{n,m)fn{izr)Xnm[0,4>)±-aE[n,m)V x /„(/cr)X„^(0,(/>)
/c 

n=l m——n 

(1.1.14a) 

OO n r 

B(r)=n5: E aj5(n,m)/n(/cr)X„,„(d,(^)± —aB(n,m)V x /n('cr)X„,n(^, 
%/c 

n=l ^ 

(1.1.146) 

where aE{n,m)= ^ aB[n,m)= ^ ^^ y/ejl, and the n=0 
*y/n(n+l) •Y/n(nH-l) 

term is excluded since Xqo = 0. Comparison will show that this is just the 
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generalized version of Jackson Eq. 16.46 [15,p.746], to which it reduces for e = 

/Li = 1, K= k. 

COEFFICIENT EVALUATION 

The coefficients may be specified by a variety of methods according to the 

circumstances (for example, Jackson Eq. 16.47 [I5,p.747]). Of interest here is, 

firstly, coefficient specification from knowledge of the entire fields,and secondly, 

from interface field matching. That is,workingfrom general multipoleexpansions 

of incident, internal, ajid scattered fields,(1.1.14), the unknown coefficients are 

determined for the incident wave from knowledge of its closed form and for the 

remaining fields,from the boundary conditions inherent in Maxwell's equations. 

Since,in all cases,the orthonormality ofthe spherical harmonics plays the central 

role, the following relations [15, pp.99,746,768] are cited for reference in what 

follows: 

j [V X fn(r)Xnmmdn=Jx*,^,{n).[r X X„^(n)]dn =o, 
(1.1.15a,6) 

jY*,^,{n)Ynm{n)dn =jx*,^,(n)•x„,„(n)dn = 

y ^ ^ X„,„(n)]dn =Sn'n^m'm • (l.l.l5c,d,«) 

1.2 Incident Wave Coefficients 

Jackson describes the evaluation of the incident field coefficients in the 

spherical wave expansion of a vector plane wave with circular polarizations of 

12 



either helix sense (in the plus phase convention)[15,pp.767-9]. This series form 

is necessary for the specification of the scattered and internal coefficients from 

boundary condition imposition, and, since the planar polarization case to be 

addressed may,as well,be handled in terms of circular waves,it is sufficient here 

to consider this evaluation procedure, which will be generalized to both phase 

conventions,only for this circular pair(s): 

= ^=(ei±ic2)e*'*^^ [-\-convention: 1.2.1a)
V2 

=-^(ci T ie2)e~*'*^^ , {—convention: 1.2.16)
v2 

where ci and €2 are real unit vectors in the x and y directions,and the ±'s refer to 

positive and negative helicity. These field relations for the two sign conventions 

differ physically in that the imaginary components are ̂  ahead of the phase of 

the real components for the plus convention and ̂  behind in the minus; this 

feature is demonstrated in the derivation of(1.2.1), which,along with that of 

{+convention: 1.2.2a) 

=±mE^^^ , {—convention: 1.2.26) 

is given in Appendix B.It is of moment that the retarded phase versions ofthese 

expressions differ from their counterparts exclusively in that\/^is replaced by 

its negative. This is a reflection ofthe trend begun in (1.1.3) and carried through 

(1.1.14), and will prove to be true of the situation generally. 
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Necessary to the coefRcient determination is an openform ofthe exponential, 

which, appropriately enough, arises as a limiting case of the Helmholtz 

Green function: 

gtA|r-r'|
(V^+ ^~ —47r5(r — r') (+cont;entton: 1.2.3) 

[15,pp.223—6]. Jackson gives the expansion of this Green function as 

tA|r-r'| oo «
-j^3^=4x5^.iy„(Ar<)4'>(Ar>) ̂ y„*„(n')y„„(n), (1.2.4) 
' ' n=0 m=—n 

and identifies A as tX,a result ofslope discontinuity which followsfrom (the first 

of) the Wronskian relations, 

W^On(«), (1.2.5o,6)
Z'' 

[15, pp.111—113,742], [I3,p.437], and since, for the minus convention, it is 

hn^\Ar>) that describes outgoing waves,it follows that 

±tA|r—r'l 00 n 

' ' n—0 m=—n 

(1.2.6a,b) 

Then, as jr'j —00 , introduction of the asymptotic Hankel func 

tions h^'^\Xr') = [15P-524], the exponential approximation, 

g±iA|r-r'|^g±TA(r'-f'r)[is^p.SQS]^ and abbreviated denominator: jr —r'|~^ —>■ 

p gives, upon specification to A —> k , and f' —^ k, the unit wave vector (taken 

to be in the positive z direction; that is, 6' —0): 

p±t/tr' p±tKr' ^ 

rC/ _ f^T 
n=0 m= — n 

(1.2.7a, b) 

14 



where r< is r and r> is r', naturally, and f' denotes ^. Dividing out the 

terms common to both sides of(1.2.7) and substituting from Jackson Eqs. 3.57 

and 3.62 [15,pp.100,1], 

2n+l^ , / AnK„o(«,.>)= ^^P„(cos«)=W^— Y, ,(1.2.8a,6) 
m=—1 

in the resulting expressions give: 

oo 

^±i/cz _ ^(±0"[47r(2n+l)]2y„(/cr)F„o(^,<^). (1.2.9a,6) 
n=0 

It is this single-order harmonic permutation of the series form which fa 

cilitates the isolation of the multipole expansion coefficients. This procedure is 

carried out here incipiently for the plus sign convention,but it will be noted that, 

just as in the derivation of (l,2.9)-and (1.1.14)-, the alternate convention is 

easily recovered by the simple replacement ofthe explicit imaginary unit with its 

conjugate, which circumstance is indicated below by the use of square brackets. 

From (1.1.14), the expansions are: 

^|a^^(»i',m')yn'('cr)Xn'm'(n)+ — X y„/(/cr)Xn/^/(D)|
n',m' ^ 

(1.2.10a) 

=n^jaf^(n',m')yn'(/cr)Xn'm'(n)+ T^a^'''^(n',m')V x yn'('cr)X„/^/(n)| 
n',m' ̂  ' 

(1.2.106) 

Operation with fdflX*^- on(1.2.10a) gives,upon appeal to (l.1.15a) and 

(1.1.15d), 

a^B\n,m)jn{Kr)=JX;^(n)•E(='=)(r)dn , (1.2.11) 
15 
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and, in the same way, (1.2.106) gives, after substitution from (1.2.2a[6]) and 

comparison with (1.2.11), 

a^^\n,m)=±[i]a^^(n,m). (1.2.12) 

Reinstating the scalar harmonic and inserting (1.2.1o[6]) in (1.2.11) give 

a^'^^(n,m)y„(/cr)={2n[n+1)}"^ j(Ly„,„)* •(ei±[t]62)e'*'''''dn , (1.2.13) 

the integrand of which is just 

{L (£i =F ={(£» =F . (1.2,14) 

The effect of the operation of the components ofL on Ynm is seen from Jackson 

Eqs. 16.26 and 16.28 [l5,p.743] to be 

{Lx T — y/(n i:t7i)(nm l)yn,m^i > (1.2.15) 

so that 

a^B\n,m)jn{Kr)= , (1.2.16a,6) 

. /Y*„±,{n)e-<"dn _ 
where, to avoid confusion, both phase convention expressions have been given 

explicitly. Finally, insertion of (1.2.9a[6]) in (1.2.16a[6]) eliminates, via Fn'm' 

orthonormality, the n'summation in the former, leaving, after dividing out jn, 

a Kronecker delta in m: 

/27r(n±m)(nTm+l)(2n+iy-nr 
Y n(n+l) ,mTl 

m)— (1.2.16a,6) 
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Therefore, a^^\n,m) is zero except for m = ±1 in the plus convention 

and m = =Fl in the minus, and for these cases, the radicals in (1,2.16) both 

reduce to [27r(2n + 1)]^ , so that, with reference also to (1.2.10) and (1.2.12), 

and the definitions = X„,m=±i and = a[n,m = ±1) , the series 

representations of the incident fields are seen to be 

OO r 

Y, <'s"i..MxW(fi)+-<.g='vxy4«r)xi±)(n) 
n=l •-

OO r . 

B<±)(r)=nj;^ aWy„(«r)Xi±)(n)+ x y„(Kr)Xi±)(n) 
n=l 

=j"[27r(2n+1)]2 = ±ta^^\ [-{■convention : 1.2.18a) 

and 

- . 

E -i^^jnMxWcnj-iaWvxy^xrjx^itn)
1 ^ n=l *-

OO r 1B<±)(r) = nE 4="j.MxW(n) - iaWv xi„(xr)xW(n) 
n=l 

= (-0''[27r(2n +1)]2 = (±) • {—convention : 1.2.186) 

The complex nature of the vector harmonics lies entirely with the parameter 

m (Appendix C), so it is not surprising that, in contrast with the situation 

in the plus phase convention, the postttwc-helical fields of the minus convention 

are described by the negative-Qxdex harmonics, and vice versa. Also noteworthy 

is that the minus convention coefficients are the complex conjugates of their 

counterparts. Exclusion of the gratuitous ± in the original radial field expansion 

(1.1.8) would have generated a negative conjugate relationship here. 
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1.3 Boundary Condition CoefHcients 

For clarity in the evaluation of the internal and scattered coefficients, the 

± superscripts on the fields and coefficients are temporarily dismissed, with 

the understanding that they are implied throughout; also the sign appendages 

on the vector harmonics will be dropped, remembering here that the wave-

helicity/harmonic-order affiliations are opposites for the two cases. With these 

stipulations, the ±'s appearing explicitly in the development will refer to the 

different phase conventions. 

To begin, the general expressions for all three field sets are given below, 

recalling that the spherical medium parameters are identified with the subscript 

"o", and noting that, for the scattered fields, it is the Hankel function (well-

behaved at oo) which is appropriate, rather than the ordinary spherical Bessel 

function used for the localized (incident and internal) fields. Also,the scattered 

fields and their coefficients will be distinguished by the subscript "a". 

The Mie fields are: 

jn{K.r)Xn{U)±-a^V x y„(/cr)X„(n) (1.3.1a)e=E /C 
n=l 

B=n£ jn{K,r)Xn{U)± x jn(/cr)X„(n) (1.3.16) 
IK 

n=l 

E.=V af ±-ofv X fti''=>(/cr)X„(n) (1.3.1c) 
/c 

n=l 

oo r 1 

Ba=n^ af/ii^'^)(/cr)X„(n)± —afV x hl^'^^Kr)Xn{^l) (1.3.1d) 
'^ IK*. 

n=l 
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Oo yn(«or)X„(n)± —ofV X yn('Cor)X„(n) (1.3.1c) 
/Co

n=l 

Bo — Ho ̂ ^ afjn(Kor)Xn(fi)±T^ofV X Jn(Kor)Xn(n) (1.3.1/) 
IKo 

n=l 

The curls in these equations may be separated into radial and transverse 

components in such a way as to render the fields at a point cast onto a mutually 

orthogonal triad compatible with the boundary condition process. This is 

accomplished with the curl decomposition, 

Vx/„(Ar)X„(n)=i[n(n+l)]2-/„(Ar)y„(n)+-^fc^^i^^fxXn(n), (1.3.2) 
r r or 

from Appendix C. 

