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ABSTRACT

The focus in this thesis is on lattice paths in R? and R®. Three ways of counting
the number of lattice paths from the origin to a point in R* and R? are examined: the
recurrence relation, the closed form expression, and the generating function. In the first
two chapters, lattice paths from (0, 0) to (p, q) are discussed, first without restriction and
then with restrictions based on whether the path may or may not cross or touch the line
y =x. In the first chapter, lattice paths are not allowed to move diagonally, and it is
shown how the ballot problem is an application. In the second chapter, lattice paths are
allowed diagonal moves. In the third and fourth chapters, lattice paths fl:om (0,0,0) to
(p, q, 1) are also discussed first without restriction and then with the restrictions that for
each point (i, j, k) on the lattice pathi 2 j,i>j, ori 2 j 2 k. In the third chapter, diagonal
moves are not allowed, and the ballot problem is discussed. In the fourth chapter,

diagonal moves are allowed.
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Chapter 1
Lattice Paths in R?

1.1. Unrestricted Paths: L(p, q)

Unrestricted lattice paths from the point (0, 0) to the .point (p, ) consist of some
sequential arrangement of the p moves east and q moves north necessary to reach the
point (p, q). The total number of these lattice paths is denoted by L(p, q). There are
several different ways to count these paths. One method is by using the recursive formula
which establishes the initial conditions and a formula based on previous values of L(p, q).
The following is a recursive formula for L(p, q).

Theorem 1.1: Forall p, q € N, L(p, 0) = 1 and 1(0, q) = 1. For all p, q € P,

L(p,q9) = L(p,q- D+ L(p-1.9). (1.1)

Proof: The only lattice path from (0, 0) to (p, 0) is the one that consists of p E’s. Thus,
L(p, 0) = 1. Similarly, the only path from (0, 0) to kO, q) is the one that consists of
qN’s,s0L(0,q) = 1. -

For 1.1, the LHS counts the number of lattice paths from (0, 0) to (p, q) by
definition. The RHS counts this number in two disjoint exhaustive categories:

i. ° The category in which the last point visited before (p, q) is (p, q - 1),

ii. The category in which the last point visited before (p, q) is (p- 1,q). W

From the recursive formula, we can generate Table 1.1.

p 0 1 2 3 4
1 1 1 1 1
L(p, 9) 1 1 2 3 4 5
2 1 3 6 10 |15
3 1 4 10 |20 |35
4 1 5 15 |35 |70
Table 1.1

Another method that we can use to determine L(p, q) is to find a closed form
expression which requires only one calculation rather than the repeated calculations of the
recursive formula. | |

Theorem 1.2: Forallp, q € N,




+ +
Lipa) = (pquz (pqq).

Proof: Any lattice path from (0, C) to (p, q) consists of p moves east and q moves north.
Thus, the set of such lattice paths is in one-to-one correspondence with the set of
words of length p + q consisting of p E’s and q N’s. The p positions to be
occupied by E’s can be chosen from the p + q positions, or, equivalently, the q
positions to be occupied by N’s can be chosen. Thus, the number of words of

+ +
length p+qis (p q] or [p q). ||
p q

In this thesis, we will also establish the generating function for some of the types
of lattice paths that we examine. We will use three methods of finding the generating
function for unrestricted lattice paths. The first two ways use the closed form expression.
The third way uses the recursive formula. To find the generating function using the
closed form expression, we must first establish the next two results, which will be used
without explicit reference throughout this thesis. Newton’s binomial theorem is the

following:

Theorem 1.3: Forall & € R and |x| < 1,

A+ x)* =Y, (Z)xk.

k=0

Proof: Using the Maclaurin series expansion of (1+ x)* for |x| < 1,

x=0 _k
A

a* o
1+ x)
« dx
(1+ x) —Z X
k20



Theorem 1.4: For allk € N,

1 ntk)
(l—x)kﬂ_;)( n ]x'

Proof: Let a =-(k + 1) in Theorem 1.3. Then,

n

1 —(k+1 ~(k+1) n
a0 =3 e

n20

-1 -1)(e-2
a(@-) 2 , o(e-1)(e- )x3+ ..

n!

n20 n20

* -z-i)

(n+ k) (ke + 2)(k + Dk, ntk
3 & =3[ e

n>0 nlk! n=0

Now, we are able to find the generating function for L(p, q).
Theorem 1.5: The generating function for L(p, q),

ZZ L(p,q)x"y? =

P20 20 - y

Proof 1:

> X L(p.g)x"y "‘22(1)“]) 7y

p20 g20 p20 g20

k-1 -
=Z(—1)"[ i )x,,zz(_l)n(_l)n(k+1)(k+2) (k+nm) ,



1 Z( X )”_ 11

I-ym\l-y) 1l-y, _*
1-y

1

T l-x-y

Proof 2:

+
Y L(p,g)x*y' = Y, (p q)x”y"

p,q20 Pp.q20 p

n20 l—x—y.

Proof 3: Let F(x,y) = 2 L(p,q)x?y?. Then, by Theorem 1.1,
Pp,q20

F(x,y)= Y, L(p0)x"y° + Y, L(0,q)x°y* - L(0,0)x"y°

p20 q20

+x 3, L(p-1,9)x""y" +y D> L(p,q- Hx*y*

p,g>0 p:g>0

1 1
TxT1-y" 1+ xY, L(p.@)x"y" + ), L(p,q)x"y"

p20 p>0
q>0 q20



1 1
= :-l- —-1+ x( ZL(p9Q)xpyq - ZL(p’O)xpyoj

1 =Yy P,q20 p20

+y( Y L(p,)x"y" - Y, L(O,q)x"y"]

P20 q20

=1+ xF(x,y)+ yF(X,}’),

and so,
(A-x-y)F(x,y)=1

1
F(x,y)= m ||
1.2. Paths That Do Not Rise Above the Diagonal: L’(p, q)

We now want to consider the number of lattice paths from the point (0, 0) to the
point (p, q) that never rise above the diagonal y = x. This number will be denoted by
L"(p, ). The following is a recursive formula for L"(p, q):

Theorem 1.6: Forallpe N, L'(p, 0) = 1. Forall p, q € N withp<q, L(p, Q) =0. For
allp,qe Pwithp > q,

L'p,9=L"(p,q- D+L(p-1,9) (1.2)

Proof: The only lattice path from (0, 0) to (p, 0) is the one that consists of p E’s. Thus,

L'(p,0)=1. If p, q € N and p < g, then L'(p, q) = 0 because any lattice path from

(0, 0) to (p, q) contains the point (p, q), which lies above the diagonal.

Suppose p, q € P and p > q. Then, by definition, the LHS of 1.2 counts

the set of lattice paths that never move above the diagonal. The RHS of 1.2

counts this set in two disjoint exhaustive categories:

i The category in which the last point visited before (p, q) is (p, q - 1), and

ii. The category in which the last point visited before (p, Q) is (p- 1, q). If

p =q, this category is empty, so L(p, p) =L(p,p- 1) forallpec P. W

5



Several values of L'(p, q) are given in Table 1.2.

0 1 2 3 4

1 0 0 0 0

L', 9) 1 1 1 |o |0 |oO

2 1 2 2 0 0

3 1 3 5 5 0
4 1 4 9 14 14

Table 1.2
Theorem 1.7: For all p, q €N,
0 ifp<gqg

; =¢{p-q+1{pt
L(p.9) &(F Q) £p>

pt+1 q

Proof: If p < q, L'(p, q) = 0 by Theorem 1.6.
Suppose p > q. By Theorem 1.2, the total number of lattice paths from

ptq
(0,0)to (p, q) is ( q ) Now the number of lattice paths that cross the

diagonal must be determined. Such a lattice path first crosses the diagonal at a

certain point, say (k, k). Thus, the point (k, k + 1) is a point on this lattice path, so

the path has k E’s and k + 1 N’s up to this point. The rest of the path consists of
p-kE’sandq-k-1N’s.Convertthep-kE’stoN’sandtheq-k-1N’stoE’s,
leaving the initial part of the path unchanged. The result is a path from (0, 0) to

(q- 1, p+ 1), and the map just defined is in fact a bijection from the set of all

lattice paths from (0, O) to (p, q) that rise above the diagonél to the set of all lattice

paths from (0, 0) to (q - 1, p + 1). For the inverse of this map is obvious: Each

lattice path from (0, 0) to (q - 1, p + 1) must visit a point (k, k + 1). It may touch

more than one point of this type, so we want to consider where the lattice path




first visits such a point. At this point, we change the remaining q -k - 1 N’s to

E’s and p - k E’s to N’s, and we have a lattice path that crosses the line y = x with

p+t

q
p N’s and g E’s. By Theorem 1.2, there are thus( J paths from (0, 0) to

g-1

(p, q) which rise above the diagonal, and so

+ +
o (S

_(pw)_ q (P+4]_p—q+1(P+QJ .
g ) p+t1 ¢ ) p+t1 \ q )

From this theorem, it follows that L'(p, 1) =p and L'(p, 2) =Y2(p + 2)(p - 1). In

. 1 (2p
particular, L (p,p)= Tl[ p ) which is the pth Catalan number. These numbers
P .

arise in many combinatorial problems.

It is difficult to establish a generating function for L'(p, q); however, we can
establish the following partial results.
Theorem 1.8: Forp, g € N,

i. Y L'(p0)x? =

’
pEO 1_ X

i. Y L(pDx”=

p20 (1_ x)2 ’



iv.

Proof:

ii.

iii.

-3

p20

PZEOL (P,Z)x” = (1_—x)3—

Y I(p, p)x? = 02X

p20 2x

By Theorem 1.8,

Z L*(p,O)xp = 2 1x? = z xP = 1—_1;

P20 P20 p0

By Theorem 1.7,

S E(pthe =3 per =32 =

P20 p20 P20

By Theorem 1.7,
2 L*(p,2)xp = 2 ‘;‘(pZ +p- 2)xl7
p20 p=0
=1Y PP+ 1Y prP - Y x?
p20 p20 p20

D=

ICHEHI SIS

1

P, p P P _ x° X
(ij +p22:o( ljx _Z'ox B (1—x)3+ (1-x)? 1-x




_ 2+ x-xt-(1-x)? -1+ 3x - x?

