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Abstract

The classical theoretical foundations of Genetic Algorithms are based on the
schema theorem. This theorem is an inequality first discussed by Holland in 1975.
In 1990, Vose developed the exact schema theorem, replacing the inequality by
an equality. This thesis explores some graphical properties of the exact schema

theorem by computing its associated fractal.
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CHAPTER 1

Introduction

1.1 General Description of Genetic Algorithms

Genetic Algorithms (GAs) are stochastic search algorithms whose methods
model some natural phenomena: genetic inheritance and Darwinian strife for
survival. The collection of organisms is traditionally represented by a collection
of binary strings called the population. The basic mechanism of a GA consists of
two operations: selection and recombination. Selection does not introduce new
point (potential solution) for consideration from the search space. It just copies
some strings from the population to form an intermediate population referred
to as the gene pool. The second step of the evolution cycle is recombination.
Recombination is responsible for introducing new individuals. This is done by
two genetic operators: crossover and mutation, which transform the gene pool
into the next generation.

In the selection process, members of a population are selected with the proba-
bility proportional to their relative fitness. In other words, the probability of each
string being selected is given by its fitness with respect to the total fitness of the

whole population. These probabilities are then used to choose (with replacement)



a string from the population for the gene pool. Hence, strings with better-than-
average relative fitness are more likely to be selected to contribute offspring to the
next generation.

Crossover consists of selecting two parent strings from the gene pool and ex-
changing their tails at the same random position. This is typically performed
with some probability (the crossover rate), otherwise parents are copied. Muta-
tion is implemented by flipping the bits of a string with some small probability
(the mutation rate). The crossover operator is introduced to enable structured,
yet randomized information exchange, while the mutation operator introduces
greater variability into the population.

Thus, in each generation, evaluate the fitness of each string, select the gene pool
with respect to the probability distribution based on fitness values, and recombine
the strings in the gene pool by mutation and crossover to form the next generation.
After some number of generations, when no further improvement is observed, the

process is stopped.

1.2 A Simple Genetic Algorithm

Consider the problem of maximizing the function f(z) = 5 where z € [0,7].

Suppose the string length £ is 3, and the population size is 4.

To start the process, the initial population of strings is chosen randomly:

010 100 001 011 ,




Their fitness, f(x), and probability of being selected are computed as shown in

Table (1.1).

Table 1.1: First Generation

Initial Population | z | f(z) = T_T_lﬁ ‘gt’f
010 2 0.20 0.220
100 4| o1 o121
001 11 050 0549
011 3 0.10 0.110

During reproduction process (selection), the strings with higher fitness are
more likely to be copied, and the gene pool could be 001,010,001,011. Crossover
then proceeds to mate strings randomly by selecting a random crossover site in
pairs of strings at which to exchange their tails. This process is illustrated in
Table (1.2).

Assuming that the crossover rate is 1 and the mutation rate is 0.0001, the
reproduction and recombination processes creates a new population as shown in
the above table. Note that the average fitness is higher than before. String 000
has the highest fitness value and thus has the greatest chance to survive in the
next generation. The next simulation is shown in Table (1.3).

After another generation, the members of the population will likely be 000,

which optimizes f(z) = T;lz_z’




Table 1.2: Second Generation

Gene Pool

New Population

fl2) = 5

=f
001 011 0.10 0.059
011 001 0.50 0.294
010 011 0.10 0.059
001 000 1.00 0.588

Table 1.3: Third Generation

Gene Pool | New Population f(z) = T# o
000 000 1.00 0.286
0]00 000 1.00 0.286
0100 001 0.50 0.143
001 000 1.00 0.286




1.3 Thesis Overview

The first attempt at developing theoretical foundations for genetic algorithms
relied on a binary string representation of solutions and on the notion of schema.
Schema, according to Holland [2], is a similarity template that describes a subset
of strings with similarities at certain string position(s).

In the next chapter, Holland’s Schema Theorem which estimates the expected
number of strings matching a schema in the next generation is summarized. Chap-
ter 3 outlines Vose’s infinite population model that gives the exact number of each
string expected in the next generation. In Chapter 4, the backward GA is intro-
duced. The details of the program implementation to produce related GA fractals
are discussed in Chapter 5. Finally, Chapter 6 presents the visualization of GA,

conclusion, and future research topics.