THE MAXWELL BOUNDARY CONDITIONS 

The integralforms of(l.l.5o,6), converted with the divergence theorem into 

surface integrals applied to a shallow Gaussian pillbox straddling the medium 

interface, indicate a necessary continuity of the normal, in this case radial, D 

and B fields there. Similarly, the use of Stokes' theorem with (1.1.5c,d) in 

an analogous procedure implies continuity of the tangential E and H fields at 

the boundary. These are the ordinary Maxwell boundary conditions and their 

derivation is detailed in Jackson [I5,pp.17-20]. It should be noted that the D 

and H continuities rely on the absence of surface charge and current. 

Thus, equating the radial component of the total ambient D field at the 
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interface,f •[D+Ds]|r=aj with that inside,f • Do|r=a, gives 

OO 

T^\/n(n+1){—a^in{/cr)y„(n)+ —af |
V K>Q, KfCL } 

n=l 

± ^\/n{n+l) afyn('Cor)Y'„(n)|=0, (1.3.3) 
n=i J 

where(1.3.2) has been used to isolate the radial components in (1.3.la,c,e),after 

the constitutive adaptation of the latter by (1.1.4a). Application of the operator 

/dny*;_^i(fl) to (1.3.3), in conjunction with the use of (1.1.15c) then shows 

that,since -^= 
' K Co nCo' 

noC a^jn(Ka)+af/ii^'^)(/ca)] ±afy„(/Coa)=0, (1.3.4a)T 
nCo 

so that the same equation (different hn,K) develops with either sign convention. 

Repeating this procedure for the continuity of the radial magnetic induction 

leads, after simplification,to 

[a®y„(/ca)+afh^^'^^Ka)]-afy„(/Coa)=0. (1.3.46) 

Turning to the tangential continuities, it should first be noted that, as it 

happens, the equations for the X„ directed components of the tangential fields 

furnish the same information as the normal boundary condition equations; that 

is, (1.3.4a) and (1.3.46) may, alternatively, be derived from the application of 

(1.1.15d) to the continuity equations of tangentialH and E,respectively, arising 

from the left-hand termsin(1.3.1),as inspection will demonstrate. It is,then,the 
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r X Xn directed field components which afford the completion of the coefficient 

determination: 

fdnf X X*/{n)- operation on Etan (at r= a) gives, via (1.1.15e), 

K°) E 'd[rjn{Kr)] E d[rh^n'^\i^r)\ 'd[rjn{Kor)y 
a +a 1}= 

K dr dr dr 
r=a)̂ 

(1.3.4c) 

and fdVlr x X*/(f2)- operation on Htan (at r= a) gives, in the same way. 

d[ryn(/cr)] d[rhl^'^\Kr)] d[rjn{Kor)] 
+a 

dr dr
-

dr 

(1.3.4d) 

Thusthe coefficientsfor the scattered and internal fields are entirely specified 

by (1.3.4). In solving explicitly for these coefficients,it is convenient to introduce 

the Ricatti-Bessel functions: 

V'n(2)=zjn{z), > (1.3.5) 

in regard to which,it will be noted that, if r/„(Ar)= Ar/n(Ar), then = 

^ With these in place of the Bessel and Hankel functions, the 

coefficient equations become,after simplification: 

^[a®i/'n(/ca)+aff,l^'^^(Ka)]=afVn(«oa) 

^[a^Vn('ca)+off,l^'^^(/ca)] =ofVn('Coa) 
(1.3.6a- d) 

^[a^0;(/ca)+af = ofVn('Coa) 

.^[a®V'n(«o)+affn ̂ '^^(ko)]= afip'n{Koa). 

The solution of this simultaneousset ofequations is straightforward and the 
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results are: 

^VnM0;^(/Coa)-^V'nMV'n(«oa)
o-s{n,±l) a^{n,±1) 

^Vn('Coa)f;(/ca)- l^rp'^{Koa)^ri{Ka) 

(1.3.7a) 

^^n{Ka)ij'„{Koa)- l^xl)'^{Ka)xl}n{K,oa)
a^[n,±1) ^V'n(Koa)f4(/ca)- ^V'n('<^oa)fn('ca) 

(1.3.76) 

[V'n(«a)f^(/ca)-V'n(«a)fn('ca)]
.Eaf(n,±l) = a®(n,±l) 

^V'n('Coa)fA(/ca)-^Vn(«oa)fn('ca) 

(1.3.7c) 

[0n(«a)^nM -V>;(/ca)^n(/ca)]
af(n,±l) = a®(n,±l) 

^0n('Coa)f;;(/ca)- ^rl}'n{Koa)^n{K,a) 

(1.3.7d) 

where once again,the ±'s now refer to helicity. 

For the plus convention,n= nRe+tnim ,fn = (nfca),and a®(n,±1)= 

i^y/27r{2n+1) = ±.ia^[n,±.l). 

For the minusconvention,n=nRe—tnim,fn =^^\rika),and a®(n,±1)= 

[—i)"'yj2'K[2n+1) = ̂ia^(n,±1). 

It will prove useful to isolate these Ricatti-Bessel product-difference ratios. 

Using "0" to denote relative quantities (i.e., sphere/medium ), and letting £= 

Ka,these "Mie coefficients" take the following form: 

r fn = =1 

rs _ /Mia0n(^)An(n0^)-n0V>;.(^)]
^ 1 ii0?/,(^)-M0fn(OA„(n0^) J 

ws _ /ng)V'n(UA^(n0$)-M00;,(^)) (1.3.8a-/)" \ M0?n(C)-n0U(l)A„(n0^) / 

oo _ / n0At0fo(^r)/^n(n0$) 1 
" 1a0fn(^)-M0fn($)An(n0i)J 

MO ̂ f n0M0fo(7r)/y>„(n0e) 1 
. " l;t0?4(U-n0?.»(OAn(n0U /' 
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wherein An(n0^)= (a computationally more tractable form), 

and fo^'^^(7r) = ± i. 

This allows the expression of the fields for both phase conventions in the 

more convenientform : 

4tus = £ •"|2>r(2r!+l)li|M„/„(Kr)X(,±)(n)±^»ivx/„(Kr)xW(n)} 
(1.3.9a) 

EmiUs= E(-'1''|2''(2"+i)1'|w„/„(,cr)xW(n)±ijv X M,cr)xM(n)j 
(1.3.96) 

For scattered fields,(f ® and are used for the coefficients and the spherical 

Hankel functions for the radial dependence. 

For internal fields, £° and Al° are the coefficients and the spherical Bessel 

functions give the radial dependence(and k, n —>■ Ko, tlo, of course). 

Also, for the switch from plus phase convention to minus, there is a change 

of Hankel functions —>■ and a refractive index conjugation which 

transforms all the Ricatti-Bessel functions and their arguments (save fo's) in 

both the coefficients and the radial dependence ( Vn(nA:r) = nkrjn(nkr} —> 

n*krjn(n*kr) , etc.). If the radial functions and the refractive indices(niin 7^ 0) 

are not correlated, the resulting field expressions are physically nonsensical, albeit 

only subtly so when Im{/Coa} is small, and if correctly matched hn and n are 

inserted in the wrong field equation, the result is, as discussed in the next section, 

a rotation through tt, about the x-axis, of the y-z plane. 
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1.4 The Electric Field in Component Form 

(1.3.9) gives the electric field for the Mie problem. The use of this result for 

practical calculation is customarily facilitated by the resolution of(1.3.9) into its 

spherical coordinate components. For this, the component forms of the vector 

harmonic and its curl are extracted in Appendix C,and given here as 

and V X /n(«r)Xn,±i = 

. /2n+l e±*^ ±}'±±^+aJ-±e±)± r/„(/cr)P^(cos9)
47r rn(n+l) r ^^sinf d9'dr 

(1.4.2) 

Substituting these expressions in (1.3.9a) gives E as 

a t id|;iV2^(2n+l)|Mn/n(Kr)ty2^_^ 9 T6— P^(cos9)
sin^ ̂ ^d9 

, ^ i /2n+l e±*> ±i'it±Jl+aJ^±e±)± r/„(/cr)P,J(cos0)| ,
'/cV 47r rn(n+1) r ^^sm9 d9'dr 

{+conventton: 1.4.3a) 

and Efrom (1.3.9b) is 

9——-db 
sm9 d9

f;(-.)V2»r(2n+l) t id 
Pn(cos9) 

, ^ i l2n+l ^n(n+1) ,1 i i d. d 
±Cn-^ r/„(/cr)P^(cos9)+0^^TKy 47r rn(n +1) r sm0 d9 dr 

[—convention: 1.4.36) 
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Collecting the contributions to the individual vector components, enlisting 

the generic Ricatti-Bessel function, r]n{Kr), and defining 

7r„(cos0)= , Tr,{cose)= -^P^{cose) , (1.4.4) 

lead to 

±i<l> °° 

= ̂ 22 +l)«J'n»7n('cr)7r„(cos^)sin0
V T -
^ n=l 

EJ"^^ = t'n+l [<J^n»7n('cO'"n(coS0)+l>tn»7n(k^TT^(cOS0)]
V2/cr n\n+IJ 

E^"^^ = ['^n'7n('C'")7r„(cosd)+t>t„»7„(/cr)T„(cos0)] ,
^ V2/cr nln+lj 

(+cont;en.tton: 1.4.5a) 

and 

ipt^ OO 

v 7* .,
^ n=l 

-- V(-i)"+^-^^^^^[<f„77^(/cr)Tn(cos6)-i>f„77n(«r)7r„(cos0)]
V2/cr n(n+l)' 

fl=l 

,, ̂  pT»i^ ,22. 9rj 4- 1 
E^ = ^(-t)"+i [<fnr/;(/cr)7rn(cosg)-i>l„77„(/cr)r,»(cosd)] . 

V 2/cr n{n+1) 

{—convention: 1.4.56) 

Then,for the incident plane polarization cases,the E fields are just = 

^(E(+)4-E(~)] = {plus convention)|[(ei +te2)e*'^^+(ei — te2)e*'^^] = 

eie*'^^, and E^^) = [̂e(+)-E(-)] = i[(ci +ie2)e*''^-(ci-te2)e*''^] = 

626*"^, SO that, since |(e*'^+e"*'^)=cos0=sin(|^ — (f)) ,and — e"*'^)= 

sin<^=cos(0 — f),these may,with the definition 

0,E=eW 
6={ (1.4.6) 

f ,E=E(y) , 
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be written as 

g(x,y) _ — +l)(f„77„(/cr)7r„(cos^)sin0 
n=l 

g(x,y)^ n^fn+1) +I><n»7n('cr)7r„(cos0)] 
n=l ^ ' 

gOx.y)^ Y1 J(n+1)[<^"'^n(«'")'rn(cos0)+»Mn»7nMTn(cOS0)] , 
n=l ^ ' 

{■{■convention : 1.4.7a) 

and 

^(x,y) ___ X^(~0""^^(2n + l)<?n?7n(«:r)7rn(cos^)sin0 
n=l 

g(x,y) ^ [«fnf/n('cr)r„(cos5) - t At„?7„(/cr)7r„(cos 0)] 
n=l ^ ' 

g^x.y) ^ y^(_t)«+l_^^±L [^^;y^(Kr)7rn(cOS^) - tM„77„(/Cr)Tn (cOS 0)| 
n=l ^ ' 

(—convention : 1.4.76) 

It bears mention that, in this form, the minus convention equations may be 

obtained from the plus merely by replacing the explicit imaginary unit with its 

conjugate, just as in the earlier work. 

