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Figure 3-2: Vector PWM diagram 

From the magnitude and angle, the duty cycle and sector can be determined.   Between 

π/2 and 3π/2 the signal is negative since the system was aligned with cosine on the d-axis.  The 

active and zero switching time can be calculated based on the DC link voltage assuming volt-sec 

balance over the switching cycle.  The equations for calculating the switching times are given in 

(3-4) - (3-6).  To distinguish between the two sectors, positive and negative timing are used 

corresponding to T1 and T2.  This is only to make the sectors distinguishable to the reader.  In 

the real implementation, only the absolute value of the timing is needed.  
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 From the switching times and the sectors, PWM is easily implemented by controlling the 

switches in Figure 3-1b.  If the voltage vector is in sector 1, then switches S1 and S2 in Figure 

3-1b should be on.  If the voltage vector is in sector 2, then switches S3 and S4 in Figure 3-1b 

should be on.  The remainder of the switching period uses T0 for unipolar modulation schemes 

and is divided between the two active states for bipolar modulation. Two zero vectors exist, 

both of the top switches on (PP) or both bottom switches on (NN).  How the timing and use of 

the zero vectors are divided within the cycle is the only difference between the modulation 

schemes presented in this chapter. 
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3.2. Bipolar Modulation 
The most traditional methods for pulse width modulation are unipolar and bipolar 

modulation, which are also referred to as three and two level modulation in some texts and 

references.  The reason for the naming is evident when looking at the output voltage 

waveforms, but can be confusing since neutral point clamped converters are also referred to as 

three level converters in literature.  To avoid confusion, the bipolar and unipolar naming will be 

used throughout the remainder of this chapter.    In bipolar modulation, the two legs of the 

inverter are switched in complement to each other.   This has the advantage of only requiring a 

single reference for carrier based pulse width modulation.  The main disadvantage with this 

approach is that when the output is switched between ± VDC the switching losses and switching 

ripple are lager compared to switching from 0 to VDC.  Figure 3-3 shows carrier and reference 

waveform for the two phase legs.  Although both phase legs are shown in the figure, only a 

single leg is needed in the real design since the other leg is equal to the complement of the leg 

being controlled.  Both phase legs are shown only for comparison purposes with waveforms in 

later discussions.  Notice in the figure that both the references and carriers for the two phase 

legs are the negative of each other.   

 

 
Figure 3-3:  Bipolar PWM carrier approach 
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In addition to the simplistic implementation, another advantage of bipolar switching is 

that in the ideal case the technique does not generate common mode voltages.  This can be 

explained by looking at the Double Fourier Integral as done in [7], or by simply looking at the 

phase leg waveforms in Figure 3-3.  Since both the carrier and reference for the phase legs are 

negatives of each other, it is easy to see without any rigorous analysis that the addition of the 

phase legs would sum to zero.  In a real design, the common mode voltage cannot be 

completely eliminated because of the need for a dead time between switching and 

asymmetries in the switching.   

With the vector approach, bipolar modulation is implemented by dividing the zero time 

equally among the two active switching states.  Figure 3-4 shows the two switching sectors with 

their equivalent duration at each of the states.   Since V1 and V2 are negatives of each other and 

distributed equally among the switching cycle, the zero time does not contribute to the average 

of the waveform.  This means that the average over sector 1 equals V1 and that the average of 

sector 2 equals V2.  It is worth noting that for simulation and hardware implementation, the 

start and end point for the sectors should be the same as shown in Figure 3-4.   For example, if 

da is high at the end of the switching period in sector 1, then da should start high in sector 2.  

Without this seamless transition it is possible to get unwanted switching transients between 

switching sectors.   This technique of switching sectors in the same state will be used 

throughout this chapter but will not be addressed for every modulation technique; however, 

for each modulation method the same principles and reasoning apply. 