CHAPTER 2

Holland’s Schema Theorem : An Overview

2.1 The Concept of Schema

Holland [2] introduced schema as a subset of strings which share common
attributes. In addition to the binary alphabet {0,1}, a don’t care symbol, the
asterisk “*”, has been adopted in building a schema.

A string = matches a schema H if every element in string z matches schema
H at every position not containing “+”. Hence, for a string length of 5, strings
11001 and 10110 belong to schema 1 * * * *, but 01000 does not.

Two properties of schema that the schema theorem refers to are order and
defining length. The order of a schema H, denoted by o(H), is the number of

({3
*

positions that are not also called fixed position, in the schema. Denoted by

’

§(H), the defining length of a schema H is the distance between the first and the

last fixed string position. For example, for a string of length 5, the two schemata
H] =1 *10,
H,; = %00 * *,

have the orders

O(Hl) =3, O(Hz) =2,



and the defining lengths:

The order of a schema is useful in calculating its survival probability (the prob-
ability it will exist in the next generation) under mutation. The defining length
of a schema is useful in calculating its survival probability under crossover. More

explanation will be given in the next section.

2.2 The Schema Theorem

As discussed in the previous chapter, the formation of the next generation
is composed of two cycles: selection and recombination. The effect of selection
(reproduction) is easy to determine in the following manner.

Let the total fitness F(t) of a finite population P? of strings at generation ¢ be

Ft)=_ f(=), (2.1)
z€P

where f(z) is the fitness of string z. Then the average fitness of the population is

F(t) = E|1(3t|2 . (2.2)

After selection, the expected number of strings in the gene pool P matched by

the schema H is

E(H,t+1) = ) expected number of z in P
z€H

= Y_ ( probability that z in P) P
r€H



= > (number of z in Pt-—f—(i)-) | P|
IEZI:{ ( number of z in P*) f(z)

EH,t+1) = =& 20

Let f(H,t) and N(H,t) be the average fitness of the schema H and the current
number of all strings that match the schema H in population P at generation ¢,

respectively. Then,

f(z) ¥ ( number of z in P*) f(z)

__ z€PtzeH __ z€H
f(H,t) = = N : (2.3)

zE€Pt, xeH

Thus, due to selection, the expected number of strings matched by the schema H

in the gene pool is

E(H, 1 +1) = N(H, 1) %_)t) . (2.4)

Note that the number of strings in the gene pool changes as the ratio of the fitness
of the schema to the average fitness of the population changes. In other words,
the “above-average” schema will dominate and the “below-average” one will die
off.

However, this reproductive schema growth equation is still not complete. In
nature, evolution causes new individuals to be born which differ from their parents.
In GA’s, new strings are introduced during the second part of the evolution cycle,
recombination.

As mentioned earlier, the defining length and the order of a schema play sig-

nificant roles in the probability of its survival. Consider the following schemata



and parent strings = and y

H =1 % %
H = % 00
z =100
y = 00020

—

*

0

The crossover site is chosen randomly to fall between positions 3 and 4

c =1001]10 |,

y =000]01 |,

The resulting children strings are

g =10001 |,

y = 00010

Note that neither offspring belongs to Hy, but both still belong to H,. In this

example, it is easy to see that because H; has a longer defining length, membership

in H; has more chances to be disrupted by crossover. The fixed positions of schema

H,, on the other hand, are more likely to be preserved in one of the offspring. In

other words, if z € H; then a child of z under crossover has a greater chance of

belonging to H,.

In general, for string length £, there are £ — 1 possible crossover sites. This

implies that the probability of disruption of a schema H with crossover rate p. is

at most

? (2-5)



and the probability of its survival is

§(H)

po(H) 21 —py— (2.6)

The inequality results from the chance for the schema will survive even if a
crossover site is selected between its fixed position.