AXES REVERSAL 

One point to be made here concerns the effective axes-reversal which can 

result from mixing phase conventions. This is an effect of the Legendre functions 

which could undoubtedly be derived from the case of incident light in the negative 

z direction. To see this, it is only necessary to consider the case , for which 

it is evident that a sign reversal of 4> has no effect except to reverse the direction 
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of the <j) component [from (1.4.7)]; this, in tandem with the behavior of the tt 

and T functions for 6'= 180° — 0, 

jW+l7r„(cos0')= ^_^.^^^i7rn(cos0), (1.4.8a) 

j'n+l
r„(cos^')=-p^j;^rn(cos6), (1.4.86) 

[19,p.73] indicates that using the plus(minus) convention indices and Hankel 

functions in the minus(plus) convention equations simply converts 'E[r,0,<f>) 

to 

TEr{r,0',-<f>)-0Eeir,0',-<f>)-$E^{r,0',-4>). (1.4.9) 

But this is precisely the change required ofthe directions and angles in a reversal 

A A 

of the z and y axes; that is, 0,<f>, and (f> go to their negatives, and 0 to its 

supplement. 

As it happens,then,a sign reversal of the t's reverses the direction (relative 

to axes) and exchanging indices (and Hankel functions), the phase convention, 

of the light: 

+convention equations : nRe± mim, ~ exp[±z(nA:2^cat)] 

• • r1 2^—convention equations : nRe±tnim,/in ~ exp[±t(nfc2±cat)]. 

SOURCE TERM 

The major application of (1.4.5) and (1.4.7) has been in the determination 

of the rate of laser energy deposition in the sphere, which is measured in units 

of power density. Since the fields defined in (1.2.1) are dimensionless, so too 
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are those of (1.4.5,7), and to express the actual physical fields, units must be 

appended. Thus the electric field within the sphere is 

Eint=Eo 
erg 

(1.4.10)
Lcm^J 

Also, since the coefficients of the derived fields are proportional to those of the 

incident field [from (1.3.7)], the internal field for arbitrary incident amplitude, 

|E|7^ 1, may be expressed simply as 

Eo =|E|Eo , (1.4.11) 

where it is understood that Eo retains its unit case definition,(1.4.5,7). 

Therefore, the source function, given by the divergence of the Poynting 

vector within the sphere as 

"̂J^ReJ^ImEiNT "EjNT , (1.4.12) 

may,from (1.4.10) and (1.4.11), be written for arbitrary incident amplitude as 

S(r)=^A^|E|^S(r)^, (1.4.13a) 

where 

^ 1 (1.4.136)
fJ'O 

and .S(r)=E*(r)•Eo(r). (1.4.13c) 

In practice, it will be convenient to express (1.4.13) in terms of the incident 

laser fiux,which is related by 

j=^|E|2i£|, (1,4.14) 
cm-^ 
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so that the source function for the Mie problem is given by 

S(r)= , (1.4.15) 

in which I is the incident laser flux in power per area, Aq is the free-space 

wavelength, and n and nRe refer to the ambient medium. The derivations of 

(1.4.12) and (1.4.14) are given in Appendix D. 

The normalized sourcefunction, <S(r), deserves some attention [24]. Because 

of the azimuthal behavior of the flelds,(1.4.7), it will prove expeditious here, as 

well as in what is to follow,to decompose this relative energy density in relation 

to the z axis; that is, <S(r) will be described in terms of contributions arising 

from the flelds coplanar with, and solenoidal about,the z axis: 

°° -I- ll 
<5®(r,0)= I y~2 C^n(«or)7r„(cosd)sin0|^-|-

n=l 

'n-l-l/Ofi 4-

I 53 [<^nK(«or)T„(cos0)+ (/Cor)7r„(cos0)][^ (1.4.16a)K/nTThXTh I Al 
fl=l ^ ' 

i^+^(2rL 4- ll 
= I 53 I [<?n^n(«o'*)^n(cOS0)+ (/Cor)Tn(cOS0)][^

rKtoTThXTh ~I~ XJ 
n=l ' 

(1.4.166) 

For the circular polarizations, then, the source is the same for either helicity; 

that is, e±*^[e±*^]*=e±*^eT*> = 1: 

=\[5®(r,(9)+ 5o(r,0)] , (1.4.17) 

and for plane polarizations, the appropriate form is, exploiting the diminished 

(and non-negative) ranges ofthe trigonometric squares (their insensitivity to the 
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direction of right angle phase shifts, and to argument quadrant): 

5(x.y)(r) — cos^(0+6) +sin^(^+(5)S©(r,0), (1.4.18) 

where 6 is as defined in (1.4.6). For incident light that is randomly polarized, 

the source term may be given in terms of those for these plane cases: 

«(r)=i[s«(r)+sW(r)]= 

^[cos^ «^S(g)(r,^)+sin^ ^S0(r,0)+sin^ ^Sigi(r,^)+cos^ ^5©(r,0)]= 

^[5®(r,0)+ 5©(r,0)] , (1.4.19) 

which, interestingly, is the same as the circular cases. Also of note is that the 

plane source exhibits twofold bilateral symmetry,and that,for (f> = it reduces 

to that of the non-planar cases (at any angle). 

Since S(r) represents the rate of energy deposition per unit volume, it may 

be integrated over the entire sphere to give the total power removed from the 

beam, that is, a measure of the absorption cross-section. This has provided a 

vital corroboration ofthe overall accuracy ofthe calculational codes in their final 

form as well as ofthe soundnessofthe reasoning that underliesthem. The NCAR 

MievO [29] routine was used as reference; it is well documented and thoroughly 

tested and,for that matter, has, reciprocally, received additional testament to 

its reliability from these very source integrations. 

For the development in Chapter 2 and the examples of Chapter 3, the 

incident field amplitude, and thereby, energy flux, are assumed to be functions 
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of time, in conticist to the assumption underlying the derivation given here. If 

the time variation is comparatively slow, however, as discussed in section 3.3, 

the present results are sufficiently valid. Therefore, the time-dependent source 

function is taken,for use in what follows,to be 

S(r,f)= ■^^I{t)MS{r) . (1.4.20)
AoHRe 

31 



CHAPTER 2 

TEMPERATURE EVOLUTION 

The response of the spherical medium to the radiation bath is, in general, 

elaborate. In tandem with the heating of the material, a number of allied 

processes manifest themselves. The French workers, Autric, et al [2], for 

example,have identified four specific mechanisms of interest (in liquid spheres): 

vaporization, deformation, shattering, and propulsion. Although there are not 

always clear distinctions separating these effects from one another, it can prove 

useful to provisionally isolate them for the purpose of analysis. The focus here 

will be on the evolution oftemperature distributions produced by electromagnetic 

heating and thermal diffusion, with attention to the onset of shattering, or 

explosive vaporization. 

2.1 The Heat Equation 

When all or part ofthe sphere reaches a threshold temperature,known as the 

"superheat limit"[24], the critical region disrupts rapidly in what is essentially 

mid-air boiling,initiated by spontaneous nucleation. While this shattering does, 

in and of itself, represent a diffusion of thermal energy, the heat diffusion of 

concern here is the homogenization of the temperature distribution within the 

intact sphere prior to disruption through the agency of heat conduction. Of 
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interest, then, is the activity described by: 

V-{K|r(r,()lVr(r,t)}+S|r,(,r(r,()| =#'|r(r,()lCp(r(r,()|^^|l^. (2.1.1) 

The terms in this equation arise as integrands in an energy conservation 

statement. The middle and the first (from a converted surface integral) give 

the rates at which photoabsorptional heating and thermal gradient driven 

conduction, respectively, vary the local heat density,and the right side specifies 

the rate of corresponding temperature change. 

One important simplification which is possible is the dismissal of the tem 

perature dependence of the source term. This is typical strategy [24,pp.l633,7], 

[28,p.ll39], since it precludes the computational obstacle of source evaluation 

for inhomogeneous index distributions and does not, in many cases, seriously 

compromise the fidelity ofthe model. The procedure in all that follows will be to 

allow the source values for the initial(ambient temperature)refractive index dis 

tribution(homogeneous)to represent those for all subsequent(nonhomogeneous) 

distributions. Thus the diffusion equation is: 

V-{K[r(r,i)|Vr(r,()}+S(r,i)=p[r(r,()|Cplr(r,())^%^. (2.1.2) 

STRONG PULSE APPROXIMATION 

One special case of interest is the comparatively simple situation afforded by 

the intense heating possible with the use ofhigh-powered lasers. Forstrong pulses 

the superheat limit of the material may be quickly reached, and heat and mass 
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transfer, inertially stymied, become unimportant to the process [24]. In such 

rapid heating,the laser energy remains at the deposit site and the temperature 

history ofa given point is independent ofthe rest ofthe sphere(except,ofcourse, 

in the sense that the fields at a point are functions of the entire light/sphere 

interaction). 

For such an impotent gradient,the heat equation is: 

S(r,()= p[T(r,i)lCplr(r,01^^^. (2.1.3) 

and from (1.4.20) above,the source term is given by: 

S{r,t)= L{t)M[T{r,t)]S{r), (2.1.4) 

where 5(r)is the internal field energy density relative to that ofthe incident field, 

L{t)= M is defined in (1.4.136). This allows the arrangement 

- p|r(r,f)lCp[T(r,f)iaT(r,() 
- JV[r(r,()]£(!) W' 

which implies that all points, x, with a given value, /, of S share a common 

temperature, T, at the time t. That is, the selection of a particular time and 

temperature identifies a set of vectors, x (subset of r), for which 5(r) has the 

value f{T,t): 

= = . (2.1.6) 

The right hand side of (2.1.6) is a pure number whose value depends on 

the temperature ofinterest,the temperature dependences ofthe thermal/optical 

properties,the time of interest, and the laser pulse (size and shape). 
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The point is that,in this approximation,the history of temperature growth 

is the same for all thermal/optical property scenarios and laser pulses, the only 

variable being which observation time and temperature are correlated with a 

given value ofS(r). 

That is, if iS(r) is plotted in a 2-axis-containing plane, a sequence of cross-

sections from the top down gives the heating pattern of any drop with that size 

parameter and index, for arbitrary pulses [24]. If the 3-D S plot is cut near 

the top, the intersection of the inserted plane with S gives the 2-D contour of 

a region whose temperature lies at or above a particular T at some time t, and 

if it is then cut again, this time near the bottom, the new contour is that for 

a lower cut-off temperature and/or a later time (or, for example, the same T 

and t for a smaller thermal/optical integrand,and/or stronger pulse,and so on). 

This provides a very direct practical application of the Mie theory developed in 

Chapter 1. 

GENERAL CASE 

If the sphere remains intact for longer periods conduction becomes impor 

tant. Theformalstatement ofthis problem entails the specification of initial and 

boundary conditions in addition to the differential equation itself. That is, for 

a given initial distribution To{r), the subsequent thermal behavior is governed 

by the diffusion equation within the sphere and by a second mechanism at the 

interface; in this case, Newton's law of cooling, heat transfer proportional to 
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temperature difference, is assumed to be the operative process at the boundary. 

In particular, vaporizational mass loss and thermal radiation, both potentially 

relevant, are neglected. 

Thus the problem is: 

r(r,0)= To{r) (at t =0) (2.1.7a) 

V.{KlT(r,()|Vr(r,!)}+S(r,«)= p|r(r,i)|Cp[T(r,()|^^^ , |r| < a, i>0 
(2.1.76) 

— ̂ [2'a(r,0-?'(r,t)] at |r|= a , t > 0 , (2.1.7c) 

where Ta(r,t) is the temperature field in the ambient medium,relevant here only 

at the interface. 