1- x)® - -x’
‘ iv. By using Newton’s Binomial Theorem, we obtain
1- 4x)t  1-1- —4x
1—J1—4x= g‘o(k (= _ g‘l k =)
2x 2x 2x

2x BEPAN

=_k§l[f]('l)k4kxk_ Ly (Htera

Letn=k- 1.
= 1( % )(—1)"4"+1x".

| ,,ZOE n+l

Now, we want to consider the coefficient.

;
i 1 A\ w1 yngm BCBN5) - (5= n)
i _2—[n+lj(—l) a= o0 (n+ 1)1

_ 1(_1),,4"“(1)”1(_1)" OM3)---(2r-1) _on (DB)---(2n-1)
2 (n+1)! (n+1)!

2"ni(n+1)! n+l

An application of Theorem 1.7 occurs in the ballot problem. In an election with
two candidates, candidate A receives p votes and candidate B receives q votes, where
p 2 q. We want to determine the probability that if the votes are recorded randomly the
partial tally at every stage shows that Candidate A does not trail Candidate B.

|
_p D@B)-Cn) 1 [Zn} .
9



Theorem 1.9: For p > q > 0, the probability that Candidate A never trails Candidate B is

p-q+1
p+1l ~°

Proof: We need to determine the number of ways to arrange the p + q votes such that the
number of votes that candidate A has received at any point in the election is
always more than or equal to the number of votes that candidate B has received.
Representing a vote for A as an E and a vote for B as an N, we see that the
solution to this problem requires determining the number of lattice paths from
(0, 0) to (p, q) such that the path never crosses the diagonal y = x. By Theorems
1.2 and 1.7, the probability that Candidate A never trails Candidate B is

p-q+1[P+4)

p+l1 \ g ) p-q+l
(p+q) ©opHl ]
q

1.3. Paths Strictly Below the Diagoilal Except at (0, 0): L™(p, q)

We now want to consider lattice paths that are not allowed to cross or touch the
diagonal y = x except at the point (0, 0). The number of such paths will be denoted
L™, 9).

Theorem 1.10: Forallpe N,L"(p,0)=1. fqeP,peN,andp < q,
L"(p,q) =0. Forp,q € P withp>q,
L™, 9=L"(p- 1,9 +L"(p,q- 1). (1.3)
Proof: From (0, 0) to (p, 0), there only path is the one that consists of p E’s. Thus,

L™(p, 0) = 1. Suppose p < q. Then, any lattice path to (p, q) must either touch or

cross the diagonal to reach the point. Hence, L™(p, @) =0if p < q.

Suppose p >q. The LHS of 1.3 counts the number of lattice paths that

neither cross nor touch the diagonal except at (0, 0) by definition. The RHS of 1.3

10



counts this set in two disjoint exhaustive categories:

ii The category in which the last point visited before (p, q)is (p- 1, q). If
p - 1 =q, then this category is empty, and

ii The category in which the last point visited before (p, q) is (p, q- 1). W

We can use the recursive formula to generate Table 1.3.

0 1 2 3 4
1 0 0 0 0
Lp,q |1 1 0 0 0 0
2 1 1 0 0 0
3 1 2 2 0 0
4 1 3 5 5 0
Table 1.3
Theorem 1.11: Ifp>q=0,
- . p-4q(Ptq
L (p9)=L(p-Llg)= m( q J

Proof: Any lattice path in this set must visit the point (1, O) first. Thus, we can remove
an E from the sequence of E’s and N’s. This is the same as finding the number of .

lattice paths from (0, O) to (p - 1, q) which do not cross the diagonal y = x. Hence,

(P—l)—4+1[P—1+ q)
(p-D+1 q

L'(p.g)= L(p-1q)=

_ p—q(PW-lJ_ p-qp+q(P+q-1J p—q(lﬁq) .

p q p ptq\ q ) p+q\ ¢

This result can be applied to the ballot problem where candidate A receives p
votes and candidate B receives q votes where p > q. We want to determine the

probability that if the votes are recorded randomly the partial tally at every stage correctly

11



predicts the result that candidate A wins.
Theorem 1.12: For p > q > 0, the probability that candidate A always has more

ptaq’

votes than candidate B is

Proof: If we count each vote in the order that it was cast, it is the same as counting the

number of E moves and N moves in a lattice path from (0, 0) to (p, q). The total

ptq

number of lattice paths from (0, 0) to (p, q) is( ) by Theorem 1.2. The

total number of lattice paths from (0, 0) to (p, q) where p is always greater than q

isp—q(p+q
ptg\ ¢q

J by Theorem 1.11. Thus, the probability that candidate A

always has more votes than candidate B at any point during the election is

M(PW)
ptq q =P‘q -
ptq ptq

5

1.4. Paths Strictly Below the Diagonal
Except at (0, 0) and at (p, q) if p=q: L™(p, q)

Another set of lattice paths to consider is those in which the lattice path is allowed
to touch the diagonal at only the points (0, 0) and (p, q) if p=q. The number of such
lattice paths will be denoted L“(p, q). We would prefer to find an easy recursive
formula for L™(p, q) as we did with the previous three cases. However inspection of

Table 1.4 shows the difficulty in finding such a formula.

12




Y—
(=]
(=B e i S

L™p,q |1 1 1
2 1 1 1
3 1 2 |2

4 1 3 5
Table 1.4

If g = 0, then L“(p, 0) = 1 because there is only one path from (0, 0) to (p, 0).

N I OO |0 | W
W O O || |H

Since the lattice path must cross the diagonal to reach (p, q) if p < q, then L™(p, q) = 0.
The difficulty arises when q = p - 1 for q >1. In this case, it can be seen from the table
that L™(p, p- 1) # L™(p- 1, p- 1) + L(p, p - 2). The usual two term recurrence holds
for L(p, q) if p- 2 > q 2 1, but the boundary conditions that accompany this recurrence
are complicated to state. However, we can establish the following results about

L, q).

Theorem 1.13: ForpeP,qeN,andp>q,

L™p, 9) =L"(p, @).

Proof: If p > q, then the point (p, p) is not a point that the lattice path can ever visit.
Thus, L™(p, q) and L™(p, q) are the number of lattice paths that never touch the
diagonal y = x except at (0, 0). H

Theorem 1.14: ForpeP,

L™p, p) =L"(p, p - 1).

Proof: By definition, L™(p, p - 1) is the number of lattice paths from (0, 0) to (p, p - 1)
that do not touch the diagonal y = x except at (0, 0). Because L“(p, p) is the
number of lattice paths that touch the diagonal only at (0, 0) and (p, p), all lattice
paths from (0, 0) to (p, p) must first visit the point (p, p - 1) with the last move
being the north move from (p, p - 1) to (p, p). B

1.5 Notes
Theorems 1.1, 1.2, 1.3, 1.4, and their proofs are found in [7]. The source of
Theorem 1.5 is Wagner [8]. Theorem 1.7 is found in [5]. The proof of Theorem 1.8 iv is

13



adapted from a similar proof in [7]. Theorem 1.11 is found in [5]. Theorem 1.12 is
found in [5].

14




Chapter 2
Lattice Paths with Diagonal Moves in R?
2.1. Unrestricted Paths: L,(p, q), the “Delannoy numbers”

We will now consider lattice paths that allow diagonal steps. A diagonal step is a
step from (X, y) to (x + 1, y+1). The number of lattice paths from (0, 0) to (p, q), with-
diagonal steps allowed, is denoted by L,(p, q). These numbers are called the Delannoy
numbers. The following is a recursive formula for L,(p, 9)-

Theorem 2.1: Forallp,q e N,Ly(p,0)=1and L,(0,q)=1. Forallp,q€P,
L,(p.9)= Li(p- L)+ L,(p,g-D+ L,(p-1,g~1). 2.1)
Proof: From the point (0, 0) to the point (p, 0), the only path is the one that consists of p

E’s, so Ly(p, 0) = 1. Also, the only path from (0, 0) to (0, q) is the path that

consists of q N’s, so L0, @) = 1.

By definition, the LHS of 2.1 counts the set of lattice paths, with diagonals
allowed, from (0, 0) to (p, q). The RHS counts this set in three disjoint exhaustive
categories:

i The category in which the last point visited before (p, q) is (p - 1, q),

ii. The category in which the last point visited before (p, q) is (p, q - 1), and

iii. The category in which the last point visited before (p, @) is (p-1,q-1). B

Several values for L(p, q) are listed in Table 2.1.

o |1 |2 |3 |4
1 |1 1 1 1
L,(p, q) 1 1 3 |5 |7 |9 1
2 |1 |5 |13 |25 |41 \
3 1 |7 |25 |63 [129 ‘
4 |1 |9 |41 |129 |321 ‘
Table 2.1

Theorem 2.2: For all p, q € N, L(p, q) is odd.
Proof: We prove this result by inductiononp +q. If p+q < 1, then eitherp=0o0rq=0,

15



soLyp. =1

Assume L(a, b) is odd for all a, b € N with a+b <n, wheren > 2 and
suppose thatp+q=n. If p=0or q =0, then Ly(p, @) = 1. If p, q € P, then by
Theorem 2.1, Ly(p, @) =L,p- 1,9 +Lyp,q- 1)+ Lyp-1,q-1). Bythe
induction hypothesis, each term of the RHS of the above equation is odd, and the
sum of three odd numbers is odd. W

We can find several closed form expressions for L(p, q). Also, when p =gq,

Ly(p, q) is related to the Legendre polynomial.

Theorem 2.3: Forp, q € N,

Proof:

i. L,(p)=2p+1,

i. L(p2)=2p*+2p+1,

min{p,q} -

ptq-k
ii. L,(p,q) = , and
a'P-q k=0 (k,P‘ k.q- k]

iv. L,(p,p) = P,(3), the Legendre polynomial P (x) at x = 3.