The mutation operator randomly flips each bit with probability p, < 1. It is
clear that the probability of a single bit to survive unchanged is 1 — pn,. Thus,

the probability of membership in a schema H to survive under mutation is
ps(H)=(1 — )’ =1 —o(H)pn - (2.7

The combined effect of selection, crossover, and mutation creates a new form
of the reproductive growth equation (The Schema Theorem):

Y [, 8(H)

EH,t+1) > NHt)—= 20) —Pey

—o(H)pm| . (2.8)

The Schema Theorem is inequality (2.8). It implies that short, low-order, and
above-average schemata will receive increasing number of strings in the next gen-
erations. This means that when f(H,t) > F(t) and the probability of a schema H
being disrupted by crossover and mutation is small, the representation of schema

H is expected to increase in the next generation.
2.3 The Minimum Deceptive Problem

This section summarizes Goldberg’s classification of two bit deceptive prob-

lems. Assuming that string 00 is optimal, there are four possible schemata con-

10



taining one fixed position: two contain suboptimal strings (1*,*1) and two contain
the optimal string (0, *0).

In some cases, a genetic algorithm may have difficulty in converging to the
optimal solution. This phenomenon called deception refers to some short, low-
order, and above-average schemata that can mislead a genetic algorithm and
cause its convergence to suboptimal strings. For the problem introduced above,

it means that either

f1*>f0* 3

or
f*1>f*0 ’

Hence one of the following must hold

_ fro+ fu > foo + for

fl* ) 9 = fO* ’ (29)
_Jo+fu _ foot fio _
fa==F—>"5  =fo , (2.10)

Without loss of generality, assume that equation (2.10) is true so that fu > fuo
is the deceptive condition.
Normalizing the fitness with respect to the binary complement of the optimum

string gives

podo S fo
fu’ fu’ fu

and the globality condition can be written

!

r>c, r>1, r>c

11



It follows from equation (2.10) that
l4c—r>c, hencec <1 ,

c>cd+r-1 hence ¢ > ¢
b

The deceptive problems are classified according to the range of values of ¢

Typel: foo > fun, ¢>1

TypelIl: fi1 > for , ¢<1

Goldberg [1] developed a model to analyze the behavior of a genetic algorithm
on deceptive problems. However, the effect of mutation was not considered. In
the next chapter, the use of G does not require zero mutation and is therefore
characteristic of a true GA. Furthermore, note that the inequality in (2.8) im-
plies that the schema theorem is only able to approximate the expected strings
belonging to a schema H in the next generation. The next chapter will describe
the exact schema theorem which is able to determine exactly the expected next

population.

12




CHAPTER 3

Exact Schema Theorem: The Infinite Population Model

3.1 Overview

This chapter investigates the exact schema theorem, commonly known as the
infinite population model. Vose [5] showed how given a representation p' for
the current population, a transition operator G could be defined which exactly
determines the expected next population G(p).

The new approach, referred to as the infinite population model, is able to
predict what the expected next generation will be, the previous schema theorem
is only able to approximate it. The infinite population model, is elaborated in the

following section.

3.2 The Infinite Population Model

Let ) be the set of all length £ binary strings and let N = 2¢ be the number
of all possible strings. Since each string is a binary representation of an integer
in the interval[0, N — 1], may be referred to by the number it represents. For
example, for £ = 3 and ¢ = 5, string : is 101.

Let pt be defined as the proportion of string ¢ in generation ¢. The vector



pt = (pf), e ptzl_l) is called population vector. It contains the proportion of each

possible string in the population.

3.2.1 Selection Operator

Let F = [f;;] be an N x N diagonal matrix with f;; entry containing the fitness
value of string i. Given a vector v, let |v| denote the sum of its elements. If v
is a vector with i component equal to the proportion of string ¢ in the popula-
tion, then Fv is a vector pointing in the same direction as that vector having ith
component equal to the probability that z will be selected for recombination.

Hence s* = (Fpt)|Fp'|~! is a vector with :** component equal to the probability
that string ¢ will be selected as a parent for recombination.

The vector st is called the selection vector. The probability that string & will

be in the next generation is given by
ZSES;mij(k) , (3.1)
4

where m;;(k) is the probability that string k is the child resulting from recombi-

nation (crossover and mutation) of the parent strings 7 and j.

3.2.2 Recombination Operator

Vose [5] has shown that m;;(k) = migk jer(0), where @ denotes ezclusive-or on
integers. The matrix M defined by M;; = m;;(0) is called the recombination

matrix.