2.2 Analytic Solution 

When the approximation of constant thermal and optical properties is 

admissible, the problem may be treated analytically, without resort to finite 

difference differential approximation. This proceeds as follows: 

PROBLEM 

T{t,0)^To[v) (2.2.1a) 

V^T(r,t)+^S(r,t)= , r<a, t>0 (2.2.16) 

-T{r,t)] at r=a, t>0 (2.2.1c) 
or 
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SOLUTION 

T(r,t)= f G{r,t\r',t%>=oTo{T')dv'+ 
Jv 

y f dt'I G{r,t\T',t%>^a>iTs,{T',t')ds'+
K Jt'=0 Js 

y[ dt' f G{T,t\T',t')S{r',t')dv', (2.2.2)
^ Jt'=o Jv 

where G satisfies 

G(r,f|r',t')=0 > t<^' (2.2.3a) 

v'G(r,i|r',(')+i6((-«')«(r-r')=i^5^^^^, t > t' (2.2.36) 

K—
5G
+MG=0, t>t' . (2.2.3c) 

This solution is taken from 6zi§ik [22,p.213]. 

For the case S(r,t)= Ts,{T,t)=0,a solution of the form [i.e., (2.2.6,7)], 

r(r,t) = f K{r,r',t)To{T')dv', (2.2.4a)
Jv 

indicates that 

G(r,tlr',t')[f/=o = G(r,t|r',0)= K(r,r',t), (2.2.46) 

and appeal to a result from 6zi§ik [22,p.217] gives 

G(r,t|r',t')= G(r,t|r',0) = G(r,t-t'[r',0). (2.2.5) 

(The derivations of (2.2.2) and (2.2.5), which are key to this solution, are given 

in Chapters 5 and 6 of Ozi§ik[22].) 
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Therefore,a solution to the general problem can be furnished by that to the 

auxiliary problem: 

r(r,0)=ro(r) at t=0 (2.2.6a) 

V^r(r,t)= , r<a, t>0 (2.2.66) 

dT(r,t) n ^ ,—^^=-—r(r,t) at r =a, t>0. (2.2.6c) 

For this situation, the separation of variables in the spherical coordinate 

system (Appendix A)leads directly to the expression 

oo oo n —I3X^ t 

[dr'!dfx'[ d(f>'r'^jn{Xner')Pn (p')]To{r',fj,',^') , {2.2.7a)
Jo J—1 Jo 

where N{m)= ^ ^ , (2.2.76)
7r(l +OmO) 

Ar(n,m)=jJ^P;p{n)]^dn {fi-cos6), N{Xni)=J r^jn{Xner)dr , 
(2.2.7c,d) 

and A„£ are from the positive roots of 

"b ^
U 

Jn{Xnt(^) — 0 • (2.2.7e) 

The Legendre normalization is well-known to be simply 2n+i ̂ n-mli' 

Bessel integral is given by 6zi§ik Eq. 3-286 [22,p.90] as 

Jn{XniO')\Tf\ ^ = — , (A».ar+(ba-l)^(n+i)'N[Xni) (2.2.8)
Z XnlO, 
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From the prescription above,the solution to the general problem is 

^(^'0= ̂  f dv'To{T')jn{Xnir')Pn{f^')cos[m{<l)-(j)')]+ 
^ p ̂  JvYit y iLy TTX 

flytyYYl ^ 

^ fnim{r,fi,t)J dt'jrft;'e^'^"<^'y„(A„£r')P,;"(/)cos[m(0-(^')]S(r',t'), 
Tit y^y771 

(2.2.9a) 

where fnim{r,fi,t)= . . , . (2.2.96)
N{m]N{n,m)N[Xnt) 

For a homogeneous initial temperature distribution and a constant temper 

ature for the ambient medium at the surface,the radial integral in the first sum 

of(2.2.9) and the time integral in the second are reducible analytically, and both 

summations have integrals in ({> that vanish except for m = 0, which, in turn, 

confines their 0-dependence to 

J dfJ,Pn{fi)= SnO2^ _|_ • (2.2.10) 

Also, the third summation has vanishing azimuthal integrations except for m= 

0,2[from (1.4.13)]. Therefore, T'(r,i) of(2.2.2) is given by 

X] fndr,fi,t)jdno ^ ~cosAo^a)+ -l)sinAo£a
n,£=0,l 

+ ĵL{t')e^^''^^^'dt'J dr'j d/r'^j„(A„£r')P„(Ai')^ 

S®(r',/)+ 5o(r',M')+[S®(r',/.')-So(r^/)]|^^^|^|gMcos 2<f> 
(2.2.11) 
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in which 

2/1 1 2fnt{r,fj;t)= ^^Jn(An£r)Pn(/x)e~^^"^* (= 47r/„£o) . (2.2.12) 

It is evident from the <f> dependence of(2.2.11) that the problem of heating 

by linearly polarized light is reduced to that of a quarter sphere, just as 

with (1.4.13). Moreover, it is clear from (2.2.9) that this is so even in the 

general case providing that the initial and ambient temperature distributions, 

if inhomogeneous, are azimuthally symmetric. Also of note is that to recover 

the solution for circular polarization in (2.2.11), again, just as in converting 

5(^'y)(r,Ai,<^,t) to 5(±)(r,/z,t), it is necessary only to set ̂  That is to say, 

T{r,fj,,t)= T[r,n,f,t). 

2.3 Numerical Solution 

The derivatives of (2.1.2) may be closely approximated at a point from 

truncated Taylor series expansions about that point of the functions themselves 

evaluated at neighboring points. This finite-difference methodology is a common 

tactic in the solution of non-trivial differential equations. Two general avenues of 

application exist: explicit and implicit solution. The implicit method has the ad 

vantage of greater temporalfreedom but at the cost of computational bulkiness, 

and the explicit approach sacrifices the temporal flexibility for computational 

simplicity. Explicit solution is employed in this work, primarily because of this 

simplicity, but it may be noted that, since heat conduction can be important 

on long time-scales,there may be reason to consider the algebraic format in the 
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future. 

Expanding an exemplary function, /(^), about the point x gives, letting 

i=,first X+Ax ,and then x — Ax, 

!(X+A^)=!(x)+ Ax/'(i)+^r(A+ +... (2.3.1<.) 

/(x-Ax)=!{x)-Ax/'(x)+^/"(x)-^/'"(x)+.... (2.3.16) 

Each ofthese may be solved for /'(x),and moreover,their difference may as well: 

/'(^)= "It" 

nA= +^/"(^)- +^/""(x)-... (2.3.26) 
/'(x)= ^(-+Ax)^-/(x-Ax)-^^,„(^)_ 

In accordance with common practice, the finite difference notation, 

X= t'Ax , /(x)= /,• , (2.3.3) 

is employed here to give,from (2.3.2a,c), 

/;= +0(Ax) (2.3.4a) 

S'i = +O(Ax^), (2.3.46) 

and from the elimination of f'{x) between (2.3.2a) and (2.3.26): 

/('= +O(Ax^). (2.3.4c) 
Ax 
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These equations,(2.3.4), suffice to approximate the heat conduction equa 

tion. The notation 0(Ax)indicates the order of magnitude ofthe departurefrom 

exactness incurred in truncating the series. It is, of course, preferable to choose, 

as the lesser of the evils, the square error involved in the three-point formulas, 

and this indeed will be done in general. However, as will be seen below,(2.3.4a) 

is indicated for the initial time derivative and will therefore subsequently be 

used in this capacity for the entire calculation; with this exception, the heat 

equation derivative approximations will be accurate to within O(Ax^). (In 

practice, accuracy is limited by the relation between Ax and At necessary for 

stable solution [22,p.49l].) 

The relevant vector operation here is the divergence of the product of a 

scalar,the thermal conductivity JC, and the temperature gradient: 

1.,..,,. 1 
V-JCVT= jdr(Kr'dr)+-^—deiJCsinffde)+-y^d^iKd^) T = 

r-'■' sin ff sin u 

{<^r + {jK + ^) ar + i [xal + (<cot« +1^) a,+ 
jr. (2.3.5a, 6)K csc^ + csc^ 

For the finite difference representation, i,j, and k will be used to index the 

r,d, and ^ grid points, respectively, and subscripted lower-case deltas will give 

the coordinate increments themselves; to make the notation bearable, only the 

±1 index values will be written out, with the absence of explicit indices being 

understood to imply ijk. Substituting from (2.3.46,c), with these conventions, 
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in (2.3.56) is to say 

Xt+i — Kj-i U'+I r.-]V • KVT=K——^T+Ti-i 
S/ iSr 26r 28r 

^Ty+i-2T+Tj-i ^j+i ~ Xy-i Tj+i-Tj-i
K coi[j8e)+ 

{iSrY 26e 28e 

Xfc+i-Kk-\ Tk+i — Tk-j^ —2T+Tk-i 
csc I . (2.3.6)

28ao<f, 28^ 0^6^' 

Grouping the terms in this equation as coefficients of the various temperature 

points leads to a symmetric form which,with the definitions 

/f(K)= K±4± ^ 

K8ecot{j8g) 
= K± ± 

^ 4 J [iSey' 

± - / I/- ^ ^k+i-Kk-i\ csc^{j8e) 
{i8^V ' 

and fij{K)=-2K J^ 1 csc2(y6<,) (2.3.7a-d)
{i8gy (i6^)2 

allows the diffusion equation to be written as 

V • Kvr+s=7^= +f-Ti-i+/*r,+i+ 

+hjT)i+L>/S= , (2.3.8a) 

where7is the volumetric heat capacity,pCp,(2.1.4) has been used for the source 

term,and the index n has been introduced for the time derivative from (2.3.4o). 

This is solved for Tn-\-\ and thereby permits specification of T for all points at 

the end ofthe first time step from knowledge ofthe initial distribution,and then. 
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sequentially, all later times in like manner. It is readily specialized to the case of 

constant conductivity (and thermal properties generally) and to the azimuthally 

symmetric situation of incident circular light, and thus serves as the basis for all 

the numerical heat calculations done in this work. 

The difficulty in using (2.3.8a) lies with the singularities at the origin and 

along the polar axis, both evident from (2.3.7). The remedy applied here is to 

evaluate the derivatives at these points with a Cartesian version of(2.3.5)(This 

gives a simpler equation and,but for the boundary conditions, might as well be 

used for the entire volume.): 

V • KVT=[K {dl+dl+dl)+{d^Kd^+dyKdy+d^Kd^)]T. (2.3.9) 

The symmetry discussed below (2.2.12) serves to simplify this expression; since 

the source distribution in any quadrant of the sphere is a mirror image of 

that in an adjoining quadrant, so too is the temperature distribution (given 

azimuthal symmetry in the initial—and ambient—distributions). This means 

that the temperature at any point on the x or y axes is the same as that at 

the corresponding point on the negative axes, so that the single derivatives in 

(2.3.9) vanish,ala (2.3.46),except for dz,and the double derivatives with respect 

to X and y are simplified: 

V-KVT= 

|;c[r,+i+r,_i+2(r;,+i +Ta+i)-er]+ -K.-i)} . 
(2.3.86) 
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in which A,fj,, and u correspond to x,y,and z,and 6r has been usedfor the general 

cartesian increment. This is completed with the source term and time derivative 

and used,in the same manner as (2.3.8a), to give the new temperatures on the 

polar axis. The situation at the origin is somewhat different from that on the 

axis generally, but (2.3.86) is the operative relation in either case. 