  
Sector 1  Sector 2  

Figure 3-4: Bipolar PWM vector approach 
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3.3. Unipolar PWM 
In unipolar modulation implemented with vector PWM, the zero states are used for the 

T0 time period.  For unipolar modulation, it is possible to use either of the zero states within the 

cycle and distribute them anywhere within the cycle.  However, it is advantageous to distribute 

the zero vectors in a way that can minimize switching losses and reduce distortion.  Minimizing 

switching losses is done by limiting the number of transitions within the cycle.   This means that 

it is better to choose a zero pattern that has four switching events vs. six switching events.  

Reducing distortion is not as easy to see from the vector waveforms, but the distortion is 

related to the switching as well as the symmetry of the switching waveform.  By making the 

waveform symmetrical within the switching period, the distortion caused by the high frequency 

switching is reduced vs. an asymmetrical waveform.   For a carrier based implementation, this is 

equivalent to selecting a carrier waveform that is symmetrical.   Figure 3-5 shows the two 

switching sectors for the vector approach for traditional unipolar modulation.  Notice in the 

figure that the zero states are distributed within the switching period in order to reduce 

switching transitions and provide waveform symmetry.    

  
Sector 1  Sector 2  

Figure 3-5: Traditional unipolar PWM vector approach 
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Unipolar modulation is also easily implemented with a carrier and reference waveform.  

With the carrier approach, unipolar modulation is accomplished by comparing a reference and 

the negative of the reference to a high frequency carrier waveform.  Figure 3-6 shows the two 

phase legs using a triangle carrier. The carrier is typically a triangle wave for the symmetry and 

harmonic reasons discussed previously.  Using a triangle wave for a carrier is equivalent to the 

vector approach shown in Figure 3-5. Notice that the difference between unipolar modulation 

and bipolar modulation is the carrier waveform.  For unipolar modulation, the carrier is the 

same for both phase legs, but for bipolar modulation carriers are the negative of each other. 

The most notable advantages of unipolar modulation are the reduction in switching 

losses and reduction in harmonic distortion.  Both reductions are related to the use of the zero 

states.  Improvement in the harmonic distortion is also contributed to the cancelation of the 

odd order switching harmonics between the phase legs.  When the odd order harmonics are 

eliminated, this makes the phase to phase voltage appear as if the converter is being switched 

at twice the switching frequency.  Another way to think about this is that the switching 

frequency can be reduced by half to produce the same harmonic frequencies as bipolar 

modulation.  Of course, reducing the switching frequency by half also reduces the switching 

losses.  Because of the use of the zero states, the harmonic magnitudes are also less for 

unipolar modulation than for an equivalent bipolar modulation.  This means that even for the 

same switching harmonics, the magnitudes of the harmonics will be less for unipolar than 

bipolar modulation. 

 

 
Figure 3-6: Traditional unipolar PWM carrier approach (Mi=0.8) 
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Unipolar modulation is not without its disadvantages though.  Of course, for carrier 

implementation, it requires the reference and negative of the reference to be compared with a 

high frequency carrier waveform.  This increases the complexity and number of components 

needed for modulator since the phase legs are now controlled separately.   Also, the common 

mode voltage contains the odd order switching harmonics that cancel in the differential 

measurements.  Remember that with bipolar modulation in the ideal case, the common mode 

is zero but the phase to phase (differential) harmonics are twice the individual phase cases.  

Figure 3-7 shows the common mode voltage under unipolar modulation to illustrate this result.  

The average of common mode voltage in the top waveform is calculated over the switching 

period, which in this example is 5 kHz.  This is shown to emphasize that no low end harmonics 

are present in the common mode.  The figure also shows the Fast Fourier Transform (FFT) of 

the common mode voltage cycle in the bottom graph.  Notice that only the odd order switching 

harmonics are present in the common mode.  Common mode voltage can be problematic when 

trying to meet emissions and leakage current requirement, and is therefore generally in the 

best interest of the designer to reduce the common mode noise.   More will be discussed about 

the common mode emissions in the next chapter.   

