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Figure 8.13: The conversion used to adjust the edge assignments for Example 3. (1) The unbranched and
(2) branched conversions of v2 . The ideal circles shown in the details are colored green and yellow. (3) The
Euclidean border radii have been changed, and C(v2) has been added as an outer circle. (4) Projection to
the sphere, M0 is M with v2 ’s edge assignments (pink circle) set according to their placement on the sphere.
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Figure 8.14: Example 3 made coherent via adjusted edge assignments. The generalized branch points are
separated branch flowers with center circles colored blue and pink.

Figure 8.15: The torus used in Example 4. The branch points are colored in blue. On the right is a
conversion of v; its petals are colored gray (they are horocycles in the conversion).

106



By following the steps above, a motif using every possible selection of four traditional branch
circles was computed and had its EK measured. The highlighted circles in Figure 8.15 were the four
with the lowest EK of any set. Next, the conversion of Example 4 was adjusted with (modified)
shift-points at the remaining three branch points. Using varying methods to optimize EK with the
six parameters, we were able to significantly reduce the holonomy error (from approximately 3.089

to approximately 0.027).
However we were unable to further improve on this error, and we were unable to achieve the

computational or visual success of the previous examples. Progress seems to be impeded by the
confluence of several factors. Using more chains and shift-points has a two fold cost in time
and accumulative computational error. Small local errors snowball into noticeable amounts; these
naturally get expressed in our method of measuring holonomy. Additionally EK can be very sensitive
to relatively small changes in the parameter, and its surface appears to be discontinuous. Figure
8.16 illustrates this behavior when a single shift-point has been inserted.

That a solution exists seems quite possible, but our current methods have met a limiting
threshold. An advancement in computational methods or even hardware might yield better results.
In regards to the former, applying techniques recently developed by Gerald Orick might resolve the
above mentioned cumulative error [35]. However while it is believed that six parameters should
suffice, it is unclear exactly why the symmetry of the torus in Section 4.5 actually works.
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(a)

(d)

(c)(b)

Figure 8.16: Different views of EK for Example 4 adjusted at a single shift-point. Traditional branching
has been placed at the other two branch points. (a) and (b) are a top and isometric view, respectively, (c)
is a detail of (b), and (d) is a two-dimensional slice from (b) at ϕ = 1.
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(1970), 256–260. MR 0273510 (42 #8388) 9

[4] James Ashe, Fractured branched circle packings on the plane, Master thesis, The University of
Tennessee, Knoxville, 2004. 59, 68, 71

[5] Alan F. Beardon and David Minda, The hyperbolic metric and geometric function theory,
Proceedings of the International Workshop on Quasiconformal Mappings and their Applications,
Narosa Publishing House, India, 2006, pp. 159–206. 26

[6] Alan F. Beardon and Kenneth Stephenson, The uniformization theorem for circle packings,
Indiana Univ. Math. J. 39 (1990), no. 4, 1383–1425. MR 1087197 (92b:52038) 39, 43

[7] , The schwarz-pick lemma for circle packings, Illinois Journal of Mathematics 35 (1991),
no. 4, 577–606. 31

[8] Alexander I. Bobenko and Boris A. Springborn, Variational principles for circle patterns
and Koebe’s theorem, Trans. Amer. Math. Soc. 356 (2004), no. 2, 659–689. MR 2022715
(2005b:52054) 70

[9] Philip L. Bowers, The upper Perron method for labelled complexes with applications to circle
packings, Math. Proc. Cambridge Philos. Soc. 114 (1993), no. 2, 321–345. MR 1230135
(94h:52036) 20

[10] , Introduction to circle packing: the theory of discrete analytic functions [book review of
mr2131318], Bull. Amer. Math. Soc. (N.S.) 46 (2009), no. 3, 511–525. MR 2507284 2

[11] Philip L. Bowers and Monica K. Hurdal, Planar conformal mappings of piecewise flat surfaces,
Visualization and mathematics III, Math. Vis., Springer, Berlin, 2003, pp. 3–34. MR 2046999
11