I Between (0, 0) and (p, 1), a path with either a move north or a diagonal
move is necessary. There are p paths that contain a diagonal move and
(p + 1) paths that contain a move north. Thus, Ly(p, @) =2p + 1.

ii. By Theorem 1.2, the number of lattice paths without diagonal moves

p+2

5 ) If a path has one diagonal move,

between (0, 0) and (p, 2) is (

there is a choice of which of two rows to connect with the diagonal moves,

and there are (p - 1) moves east, one move north, and one diagonal move.

p+1

1] paths with one diagonal move. If the lattice
p -

Hence, there are 2(

q

16



iii.

iv.

path has two diagonal moves, the path has (p - 2) moves east and no

moves north. Thus, the number of paths with two diagonal moves is

P Hence
p _ 2 . ’

p+2 +1 P
L"(p’q)=( p J+2(§-1)+(P-2)

_(p+2)(ptD) _(ptDp p(p-1)
= > +2 5 + 2

=2p°+2p+1.

Suppose that there are k diagonal moves where 0< k < min{p,g}. Then,

there are p - k moves east and q - k moves north. The set of lattice paths
with k diagonal moves allowed is in one-to-one correspondence with the
set of words with k D’s, p - k E’s, and q - k N’s which is given by the

ptq-k
[7].

trinomial coefficient ( k,p— k,q— r

The nth Legendre polynomial is defined

n (n+k)! (x—l)k
by P = . Thus,
PED= L G-l 2 ) ™

2 (n+ k)!
_ B i,

P.(3) Z‘o TR y part iii

1 2n-k . (2n-k)! ]
L,(n,n)= Eo[k,n— k.n— k) = k=0k—!-(n——k)!2‘ If k is replaced by

(n-k), L,(n,n)= P, (3). W

17



Theorem 2.4: For all p, q € N,

4 k+
Ld(p’Q)ZZ( 1 J

k=0 k’p_ k’k+Q" p

where k is the namber of east moves.

Proof: If the lattice path from (0, 0) to (p, q) has k east moves, then the lattice path has
p - k diagonal moves and q - (p - k) north moves, and hence k + q moves in all.
Hence, the set of lattice paths with diagonal moves allowed that has k east moves
is in one-to-one correspondence with the set of words that have k E’s, p -k D’s,
and k +q - p N’s. Thus, the number of these lattice paths

' k+gqg
i =0..p.1
is k,p-k.k+q-p fork=0..p

Theorem 2.5: For all P-q€N,

q k+p
L,(p.q)=
«(P-) g‘o(k,q—k,hp—qJ

where k is the number of north moves. _
Proof: If the lattice path from (0, 0) to (p, q) has k north moves, then the lattice path has
q - k diagonal moves and p - (q - k) east moves, and hence k + p moves in all.
Hence, the set of lattice paths with diagonal moves allowed that has k north
moves is in one-to-one correspondence with the set of words that have k N’s, q - k
D’s, and k + p - q E’s. The number of these lattice paths is
k+p
(k,q— kk+ p- qj fork=0..q. ®

Theorem 2.6: For all p,q € N,

18



min{p.q}
P q
L,(p.q)= ( )( J2"
d q Pt k k

where k is the number of east-to-north and diagonal moves.

Proof: To determine the number of lattice paths from (0, 0) to (p, q) with k east-then-
north or diagonal moves, we will consider each point (i, j) attained after a
diagonal move or after an east-then-north move as a corner on a city block. Such
a block will be represented by A; where A; = {(X,y):i-1<x<i,j-1<y<j}.
The k blocks that are traversed by a diagonal or by an east-then-north move must

be chosen. If Ail iy and Ai2j2 are such blocks, then i, # i, and j, # j,. Hence, in

p q
choosing A;;, there are ( k] choices for i and( ] choices for j. Because these

k

blocks must be crossed by either traveling east-then-north or diagonally, there
are 2* ways to cross these blocks. Once the blocks are chosen, the rest of the path
is determined, having strings of north moves followed by east moves. For
instance, if Ay is the first chosen block, the path from (0, 0) to (i - 1, j - 1) consists
ofi-1N’s followedbyj-1E’s. B

Theorem 2.7: The generating function for Ly(p, q),

1
L,(p,g)x*y? = :
Z‘oqzza 4 1- x-y-xy

min{p,q} +ag-k
Proof : Y, X Li(pg)x"y' =X Y 2, (k ﬁ-i q- k]"”y"

p20 ¢20 p20 420 k=0

B A

pP- k p=0 k20 420
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Proof 2:

ptq-k
zLd(p,q)x”y" = Z Z [p-— k.q- k,k)x"yq

p»q20 Pq20ksp.q

ptq-k o
=X (p_k -k k)x” “yrE ()

k20 p,g2k

n
=2 2 (p kg~ kk}x”"‘y"”‘(xy)"

n20 k20 p,q2k
ptq-k=n

20

B S IS



"%

Proof 3:

ki, j20
i+ j+k=n

n20

i
p+q-k=n

) 1
S l-x-y-xy’

Let F(x,y):= ZLd (p,g)x*y“. Then, by Theorem 2.1,

P,q20

F(x,y)= 2 L,(p,0)x?y°+ 2 L,(0,)x°y?- L,(0,0)x°y°

p20 q20

+x ), L(p-1g)x"'y1+y Y L,(p.g-)xPy"

p.g>0 p4>0

+xy . L,(p-1,g-1)x" 'y

pa>0

1
t——=1+x) L, (p,q)x”
1 y 20

q>

+ yz L,(p.g)x"y?+ xy ZL,, (p.@)x?y?

p>0, Pg20
q20

11
e D L(p.g)x"y!~ Y L,(p0)x"y°

p420 p20

21

> (z j k)x"y"(xy)" = ), (x+y+xy)" Leti=p-k,j=q-k.
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+y XL, (p.g)x?y’ - > L,0,9)x°y |+ xy Y L, (p.g)x?y*

420 20 420

=1+ xF (x,y)+ yF(x,y)+ xyF(x,y)

1
and so, F(x,y)(1- x- y-xy)=1, ie., F(x,y)=—— 1
1-x-y-xy
2.2. Paths that Do Not Rise Above the Diagonal: L,"(p, q).
The number of lattice paths with diagonal moves allowed that may touch but not
cross the diagonal y = x will be denoted L,"(p, q). A recursive formula for L,"(p, q) is the

following.

Theorem 2.8: Forpe N, L, (p,0)=1. If p<q, L, (p, q) =0. Forp,q e P withp > q,
L, (p.9=L(p,g-D+L,"(p-1,90+L,"(p-1,9-1). 2

Proof: From the point (0, 0) to (p, 0), the only path is the one that consists of p E’s.
Hence, L, (p, 0) = 1. If p < q, the lattice path must cross the diagonal to touch the
point (p, q). Since it isknot allowed to cross the diagonal, L, (p, q) = 0.

Suppose p, q € P with p > q. Then, the LHS of 2.2 counts the number of
lattice paths that do not cross the diagonal y = x by definition. The RHS count
this set in three disjoint exhaustive categories:

i The category in which the last point visited before (p, q) is (p, q - 1),
ii. The category in which the last point visited before (p, q) is (p - 1, q). If

p - 1 < g, then this category would be empty, and
iii. The category in which the last point visited before (p, q)is (p-1,q-1). H
Several values L,"(p, q) are given in Table 2.2.
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0 1 2 3 4

1 0 0 0 0

L'pq |1 1 |2 [o (o |o

2 1 4 6 0 0

3 1 6 16 22 0

‘ 4 1 8 30 68 90

Table 2.2
Theorem 2.9: For all p, q € N,

0 ifp<gqg
L' (p.g)={x _p-gq+l [ ptg-k+1 )
ifp2gq

o Ptq-k+ W\ k,p-k+1,q-k

Proof: If p <q, L,’(p, q) = 0 by Theorem 2.8.
Suppose p = q. A lattice path from (0, 0) to (p, q) has k diagonal moves
for some k =0, ..., . The number of lattice paths with k diagonal moves is
counted as follows. Because there are k diagonal moves, there are p - k east moves
and q - k north moves. Thus, there are a total of p + q - k moves. Thus, there are
p + q - k positions in the word representation of such a paths. If we choose k of
p+tq-k

k ) ways. Now, there are

these positions to be D’s, they can be placed in(

p +q - 2k positions left. We want to arrange the p - k E’s and q - k N’s so that at

any point in the word there are at least as many E’s and N’s. By Theorem 1.7, this

* A - +]. +gq-2k
canbedoneinL(p—k,q—k)=pL[p 7

k1l p-k J ways, SO

. & (ptq-k)p-qg+1{ ptq-2k
L, (p,q)=2( L )m -k

k=0
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2 p-q+1{ ptqg-k =
sp-k+1\k,p-k,g-k)
Theorem 2.9, which is due to Wagner [8], has not appeared in the literature. The
only result of this sort to have appeared in the literature is the following easy corollary,

due to Moser and Zayachkowski [6].
Corollary 2.9.1: ForpeP,

2p-k
Lpp)- 1+, k(k,p—k+1,p—k—1)'

k=0 P

2.3. Paths Strictly Below the Diagonal Except at (0, 0): L, (p, q)

Now, let us consider the lattice paths from (0, 0) to (p, q) that do not cross or
touch the diagonal except at the point (0, 0). The number of these paths is denoted
L,"(p, q)- The following is a recursive formula for L,™(p, q).

Theorem 2.10: ForpeN,L,"(p,0)=1. Forqe P,L,;"(0,q)=0. Forp,q€P,
withp < g, L;"(p, q) =0. Forp, q € P withp > q,

L,"@,q=L,"(,q-1)+L,"(p-1,9+L,"(p-1,g-1). 23)

Proof: From the point (0, 0) to the point (p, 0), the only path is the one that consists of p
E’s. Hence, L,"(p, 0) = 1. There is not a path from (0, 0) to (0, q) because the
lattice path would have to cross the line y =x, so L,"(0, @) = 0. If p < g, the
lattice path must cross or touch the diagonal y = x to reach the point (p ,q) which
the lattice path is not allowed to do. Hence, L,”(p, q) = 0.