 

Figure 3-7: Unipolar common mode duty cycle (Vdc = 320V and Mi = 1) 
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3.4. Hybrid Modulation (Type 1) 
With traditional unipolar and bipolar modulation, both phase legs are switched at high 

frequency.  However, switching both phase legs is not a requirement for PWM synthesis.  In 

fact, it is possible and even advantageous to switch the phase legs with both a low and high 

frequency modulation.  This hybrid modulation, also called discontinuous in some literature, 

has been researched and is well understood from a fundamental modulation perspective.  

However, the grid-tie requirements, mainly the EMI and leakage current, warrant additional 

investigation from an application standpoint.  Of course, with all modulation schemes there will 

be advantages and disadvantages, so these will be addressed in the discussion of the hybrid 

approach.  Two different hybrid approaches will be discussed in this section, but it is easy to see 

that other variations are possible with this approach.  From a switching loss and harmonic 

distortion standpoint, the two methods discussed offer the best performance. 

The implementation of this hybrid approach is easy to see with the vector approach to 

PWM since the switching states are easily visible from the diagrams.   Remember that the 

objective is for the average over the switching period to equal the target waveform.  Therefore, 

the distribution of the switching states is the only difference between all the different 

modulation approaches presented.   Figure 3-8 shows the switching vectors for one of the 

hybrid modulation scheme that will be discussed.  Notice in the figure that one of the phase 

legs is switched at low frequency while the other is switched at high frequency, and that the 

average over the switching period is equivalent to standard unipolar and bipolar modulation.  

Although it is possible to switch either phase leg at low frequency, it will be shown later that if 

the neutral conductor of the utility voltage is grounded it is better to switch the neutral phase 

leg at low frequency for leakage current reasons.  

  
Sector 1  Sector 2  

Figure 3-8: Hybrid 1 PWM vector approach 
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It is also possible to implement an equivalent hybrid modulation approach with a carrier 

and a reference waveform for each phase.  The steps for performing the conversion to a carrier 

equivalent are given below: 

1. Write out piecewise time domain equations for each phase’s  duty cycle 

2. Calculate the Fourier series of the waveform 

3. Choose a carrier waveform 

As an example, let’s look at Figure 3-8 and apply the steps outlined above.  First, write out the 

equations for each of the phase duty cycles using the timing information and the definitions 

given for T1 and T0.  After writing the equations, the two duty cycle equations that result are 

given by (3-7) and (3-8).   
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Next, write and solve the Fourier series using the duty cycles given in (3-7) and (3-8).  Solving 

the Fourier series for the duty cycles results in (3-9) and (3-10) .  Notice that the Fourier series 

for phase b duty cycle is equal to a square wave.  This is expected since the duty cycle varies 

between two constant values over the fundamental frequency cycle.  The results for phase a is 

not so easy to see from the time domain equations, but by using the Fourier series it is possible 

to easily solve for the analytical solution for the duty cycle.  As a check to the solution for phase 

a, realize that the phase to phase duty cycle will be equal to a sinusoid scaled by the 

modulation index.  If phase b duty cycle is subtracted from the phase a duty cycle, then the 

equation that results is (3-11), which verifies that the phase a duty cycle is correct.  It is also 

possible to rearrange (3-11) and solve for the phase a duty cycle without needing to evaluate 

the Fourier integral.  The solutions in (3-9)-(3-11) are only valid for a sinusoidal phase to phase 

duty cycle.   Although, it easy to see that since the phase b duty cycle will always remain a 

square wave, the first term in the phase a duty cycle will be equal to the phase to phase duty 

cycle even under non-sinusoidal conditions. 
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The last step involves choosing a carrier waveform to produce the same switching 

pattern as the vector waveform.  Notice in Figure 3-8 that the timing of the switching cycles 

were chosen so that the waveform would be symmetric over the switching period.  This is 

equivalent to using a triangle carrier waveform.  It is also possible to align the waveform to the 

left or right as shown in Figure 3-9, which result in the same number of switching events but is 

no longer symmetric within the switching cycle.  This is equivalent to using a sawtooth carrier 

aligned to the left or right.  Since the number of switching events remains the same for the 

three cases, it makes sense to choose the triangle waveform if possible since the symmetry in 

the waveform produces lower distortion. 