The procedure for calculating the temporally sequential temperature distri 

butions is this: Beginning at the origin and sweeping through the full range ofthe 

polar angle(and azimuth if applicable)at each radialstep,the new temperatures 

are calculated for all interior grid pointsfrom substitution of To(r) in (2.3.8). At 

the boundary, the new temperatures are given in terms of the freshly updated 

values just below the surface by the condition (2.1.7c). Actually,in practice,the 

temperature on the interface is calculated from the heat equation, and then the 

boundary condition is imposed to update the temperature at a ficticious node 

just above the surface. This vagary may be avoided by direct calculation of T 

on.the surface from the freshly computed values at two grid points below by 

means of backward-difference approximations [22,p.476],but this procedure is a 

little more cumbersome to implement and leads to no significant change in the 

outcome. 
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CHAPTER 3 

CASE STUDIES AND CONCLUSIONS 

The solutions to the Mie problem and the diffusion equation developed 

above provide a model of convection-free thermal evolution in constant-sized 

spheres heated by monochromatic light. This simulation yields useful results 

in several physically realistic situations and two categories of application are 

treated here. The first is a study of generic spheres under the action of high 

energy pulses, which, as indicated in section 2.1, requires a minimum of input 

data and gives very general results. The treatment then will be extended, by 

inclusion of the heat equation, to specific cases in a medium of known thermal 

properties. Since the source function for incident plane polarization does not 

often differ markedly from its circular counterpart,the latter case, which is the 

simpler,will be examined primarily. The graphics routines will be exercised here 

to illustrate the results of the calculations. Also,in reviewing the structure and 

scope of this model,a brief discussion offuture elaboration is included. 

3.1 Variation ofthe Source Function 

The propagation velocity of an electromagnetic field in any medium is 

proportionalto its wavelength in that medium and the constant ofproportionality 

is the frequency of oscillation, common to all media. The ordinary index 

of refraction, nRe, is a ratio of two such velocities, and is, therefore, the 
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corresponding wavelength ratio as well. Since the Mie size parameter,a= 

is defined in terms of free space conditions, an enhancement of refraction (itself 

defined in terms of free space velocity) in the sphere carries with it a size 

parameter enlargement effect. For this reason it should be born in mind, 

especially for the low absorption cases, that it is the product of the Mie size 

parameter with URe which gives a measure of the relative wavelength within the 

sphere. 

With this caveat, the roster of cases may be productively divided into two 

regimes on the basis of relative dimensions: those in which the size parameter is 

less than, and greater than, respectively, the value tt, for which, of course, the 

wavelength of the laser is equal to the diameter of the sphere. The region of 

transition from one regime to the other will be of particular interest. 

For the smallest spheres, the situation reduces to that of a static, uniform 

external field,for which the internal electric field is homogeneous,aligned with 

the incident wave,and of magnitude given by Jackson Eq. 4.55[15,p. 151]. This 

has provided a limiting case corroboration of the calculations based on (1.4.7), 

lending additional support to the verification by volume integration described in 

section 1.4. 

When the size parameter is above or near the transition,the source function 

shows pronounced structure, and it is prudent to distinguish between media of 

differing absorptivities. When nim is small, the spheres are transparent and 
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the internal fields are wavelike throughout; in the limit of large size parameters, 

this tends toward the approximation of geometric optics. For strong absorption, 

the fields are excluded from the central regions, and the effect of refraction is 

diminished. For the study here, wherein a < 100, small nim will be nominally 

defined as in the range of from 10~® to 10"^, and strong absorption will be 

examined for nim as large as 5. 

TRANSPARENTSPHERES 

For the low absorption cases,a convex feature begins to develop in the back* 

portion of the sphere as the relative size approaches the parameter transition. 

Increasing nRe,in the range offrom 1.3 to 4.7,steadily reducesthe size of5(r,/x), 

and does so preferentially away from the optical axis, so that the maximum 

narrows(eventually dividing itselffront and back) as it collapses. The reduction 

ofthe fields by refraction is categorical at a constant diameter of halfan internal 

wavelength,and is an effect which,to a lesser extent,is engendered by increasing 

absorption as well. This behavior is illustrated in Figure 3.1.1,throughout which, 

it will be noted,anRe = f. Of particular interest is Figure 3.1.1(a),in which the 

complex refractive index corresponds to that of liquid water in the near infrared 

(1.06 microns)[11]. As in all the 2-D plots given here,the positive z direction is 

* "Forward" and "back" will refer here to the surfaces facing toward, and away from, 

respectively, the incoming light, and should not be confused with the conventional(contrary) 

definitions of the adjectives in discussions of scattered light. 

48 



Mm^m 

xroroiaSMiii^^M 
wwm; 

?3S3S<iSSC^iSS 

v<»^^^<i>i<i^i<i»i<i^i<ie??i 

ARinAniAC^li^»»xK»:
#I« 

>5li!iri?<li^ii!it« 

aRAAAAS 

»i« 

(a) •-... 

!K4^ 
»I« Il^4l»l«
»I« £>!♦ 

^♦X« »!♦!«i>si>»: »!♦ 
»»I46 

■nnnAni»!♦!«»I4I4I« 
^st;ta§ S4C4>l4^>2^4>a

^»I4»I4S^I&^ 
»2t»»:sss^ o^♦»I4««6 Ob S^4»I4>I46:4S^2^Jfsmmmi»i«« S^I4>^46 
»%C4^6 ^Zi^SjSfSSa
»»i#>i4e H»I4§^^47

■aninna£!;iAA2VSn 

»«lS^4»S^l4I^C4S4^l4»l4»l4»l4C4^l4ajS|i^^^ 

(c) *'••.. 

—TOvi 8?
^4»2!i»I<l£.i»j

SCo24S4»2liSlV»^ VJ»IIIZ4I^I»ZI^ 
|K«S4»l454»l4»2l»l4»>'< * ' 
IS^4ISI>Z4iZ4IS)^S!l»Z!i'14i£!ig?^;^f4:4^K!?^A4r^g»^^ 

3S«S^^Q^4C4|llg(>X4»X4^Xl£4S4£4lX4^S4JX4g4^S§^C^l^2^^»»siisiiide:4^>X4S4>X(^X4»^^ 

»X«»X4X4X^X^X«X4^^X^X«X«X^X^X#X^X^<^^^^ 

KlSS^S^^4C4»X4S8^X4SlS4>Xl^X4^SS4lX4C4^X4»XfS»»^^&^
S3»»»llS(^4»X4»X4^X4C4lX4C4g3S4^X4»X4^X4»X4C4^X4^X4^X^^
^£^4C4^X4^4lX4^Sl>X4»Xil^^X4lX4C4S3C4^X4>X4^X4»X4>XiS»^;p 

R,ii^ig,^24>JI@l5lS»5llS^4dfi3gpS'™ 
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Figure 3.1.1 Low Absorption in 
Small Spheres: anRe = f 
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toward the top of the page. 

Once the size parameter transition is reached, a second maximum has 

become evident in all the cases, testament to the the paired field maxima in a 

single wavelength,and,interestingly,the enhancement of refraction dramatically 

reverses its effect and now increases the field density in general and the peak 

intensity in particular. This is depicted in Figure 3.1.2, which gives the same 

sequence as before, but now with anRe= tt; the n= 1.5+t4X 10~® case has been 

omitted since,just as before, it does not differ appreciably from the nim =0.01 

case. Also,the final case,that of 3.1.2(d), is of still larger refraction this time. 

The development of locally high field intensities within the body of the 

sphere continues,generally,on up into the large size parameters. It is essentially a 

focusing effect and can result in one or more hotspots ofconsiderable magnitude, 

usually near the back surface. In the case a=35, n=2.5+tT.5 x 10~® (shown 

below),for example,the maximum energy density is over 200 times that of the 

incoming wave. It should be remembered here, however,that this copious energy 

is only poorly availablefor thermalconversion dueto the smallsize ofnim [evident 

from (1.4.10)]. This "backpeak" effect, eis well as the wave-type structure of the 

sourcefunction generally,is clearly evident in the plots of Figure 3.1.3,which are 

for auRe = 37r (The heaviest refraction. Figure 3.1.3(d), it will be noted, shifts 

the maxima to center stage.). 

For comparison, the simulated 3-D plots of the source functions used to 

50 



 

 

 

.oioiojiu!... t j* >7-'^-'' 
« r« v< ffO 4r JV!Sl*riC<l^^^i^ 

|&i&Ii*I'<»I'i*I«i'2>i!l«»l'<v4 ^ xjiviiSiiSiCiS<*Zi^S&G
^i«2i^IoIor4»*o2iCiC**l'i A'lu'uivv 

Tl7i>Ivl4*I<i»l4>I<<»I'<»I<i>I<i>2iiSoI<>I<iiSi>I<ii>I<iiS>C'iiSi*I'(>Iii>I<iCi*ItCiS@tt 
M^MUMWWWUVWUlWWWWVVU'U'U'fl 

uuwiuvuui^ 
BAnAninininuKmniniinini^'^niniini »-w-w.w-w.w.w.« 

^*2vwKCw 

l?y^t sm^. 
S&21&&:

_J5<«i>>5Si>.-.. .1. . I l<k<is»&^;s 

^X*X*H*H*5555551K555wX*K*X*Kl 
»X»Xi
^»»» 

XKX». 

£:€%»K 

«:♦:»I4I< »!♦!«»!♦!« Iisnii »!♦!«
»i«:4 »I^I«
414
«:4i<< »I4I«
♦14 (►I4I4

4 « 4I4I4
4 e«
4€ 4 414

44 4
44 444
44 424 42442442424^42424242«24%424%44I4I4I4I4I4I4I4I4I4I4I4I44I4I4I4I4I4I4I4 

(c)"" ' 

5«*«i 
fcaSlVSn 

.ji|f|i 
s«4ti:siat9n 

"^KKKK^KKK^K^SCKK^^^ 

42!K4; 
42424244244X424 

41414:44I4I4I<I»4I4I4 !^g^474St4t«4I4I44I4I4I44I4I4
4242424 

4I4I4I4I4I4I4I4I4I4I44I4I4I4I4I4I4I4I4I44I4I4I4I4I4I4I4I44I4I4I4I4I4I4I4K4j|KKKKKK4I4I4I42442»k:44X4X4: *1424X4424 4X4:42424 4X4X4E^!424 424 

424: 414p 
ii4X4X4: 4I4I4

4X4X4 »X«K
424X4X4 4242424
4I4I4I4 4X4X4X4IE» I4I4I4 Sra4I4 4X4X4X4244141414141414 42424X4X424X44I4I4I4I4I4I4I4 4I4I4X4I4X4X4X4424242424242424244242424I4I4424%4 444444444444444444444 4»2^2^

^4X»I 4444444444444444444444 t»«X|iX»4X4X64 4 >444444444444 4I4I4I4I4:444444444444>X4X>XI4X4X64 iSSSSI
4X«424:4
4X4X4 IXKS4X4 »I4I«
42424 IIX4%4»424:4 4%4 

4:4 4 Il»l4%>4:44 
4\ 4X4: 
44 4X44X4 

44 414>24: 

AA:-= J/Lr4X<^i4x>^^^^ 

Figure 3.1.2 Low Absorption at the Size Parameter Transition: anRe = tt 

(a) a = 2.37, n = 1.327 + i4 x 10" (b) a = 2.09, n = 1.5 + iO.Ol 

•^MAX = 2.9 'S'max = 3.1 

(c) a = 1.26, n = 2.5 + iO.Ol (d) a = 0.670, n = 4.66 + iO.Ol 

^MAX = 3.5 -^MAX = 12 



 