Suppose p, q € P with p > q. Then, the LHS of 2.3 counts the number of
lattice paths that do not cross or touch the diagonal except at (0, 0) by definition.
The RHS counts this set in three disjoint exhaustive categories:

1. The category in which the last point visited before (p, q) is (p, q - 1),
ii. The category in which the last point visited before (p, q) is (p - 1, ). If
p - 1 = q, this category is empty, so L,"(p - 1, q) =0, and
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iii. The category in which the last point visited before (p, @) is(p-1,q-1). B
Several values of L,"(p, q) are listed in Table 2.3.

o |1 |2 |3 |4
1 lo o o Jo
! L. |1 |t o Jo |o |o
2 |t |2 lo [0 |o
3 |1 |4 |6 [o o
4 |1 |6 |16 |22 o
Table 2.3

As in the previous cases, we would like to have a closed form expression for

Ly, 9-
Theorem 2.11: Forp>q =0,

Ld**(P,Q)= Ld*(p_ 1sq)
and so, a closed form expression for L, (p, q) is :

L, (p.g)= Eq. L ( pra-k J

o ptq-k\k,p-k,g-k

Proof: The first move for any lattice path from (0, 0) to (p, q) that does not touch y = x
except at (0, 0) is to the point (1, 0). The number of such paths from (1, 0) to
(p. q) is the same as the number of lattice paths from (0, 0) to (p - 1, q) that may
touch but not cross the diagonal y = x. Thus, by Theorem 2.9,

q -
ok * p_ q p+ q k
L ,q)=L ~-Lg)=) —— .
« (P.)=L, (p-Lg) 2 p+q—k(k,p— k.- k)
2.4. Paths Strictly Below the Diagonal
Except at (0, 0) and at (p, q) if p = q: L, (p, q)
We now want to consider the lattice paths that do not touch the diagonal except at

the points (0, 0) and (p, q) if p = g. The number of such lattice paths will be denoted
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L,""(p, q). Again, we would like to find a recursive formula for L,""(p, q). However as
with L™(p, @), the values of L,"(p, p - 1) prevent finding a simple recursive formula.

Several values of L,"”(p, q) are listed in Table 2.4.

0 1 2 3 4
0 1 0 0 0 0
L (p, @) 1 1 1 0 0 0
2 1 2 2 0 0
3 1 4 6 6 0
4 1 6 16 (22 |22
Table 2.4

Of course, the usual three term recurrence holds for L,"”(p, Q) if p-2 > q > 1, but
the boundary conditions that accompany this recurrence are complicated to state.
Fortunately, L,""(p, q) may be specified in terms of L,”(p, ) and L,"(p, ), as indicated
by the following theorems.

Theorem 2.12: Forqe N,andp>q,
L (p.g)= L,” (p.9).

Proof: If p > q, the lattice path can never touch the point (p, q) because p # q. Thus,
L,""(p, q) and Ld"(ﬁ, q) both count the number of lattice paths with diagonal
moves allowed that never touch the line y = x except at the point (0, 0). W
Note that L,"(p, p) # L,"(p, p), because L ,""(p, p) counts the number of lattice
paths from (0, 0) to (p, p) that stay strictly below y = x but are allowed to touch (p, p),
L,"(p, p) > 0. Instead, we have the following:
Theorem 2.13: ForpeN,

Ld* (p.p)= Ld(") (p+ Lp+ D).

Proof: L,"(p + 1, p + 1) counts the number of lattice paths from (0, 0) to (p+ 1,p + 1)
with diagonal moves allowed that may not touch y = x except at (0, 0) and

(p+1,p+1). Thus, the first move from (0, 0) to (1, 0) and the last move from
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(p+1,p)to(p+ 1, p+ 1) have already been determined. Thus, the number of

lattice paths from (1, 0) to (p + 1, p) is the same as the number of lattice paths

from (0, 0) to (p, p) with diagonal moves allowed that may touch but not cross

y=xL;(p,p). W

2.5 Notes

Theorem 2.1 is found in [5]. The source of Theorem 2.2 is Wagner [8]. Theorem
2.3 iii and iv and their proofs are found in [6], with the definition of a trinomial
coefficient in [7]. The source of Theorem 2.6 is Davis [1]. The source of Theorem 2.7
and 2.9 is Dr. Wagner [8]. Theorem 2.8 is found in [4]. Corollary 2.9.1 is found in [6].
The source of Theorems 2.11 - 2.13 is Wagner [8].
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Chapter 3
Lattice Paths in R®
3.1. Unrestricted Paths: L(p, q, r)

A three-dimensional lattice path without diagonal moves has three possible steps:
parallel to the x-axis, parallel to the y-axis, and parallel to the z-axis. The number of
these lattice paths from (0, 0, 0) to (p, q, r) is denoted L(p, g, r). The following is a
recursive formula for L(p, g, 1).

Theorem 3.1: For all p, q, r € N, L(p, q, 0) = L(p, q), L(p, 0, r) = L(p, 1), and L(0, q, 1) =
IL(q,r). Forallp,q,r€P,
Lp,q,)=L(p-1,q,1)+L(p,q- L, +L(p,q,r- 1). (3.1)
Proof: Any path from (0, 0, 0) to (p, g, 0) remains on the xy-plane. Thus, the lattice path
is a path in R%. The number of such paths is L(p, q). Similarly,

L(p, 0, r) =L(p, r) and L(0, q, r) = L(q, 1).

The LHS of 3.1 counts the set of three-dimensional lattice paths by
definition. The RHS of 3.1 counts this set in three disjoint exhaustive categories:
i. The category of paths in which the last point visited before (p, q, 1) is
(P-1,q,1)

ii. The category of paths in which the last point visited before (p, q, r) is
(p,q-1,1),and

iii. The category of paths in which the last point visited before (p, g, 1) is
(p,q,r-1). M

We now want a closed form expression for L(p, q ,I).

Theorem 3.2: Forp,q,r€ N,

ptg+ r)

L(p,q,r)= [
p’q3r

Proof: Any lattice path from (0, 0, 0) to (p, q, r) consists of p moves parallel to the x-
axis, q moves parallel to the y-axis, and r moves parallel to the z-axis. The set of

lattice paths from (0, 0, 0) to (p, g, r) is in one-to-one correspondence with the set

28




,
of words of length p + q + r consisting of p X’s, q Y’s, and r Z’s. First, we choose

the p positions in which to place the X’s, then we choose the q positions to place
the Y’s. Finally, we choose positions for the r Z’s. The number of sequences of
p+q-+r

as proven in [7].
vor)

pX’s,qY’s,andrZ’s is[

Theorem 3.3: The generating function for L(p, q, 1),

1
Y XY Lp,g,NxPy'z’

P20 g20 r20 1 xX-y-2z

Proof1: Y, > ¥ L(p,g,r)x"y"% “ZZZ(W‘” ) Pyl

220 20 r20 220 g20 r20\ P>4>T
g

+
SIIF(M Y ey Sy (e [P0
20 g0 r20 p r g20  r20 P20 p

_ g+ 1 Ly > )y[etr) =)
_Z{,y ,220( r J (1- x)9*r ~ l—xgg(l—x) ,220( r J(l—x)

gt G A (o)
_l—xq20 I-x) \1-x-z2 _l—x—zqzo 1-x-z

1 l-x-z 1
Cl-x-zl-x-y-z l-x-y-z

Proof 2: ZZZL(pq,r)x”yZ‘ZZZ(p+q+J 'z

p20 20 r20 p20 g20 r20

p.q,r




ST IR R ——

n20 p+q+r=n p-q,r n20 1_ Xx-y-2

3.2. Restricted Lattice Paths: L’(p, q, r), L™(p, q, r), and L*(p, q, r)
Lattice paths in R® may be restricted in many different ways. We will consider
three of these ways. First, we will consider the set of lattice paths from (0,0,0) to (P, q, 1)
such that for each lattice point (i, j, k) on the path, i > j. The number of such paths will be
denoted L'(p, g, r). The following is a recursive formula for L'(p, g, ).
Theorem 3.4: For all p, q,r € N, L'(p, 0, ©) =L(p, 1), L’(p, g, 0) =L’(p, q), and if p< q

then L'(p, q,1)=0,. Ifp,q,rePandp 2 q,

L'(p,q,0)=L"(p-1,q, ) +L(p,q- 1, 1) +L'(p, g, 1- 1). (3.2)
Proof: Suppose p < q. Then at the lattice point (p, g, I), p is less than q. Sincei > j for
each lattice point, L'(p, g, r) = 0. '

A lattice path from (0, 0, 0) to (p, O, r) remains on the kz—plane. Since
every lattice point (i, 0, k) i > j satisfies i > 0, the moves parallel to the z-axis are
unrestricted. Thus, the set of lattice paths from (0, 0, 0) to (p, 0, r) such that for
each lattice point (i, j, k) i = j is in one-to-one correspondence with the set of
lattice paths from (0, 0) to (p, r). Thus, L’(p, 0, r) = L(p, 1).

A lattice path from (0, 0, 0) to (p, g, 0) remains on the xy-plane. Thus, the
set of lattice paths from (0, O, 0) to (p, g, 0) such that for each lattice point (i, j, 0)
1 2 j is in one-to-one correspondence with the set of lattice paths from (0, 0) to (p,
q) that may touch but not cross the line y =x. Thus, L'(p, q,0) =L"(p, q)-

Suppose p > q > 1. Then, by definition the LHS of 3.2 counts the set of
lattice paths from (0, 0, 0) to (p, g, r) such that for each lattice point (i, j , k) on the
pathi > j. The RHS counts this set in‘three disjoint exhaustive categories:

1. The category in which the last point visited before (p, q, 1) is (p - 1, q, 1).

If p = q, this category is empty, and L'(p - 1, g, 1) =0,

ii. The category in which the last point visited before (p, q, 1) is (p, q - 1, 1),

and




iii. The category in which the last point visited before (p, g, 1) is (p, g, r - 1).
|
We now want a closed form expression for L'(p, g, 1).