  
Sector 1- Left Aligned Sector 1-Right Aligned 

Figure 3-9:  Vector alignment 
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At this point it may not be clear to the reader how to use the carrier and reference 

waveforms to generate the needed duty cycles.  To illustrate this concept, Figure 3-10 shows 

the carrier waveform and the reference waveforms for each of the phases.  Notice that the 

phase b reference waveform is a square wave given by (3-10) and that the phase a reference is 

the expression given in (3-9).  Generating the reference waveform for the phase using only the 

modulation index is challenging even with sophisticated analog circuitry.  Therefore, the more 

practical way to generate the phase a reference is to fix the phase b reference as a square wave 

and then add the phase to phase reference (control reference) to the phase b (square wave) 

reference.  This approach forces phase b to switch at the fundamental frequency and phase a to 

switch at high frequency while also canceling out the low order harmonics of square wave 

modulation.  This approach also works if the phase to phase control reference is non-sinusoidal. 

 

 

 
Figure 3-10: Hybrid 1 carrier approach (Mi=0.8) 
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The hybrid modulation scheme is obviously more difficult to implement with analog 

circuitry. Therefore, there has to be some advantages when compared to traditional bipolar 

and unipolar modulation.  First, the amount of switching is reduced by half when compared to 

unipolar and bipolar modulation.  This can be seen by comparing Figure 3-4 and Figure 3-8.  

Notice in Figure 3-4 that there are four switching events in each sector and in Figure 3-8 that 

there are two switching events.  In addition to the amount of switching, the modulation scheme 

also uses the zero vectors resulting in a unipolar output voltage.  The combination of both the 

switching amount and use of the zero states reduce the switching losses when compared to 

bipolar modulation.  The use of zero states also reduces the harmonic distortion of the output 

voltage when compared to bipolar modulation.   

Compared to unipolar modulation, this hybrid modulation scheme is actually equivalent 

from a switching loss and harmonic performance.  This is because of the cancelation of the odd 

order switching harmonics achieved with unipolar modulation.  Because of the harmonic 

cancelation, the switching frequency is “artificially” doubled in the phase to phase 

measurements for traditional unipolar modulation.  Therefore, if the switching frequency is 

reduced by half for unipolar modulation to produce the same harmonic equivalent as the 

hybrid approach, then it is clear that the two methods would switch the same number of times. 

In [7], the double Fourier integral of both types is investigated and shown to be equivalent.  The 

main advantage over unipolar modulation is that phase b duty cycle is varied at the line 

frequency.  It will be shown later that for PV applications the leakage current is directly related 

to the neutral (phase b) duty cycle when the system is grounded and the output filtering is 

asymmetrical.  This analysis is left for later in the work since all the methods are compared. 

The hybrid modulation scheme does however have one major difference compared with 

unipolar and bipolar modulation, and that is the low frequency common mode voltage 

generated from the modulation.   Remember that with bipolar modulation the common mode 

voltage is ideally zero for all frequencies, and with unipolar modulation only the odd order 

switching harmonics remain.  For the hybrid modulation scheme, low frequency harmonics are 

present in the common mode voltage.  Equation (3-12) gives the analytical expression for the 

low frequency common mode harmonics, which comes from the addition of (3-9) and (3-10).   

In addition to the low frequency harmonics, the modulation scheme also contains the switching 

frequency harmonics and sidebands from the phase leg that is switched at high frequency.  

Figure 3-11 shows the time and frequency domain characteristics of the common mode voltage 

for the hybrid modulation approach.  The average in the waveform is the low frequency 

common mode carrier harmonics given in (3-12). 
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Figure 3-11: Hybrid 1 common mode duty cycle (Vdc = 320V and Mi = 1) 
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Figure 3-12:  Comparison common mode duty cycles hybrid  1 (10 kHz) and unipolar (5 kHz) 
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modulation.  In fact, unipolar modulation is worse for common mode.  The common mode path 
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3.5. Hybrid Modulation (Type 2) 
Besides forcing one of the phase legs to switch at low frequency while the other is 

switched at high frequency, it is also possible to have each phase leg switch at the line 

frequency for half of the line cycle and at the switching frequency for the other half cycle.  