[12] Philip L. Bowers and Kenneth Stephenson, A branched Andreev-Thurston theorem for circle
packings of the sphere, Proc. London Math. Soc. (3) 73 (1996), no. 1, 185–215. MR 1387087
(97d:52027) 6, 52, 63, 96

110



[13] , Uniformizing dessins and Bely̆ı maps via circle packing, Mem. Amer. Math. Soc. 170
(2004), no. 805, xii+97. MR 2053391 (2005a:30068) 2

[14] Charles R. Collins and Kenneth Stephenson, A circle packing algorithm, Comput. Geom. 25
(2003), no. 3, 233–256. MR 1975216 (2004c:52035) 12, 23, 68, 92

[15] John B. Conway, Functions of one complex variable, second ed., Graduate Texts in Mathematics,
vol. 11, Springer-Verlag, New York, 1978. MR 503901 (80c:30003) 43

[16] H. S. M. Coxeter, Inversive distance, Ann. Mat. Pura Appl. (4) 71 (1966), 73–83. MR 0203568
(34 #3418) 9

[17] Edward Crane, Branched circle packings and the weierstrass function, The Barrett Lectures at
the University of Tennessee, 2010. 52, 58

[18] Tomasz Dubejko, Branched circle packings and discrete Blaschke products, Trans. Amer. Math.
Soc. 347 (1995), no. 10, 4073–4103. MR 1308008 (95m:30045) 6, 13, 20

[19] , Infinite branched circle packings and discrete complex polynomials, J. London Math.
Soc. (2) 56 (1997), no. 2, 347–368. MR 1489142 (99h:05025) 6

[20] Tomasz Dubejko and Kenneth Stephenson, The branched Schwarz lemma: a classical result via
circle packing, Michigan Math. J. 42 (1995), no. 2, 211–234. MR 1342487 (96j:30039) 6

[21] , Circle packing: experiments in discrete analytic function theory, Experiment. Math. 4
(1995), no. 4, 307–348. MR 1387696 (97f:52027) 6

[22] Clifford J. Earle, Reviews: Lars Valerian Ahlfors: Collected Papers, Volume I, 1929-1955,
Volume II, 1954-1979, Amer. Math. Monthly 92 (1985), no. 5, 366–368. MR 1540654 43

[23] Brett T. Garrett, Circle packings and polyhedral surfaces, Discrete Comput. Geom. 8 (1992),
no. 4, 429–440. MR 1176380 (93g:52014) 8, 23, 70

[24] Ren Guo, Local rigidity of inversive distance circle packing, to appear in Trans. Amer. Math.
Soc. 363 (2011), 4757-4776. 2, 10, 92

[25] Zheng-Xu He, An estimate for hexagonal circle packings, J. Differential Geom. 33 (1991), no. 2,
395–412. MR 1094463 (92b:52039) 39

[26] Zheng-Xu He and Oded Schramm, The inverse riemann mapping theorem for relative circle
domains., Pacific Journal of Mathematics 171 (1995), no. 1, 157–165. 6

[27] , On the convergence of circle packings to the Riemann map, Invent. Math. 125 (1996),
no. 2, 285–305. MR 1395721 (97i:30009) 39

[28] , The C∞-convergence of hexagonal disk packings to the Riemann map, Acta Math. 180
(1998), no. 2, 219–245. MR 1638772 (99j:52021) 39

[29] Gareth A. Jones and David Singerman, Complex functions, Cambridge University Press,
Cambridge, 1987, An algebraic and geometric viewpoint. MR 890746 (89b:30001) 50

111



[30] Liliya Kharevych, Boris Springborn, and Peter Schröder, Discrete conformal mappings via circle
patterns, ACM SIGGRAPH 2005 Courses (New York, NY, USA), SIGGRAPH ’05, ACM, 2005.
8