Theorem 3.5: For allp,q,r € N,

. . ptgtr
L(p,q,r)=L(p,q)[ . )

_p—q+]_ ptq+tr
- p+1 D.q,r |

Proof: Any lattice path from (0, 0, 0) to (p, g, r) such that for each lattice point (i, j, k)
i > j has p moves parallel to the x-axis, @ moves parallel to the y-axis, and r moves

paralle] to the z-axis. Thus, the corresponding word representation has p X’s, q

p+tq+r
Y’s,andr Z’s. There are ways to place the r Z’s. Next, we want to
r

arrange the p X’s and q Y’s so that at any point in the word representation there

are at least as many X’s as there are Y’s. By Theorem 1.7, there are

p-q+1

L (p,9)=
(p-q9) o1

ptq
q ways to place the X’s and Y’s. Thus,

. . ptrq+r
L(p,q,r)=L(p,q)( . )

_p-q+1{ptq\(ptqtr) p-q+lfptqtr =
- p+1 q r B p+1l p.q,r |

We now want to apply this to the ballot problem. Suppose that in an election,




there are three candidates. Candidate A receives p votes, Candidate B receives q votes,
and Candidate C receives r votes with p > q. We want to find the probability that if the
votes are recorded randomly Candidate A never trails Candidate B at any point in the
election.

Theorem 3.6: For p, q,r € N and p > q, if Candidate A receives p votes, Candidate B

receives q votes, and Candidate C receives r votes, then the probability

. . . p—q+l
that Candidate A never trails Candidate B is T .

Proof: If we record each vote as it is cast, we will have a word of pA’s,qB’s, andr C’s.

The set of these words is in one-to-one correspondence to the set of lattice paths

ptqg+r
from (0, 0, 0) to (p, g, r). By Theorem 3.2, there are DT

paths from

(0, 0, 0) to (p, q, r). The number of lattice paths from (0, 0, 0) to (p, g, r) such that

p—q+1(P+Q+”

for each lattice point (i, j, k) i > j is by Theorem 3.5.
p+1 \ p.gr

p-q+1

Thus, the probability that Candidate A never trails Candidate B is P+

This probability does not depend on r and is identical with the probability
calculated in Section 1.2 for the two-person election, which is intuitively reasonable.

Now we want to consider the set of lattice paths from (0, 0, 0) to (p, q, r) such that
for each lattice point (i, j, k) on the path i >j. The number of such lattice paths will be
denoted L™(p, g, r). The following is a recursive formula for L™(p, q, ).

Theorem 3.7: For all p, q,r € N, L™(p, q, 0) =L"(p, @), L™ (p, 0, ) = L(p, 1), and if
p<q,L"(p,q,1)=0. Ifp,q,re Pandp>q,

L™(p,q,)=L"(p-1,¢, ) +L"(p,q,- L, ) +L™(p, g, r- 1) (33)
Proof: Suppose p < q. Then at the lattice point (p, g, r) p < q. Since i > j for each lattice
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point, L”(p, g, 1) = 0.

A lattice path from (0, 0, 0) to (p, g, 0) remains on the xy-plane. Thus, the
set of lattice paths from (0, 0, 0) to (p, g, 0) such that for each point (i, j, 0) i >j is
in one-to-one correspondence with the set of lattice paths from (0, 0) to (p, q) that
may not touch the line y = x. Thus, L"(p, q, 0) =L"(p, q).

A lattice path from (0, 0, 0) to (p, O, r) remains on the xz-plane. Since
every lattice point (i, 0, k) satisfies i > 0, the moves parallel to the z-axis are
unrestricted. Thus, the set of lattice paths from (0, 0, 0) to (p, O, r) such that for
each lattice point (i, j, k) i > j is in one-to-one correspondence with the set of
lattice paths from (0, 0) to (p, r). Thus, L™(p, 0, r) =L(p, 1).

Suppose p > q. Then, the LHS of 3.3 counts the set of lattice paths from
(0, 0, 0) to (p, q, r) such that for each lattice point (i, j, k) on the path i > j by
deﬁnitioq. The RHS of 3.3 counts this set in three disjoint exhaustive categories:
1. The category in which the last point visited before (p, g, 1) is (p - 1, g, I).

If p - 1 =q, this category is empty, and L"(p - 1, q,1) = 0.

il. The category in which the last point visited before (p, q, 1) is (p, q - 1, 1),
and

iii. The category in which the last point visited before (p, g, r) is (p, q, r- 1).H

We can, also, find the following closed form expression for L™ (p, g, 1).

Theorem 3.8: Forallp,q,r € N,

p+q+rj p—q(p+q+r)

L (P,q,r)= L (P,Q)( r = p,q,r

- ptgq

Proof: Any lattice path from (0, 0, 0) to (p, 9, ©) such that for each lattice point (i, j, k)
i > j has p moves parallel to the x-axis, g-moves parallel to the y-axis, and r moves

parallel to the z-axis. Thus, the corresponding word representation has p X’s, q

ptqg+r
Y’s, and r Z’s. There are ways to place the r Z’s. Next, we want to
r
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arrange the p X’s and q Y’s so that at any point in the word representation there

p+q)
g

are more X’s than Y’s. By Theorem 1.11, there are L (p,q) = %(
pPrq

ways to place the X’s and Y’s. Thus,

- - ptqg+r pP-q ptqy ptqg+r
5 5 —_ 5 _—————
L (p.g.7) L(pw[ . ) p+q(q -

p—q(p+q+j

~ ptq\ p.qr

As in previous cases, this can be applied to the ballot problem. Suppose we have
an election with three candidates in which C;andidate A receives p votes, Candidate B
receives q votes, and Candidate C receives r votes, where p > q. We want to determine
the probability that ]if the votes are recorded randomly that Candidate A is always strictly
ahead of Candidate B in each partial tally of the votes.
Theorem 3.9: For p, q, r € N and p > q, if Candidate A receives p votes, Candidate B

receives q votes, and Candidate C receives r votes, then the probability

that Candidate A always leads Candidate B is P .
ptq
Proof: If we record each vote as it is cast, we will have a word consisting of p A’s, qB’s,

and r C’s. The set of these words is in one-to-one correspondence to the set lattice

ptg+r

pqr)paths

paths from (0, 0, 0) to (p, g, r). By Theorem 3.2, there are(

from (0, 0, 0) to (p, g, r). The number of lattice paths from (0, 0, 0) to P q,0)




o P=q[PtatT
such that for each lattice point (i, j, k) i>j is

] by Theorem
tq\ p.q.r

3.8. Thus, the probability that Candidate A always leads Candidate B is §+ 7 .
|
The third type of restricted lattice path that we will consider is the set of lattice
paths from (0, 0, 0) to (p, q, ) such that for each lattice point (i, j, k) on the pathi > j > k.
The number of these lattice paths will be denoted L*(p, g, r). The following is a recursive
formula for L*(p, g, 1).
Theorem 3.10: For all p,q,r € N, L*(p,q, 1) =0if p<qorq<r. Also, L*(p,q,0)=
L'(p,q). Fp2q=xr,
L*@, ¢, 1) =L*(p- 1,4, 0 +L*(p, q- 1, 1) + L*(p, g, r - 1). (3.4)
Proof: Suppose p < q or q <r. Then, a lattice path from (0, 0, 0) to (p, g, r) has at least
one lattice point, (p, g, r), for instance, such that i <jorj < k, so L*(p, q,r) =0.
A lattice path from (0, 0, 0) to (p, q, 0) remains on the xy-plane. The
number of lattice paths from (0, 0, 0) to (p, q, 0) such that for each lattice point
(,J, 0) i > j is in one-to-one correspondence with the number of lattice paths from
(0, 0) to (p, q) which may touch but not cross the line y = x. Thus, L*(p, q, 0) =
L'®, 9.
Suppose p > q > r > 1. Then, the LHS of 3.4 counts the set of lattice
paths from (0, 0, 0) to (p, g, r) such that for each lattice point (i, j, k) on the path
i 2 j 2 k by definition. The RHS of 3.4 counts this set in three disjoint exhaustive
categories: -
i. The category in which the last point visited before (p, q, 1) is (p - 1, q, 1).
If p = q, then the category is empty, and L*(p - 1, g, 1) =0.
il. The category in which the last point visited before (p, q, 1) is (p, q - 1, 1).
If q =, then the category is empty, and L*(p, q - 1,r) =0, and
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iii. The category in which the last point visited before (p, q, r) is (p, g, r - 1).
|
We now present a closed form of L*(p, q, r).
Theorem 3.11: Forp2q=r20,

1 1 1
p! (p+1)!  (p+2)!

L*(p,q,1) = (P+ q+ r)!det (qll)! ﬁ (qil-l)! )

-1 _1_ 1
(r-2) (r-1! r!

L

where ;= 0 ifa<0.

This formula was first conjectured by Grossman [3] and proved by Zeilberger [9],
who actually established an n-dimensional version of this result. We omit the proof.

Setting r = 0 in Theorem 3.11 gives another proof of Theorem 1.7:

(-0 !

1 I
L(p,q)= (p+ q)!det{ A “’I"}

_ 1 1 _ ptl-q
= (p+ ‘”’(p!q!‘ CISICE 1)!) - (””){w 1>!q!)

p-qg+l(p+q)! p-g+l{p*tq
T ptl o plgl T prl ( q ]

Again, this type of lattice path can be applied to the ballot problem. This time
Candidate A receives p votes, Candidates B receives q votes, and Candidate C receives r
votes such that p > q > r. We want to find the probability that if the votes are recorded
randomly Candidate A never trails Candidate B and Candidate B never trails Candidate
C.