Figure 3-13 shows the switching vector diagrams for both sectors to illustrate the concept.  

Notice in the figure that each phase duty cycle is constant for one sector and switching for the 

other sector.  This has the advantage of distributing the switching losses equally among the 

switches, which was not the case for the previous hybrid approach.  Of course by holding one 

leg constant for half of the switching cycle, the total number of switching events is reduced by 

half vs. bipolar modulation and equivalent to unipolar modulation using an equivalent switching 

frequency. 

  
Sector 1  Sector 2  

 

Figure 3-13: Hybrid 2 PWM vector approach 
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From the vector diagram in Figure 3-13, it is possible to develop a carrier equivalent 

using the same procedures outlined during the first hybrid approach.   First, start by finding the 

piecewise time domain equations for each of the sectors, which are given in (3-13) and (3-14)

and found by using the definitions for T1, T2, and T0.  
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Next, use the Fourier series to develop a continuous expression for the duty cycle.  Although 

more involved than the previous hybrid method, these expressions are easily formulated with 

software such as Matlab or MapleSoft.  The results of the Fourier series as a function of the 

modulation index are given in (3-15) and (3-16).  From these expressions, there are a couple of 

interesting properties worth noting.  First, is that both duty cycles have a DC component, which 

was not present with first hybrid approach.  Second, is that the duty cycle contains only even 

harmonics.  Finally, note that the harmonic magnitudes are less than previous hybrid method 

(i.e., n2 vs. n), which is beneficial from a common mode standpoint.   The carrier approach for 

this hybrid approach is illustrated in Figure 3-14 using a triangle wave for a carrier. 
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Since the harmonics and DC component are the same for both duty cycles, it follows 

that the difference between the duty cycles is equal to the fundamental frequency component, 

which is given in (3-17).  While it was possible to develop the mathematical expressions for the 

reference waveforms, implementing this hybrid approach using analog circuitry is not simple.  

Therefore, implementation of this method is usually done using a DSP or FPGA by using the 

vector timing diagram given in Figure 3-13. 

 0 0 sin( )a b ab idd d M t     (3-17) 
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Figure 3-14: Hybrid 2 carrier approach 

Similar to the first hybrid approach, this approach also produces low frequency common 

mode harmonics.  Figure 3-15 shows the common mode voltage in the time and frequency 

domain. The average waveform in the figure is from the addition of the two reference 

waveforms and is given by (3-18).  Notice that the average common mode voltage in Figure 

3-15 only contains the DC and even harmonic components given by (3-18).  From a low 

frequency common mode harmonics standpoint, this approach is better than the first hybrid 

approach because of the n2 term in the harmonics.  Since most of the common mode paths are 

through capacitance, the DC component is not a concern for leakage current or emissions. 
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For the switching and side band frequencies, the two approaches are identical.  Figure 3-16 

shows a comparison of the two hybrid approaches.  Notice that the switching frequency 

harmonics are the same for both approaches but that the low frequency harmonics are much 

lower for the second hybrid approach. 

0 120 240 360 480 600 720
-1

0

1

 

 

Va
ref

Va
carrier

0 120 240 360 480 600 720
-1

0

1

Angle°

 

 

Vb
ref

Vb
carrier

0 120 240 360 480 600 720
-1

0

1

 

 

Va
ref

Va
carrier

0 120 240 360 480 600 720
-1

0

1

Angle°

 

 

Vb
ref

Vb
carrier



34 
 

 

Figure 3-15: Hybrid 2 common mode duty cycle (Vdc = 320V and Mi = 1) 

 

Figure 3-16: Comparison common mode duty cycles hybrid 1 and hybrid 2 
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