Using the selection vector and the recombination matrix, the RHS of equation
(3.1) can be written as follow:
Esi@ij@kMij . (32)
6

Let o; be the permutation defined by

T T
G;(So,...,SN_1) = (Si@o,-“asz'@(N—l)) ’

where T denotes transpose. Using these permutations, equation (3.2) can be

written as

Y (ors);(oks);mi;(0) . (3.3)

i

Vose [5] has shown that if recombination is one—point crossover with crossover

rate y, and mutation with mutation rate g, then M;; is

1

1=—p ] i X T -4, H _X_l_ Aijy
31— x+ 2= % ) g (1= )+ 2= ot e, (34)
2 t-14 t-13
where n = p/(1 — p), in which division by zero at ¢ = 0 and g = 1 is to be
removed by continuity, and A;;, =|(2¢ —1) ® | — |(2¥ — 1) ® j|. Here ® is the
symbol for logical-and.
Using vector notation to represent equation (3.3), the expected next population

vector satisfies the relation

E(p*! )k = (os') M(ors")

15




where £ denotes expectation. Defining the operator M by
T
M(s') = ((005')"M(00s"),- -+, (on-15)T M(on1st)) (3.5)
allows this equation to be put in the form

g(pt+l) — M(St)

3.2.3 Operator G

Let G be the transition operator from one population to the expected next pop-
ulation. In other words, G(p') is the expected next population vector p**!(given
that the current population is p*). Hence (G(p*))« is the expected proportion of

string k in generation (¢ + 1). In terms of the notation in the last section

G(p) = M(s') = M (ﬂ;) . (3.6)

The matrices F' and M determine the expected behavior of a simple GA. The
matrix F contains fitness information appropriate for selection, the matrix M
holds information appropriate for recombination.

Let A be the collection of vectors having 2¢ components such that the compo-

nents are non-negative and sum to 1, i.e.
A={:1:€§R2l:xj20,2xj=1} . (3.7)

For any constant ¢, M(cp) = ¢®>M(p) and M : A — A. Having those properties,

it 1s easy to show that

M ( Fpt ) _ MFp
|Fpt|)  |MFp|

16



Proof:

t

Fp* ) _ MFpt t
a) M (i) = fige ~ MFpt

MFQ‘
b) MFpt| ~ MFPt 3

where ~ M Fp' represents a vector which points in the same direction as M Fp*.

Furthermore,

where A denotes something in A, and

MFp
|IMPFp|

_MFpY|
T MFp| T

Hence, they both have the same magnitude. Since they are pointing in the same

direction and have the same magnitude, they are equal. Thus,

(3.8)

66') = M (12:) = i

|Fpt|) — |MFpt|

17



CHAPTER 4

The Backward GA

4.1 Overview

As described in the previous chapter, given a representation p* for the current
population, an operator G exactly determines the expected next generation. The
representation p of a population is a vector with ith component given by the
proportion of string ¢ in the population.

Hence p € A which is the intersection of the hyperplane H : po+ ... + pzey =1
with the non-negative orthant. The function G has mathematical form which
allows its application to any vector in 2‘~dimensional space. However, the inverse
of G has only been determined in the case where £ = 2 and where p € H. For this
thesis, G’s action on H is considered (attention is restricted to to two bit GAs) so
that G~ may be used.

Having the inverse of G enables one to find the previous population from the
current one. By running the GA backwards, a “Big Bang” is computed. It can

be thought as the place where things begin.

18



4.2 The Inverse G

Definition 1 : A function f from A into B is onto if every element of B corre-

sponds to some z in A.

Definition 2 : A function f is said to be one-one if it assigns different values in

B to different arguments in A (or for every B there corresponds a unique

A).

Definition 3 : A function f has an inverse if it is onto and one-one.

Definition 4 : A is a proper subset of B if A is a subset of B and at least one

member of B is not a member of A.

A simple example is shown below:

fle)=5
9(z) =2z

Let I = [0,1]. The function f : I — [0,1] has the inverse g. Note that f: 71— I
has no inverse (not even g), because it is not onto. In some sense, the domain I is
too small or the codomain is too large. If f : ® — R, then f is onto and one-one,
and f inverse is g.

Since G(A) is a proper subset of A, it is obvious that G : A — A can not have
an inverse. However, there is a function, call it G~!, which behaves like an inverse

should, just like g behaves like an inverse for f, even if an inverse for G on A

19
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does not exist. The function G~! can be found by manipulating the function G.
Consider G(z) and G*(z) for any z € H with |z| = 1.