Theorem 3.12: Forp > q > r > 0, the probability that Candidate A never trails Candidate
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B and Candidate B never trails Candidate C is

(r-Dr . rig-r+) g _r
(p+D@+D)  (p+2)(pt+1) p+l g+l°

1+
1
Proof: If we record each vote as it is cast, we will have a word of p A’s, q B’s, and r C’s.
The set of these words is in one-to-one correspondence to the set of lattice paths
from (0, 0, 0) to (p, q, r). The number of lattice paths such that for each lattice
point (i, j, k) i 2 j > kis L*(p, q, r). By Theorem 3.1, the total number of lattice

ptq+r

paths is
p.q.r

Hence, the probability that Candidate A never trail

Candidate B who never trails Candidate C is

1 1 1
/ | 1;! (pw;l)! (pw;2)!
-2 -1 7

—

p+q+rJ
p.q,r

which easily simplifies to

(r-Dr . rig-r+1) g _r
(p+D(g+1) " (p+2)(p+1) p+l g+l

1+ by expanding all the
expressions involved. W
3.3 Notes
Theorem 3.2 is found in [3]. Theorem 3.5 is found in [5]. The proof of Theorem
3.6 is found in [3]. Theorems 3.8 and 3.9 are in [5]. Theorems 3.11 and 3.12 are in [3].




Chapter 4
Lattice Paths with Diagonal Moves in R
4.1. Unrestricted paths: L,(p, q, r) and L(p, q, 1)

In R? there are four types of diagonal moves. A move may be diagonal with
respect to the xy-plane, the xz-plane, the yz-plane, or across the cube. A cube diagonal
move is from the point (X,y,z)to (x+ 1,y + 1, z+ 1). These different diagonal moves
will be denoted as d,, for xy-diagonal moves, d,, for xz-diagonal moves, d, for yz-
diagonal moves, and d,, for cube diagonal moves. We will consider lattice paths that
allow only cube diagonal moves and lattice paths that allow each of the four types of
diagonal moves. First, we will examine those lattice paths that allow only\ cube diagonal
moves. The number of these paths from (0, 0, 0) to (p, q, r) will i>e denoted Ly(p, q,1). A
recursive formula for L(p, g, 1) is the following:

Theorem 4.1: For p,q,r € N, Ly(p, 0,0)=L40,q,0)=L,0,0,r)=1. Forp, q,r€P,
L«p, 4, 0) = L(p, @), Ly(p, 0, 1) = L(p, 1), and Ly(0, g, 1) = L(q, 1). Forp,q,
repP,

Lip, g, 1)=Lyp,q,1-1)+Lyp,q-1,1)+Ly(p-1,q,1)+L,p-1,q-1,r-1) (4.1)

Proof: From the point (0, 0, 0) to (p, 0, 0), the only path is the path that consists of p X’s.

Hence, Ly(p, 0, 0) = 1. Similarly, 1.,(0,q,0)=1andL,0,0,p)=1.

Any lattice path from (0, 0, 0) to (p, q, 0) remains on the xy-plane.
Because a cube diagonal move would cause the lattice path to leave the xy-plane,
the lattice path has no diagonal moves. Hence, the number of lattice paths from
0, 0, 0) to (p, q, 0) with cube diagonal moves allowed is the same as the number
of lattice paths from (0, 0) to (p, q). Thus, L(p, q, 0) = L(p, q). Similarly,

Lyp, 0, 1) =L(p, r) and Ly(0, q, r) = L(q, 1).

The LHS of 4.1 counts the set of lattice paths with cube diagonal moves
allowed by definition. The RHS counts this set in four disjoint exhaustive
categories:

i The category in which the last point visited before (p, q, 1) is (p, g, 1 - 1),

il. The category in which the last point visited before (p, q, 1) is (p, q - 1, 1),
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iii. The category in which the last point visited before (p, q, 1) is (p- 1, q, 1),
and

iv. The category in which the last point visited before (p, q, r) is
(p-1,q-1,r-1). W

There are several closed form expressions for Ly(p, q, ).

Theorem 4.2: For all p,q,r € N,

min{p,q.r} -
ptgtr-2k
L,(p.g,n)= [ )

p-k,g-k,r-k,k

k=0

where k is tﬁe number of cube diagonal moves.

Proof: Suppose there are k cube diagonal moves where O < k < min{p, q, r}. Then, there
are p - k moves parallel to the x-axis, q - k moves parallel to the y-axis, and r - k
moves parallel to the z-axis. The set of lattice paths of this type is clearly in one-
to-one correspondence with the set of words with p -k X’s,q-k Y’s,r-k Z’s,
and k D’s. Thus, the number of lattice paths with k cube diagonal moves is

ptgtr-2k
.
p-k,g-k,r-k,k

Theorem 4.3: For all p, q,r € N,

P -

Ld(p,q,r)=2(k - Q_+rkp+_2k —kJ

k=0\K-K+q— p,k+r-p,p

where k is the number of moves parallel to the x-axis.

Proof: Suppose a lattice path with cube diagonal moves allowed has k moves parallel to
the x-axis. Then, the lattice path has p - k cube diagonal moves, k + q - p moves
parallel to the y-axis, and k + r - p moves parallel to the z-axis. The set of lattice
paths of this type is clearly in one-to-one correspondence with the set of words

thathave k X’s,k+q-p Y’s,k+r-pZ’s, and p - k D’s. The number of these
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q+r-p+2k

fork=0,..,p. K
k.k+qg-pk+r-p,p- k) or P

|
i
lattice paths is (
|

Theorem 4.4: For all p, q,r € N,

q -

Ld(p,q,r)=2(k+ —P+I:‘kq+%k _kJ

k=0 P-4q;Rk,K+T1—-4q,q

where k is the number of moves parallel to the y-axis.

Proof: Suppose a lattice path with cube diagonal moves allowed has k moves parallel to
the y-axis. Then, the lattice path has q - k cube diagonal moves, k + p -  moves
parallel to the x-axis, and k + r - q moves parallel to the z-axis. The set of lattice
paths of this type is clearly in one-to-one correspondence with the set of words

that have k+p-qX’s,k Y’s,k+r1-qZ’s, and q - k D’s. The number of these

ptr—-q+2k

fork=0,..,q. 1
k+ p-q,k,k+ r—q,q—k) or d

lattice paths is [

Theorem 4.5: For all p, q,r € N,

r p+q—r+2k
Ld(p7q$r)_ kgo[k_*_p_r’k-}- q—r,k,r—kJ

where k is the number of moves parallel to the z-axis.

Proof: Suppose a lattice path with cube diagonal moves allowed has k moves parallel to
the z-axis. Then, the lattice path has r - k cube diagonal moves, k + p - r moves
parallel to the x-axis, and k + q - r moves parallel to the y-axis. The set of lattice
paths of this type is clearly in one-to-one correspondence with the set of words
that havek +p-rX’s,k+q-rY’s,k Z’s, and r - k D’s. The number of these

ptq-r+2k
lattice paths is fork=0,..,r. 1
P k+ p-rk+q-rk,r-k
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Theorem 4.6: The generating function for Ly(p, q, 1),

1
L,(p,q,n)x?yiz = )
p'qzﬂo 4 1-x-y-z-xyz

Proof 1:

min{ "1”}( p+qg+r-2k

pq,r20 p20 g20 r20 k=

xPyiz"
P20 20 k20 r?.k(p_ k.q-k,r- k’k)

r\(g+r-k\p+qg+r-2k
= 2 xquz"
P20 20 k20 r2k k q-k p-k

r) [q'i' r— k) ( 1 )q+r—k+1
4 y?
k" =0\ g9-k I-x
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r+l

k k
= ==
-y l1-x-y
1 X 1-x-y _ 1 —
l—x—}’kzz:o(xy) 1 Z e l‘x‘}’kzz:o[l—x—y—z)
—l—x—y 1-x-y
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1 5 [z C 1
Cl-x-y-z&\1-x-y-z _l—x—y—zl__ XyZ
l-x-y~-z

S l-x-y-z-xyz

Proof 2:
ZL( )2y 5 ( p+q+r-2k )pqr
,)xPylz = xX°y'z
p»q,r20 P-4 Y pq,rZOkSp,q.r ) 22 k,q— k,r—k,k Y
p+q+r-2k -
kz>opqzr>k(p k.qg-k,r—k k)x Y ()
_ Z Z n xp_kyq -k _r- k(xyz)
n20k20 p,q,r2k p—k,q—k,r—k,k
ptq+r=2k=n
=2 )y " xhyizj(xyz)kLeth=p-ki=q-kj=r-k
720 hi,jk20 h,,j,k ’ ’ ’
h+i+ j+k=n
iff
p—k+q-k+r-k+k=n
n 1
=Y (x+y+z+xy2)'= .=
20 1-x-y-z-xyz

Next, we will consider lattice paths that allow all four types of diagonal moves.
The number of such lattice paths will be denoted Ly(p, q, r). The following is a recursive
formula for L(p, g, 1).
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Theorem 4.7: Forp, q,r€ N, L(p, 0, 0) =L(0,q, 0) =L(0, 0,r)=1. Forp,q,r€P,

LD(P7 q, O) = Ld(Pv q)’ I-"D(pv 0, I') = Ld(P’ r)’ a-nd LD(O’ q, r) = Ld(q’ r)' For
p.q, 1, €P,

Lp(p, 4, ) =Lp(, ¢ - 1)+ Lp(p,q-1, ) +Lp(p- 1,9, +Lp(p,q-1,r-1)

+Lp(p-1,9,1-)+Ly(p-1,9-1,0+Ly(p-1,q-1,r-1). (4.2)

Proof: The only path from (0, 0, 0) to (p, 0, 0) is the one that consists of p X’s. Hence,
L, 0, 0) = 1. Similarly, L;(0, q, 0) =L(0,0,1r) = 1.