Sfiii3i»J^ 
;??Si63>l4rS^iL
:?4si»i4>2|is^XSrl4l^4>>X#X43H

»1« »!♦ 
»!♦: 9»>I<iS%«i9L_ 

i<i>i<i^i<i>i4e3»]si%#s
'AnnAnnn* " innnAnAF 

_0U>VWWWUI Kvli^-s — UUIUUKflUIUIUIUUIWWWWVU'Sl 
ranniVSKWw'M^inaaaanann^^ 

™iH'^™®i@'^3C^8iQl8i6i8i6i'5'QlSi8i6iSl8iiSiei@lSe!S@>^™iK« 

^AnARiranirarannAnAraAnARAnAranraRirannnAnnA^ ^6w19&999^^ 

»!♦!« 

g«>X«g«>I<g«i^^^^^WinAAAinAAAA^»^0»»»AnAA»AffinAi!w!w M^^aKlllll^MK^^«s»iS»iSL 
ti"iBigi<8>i&i8>i&Q viiiilllliilllMi^ 

g|gigi|giigi»^4Q 

nnnnraKraffitK^CK w#3C«;j;gggS^ 
»XK^.»I« !»•«:♦ »!♦ 

)C.OOO CO 
oo ♦ « > K 

»X4IrJI^ ^ ^ * "^^SSS 

»I<K 4*4* 

1^. 
^<8Ms ■■^■SSiS iUiU>r■„„*'" »T4*T4gWv'a«r4> _ 4»%aE»T4»T4g4*I<KK<i>I»>2ggil| 10 a 

»!«:♦ »!♦!«§iS!;»M§° »!♦!« 
^iSAniKii': »I« »I« 

or* 4^rl<i»X^Xi8fl »I« 

IW 
fM^mM^sis «4»r 

!(*I<I*: 
♦14*14 s»9«^^^^►Sig4sietes.|gi 3I» 

9&. 
a*i« 

»i« ♦i«
TgiiSigiigiiagii<gigiigiiiV<i»^fW» 4r«r4rr#ffivSf&^>2i^^^^S^ ♦I4I4*I<K4* 

♦14* 
SAnu>^^<i£' ii-?si^96i6iSi83Si8!56fi

[okSsi****" »t4
£:♦as» 

^asA 

4^, 
WVU4 MUlC 

(c) d 

Figure 3.1.3 Refraction above the Parameter Transition: anRe = Stt 

(a) a = 7.10, n = 1.327 + i4 x 10-6 (b) a = 6.23, n = 1.5 + lO.Ol 

S^MAX = 18 •S^MAX = 19 

(c) a = 3.77, n = 2.5 + tO.Ol (d) a = 2.02, n = 4.66 + jO.01 

-S^MAX = 10 "S^MAX = 13 

52 



generate Figures 3.1.2 and 3.1.3 are given in Figures 3.1.4 and 3.1.5. As with all 

the 3-D plots given here,the positive z direction is to the right. 

As the spheres continue to grow larger, there are no significant changes in 

the general pattern up into size parameters on the order of 10^. A sample of 

the increasing intricacy resulting from the inclusion of additional wavelengths 

involved in this progression is given in Figure 3.1.6. 

ABSORPTION 

In the region of nim > 0.01, the development of the internal field patterns 

with increasing size parameter begins to take on a different character. Below 

the transition to wavelength-girdling diameters,it is much the same as the small 

absorption cases,differing chiefly in that the early solo peak tends to drift towards 

the lit surface as the absorption increases. In the upper regime,front and surface 

heating progressively dominate the pattern; for heavy absorption, the internal 

fields are confined to the surface, and,for large spheres generally, to the front 

hemisphere. 

To illustrate the nature of this kind of behavior it may be noted that, 

since field intensity goes as the square of (the magnitude of) the field itself, 

the absorption coefficient, a measure of intensity attenuation in traversing the 

unit distance, is related to nim by 

_ ̂ Trnim /•} 1®abs ^ > (o.l.lj 
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Figure 3.1.6 Large Size Parameters and Low Absorption 

(a) a = 13, n = 1.327 + i4 X 10" (b) a = 18, n = 1.5 + iO.Ol 

^MAX =17 ^MAX =18 

(c) a = 35, n = 2.5 + tO.OOl (d) a = ICQ, n = 1.5 + tl.5 x 10" 

'S'mAX 200(resolution dependent) 



that is, 

I{z)a E*•E= _ ^3 .^_2) 

This means that the thickness of material required to reduce the incident energy 

flux by a factor of Iq/I is given by 

A= —log.:^, (3.1.3)
®abs I 

SO that,in the case ofwater at 10.6 microns,for example,where nim =0.071,the 

characteristic attenuation length is about equal to a single wavelength. Indeed, 

for truly heavy absorption(nim > 10),the intensity falls precipitously to virtually 

nothing in a small fraction of the wavelength. This phenomenon is common in 

good conductors and has been referred to by electrical engineers as the "skin 

effect" [4,p.614]. (3.1.1) and (3.1.3) also indicate that any definition of "small" 

nim must be relative to size parameter: anim oc o/A . 

It will be convenient to include here, in treating cases of significant ab 

sorption, an indication of the effect of plane polarization. All of the plots 

given thus far in this chapter are in the y-z plane (i.e., (j> = f,^), but, as 

discussed in section 1.4, any (^-axis containing) plane shows the same source 

distribution, except when the polarization of the incident light is confined 

to a single direction. For this case, broadly speaking, the contrasts in the 

source function are heightened for planes whose orientations approach the 

perpendicular to the polarization direction (taken here to be -|-x), and subdued 

and shifted for nearly parallel planes,taking on the circular polarization character 
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(intermediate) at <j> — [2n+ 1)^. This means that maxima in the y-z plane 

are narrowed and, away from the optical axis, increased as well, and although 

the effect is typically minor, it can be significant. Examples of such azimuthal 

variation of the plane polarized source function are given in Figures 3.1.7 and 

3.1.8, which are done for the index of water at 10.6 microns,an important laser 

transition in CO2. Figure 3.1.7 gives at (f> = ^ and ̂ for a=6,and Figure 

3.1.8 shows a variety of planes for a=8. These two cases will be exploited in the 

the following section to illustrate the results of the heat equation calculations. 

Finally, Figure 3.1.9 gives representative cases of strong absorption in large 

spheres (circular polarization),including two larger size parameters for water in 

the infrared. 

3.2 Heating of Water Drops 

Heat diffusion after the initial energy deposit may be unimportant if the 

material is heated very rapidly. This serves as the basis ofthe principal utility of 

the straightforward computations illustrated in the first section of this chapter. 

Ifthe laser delivers energy moreslowly or less copiously,the diffusion ofheat acts 

to reduce temperature extremes,cooling localized hot spots(steep gradient),and 

may retard the development of explosive vaporization regions. 

As indicated in the introduction,liquid water is chosen here to illustrate the 

mechanisms ofthe heat equation. The temperature dependences ofthe refractive 

index product, M{T),and the volumetric heat capacity,^{T),are taken from the 
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(a) Circularly Polarized Light Case 

a 
■to m 

(b) Linearly Polarized Light Case 

Figure 3.1.7 Eifect of Polarization at a = 6 for the Index of Water 
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Figure 3.1.8 Azimuthal Variation of the Source Function 

The case is a = 8, n = 1.179 + iO.071 , and Figures (a) —(f) 

give in the planes of 0 = 0,15,30,45,60, and 90°, respectively. 
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Figure 3.1.9 Heavy Absorption in Large Spheres 

(a)a=25, n=1.179+iO.071 (b)a= 100, n=1.179+t0.071 

^MAX=0.82 ^MAX=0.78 

(c)a= 12, n=5.0+i5.0 (d)a= 100, n= 1.5+tO.5 

•^MAX — 0.042 'S'max =0.42 

It may be noted that appreciable back heating occurs in cases (a) and (c) even though the 

internal size parameters are 30 and 60, respectively, and the characteristic attenuation lengths 

are much less than the spherical diameters. This is an effect of the wave nature of light and 

disappears in the larger cases. 



Pendleton paper[24],as is the value for the superheat temperature: Tgu =578 K, 

and the thermal conductivity, K{T), is taken from Prishivalko [28]. The size 

parameter cases examined here are those of Figures 3.1.7 and 3.1.8, which,for 

the CO2 laser,correspond to diameters of20and 27 microns,respectively. It will 

be noted that, in what follows, actual breakup is disregarded in the sense that 

someofthe calculations are extended well beyond the threshold temperature,Tgu; 

in practice,shattering occurs over microsecond timescales and destroys spherical 

integrity [2],[17],[18]. 

There are several calculations available with the numerical solution of the 

heat equation,(2.3.8). In its simplest form {K —>■ 0), it gives the results of the 

previous section and could be used, as an extravagant (and inelegant) integration 

of (2.1.5), to study the effect of the temperature dependence of 7/.A/ in the 

absence of diffusion. This calculation is the focus of the Pendleton paper cited 

above; for the observation times relevant to the high intensity pulse used (10® 

to lO'^ watts/cm^), (2.3.8) gives sensibly the same results [those of (2.1.6)] with 

or without the inclusion of the spatial derivatives. This is so because, for the 

relevant size parameters (a « 10), the characteristic times of (2.2.12) are, for the 

dominant eigenvalues of (2.2.7e) (An£ « 10®), orders of magnitude greater than 

Pendleton's observation times. In order to examine the more general situation, 

then, the laser pulse plotted by Pendleton (taken from an actual pulse used 

in experimentation [17]), which is 2.5 us in duration, has been subdued and 
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lengthened for the calculations here; specifically, 

I(t)= xhton(40 , (3.2.1) 

where the intensity scale factor, x is specified below(« ̂ ). 

If diffusion is included in the numerical calculation, but without variation 

of the thermal/optical properties, the results are those of the analytic solution, 

(2.2.11). A comparison of the two equations,(2.2.11) and (2.3.8), for the case 

of a =6 and x = 0.06, is presented in Figures 3.2.1 and 3.2.2. The 2-D plots 

are done at the end of the pulse(lO^s) and the cut-off temperatures,except the 

highest, Tgu, are in 20 kelvin increments beginning at 490 K. Figure 3.2.1(e) is 

the case of Figure 3.2.1(f) in the absence of diffusion and was calculated from 

(2.1.6), and Figure 3.2.2(e) is the same cajse, but calculated from (2.3.8). It may 

be noted that Figures 3.2.2(c)and 3.2.2(d)were takenfrom a substantially coarser 

grid than that used for the earlier times;this is due to the long run times required 

for fine resolution of (2.3.8). 

To take into account the variability with temperature of the thermal 

properties of the medium,the numerical solution is required. Figure 3.2.3 gives 

distributions for a = 8, x = 0.085, for the constant property approximation, 

as well as the diffusion-free calculation for comparison, and Figure 3.2.4 is the 

variable property version of 3.2.3. The reference plots. Figures 3.2.3(e) and 

3.2.4(e)(no diffusion), are both taken from (2.1.6) in this case. The basic effect 

of property variability is seen to be,just as in the strong pulse approximation 
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Figure 3.2.1 Analytic Solution; Constant Property Approximation 

Figures (a) —(d) give T at 5, 10, 15, and 25 fiS, respectively; 

Figure (e) gives the case of no diffusion (at 10 fis) and (f) is taken from (b). 
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Figure 3.2.2 Numerical Solution: Constant Property Approximation 

Figures (a) —(d) give T at 5, 10, 15, and 25 flS, respectively; 

Figure (e) gives the case of no diffusion (at 10 /Lis) and (f) is taken from (b). 
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Figure 3.2.3 Explosive Vaporization in the Constant Property Approximation 

Figures (a) —(d) give T at 5, 10, 15, and 25 fJ,S, respectively; Figures (e) and (f) 

(at 10 IJ,S) give T > 520, 550, and 578 K, for diffusion off and on, respectively. 
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Figure 3.2.4 Variable Property Effect: Retardation of Temperature Growth 

Figures (a) —(d) give T at 5, 10, 15, and 25 fXS, respectively; Figures (e) and (f) 

(at 10 fJ,s) give T > 495, 520, 550, and 578 K, for diffusion off and on, respectively. 