As shown in the previous chapter,

#* =00 = M () (+1)

Operating on both sides with M~ followed by F~' yields

F—lM—lpH-l = pt — pt
|Fpt| ’

provided that M~ M(z) =~ z.

Hence
. F—lM—lpH-l
p= |F—1M—1pt+1l

Thus, replacing p'*! with z,

FIM™1(z)
-1 == 4.2
) = AT 2
For G ! to behave like an inverse, it must satisfy
a) o+% G(z) ¥ T
b) =z 7 G (z) oz
Let @ be the matrix
(x = 1)(p-1)? @u-1)(x-Dr-1)/2  @-DKx-DkE-1)/2 pe-1)Kx-1)-1/2
@Ee-1)x-D)(-1)/2 pr-1)(x-1) x(1/2 = p+p2) = p(u—1) (28— 1)(x-1)u/2
@Eu-1)(x-1)k-1)/2 x(Q/2-p+p?)-up-1) pp-1)(x-1) (2p—1)(x —1)u/2

plp—1)(x-1)-1/2 (26 = 1)(x = )u/2 (26— 1)(x — 1)u/2 pu(x - 1)

20



o

, where y and g denote crossover and mutation rate, respectively. The function

M1 ig defined by
M (z) = (0027 Q(00), -, (ow-12)"QoN12)) " (4.3)

The matrix Q was found using the symbolic algebra software, Maple. The func-

tions M and M™! satisfy
a) z WM, M(z) Mie e ,
b’) z t—Aﬂi M~Y(z) Mmoo

This was checked numerically using hundreds of random vectors.

It follows that G~! satisfies both conditions a and b :

- - Fz - Fz T
: Fo\ gn ~PMPM(5) v FN g _ ~ e _ o _
z+— M Fa] — B =TT T - —E:—l—x,
‘N [Fz]
FimM Yz
o FMI@) o M(Fet)
Ir —> ——1——1— —
|[F-1 M~ ()| -1
M-z ~T
‘ _M (Ftan) _ MO _ ~E T
-] -] |~z| |z
Note that |- - | indicates the norm of the denominator.

4.3 The Big Bang

The universe is an evolutionary system in which humans occupy only a small
part in space and time. Just like the universe, the evolutionary system £ taking

place in H governed by the exact schema theorem G, seems to have a Big Bang.

21



There are amusing parallels. The Big Bang is found by running time in reverse
and to a place in space and time outside the human realm. Running £ backwards
from A converges to a point « in negative time (—oo it turns out) which is located

in space (i.e. H) outside of A. The point « is called the Big Bang.

4.4 Floating-Point Precision

Understanding what things were like near the Big Bang requires energy. De-
termining the structure of £ near « requires increasing computational energy: o
is located at G(-*°) and each computation is generally affected by round-off error.
These errors originate from the fact that computers retain only a fixed number of
significant figures during a calculation.

Typically, fractional quantities are represented in computers using a floating-
point format. In this approach, the number is expressed as a fractional part,
called the mantissa or significand, and an integer part called the exponent or
characteristic, as in

m.p*
where m = .d,...d,d; is the mantissa, 8 is the base of the number system being
used, and e is the exponent. For instance, the number 156.78 could be represented
as 0.15678 - 10® in a floating-point base-10 system.

Furthermore, the mantissa is usually normalized if its leading digit is zero. For

example, suppose the quantity of 1/34 = 0.029411765... is stored in a floating-

22



point base-10 system which allows four decimal places to be stored. Normalization

causes 1/34 to be stored as 0.2942 - 107! instead of 0.0294 - 10°.
The consequence of normalization is that the absolute value of m is limited.
That is,

1
—-<m<1 ,
B

where 3 is the base. For example, for a base-10 system, m would range between
0.1 and 1, and for base-2 system, between 0.5 and 1.

The fundamental unit whereby information is represented is called a word.
This is an entity that consists of a string of binary digits, or bits. Many comput-
ers allow 24 bits to be used for the mantissa, which translates into about seven
significant base-10 digits of precision.