Any lattice path from the point (0, 0, 0) to the point (p, q, 0) does not leave

the xy-plane. Because xy-diagonal moves are allowed, these lattice paths

correspond to the two-dimensional lattice paths from (0, 0) to (p, q) in which
diagonal moves are allowed. Thus, Ly(p, q, 0) = Ly(p, q). Similarly,

Lp(p, 0, 1) =Ly(p, 1) and Lp(0, g, 1) = L«(q, 1).

The LHS of 4.2 counts the set of lattice paths from (0, 0, 0) to (p, g, r) with

all four diagonal moves allowed by definition. The RHS of 4.2 counts this set in

seven disjoint exhaustive categories:

i
ii.

iv.

Vi.

Vii.

The category in which the last point visited before (p, q, r) is (p, q, 1 - 1),
The category in which the last point visited before (p, q, 1) is (p, q - 1, 1),
The category in which the last point visited before (p, g, r) is (p- 1, q, 1),
The category in which the last point visited before (p, q, r) is
(.q-1,1-1),

The category in which the last point visited before (p, q, I) is
(p-1,q,r-1),

The category in which the last point visited before (p, q, 1) is
(p-1,q-1,1),and

The category in which the last point visited before (p, g, 1) is
(p-1,q-1,r-1). B

Now we want to find a closed form expression for L(p, g, 1).

Theorem 4.8: Forp,q,r€ N,

LD(p’q’r) =




min{p.g.7} ptq+r-d —d, ~d -2k
p—k-d -d, .q-k-d -d r—k- d ~d,,.d,,.d,.d, k)|

yz? yz? yz?

Proof: Suppose that a lattice path from (0, 0, 0) to (p, g, r) has d,, xy-diagonal moves, d,,
xz-diagonal moves, and d,, yz-diagonal moves, and k cube diagonal moves. Such
a path has p - k - d,, - d,, moves parallel to the x-axis, q - k - d,, - d,, moves
parallel to the y-axis, and r- k - d,, - d,, moves parallel to the z-axis. Just as we
have represented moves parallel to the x-axis, y-axis, and z-axis, and cube
diagonal moves as X, Y, Z, and D, we will represent xy-diagonal moves, xz-
diagonal moves and yz-diagonal moves by A, B, and C respectively. Hence, the
set of lattice paths with all four types of diagonal moves allowed is in one-to-one
correspondence with the set of words that havep-k -4, -d,,X’s, q-k-d,,-d,,
Y’s,r-k-d,,-d,Z’s,d,, A’s,d,, B’s,d,, C’s, and k D’s. Hence, there are

ptq+tr-d_-d, -d, -2k
p-k-d -d, q-k-d, ,-d, ,r-k-d -d, d,_.d,.d k]

yz’ yz’ yz’

such lattice paths. W
Theorem 4.9: The generating function for L(p, q, 1),

1
> L(p.g.")x"y7" = :
g 20 l1-x-y-z-xy~xz—- yz— xy7
Proof 1: 2 L,(p,q,r)x"y?7
p»q,r20
min{ p.q} min{g,r} min{ p,r} min{ p,q,r}
p20 g20 r20 dp,=0 d_=0 d,.=0 k=0
( ptg+r-d, -d,-d, )
xPylz"
p-k-d -d_q-k-d_-d r-k- d dyz d,.dg.d,.k
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=LY Y Y XY)

k20d,,20d,,20d,,20 p20 g0 r>0

p-k-d _-d,q-k-d_-d_r-k-d -d

ptq+r-d -d, -d -k

yz? Xz

k20d,,20d,,20d,, 20 p20 20 r>0

DD Phbb U

22

k204,20

)

r20

)y

p20

(
|

d

xy

d d

xZ

r+d, k+d, +d +d, \k+d, +d,\ k+d,
r-k-d,-d,

k+du+dﬁj

5[

yz d.>0 xz d,20 xy

r+d, 'Z qtr-k-d, .
r-k-d,-d, : q-k-d,,-d, ’

q20

ptqtr-d,-d -d - 2k]xp
p-k-d_-d,
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¥z

xpyqzr
d,.d,.d k]

yz?

g+r-k-d, ]
q-k-d,-d,

pryqzr

k+dw+du+dﬂ)



k+d k+d_+d k+d_+d_+d
20| gl (iS5 i &

k20 d,20\ “yz )d 20 xz d,y20 %

z( r+d,, ] 'Z( g+r-k-d,, ] .
Z y
r20 r_k-dxz—dyz q20 q—k—dxy—dyz

ptqtr-d -d, -d - 2kJ v

p2k+dxy+dz[ p- k—dxy—dxz

k+d, k+d, +d, k+d_+d,+d,
=zxkz[ dyjz( p )’dezZ( xyd nydx,

k20 d,20 ¥z d,,20 xz d,20 xy

z[ rtd,, ] ’Z[ q+r-k-d, ] .
4 y
20 r_k_dxz_dyz 420 q—k—dxy—dyz

tq+r-d -k
3|

x" letm=p-k-dyy -de,.
m ] p xy "~ 9xz

m20
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kd k+d_+d k+d_+d_+d
_Z_x Z[ ¥ JZ( +dxz+ yz]xdﬁZ( + xy; x T )’Z]xdxy

k=0 d,,20 yz d,.20 Xz d,,20 xy

yz= Xz

Z r+ dxy . q+r-k- dyz . 1 )9k
r-k-d-d, 92 g-k-d -d > \1-x

r20 q20

oy gy

d,.20 d 20




q+r-k-d,

q2k+d ,+d

xy Ty

R g e

‘) g-k-d~d,,
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_l‘x'Ykm

)y

r2k+d_+d

Xz Yz

|

1-x-y

5252

r+d,,
r_k—dxz—dyz l_x_y
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k20

1 2 XYz kzxk-*-dyz Yz o
Clex-yol\1-x-y d,;20 d, \1-x-y

2 k+dxz+dyz bvd d‘zz k+dxy+dxz+dyz' Xy “
d l-x-y) i%o Ay I-x-y

d20 xz

stktd +d +d )\ 7z Y
2 ) ey Lets =r-k-dy, 'dyz-

520

b g

C1-x- Y20

5 ktd,+d,\ xz ”’nz ktd +d,+d,\ xy \*
d I-x-y) iz dy I-x-y

d 20 xz

( I-x-y

k+dytd,,+d, +1
1-x-y- z)
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k dy,
_ 1 2 Xyz 2 k+dyz Yz
- x-y- 22\ - x-y-2) Ao dy \1-x-y-2

dy, dy
2 (k+dxz+dyz)( xz ) 2 k+d +d +d, ( xy j
d,20 d, l-x-y-z dy20 dxy l-x-y-z

k dy,
_ 1 2 Xyz 2 k+ dyz Yz
I-x-y-zigo\1-x-y-2) 43\ 9. N\1-x-y-z

5 [k+dxz+dyz][ Xz )""( - x-y-z J’”""“’"”
d,>0 dxz lI-x-y-z 1-x-y-z-xy

e e i e
I-x-y-z-xyio\ 1= x-y-z-xy) iz 4. )\1-x-y-z-xy

5 (k+dxz+dyz)( Xz )""
d;20 d, l-x-y-z-xy
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T B o s
1-x-y-z-xyiao\ I-x-y-z-xy ) 5\ 4, \1-x-y-z-xy

yz=

k+d,, +1
1-x-y-z-xy
1-x-y-z-xy-xz

)

C1-x-y-z-xy-x2 o\ 1= x— y—z—xy~xz

o el
d,;20 dyz 1-x- Yy-Z—-xy—XxZ

)

- I-x- Y—=2Z— XY= XZ >0 1- x- Y-Z—-Xy—XZ

k+1
I-x-y-z-xy-xz
1-x-y-z—-xy-xz~ yz)

e

Cl-x-y-z-xy-xz-yha\1- x- y-z- - xz- ¥z

53




_ 1 1-x-y-z-xy-xz-yz
1-x-y-z-xy-xz-yz 1- x~y-z-xy- x2- y72—- Xy7

1
C1-x-y-z-Xxy-xz- y2- xyz_

Proof 2: 2 L,(p,q,r)x"y%z

p.q,r20

=2 Y ¥ Y ¥

P4720d  <min{ p.q}d<Smin{pr}d,<min{gr}k<pqr
ptq+r-d,-d -d -2k
xpyqzr
p-d,-d -kgq-d,,-d,~kr-d,-d,-kd_d, d_k

=2 XYY X

d,20d,,20d,,20k20 p,q r2d,, 4., d,, k
ptqtr-d -d,-d -2k o
p-d,-d,-kg-d -d, ~kr-d -d -kd_d_d_k

xz?7yz?

=X X XYY X

n20 d.,20d,20d,,20k20  p.g.r2d,,dy.d,, .k

ptqtr-dg—d —d,,~2k=n

n
(p—dxy— d,-k.q-d,-d,~kr-d,-d_ -kd,_d,d k)

yz?

p-dy~d~k _g-d—dy,~k _r-dg-d,-k
x y Z

()™ (xz)*= (y2)** (xyz)*"

Forh=p-d,-d,-k,i=q-d,,-d,-k,andj=r-d,-d -k

54



n xh IZJ( )d,y (xZ)dz (yz)dyz( Z)k
ddd k|7 xy

n20  hijkd,.d;d,20 (h,l,],

h+i+ jrk+d,  +d +d,,=n

Xy x yz
iff
prgir-d~d, —d ,~2k=n
=2(x+ Y+ 2+ xy+ xz2+ yz+ xy7)" = 1 u
0 l-x-y-z-xy-xz- y2—- X7

4.2. Restricted Paths: L, (p,qr) and L’ (p, q, r)

As with lattice paths in R? without diagonal moves allowed, many types of
restrictions may be applied to lattice paths with diagonal moves allowed. We will
examine two types of restricted lattice paths. First, we will consider lattice paths from
(0, 0, 0) to (p, q, r) with only cube diagonal moves allowed such that for each point
(i,j, k)i 2 j. The number of these lattice paths will be denoted L, '(p, g, r). The following
1s a recursive formula for Ld'(p, g, D).