[24], that of curbing temperature growth, which is a consequence of the specific 

form of^(T)/M{T) here and not categorical. It is of note that shattering at the 

back surface in the variable property case, albeit minor in extent, is thwarted 

by heat diffusion. Although this is contrived in the sense that x is arbitrary, it 

indicates possibilities for observational testing of these calculations. 

In this spirit. Figure 3.2.5 gives the (constant property) a = 8 case with 

x(= 0.075) chosen to exploit the exaggerated maxima of linear polarization, 

providing aclear case ofdependence ofthe result ofirradiationon its polarization. 

This also affordsfurther comparison ofthe analytic and numericalsolutions,that 

is. Figures 3.2.3(b) and 3.2.5(a) are nearly identical cases. 

As a final example. Figure 3.2.6 gives results for a small sphere (a = 1) 

for X = 0.0585, in which explosive vaporization is entirely forestalled by heat 

diffusion. The source function plot of Figure 3.2.6(a) is unique in that the height 

of the base corresponds to the minimum value in the distribution rather than 

zero. This is done to resolve the maximum,which otherwise appears fiat, and 

A 

at the cost of concealing the average value of S. All of the 3-D temperature 

distributions have been plotted using this method since the fractional spread in 

temperature is usually much smaller than that of the field density*. 

* This accounts for the minor difference in shape between,for example,Figure 3.1.7(a)and 

3.2.1(a), where,in the latter, diffusion has been essentially ineffectual, owing to the short time 

span and the intense heating early in the pulse [24]. 

67 



wms&
914^ 

9191919. :-;:-..-:5ii5« 
9:9:919 9x9:9.ir. mm^ 

9Zi>^*X9: ^a!Si»I4i>l4g
9:9:9:919 
919191919 iSii»lv>Iv> 
9191919. 9X919. 9X4^*19^. 4^9^X9199191919 9X»2H

9191919 919XX. 4X9X919. 9XX9X9 
91919 4X9. 914X9 919X9 
919 9X. 919X19 9XXX.

9X19. 91919 
9X 919 4X9 9X19. 

9XXX. 9XX19.9XX 91919
9X. 919 9XXXX 919X19X 
919X. 91919 9XXXX. 919X19X 
9X. 919 9XXX. 919X19 
9XX. 91919 9XXX. 919X19 
919 919 9XX. 91919 
919 919 9X19 9XX

919 919 

BwSw!< 

919X9. 9XXXXXX: 

!ll^l&!ll^lSt« 9X191919X'9:9XXX9XXX19XX19X. 
901^4 

>19Q^X^^^X9^Sf 

;?0lSifl@i^i^Sl0S!l^i&!ii^^>&4lgl>i!ll&lglgt^lS!l0 
:^wf&T4SSS4^»C4^l4»l4^l4»l4»l4«»^^ 

0.0:0:0:0:1^31: 0:000c 
:'i:o:p;p;o'o*o; 
llror^oroToTe: o:"». 

Figure 3.2.5 Effect of Polarization: Back Shattering under Linear Light 

Left Side: Circular Light; Right Side: Linear Light. Figures(a) and (b): 10 flS. 

Figures (c)and (d): ICQ US. Figures (e)and (f): T > 495, 530, and 578 K(10 fJ,s). 

https://9x9:9.ir


kVA\\\\\\v 

i&K 

inif. 

»I«»!♦»!♦!« 

«i^4K 

»!<»«»!♦!« 
»R«:« 
««»!»<»!♦: 

>»I<l»l4(»I^»>X« 
(>I4^I4IKI<(»>I« 

(I>l<ll>l4l»%i|fl 

♦!« 

»!♦!♦ 
»24%<K« 

»I4I« «:« 
»I«I« »%4I« »I#I«»!♦!« 

♦!♦!«»!« «:♦ «:♦ 
♦I«

»!♦ 

»!♦ 

»!♦ 

♦I« ♦I»:♦ 

(c) (d 

Figure 3.2.6 Diffusive Preclusion of Shattering 

(a) a = 1, n = 1.179 + tO.071 (b) Constant property heating at lO/XS 

S^MAX = 0-93 FmaX =571 K 

(c) T > 565,570, and 578 at 10 flS (d) T > 565 and 570 at 10 fJ,S 

Equation 2.1.6 Equation 2.2.11 
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3.3 Recapitulation and Elaboration 

In Chapter 1, the incoming laser beam was modeled as a very long, 

monochromatic wavetrain of constant amplitude. This is a realistic approxi 

mation for the pulses of the previous section, but in other cases, particularly 

for extremely short pulses, more elaborate description may be warranted. To 

identify limitations of, and alternatives to this approximation,a brief discussion 

of laser pulses is included here. 

The operation of a laser depends on the coincidence ofone or more resonant 

cavity modes with frequencies lying within the linewidth of the lasing transition. 

The output will, in general, be a complex distribution offrequencies which may 

be represented as a continuous superposition of monochromatic waves,that is, 

an integral over frequency: 

E{z,t)=[ . (3.3.1)
JAu 

If the integrand in (3.3.1) is confined to a single mode or if it represents 

a number of modes that are locked in phase, S{u) is constant and may be 

disregarded. In this situation,(3.3.1) is integrable analytically if the amplitude 

function, Ai^u), is specified to the Gaussian form, 

A(i/) , (3.3.2) 

where u^. is the characteristic width (at 1/e maximum height), and providing 

Ai/ —>(—oo,oo): 

f°° , f 4 2 ^ \ 1E(z,t)—.e^-e) j = 
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^i/e . (3.3.3)
2 

That is, a Gaussian distribution of frequencies corresponds to a Gaussian pulse 

shape in the time domain,and the characteristic widths ofthe two are essentially 

reciprocals of each other « 1). 

In this view, the representation of a single-mode spectrum as a (narrow) 

Gaussian distribution indicates that(3.3.3)is applicable to the "monochromatic" 

case as well. Thus,if i/g is very small,the modulation envelope in (3.3.3) can be 

set aside until after solution so that the pure sinusoidal form leading to (1.1.5) 

and (1.2.9) is maintained,and the monochromatic model remains useful. This is 

the approach in the examples above: an amplitude which varies very gradually 

along the wavetrain(negligible changes over lengthson the order ofparticle sizes) 

is modeled as a wave with an amplitude which is constant along its entire length 

at any instant, t', but which varies temporally according to I[t). 

On the other hand, for large the spatial length of the pulse becomes 

comparable to the dimensions of the sphere and the variation in amplitude over 

these dimensions is no longer minor. Indeed, in the limit of brevity available 

from current laser technology (j^ « lO^^'^sec), the entire pulse may not span 

the spherical diameter. Moreover,(3.3.3) hinges,strictly speaking,on the simple 

form assumed for A[u)[and ̂ (i'')], and thus lacks generality. For these reasons, 

it can prove useful to return to (3.3.1) and resort to numerical evaluation, 

thus avoiding both the unwanted coordinate dependence, , and the 
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restrictions of analytic integration: 

E^z,t)^ . M"-)= , (3.3.4) 
n 

where Wn{^u) is the weighting factor for Gaussian quadrature, the form of 

numerical integration employed in this work. 

In short,by remaining in thefrequency domain,the Mie theory of Chapter 1 

may be extended from the simple case, A{i/)=6[i/ — uq), to general frequency 

spectra, expressing the resulting internal (or scattered) fields as sums of terms 

given by (1.4.5,7). 

Practical application of (3.3.4) brings into consideration the frequency 

sensitivity of the source function. The internal fields of (1.4.5,7) derive their 

frequency dependence entirely from the complex refractive index, n, and the 

Mie size parameter, a. For changes on the order of a mode width, typically 

10® Hz, or a span of several modes, about 10® Hz (axial mode spacing is ^), 

the size parameter varies inappreciably; that is,^ ̂ and i/iaser ̂ 10® Hz. 

Furthermore,although the frequency dependence ofn is much more complicated, 

it, too, is ordinarily negligible for intervals of this size. In the cases examined 

in the previous section, for example, a gigahertz change in the laser frequency 

(« 3X 10^®Hz)corresponds to fractional changes on the order of 10~® and lO"'' 

for the real and imaginary components, respectively, of n [11], changes seen in 

section 3.1 to be unimportant. At the other extreme,for very short pulses,with 

Ai/ comparable to u, both the size parameter and the refractive index can be 
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expected toshow substantial variation,and the various plane wavesin(3.3.4) give 

rise to significantly different source functions. To determine the result,the vector 

components ofthe internal electric fields of differing frequencies are summed and 

the source function is computed from the total, composite,E field. 

One other consideration which enters the discussion in the regime of pi 

cosecond laser pulses is that of coupling mechanisms. The initial field/sphere 

interaction is that of photon absorption by the atoms or molecules comprising 

the medium. In atoms, this corresponds to electronic excitation, and, in 

molecular substances, vibrational and rotational transitions are, in addition, 

available. The acquired energy eventually appears chiefly as energy oftranslation 

and/or vibration of the atoms or molecules, that is, thermal activity. The 

mechanismsresponsiblefor de-excitation vary depending on the circumstances;it 

may be noted,however,that radiative de-excitation typically occurson timescales 

> 10~® seconds and is ordinarily upstaged by faster processes [6]. 

For the chemical elements, internal non-radiative de-excitation, in the 

absence of photoionization [hi/ < I,the first ionization potential) does not occur, 

and it is collisions and/or collision-like processes which provide much of the 

transfer of the energy of atomic excitation to that of thermal motions [6,p.l26] 

(in liquids, collision times are < sec [6,p.l32]). In molecular substances, 

on the other hand, radiationless de-excitation is common and proceeds along 

avenues such as ionization, dissociation, external influence such as collision 
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(~ 10"^^ sec), and internal conversion(~ 10"^^ sec), all of which may involve 

vibrational redistribution and relaxation [6,p.128-135]. Another possible de-

excitation mechanism is long-range non-radiative resonance transfer [6,p.140]. 

The point here is that manycomplex and incompletely understood processes 

are at work in the detailed history of the light energy absorbed from the field, 

and that, since many of these mechanisms operate on picosecond timescales, 

it becomes relevant to consider them in speaking sensibly about the thermal 

response of a medium to ultra-short laser pulses. 

RESUME 

The electromagnetic field patterns within the body of a spherical particle, 

drop, or bubble are described accurately by the Mie solution, (1.4.5,7). This 

result is supported by comparison with results given in Born &: Wolf[4], Jackson 

[15], the Pendleton dissertation [23] (and paper [24]), and the paper (cited in 

the introduction) authored by Dusel, Kerker, and Cooke [8]. It has also been 

corroborated by numerically performed volume integrations giving absorption 

cross-sections verified by the MievO code from work done at the National Center 

for Atmospheric Research. Competing phase conventions are treated thoroughly, 

clarifying and highlighting the mathematical distinctions necessaryfor consistent 

solution. Also, the internal fields produced in irradiation by plane light of both 

circular and linear polarizations are detailed. These equations, (1.4.5,7), have 

been used in computer simulations to study the shapes and magnitudes of the 
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internal field patterns over a wide range ofsize parameters and complex refractive 

indices, revealing systematic evolution of these characteristic structures. 