With this acknowledged, there are still cases where round-off error become
critical. For this reason, most computers allow the specification of double pre-
cision, in which an extra word is employed to store additional significant figures
of the mantissa. For double precision, and extra 32 bits would be used to create
56-bit mantissa which allows about 17 significant base-10 digits.

Since the Big Bang, o = G~*(z), computation will still produce round—off
errors that significantly affects the convergence of G, Therefore, a higher precision
floating—point numbers must be used in any program used to visualize G. This
thesis is uses a base 2* floating-point representation having a 20-digit mantissa.

In this case, d; ranges from 0 to 224 — 1 and m would range between 1/2%* and 1.
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CHAPTER 5

Program Implementation

5.1 Overview

Calculations show that every population vector p has a forward time evolu-
tionary trajectory ending in a fixed point of G in A. Followed by this intuition,
one might be curious of whether every p also has a backward time evolutionary
trajectory ending in a point a. Should this be true, it will be interesting to view
what is going on near a, the Big Bang. A program has been written to investigate
this possibility.

The program is written to run on the Intel iPSC/860, a distributed memory
multiprocessor machine (RX) at ORNL. Although the use of extended precision
floating-point arithmetic can mitigate the effect or round-off errors, a price is paid

in execution time.

5.2 Details of Implementation

The main goal of the program is to to allow the behavior of G to be visualized.
The program is started by selecting a random initial population and iterating g

to obtain fixed point(s). Once the fixed points are found, the next task is to find
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the Big Bang by iterating .

Since only two dimensions fit on computer screen and H is three dimensional,
three points of H are chosen to determine a slicing plane. Most of the pictures
are generated with the Big Bang a being near one of these three points. After
the slicing plane has been chosen, grid points can be generated within the slicing

plane and pictures are computed. More details are given below.

5.2.1 Finding Fixed Points

In order to start the GA process, some random points are generated to represent
random initial populations. From an initial population, the function G determines
the next population. G is repeatedly applied until the previous and current pop-
ulation are ‘near’. The condition ‘near’ is satisfied when the first three mantissa
positions of every element of p' are the same as the corresponding elements in

pt~1. The absolute difference of the real numbers, pt and pi™' is
pt —pi7Y <276 = 1072

Since the implementation is using string length 2, at most two fixed-points are
found. For the purpose of illustration in this chapter, two fixed-points, labeled
fp1 and fp2, are assumed to be found.

5.2.2 Finding Inverse Points

As mentioned in the previous chapter, given a current population, one can de-

termine the expected previous population using the function G ~1, Applying this
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function G~! infinitely many times will lead to the Big Bang.
The Big Bang is approximated as follows. From each fixed point, iterate
G~! until g"‘(a) and g'k(b) are close. Those points are then labeled a and b

respectively. Figure (5.1) illustrates this step.

a+b

fp,

Figure 5.1: Applying backward GA from each fixed point

The midpoint Ejz'—b approximates a. To get variety in the slicing plane, a

randomly chosen point near %” is used.
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5.2.3 Finding Slicing Plane

For the purpose of illustration and without loss of generality, three-dimensional
space is used to show graphically how to obtain a slicing plane, in which grid points
will be generated. In other words, the domain H is a flat 3-space embedded in
R*. Three points of H are needed to determine the slicing space.

Given a random vector X, a random vector v that is perpendicular to b — a

lying in the plane containing b — a and x is given by

_ (b—a)(b—a)
V=— (b —a) x+(b—a) . (5.1)

Note that this formula can be applied to a space of any dimension.
Multiplying the vector v by the radius r of the sphere and adding (b + a)/2

will give a random approximation 3 to a. In short,

(b+a)

g = B, (5.2)

axrv+

where r = lll);_all. Figure (5.2) shows « as a point on the equator surface.
From a, vectors u and n that point to the first and second fixed—point, re-
spectively, can be drawn. The final step is finding the orthogonal basis u and n’

to represent the plane.

5.2.4 Generating Grid Points

Once the slicing plane is determined, grid points can be generated. From each

grid point, apply G until it converges to one of the two fixed—points. The previous

27



Figure 5.2: Determining the slicing plane

criteria of convergence(iteration are near a fixed point) is applied, and the number
of iterations taken for each point to converge determines the picture.