Theorem 4.10 : Forp,reN, L,;'(p,0,0)=1and L,'(0,0,r)=1. ForqeP,

L;(0,q,0)=0. Forp=>gq, L,"(p, g, 0) = L'(p, ). Forp,q,re P, L, (p,0,1) =

L(p,r) and L, (0,q,1)=0. Ifp<gq, L, (p,q, 1) =0. Ifp=q,

L'(p.q.0)=L(p-1,¢,0+ L (p,q- 1,0+ L, (p,q. r- 1)
+L (p-1,q-1,r-1). (4.3)
Proof: If p, r € N, the only path from (0, 0, 0) to (p, 0, 0) is the path that consists of p

X’s, s0 Ld'(p, 0, 0) = 1. Similarly, the only path from (0, 0, 0) to (0, 0, r) is the

one that consists of r Z’s,s0 L;(0,0,1) = 1. If q € P, there is not a path from

0,0, 0) to (0, q, 0) because 0 < q.

Suppose p > q. Then any path from (0, 0, 0) to (p, q, 0) remains on the xy-
plane; thus, the number of lattice paths with cube diagonal moves allowed such
that for each lattice point (i, j, 0) i > j is the same as the number of lattice paths
from (0, 0) to (p, q) that are not allowed to cross the line y =x, L'(p, q).

Suppose p, g, 1 > 1. A lattice path from (0, 0, 0) to (p, 0, r) remains on the
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xz-plane. The number of these lattice paths is the same as the number of lattice
paths from (0, 0) to (p, r), L(p, r). There are no lattice paths from (0, 0, 0) to
(0, g, r) because 0 < g; hence, L,"(0, g, r) = 0. '
If p < g, then for the lattice path to travel from (0, 0, 0) to (p, g, r) at some
point (i, j, k), specifically (p, q, r), i must be less than j. Hence, Ld'(p, q,r)=0.
If p > q, then the LHS of 4.3 counts the set of lattice paths with cube
diagonal moves allowed such that for each point (i, j, k) i > j by definition. The
RHS of 4.3 counts this set in four disjoint exhaustive categories:
i. The category in which the last point visited before (p, q, r) is (p - 1, q, 1).
If p = q, this category is empty, and L,"(p-1, q,1) =0,
ii. The category in which the last point visited before (p, q, 1) is (p, q - 1, 1),
iii. The category in which the last point visited before (p, q, 1) is (p, g, r - 1),
and
iv. The category in which the last point visited before (p, q, r) is
Pp-1,q-1,r-1). N
As before, we want a closed form expression for L,"(p, q, 1).

Theorem 4.11: Forallp,q,re Nwithp > q,
min{g,r} p-g+1 ( p+qg+r-2k+1 )

L (p.q.,r)=
d )= 2k 1l p-k+ Lg- kor— Kok

Proof: Any lattice path with k cube diagonal moves from (0, 0, 0) to (p, q, r) such that
1 2 j for each lattice point (i, j, k) on the path has p - k moves parallel to the x-axis,
q - k moves parallel to the y-axis, and r - k moves parallel to the z-axis. Thus, the
corresponding word representation has p-k X’s,q-k Y’s,r-kZ’s, and k D’s.
ptg+r-2k

r-k

ptq-k
ways to place the Z’s and then I ways

There are(

to place the D’s. We now want to place the X’s and Y’s so that at any point in the

word there are at least as many Xs as there are Y’s. By Theorem 1.7, there
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] ways to place the X’s and Y’s. Hence,

| are q—k

| p-q+1{p+tq-2k
p-k+1

. mder) p q+1 ptq-2k\(p+q-k\ p+q+r-2k
L, (p.q,r)=

— p-k+1\ g-k k r-k

& p-g+l (ptg-20)!  (ptg-k)!  (p+gtr-2k)!
T3 p-k+1(p-0Ng- B! (Pt g-20)k! (ptg- )= K)!

et p-g+1 (p+q+r-2k)!
=0 P-k+1(p-k)l(g-k)!(r-k)'k!

= p—g+l (p+gq+r—2k+1)!
= ptq+r=2k+1(p—k+DI(g—k)(r—k)'k!

min{q,r}

p-q+1 ptrqg+r-2k+1
= . 1
e p+tq+r-2k+1\p-k+1l,q-k,r-k,k

Secondly, we will consider those lattice paths from (0, 0, 0) to (p, q, r) with xy-
diagonal, xz-diagonal, yz-diagonal, and cube diagonal moves allowed such that for each
lattice point (i, j, k) i > j. The number of these lattice paths will be denoted L, (p, g, ).
The following is a recursive formula for L;’(p, g, 1).

Theorem 4.12: ForpeN,L,(p,0,0)=1. Forq,re P,L;’(0,q,0)=0and

L, (0,0,1)=1. Forp,qe Nandp=2q,L; (p,q,0) =L, (p,q). Forp, g, reP,

Ly’ (p, 0, 1) =Ly(p,n)and L,"(0;q, 0 =0. Ifp<q, L, (p,q.1)=0. If p>q,

Ly aD=Ly(p-1,q0+Ly(,q-1,0+Ly(p,qr- )+

Ly(p-1,q-LD)+Lpy(p-1,qr-D+Lp(p.q-1,1-1) (4.4)

+L,"(p-1,q-1,1-1).

Proof: From (0, 0, 0) to (p, 0, 0), the only path is the one that consists of p X’s, so
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L, (p, 0,0) = 1. From (0, 0, 0) to (0, g, 0), there is not a path because 0 < q. |
Thus, LD'(O, g, 0) =0. From (0, 0, 0) to (0, O, r), the only path is the one that
consists of r Z’s. Thus, L,"(0, 0, 1) = 1.

Suppose p > q > 0. Then, any lattice path from (0, 0, 0) to (p, g, 0)
remains on the xy-plane. Thus, the number of lattice paths from (0, 0, 0) to
(p, g, 0) with all four diagonal moves allowed such that for each lattice point
(,J, 0)i > j is the same as the number of lattice paths from (0, 0) to (p, q) with
diagonal moves allowed that do not cross the line y = x, L,"(p, q).

Let p, g, r € P. Any lattice path from (0, 0, 0) to (p, O, r) remains on the
xz-plane. Thus, the number of such lattice paths is the same as the number of
lattice paths from (0, 0) to (p, r) with diagonal moves allowed, L(p, r).There is
not a lattice path from (0, 0, 0) to (0, g, r) because 0 < q so L,,’(0, q, 1) = 0.

Suppose p < q. Then for (p,q,r) p<qand L, (p, q, 1) = 0.

Suppose p > q. Then, the LHS of 4.4 counts the set of lattice paths from
(0, 0, 0) to (p, q, r) with xy-diagonal, xz-diagonal, yz-diagonal, and cube diagonal
moves allowed such that for each point (i, j, k) i > j by definition. The RHS of 4.4
counts this set in seven disjoint exhaustive categories:

1. The category in which the last point visited before (p, q, 1) is (p - 1, q, 1).

If p = q, this category is empty, and L,’(p - 1, q, 1) = 0.

il The category in which the last point visited before (p, q, 1) is (p, q- 1, ).
1ii. The category in which the last point visited before (p, q, r) is (p, q, r- 1),
iv. The category in which the last point visited before (p, q, r) is

(p-1,q-1,n.

\A The category in which the last point visited before (p, q, r) is

(p-1,q,r-1). If p=q, this category is empty, and L, (p- 1,q,r- 1) =0,
vi. The category in which the last point visited before (p, q, r) is

(p,q-1,r-1),and
vii.  The category in which the last point visited before (p, q, r) is

(p-1,q9-1,r-1). N
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Theorem 4.13: Forp,q,r€N,

L, (p.g.r)= 2 o
D (pq r) d,y,d.\zz»dyz»dxyz p+q+r—dxy_dxz_dyz_2dxyz+l

ptq+r-d_-d,-d -2d_,+1

p-dy-d.~d,+lq-d,-d ~dr-d -d.-d. .d,d.d,.d,|

Proof: A lattice path from (0, 0, 0) to (p, g, r) with d,, xy-diagonal moves, d,, xz-
diagonal moves, d,, yz-diagonal moves, and d,,, xyz-diagonal moves has
p - d, - d,, - d, moves parallel to the x-axis, q - d,, - d,, - d,,, moves parallel to
the y-axis, and r - d,, - d,, - d,,, moves parallel to the z-axis. Thus, the
corresponding word representation has p - d,, - d,, - d,,, X’s,q - d,, - d,, - d,,, Y’s,
r-d,-d,-d,,7Z’s,d, A’s,d,, B’s,d,, C’s, and d, , D’s. There are
N ptq+r-d -d_-d, -2,
ptg-d-d.,-d,-2d ,r-d -d,-d..d

xyz? xyz? " xz?

ways to
d de

yz?

place the Z’s, B’s, C’s, and D’s. By Theorem 2.9, there are
p_q_dxy+dyz+1 ( p+q—dxy_dxz_dyz—2dxyz+l
ptg-d -d_-d_ -2d_+1\p-d,-d -d +1q-d -d -d, 4,

ways to place the remaining X’s, Y’s, and A’s so that at any point in the word

representation there are at least as many X’s as Y’s. If we multiply these, we

p-q-d_+ dyz+ 1
obtain the desired result of .
prqtr-d,-d.-d,-2d,.+1

_ ptg+r-d _-d, -d -2d ,+1
p-d,-d -d_+14-d _-d,-d, ,r-d -d,-d. d d.d,d,.,
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lattice paths with d,, xy-diagonal, d,, xz-diagonal, d,, yz-diagonal, and d, , xyz-
diagonal moves such that for each point (i, j, k)i > j. B

4.3 Notes
Theorem 4.1 can be derived from the general formula in [4]. Theorem 4.2 appears
in [5]. Theorems 4.6, 4.7, 4.8, and 4.9 appears in [2]. Theorems 4.11 and 4.13 are found

in [5]. Theorem 4.12 can be derived from the general formula in [4].
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