For cases in which it is permissible to ignore convection within the spherical 

medium,energy transfer subsequent to thermal conversion is governed by con 

duction. The differential equation of heat conduction with source term,(2.1.2), 

has been solved numerically and, for the case of constant thermal properties, 

(2.2.1), analytically as well. These solutions are given by (2.2.11) and (2.3.8) 

respectively, and have been shown to yield good agreement in several specific 

cases involving moderate-energy laser pulses acting on spherical water drops. 

The model constituted by the solutions to the Mie problem and the heat 

equation is amenable to elaboration beyond the comparatively simple situations 

illustrated by the graphics in this chapter. As discussed above,the superposition 

principle may be employed to calculate the source term for short,polychromatic 

pulses. Mass loss through steady vaporization or sublimation at the surface 

can be incorporated by application of (1.4.7,9) to a diminishing sequence of size 

parameters dictated by a separate surface-loss equation. Similarly, a temporal 

sequence of "initial" temperature distributions generated interactively from a 

fluid dynamic modeloffree convection within the sphere can be used to generalize 

the heat transport model to cases of slowly heated, low viscosity media [10]. 

Elaborations of greater complexity include, prominently, the extension to non-

sphericity required when the particles either are inherently aspherical, or are 
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deformed by effects such as fluid flow or intense irradiation [2], and calculation 

of the source function for inhomogeneous refractive index distributions which is, 

strictly speaking, required for solution of(2.1.1). 
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APPENDIX A 

THE HELMHOLTZ EIGENFUNCTIONS 

The scalar Helmholtz equation is 

(V^+ A^)V'(r)=0. (A.la) 

This form is generated from the Maxwell Equations as well as in the constant 

conductivity heat conduction problem; the two situations differ in that the 

Classical wave equation is a proportionality between the second space and time 

derivatives and the heat problem invloves but a single time derivative. Both 

take their time dependence from the exponential form e® so that the difference 

reduces, mathematically, to x = ±i/c on the one hand, and x = on the 

other. Of interest, then, is (A.l): 

2dip 1 d f. „dip\ 1 d^ip n / / ̂  f\ 

With the definition n=cos0,and the substitution, 

= r^ip{r,n,(/),t) , (A.2) 

this is 

1 ^2. N 
dr^ ^ r dr 4 ^ dfi 
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Provisionally assuming a separable solution of the form 

9= R{r)M(u.)Q(4,), (A.4) 

and substitution ofsame in (A.3) leads, after division by "9, to 

R" R' 1 d r, Q" ,o ,
1 ^ Qr^l-n^) ' ^ 

The simplest component is the azimuthal function, for which a direct 

proportionality between the function and its second derivative is productive: 

Q"{<f>)= , (A.6) 

where the sign is chosen for an oscillatory solution. Multiplying through with 

then gives 

2R R 1 I d r. 2\* \2 2 /A 

which will be satisfied if 

R" R' 1 ,0, I d 2 

+'i-i+ =-Jif,[d 

In order to proceed, the separation constant, u, is specified to the form u = 

n{n+1), where n is an integer: 

R"(r)+ ijj'(r)+ =0, (A.9) 

m2^[(1- + n(n+1) — M(/x)=0. (A.IO) 
1 — 
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Equation(A.9)is the Bessel equationfor half-integer orderfunctions[I3,p.437], 

and (A.10) is Legendre's associated differential equation [13,p.332]. Together 

with the obvious exponential solution,(A.6), these give 

. (A.ll) 

Finally,from (A.2) and the defining equation for the spherical Bessel function, 

tl}{r,e,<i>) ='^Cnmjn{>^r)Ynm{0,<f>), (A.12) 

where 

[15,p.99]. If, as in Chapter 2, ^(r) is confined to a bound region of space, the 

appropriate form is 

V'(r,e,(f>) Cntmjn(An£r)y„,„(0,4>). (A.14) 
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APPENDIX B 

CIRCULAR POLARIZATIONS 

Plane, monochromatic, light may be considered simply as a fixed, repe 

titious, field pattern moving (rigidly) through space. If the light is linearly 

polarized, the electric field vanishes every half-wavelength and is confined to 

anti-parallel directions. If it is circularly polarized,the field rotates in direction 

through a full circle every wavelength and does not oscillate in amplitude. 

To analyze the case of circular polarization, a coordinate system is defined, 

fixed in the field pattern, with its positive z axis in the direction of propagation, 

and two planes,2=0,^,are isolated for observation. If the change in the field's 

direction,betweenjand 0,is a positive(negative) rotation,then the wave is said 

to have positive(negative) helicity. 

Of interest then are the three combinations: 

Ep^^(2)=[eisinA:2-|- e2Coskz] (B.l) 

— [eicoskz — e2sinA:z] (B.2) 

E^^(2)= —[eisinA:2-f e2CosA:2]. (B-3) 

Since 

Ef,+'(i) X E<+>(0)=E<+>(i) X E<+'(0)=ES''(i) X e(+'(0)= 

ei X 62 = —h X 61 =-61 X —62= 63 , (B.4) 
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these represent positive helicity. Further, the [positive) rotation from ei to 62 

begins at ^ , 0 and — respectively, for the three cases,so that Ep'"^(E^^) 

anticipates(lags behind) Eg^^ by ̂ . 

If the these fields are altered in that > —^2, 

Ep~^(2)=[eisinfcz — e2Cosfc2] (B.5) 

Eo~^(2)=[cicosfcz+e2sinA:2] (B.6) 

~ —[cisinA:^ — e2Cos/i:2] , (B.7) 

the result is 

4"'(l)X E<,-'(0)=E<-'(i)X E<->(0)=EL-'(i)X El7'(0)= 

61 X -62= 62 X ei = -61 X 62= C3 : (B.8) 

negative helicity. And, again, the [negative) rotation from 62 to ei begins at 

,0 ,and —jfor the three so that Ep ̂ and E^^ are, again, a quarter-cycle 

before and behind Eo~^ 

Therefore,since [eicosfcz^p f2sinA:2]-|-i[eisinA:z±e2CosA:z](= Eg^^-l-iEp^^) 

= ei(cosfc2+ «sinA:2:)± e2(—sinfcz-h tcosfc^) = ei(cos/!:2-t-tsinA:z)± 

e2[cos(A;2+f)+isin(/!:z+ f)]=(ei±620* = (ei±te2)e**^^ , 

and [eicosfc^: =F e2sin/cz] — t[eisinA;2:±e2CosA;2] (=Eg^^+ ) 

= 61[coskz — is'mkz)=F ̂ 2[s'mkz -|- tcosfc^:) = 61(cosA:2: — tsinA:^)^ 

[cos(A:2: — f)— is'm[kz — |^)]= =F e2e~*('^^~t)=(c^ 162)0"*'^^ , 
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it is evident that 

4tts=(fi± (B.9) 

and 

eS'nus=(«i±'*22)='"'"' (B-10) 

represent circularly polarized light in the twoconventions,and that the imaginary 

components are[kz —)^ ahead of(behind)the real in the plus(minus)convention 

for both helicities. That is, the real part of(B.9) and the real part of(B.IO) are 

the same and are equal to and the imaginary components of the two are 

equal to ±Ep^^ 

Also of note is that,since B= ncs X E in either convention, 

= ne3 x (ei± =n[Tt(ei±ie2)e*'="]= TmEg,ljs i (B-H) 

®MINUS ~^^3 X (ei^te2)e = n[±«(ei^ — ̂ ^^^minus * (B.12) 
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APPENDIX C 

THE VECTOR SPHERICAL HARMONIC 

= andL=irxV [15]. 

Also, V =idr+Ojde+ , so that r x V = 

rf X {tdr+e\de+ 

and P„^(co50)=(-l)i|^q:^P„i(cos0)= K{.cose) 

2n+1 
n(n+l)]T1 

47r 

. /2n+l 1 d 
X„,±i(^,^)=i P^(co39)e±->. (C.l)

47r n(n+1) \ sinO dO 

Therefore 

Vx/„(Kr)X„,±,(«,«>)=.y2^;^Vx/„H(6^=Fti)^n(">=»)="* 
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If Fr =0, V X F= ^ which 

[Vx/n(/cr)X„,±i(0,<?i)],= 

{tA[/nM.m«^%i^ie±->]-i[A|/„(«r)£^e±'*]} 

/2n+l _ 1 ^ /n('cr)e^''» i(sm9^P^(cos«))- ;Y 4ir n(n+l) rainO 

since Pi(cos0) is a solution of +1)"i?^]]V'(^)=0, 

the curl's radial component is [—n(n+l)P^(cos0)]= 

±.V^MHlp^(cosd)e±'> 

Its theta component is rrt(n+i) > and its 

azimuthal component is yj rn(n+i) (/cr)]e^'^ : 

V X fniK-r)^n,±l = 

. l2n+1 e='=*^ ±ilt±]l+aJ-±e-)- r/„(/cr)P^(cos0)
47r rn[n+1) r ^^sin0 ddUr 

(C.2) 

Also of note: 

r X Xn.,±l i^dg±0CSC0]Y'n'^n+l)\/45rn(n+l) pk 

Tj2n+l c r_|9jAp^^cos0)±^CSC0P (̂cOS0)j
Y Air n(n+l) 
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V X /„(/cr)X„,±i(0,0)=±iyJ^^^Tfn{Kr)P^{cose)+ x X„,±i(0,(^) 

= (#,^)+ y, x„,±i(«,,^) (C.3), 
r r ar 

which agrees with Jackson [15,p.771]. 
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APPENDIX D 

THE SOURCE FUNCTION 

The rate of reduction of the field energy density of a propagating electro 

magnetic disturbance,in the absence of field sources, is given by the negative of 

the real part of the divergence of the complex Poynting vector: 

du = {V.[^E X H*]}=S(r), (D.l)
dt 

from Jackson Eqs. 6.108 and 8.47 [15,pp.237,347]. 

Pertinent to the simplification of(D.l) are the forms H*• H and e*; from 

Jackson Eq. 7.73 [15,p.297],the first is 

in which,from the vector identities 

a-bxc=c-axb,axbxc=(a-c)b —(a • b)c , (D.3a,b) 

(n*k X E*)•nk XE=E.[(n*k x E*)x nk]=E•(n*k•nk)E*-E•(n*k•E*)nk. 

(D.4) 

Since the fields are transverse,thecomplex wave vector,nk= /c, hasno projection 

on the E field vector,so that 

H*-H=4K.+ni„)E*-E. (D.5) 
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Also (taking fi to be real) 

e*- =-(nL-nL"2mReniin). (D.6)
fj, fj. 

The vector identity, 

V •(E X H)=H•(V X E)-E•(V X H) (D.7) 

[15,p.236],in conjunction with (1.1.4,5), implies that the divergence in (D.l) is 

V •(E X H*)= H-6*E*•E), (D.8) 

which,by (D.5,6), is 

-[(nL+nL)E*•E-(nL-nL"2.nRento)E* •E]. (D.9) 

Therefore,from (D.1,9), 

®(')=if"^.hLELt Eint, (D.IO)47r fJ/Q 

in which the case has been specified to the spherical medium of Chapter 1. 

The rate of electromagnetic energy transport by a light field is from the 

complex Poynting vector, itself [15,p.347], which, from Jackson Eq. 6.132 

[15,p.242] and relations used above,is seen to be 

1 cn* 
S= — E X(^n*k X E* =k E*-E. (D.ll) 

Stt \ixk , STVfjL 

For the incident flux of the Mie problem,this gives 

I=|!R{S}|=^ELc•Erao. (D.12) 
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