In determining the position of grid points, consider a picture containing lzrn X
lim pixels. The layout of the slicing plane in which grids are generated is shown
in Figure (5.3). Note that 3 is arranged so that it is located in the center of
the picture. Using this strategy, one would expect to see the journey that GA

undergoes from near the Big Bang to the fixed-points in A.
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Figure 5.3: Generating grid points

The 15" grid point, where —”Tm <3< “Tm, is determined by

(4 c) * (z2 — 21)

iz = - +z; , and (5.3)
: )+ ¢) * (y2 —
jy =Y )l.(y2 Wy, (5.4)
m

where ¢ = “—271 Note that these equations (5.3) and (5.4) move z; to z3 and y,; to

Y2, respectively.
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CHAPTER 6

The GA Fractal: A Portrait of Evolutionary System

6.1 Overview

With ¢ in hand, one might wonder if it has an associated fractal. This chapter

answers that question. Given z, consider the sequence of iterates
z, ¢9(), ¢¥(), G%), ...

The computations were restricted to iterations of G beginning from points  in a
256 x 256 planar rectangular grid within H. Also mentioned are the parameters
and the coloring scheme used. The chapter is completed by presenting some

implementation results, conclusion, and future research.
6.2 Parameter

There is nothing special about the crossover and mutation rates that are used.
The program read a parameter file which contains the crossover = 0.6 and muta-
tion = 0.00505 values. As the pictures can be expensive to compute, other values
have not been tried.

Since the string length is 2, it is natural to include minimal deceptive functions
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of each type, as well as a completely nondeceptive function. Like the crossover
and mutation rates, there is nothing special about the functions.

The dependence of the fractal on fitness functions and GA parameters is not
known, but, like everything else about GAs, it should be complex. The fractal

pictures were computed using the following fitness functions:
fi ©t 0+0.982335, 1+ 0.143934, 2+ 0.256464, 3+ 0.936686 |,

fa i 0+ 0.823359, 1+~ 0.439341, 2~ 0.256464, 3~ 0.723834
fs :: 00.723359, 1+ 0.639341, 2+ 0.256464, 3+~ 0.583834 ,

fao i 0 0.723359, 1 0.639341, 21— 0.583834, 3+ 0.256464

6.3 Coloring Scheme

Points on the slicing plane are colored based on the number of iterations that
a point requires to converge to a fixed point. Point z is colored red if it is close
in time to its destiny. In other words, it takes relatively few iterations of G to
approach a fixed point. The color blue indicates that a point z is far away in time
(i.e. requires many iterations of G). In short, the geometrical representation of z is
colored red if the sequence converges quickly, blue if slowly, and through rainbow
colors in between. The computer code defined “few” as the minimum number
(over the collection of points to be colored) of iterations required to converge. The

definition of “many” was the analogous maximum. Since there are 256 different
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colors, the number of iterations of each point to converge is scaled from 0 to 255.
Figure (6.3) shows the coloring scale used.

The exception to this description of coloring scheme is that black is more red
than red, white is more blue than blue, and points inside A are in reverse color so

that positive time and space can be visually identified.
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6.4 Implementation Results

The first three pictures are for fi. For this type-II minimal deceptive problem,
G has two attracting fixed points in A (the reverse color triangle in Figure (6.2))
near its lower corners. Note how A is divided by a yellow line. This represents the
common boundary of the basins of attraction for the two attracting fixed points.
The negative time fixed point « is near the center of the picture. The closeup
near « is shown in Figure (6.3). Figure (6.4) shows a closer look on the small oval
on the center of Figure (6.3). Notice the similarity of shapes from the previous
picture.

The next four pictures are for f;. As before, o is near the center of the picture.
This type-II minimal deceptive problem is similar to fi, but is easier for the GA
to solve in the sense that the basin of the deceptive attractor (right hand half of
A in Figure (6.5)) is smaller. Figure (6.6) and (6.7) are closeups of the smallest
visible oval and triangular shape (upper corner), respectively, in the center of
Figure (6.5). Note the oval beneath it, which has an oval beneath it, which has
... the limit of this sequence is a. Note the overall regularity and how the system
inside A (Figures (6.2) and (6.5)) is tame. Figure (6.8) shows the same scene from
different slicing plane.