[31] Paul Koebe, Kontaktprobleme der konformen abbildung. ber. s achs. akad. wiss. leipzig, math,
Phys. Kl 88 (1936), 141–164. 9

[32] Feng Luo, Rigidity of polyhedral surfaces, iii, Submitted on 15 Oct 2010. 2, 92

[33] Jiming Ma and Jean-Marc Schlenker, Non-rigidity of spherical inversive distance circle packings,
Preprint, arXiv:1105.146, 2011. 2

[34] Al Marden and Burt Rodin, On Thurston’s formulation and proof of Andreev’s theorem,
Computational methods and function theory (Valparaíso, 1989), Lecture Notes in Math., vol.
1435, Springer, Berlin, 1990, pp. 103–115. MR 1071766 (92b:52040) 24

[35] Gerald L. Orick, Computational circle packing: Geometry and discrete analytic function theory,
(2010). 107

[36] Igor Rivin, Euclidean structures on simplicial surfaces and hyperbolic volume, Ann. of Math.
(2) 139 (1994), no. 3, 553–580. MR 1283870 (96h:57010) 10

[37] Burt Rodin and Dennis Sullivan, The convergence of circle packings to the Riemann mapping,
J. Differential Geom. 26 (1987), no. 2, 349–360. MR 906396 (90c:30007) 1, 39, 71

[38] Oded Schramm, Packing two-dimensional bodies with prescribed combinatorics and applications
to the construction of conformal and quasiconformal mappings, ProQuest LLC, Ann Arbor, MI,
1990, Thesis (Ph.D.)–Princeton University. MR 2638585 86

[39] , Existence and uniqueness of packings with specified combinatorics, Israel J. Math. 73
(1991), no. 3, 321–341. MR 1135221 (92k:52039) 86

[40] , Circle patterns with the combinatorics of the square grid, Duke Math. J. 86 (1997),
no. 2, 347–389. MR 1430437 (98a:30061) 9

[41] Hans Schwerdtfeger, Geometry of complex numbers, Dover Publications Inc., New York, 1979,
Circle geometry, Moebius transformation, non-Euclidean geometry, A corrected reprinting of
the 1962 edition, Dover Books on Advanced Mathematics. MR 620163 (82g:51032) 40

[42] Kenneth Stephenson, A probabilistic proof of Thurston’s conjecture on circle packings, Rend.
Sem. Mat. Fis. Milano 66 (1996), 201–291 (1998). MR 1639851 (99m:52024) 39, 71

[43] , Circle packing: a mathematical tale, Notices Amer. Math. Soc. 50 (2003), no. 11,
1376–1388. MR 2011604 (2004h:52030) 6

[44] , Introduction to circle packing, Cambridge University Press, Cambridge, 2005, The
theory of discrete analytic functions. MR 2131318 (2006a:52022) 2, 4, 6, 10, 20, 31, 32, 43, 58,
70

112



[45] William P. Thurston, Geometry and topology of 3-manifolds, Math. Dept. of Princeton
University, Princeton, 1979. 17, 93

[46] , The finite riemann mapping theorem, Invited talk at the International Symposium at
Purdue University on the occasion of the proof of the Bieberbach conjecture, 1985. 1, 9, 39

[47] Jonatan Vasilis, The ring lemma in three dimensions, Geom. Dedicata 152 (2011), 51–62. MR
2795235 71

[48] Elias Wegert and David Bauer, On Riemann-Hilbert problems in circle packing, Comput.
Methods Funct. Theory 9 (2009), no. 2, 609–632. MR 2572659 (2011f:52035) 58

113



Vita

James Russell Ashe was born in 1975 in Portsmouth, Virginia. In 1994 he graduated from Greeneville
High School in Greeneville, Tennessee. James matriculated at East Tennessee State University, TN,
where in 1999 he received a B.S. in History with a minor in art. He then graduated with a M.S. in
Mathematics at the University of Tennessee in 2004. In 2012 James completed the requirements for
a Ph.D. in Mathematics at the University of Tennessee.

114