As the problem gets easier, the fractal gets more interesting. This trend is
reinforced by the next three pictures corresponding to f3. Thisis a type-1 minimal

deceptive problem for which G has only a single attracting fixed point in A, near
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the lower left corner (out of view) in Figure (6.9). Figure (6.10) is a close up near

the smallest visible egg shape towards the center of Figure (6.9). Zooming in the
blue dot at the top left corner of Figure (6.10) gives a spiral shape in Figure (6.11).
Figure (6.12) is the same scene that is viewed from different angle of slicing plane.

Like the previous function, f; has a single associated attractor. However, f4
has no deception at all; it is totally easy. Figure (6.14) is a closeup near the center

of Figure (6.13).
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Figure 6.2: Picture for fi with two attracting fixed points
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Figure 6.3: The closeup near a in Figure (6.2)
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Figure 6.4: The closeup of small oval in Figure (6.3)
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Figure 6.6: The closeup of small oval in Figure (6.5)
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Figure 6.7: The closeup of triangular shape (upper corner) in Figure (6.5)
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Figure 6.8: Picture for f, with different slicing plane
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Figure 6.

9: Picture for f; with one attracting fixed point
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Figure 6.10: The closeup of visible egg shape towards the center of Figure (6.9)
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Figure 6.11: The closeup of blue dot at the top left corner of Figure (6.10)
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Figure 6.12: Picture for fi with different slicing plane
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Figure 6.13: Picture for f; with one attracting fixed point
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6.5 Is It Really A Fractal?

The proof that the pictures are actually fractals is straightforward, given a
convenient definition of fractal. In this thesis, ”fractal” means self similar. That
is, given any region near a, there is a smaller region closer to a and similar to the
original.

By the definition of the differential,
G Y e +6)=G""z)+dG;'6+0(8) . (6.1)
If z is a fixed—point, then z = G™'(z) and
G Y z+6)=z+dG; 6+ 0(8) . (6.2)
Considering the fixed—point as the origin of the coordinates,
G~1(8) =dG;'6 +o(8) . (6.3)

So, near the fixed point, G~! acts like a linear transformation.

Note that because « is a limit obtained by iterating G, it is an attracting
fixed point. Hence G~! maps the given region closer to a. Moreover, the coloring
scheme will preserve relative colors because if iterations of G from z take longer to
converge than from y, then iterations from G~(z) take longer than from G ~1(y).

Therefore, as one moves closer and closer to a, one sees the same kinds of
patterns repeated on a smaller and smaller scale but with slight variation. The

linear variation is due to dGJ!, and small nonlinear variations are due to o(6) in
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the equation (6.3). This causes G~! to stretch and distort the region that it is
mapping. However, as one moves very close to a, even the distortions settle into
a predictable pattern since the action of G™! near a is given by its differential,
which is a linear map.

It should be noted that the fractal is three dimensional. The pictures included
are from a two dimensional slice through the fractal. Some of the “repeated
patterns” referred to above may be moving outside the viewing plane while others

are entering into the viewing plane as a is being approached.

6.6 Conclusion

The schema theorem gives approximate information concerning the propaga-
tion of schema from one generation to the next. However, if the composition of
the population is unknown, then determining the representation of schema in the
population is impossible. Conversely, if the schema is not known, then neither is
the population. In fact, knowing the schema is equivalent to knowing the popu-
lation. This points to the fundamental importance of G, since G determines the
expected next population exactly.

The function G is of manifest importance. Surprisingly, there has been only
scant research directed towards understanding G. Visualization of the time to

convergence behavior of the sequence of iterates

z, ¢W(z), ¢¥(z), G¢¥(z), ...




lead to the discovery of the GA fractal. The resulting graphic illustrates a fascinat-
ingly complex evolutionary system governed by selection, crossover, and mutation.

However, a deeper knowledge of G is needed to understand the fractal completely.

6.7 Future Research

This thesis makes it possible to present a portrait of a GA behavior that be-
fore has not been possible. However, a major bottleneck lies in the expensive
computation which generates the fractals. Should one be able to minimize the
computational time, more pictures can be produced which would facilitate an in-
vestigation of the dependence of the fractal on fitness and other GA parameters.
One could also implement the program under different environment such as Mas-
Par (SIMD machine), Delta (256 processors), PVM (heterogeneous machines), or
others. Also, since the fractal is three dimensional, it will be interesting to see

three dimensional pictures.
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