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Abstract

Various particle filters have been proposed and their convergence to the optimal filter
are obtained for finite time intervals. However, uniform convergence results have
been established only for discrete time filters. We prove the uniform convergence of
a branching particle filter for continuous time setup when the optimal filter itself is
exponentially stable.

The short interest rate process is modeled by an asymptotically stationary
diffusion process. With the counting process observations, a filtering problem is
formulated and its exponential stability is derived. Base on the stability result, the

uniform convergence of a branching particle filter is proved.
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Chapter 1

Introduction

1.1 Basic knowledge

The goal of the stochastic filtering theory is to estimate a function of an unknown
Markov process based on the partial information obtained by observation process.
The filtering problem consists of two processes: the signal process X;, which is what
we want to estimate, and the observation process Y; that provides the information
we can use. Let G, be the information up to time ¢ which is a o-field generated by
{Y;,0 < s < t}. To estimate f(X;) for bounded function f, we use the conditional
expectation E(f(X};)|G;). The following lemma shows that it has the minimum square

error among all the G;-measurable square-integrable random variables.

Lemma 1.1.1. Let i be any G;-measurable square-integrable random variable, then

we have

E ((f(Xe) = E(f(X0)]G))?) < E((f(X:) —n)*). (1.1)



Proof.

((F(X0) = m)?) = E((f(X2) = E(f(X0)[G))?))
(Ef(X)IG) —n)2f(Xe) —n = E(f(X1)]G1)))
(E(ECS(X)|Ge) —n)(2f(Xe) —n — E(f(X1)]G))|G))
(E(f(X)|Ge) — mEQ2f(Xe) —n — E(f(X)|G:)|Gr))
(E(f(X)|G0)?) >

I
H EH #H @& ©

]

Let () = P(X; € -|G;) be the regular conditional probability distribution of X
given Gy; i.e. m; is a map from B(R?) x Q to [0,1] such that

i) For any w € Q, m;(+,w) is a probability measure on R,

ii) For any A € B(R?), m(A, -) is a G;-measurable random variable.

iii) For any A € B(R?), we have

m(A,w) =P(X, € A|G)(w), a.s. w.

We use (p, f) to denote the integral of a function with respect to the measure u.
Then it can be shown that the conditional expectation E(f(X;)|G;) is given by the

integral of f with respect to the regular conditional probability distribution 7.

Lemma 1.1.2. For any f € Cy(R?) and t > 0, we have

E(f(X)|G:) = (m, f)  a.s.

Based on the above two lemmas, we call 7; the optimal filter. Let P be the measure
on €2 that is absolutely continuous with respect to P and the Radon-Nickodym
derivative on (0, F;) is M, !, that is



The following theorem plays a very important role in the filtering theory.

Theorem 1.1.1. (Kallianpur-Striebel formula) The optimal filter m can be

represented as

Vi /)
(Vi,1)

(me, f) = , Vf e Gy(RY, (1.2)

where

(Vi, f) = (M f(X,)|Ge), (1.3)

and E refers to the expectation with respect to the measure P.

1.2 Nonlinear filtering model with Brownian mo-
tion

Let the signal process X; be a R%-valued process governed by the following stochastic

differential equation (SDE):

dXt = b(Xt)dt + C(Xt)th ‘I— O'(Xt)dBt,

where B and W are independent Brownian motions taking values in R? and R™,
respectively, and b : R — R% ¢ : R4 — R¥™ and ¢ : R? — R%*? are continuous

mappings. The observation process is given by:
t
Y, :/ h(X.)ds + W,
0

where h € Cy(R?).
The stability of this nonlinear filter model is an important concept in the filtering

theory. We investigate the following question: Under what conditions does the



distance between m; and 7; tends to 0 as t — oo? Here 7; and 7; are two optimal

filters with initial distribution 7y and 7, respectively.

Definition 1.2.1. The filtering model is asymptotically stable if for any my, 7o €
P(R?), we have

lim d(m, ﬁt) = O,
t—00

where d(-,-) is a suitable metric in the space of probability measure on RZ.

The investigation of this problem has a long history, starting with the pioneering
work of Kunita [20] (in continuous time setting) on the stationary behavior of the
mean square estimation error of the nonlinear filter. But there is a serious gap in
the proof of the main result in [20] (see [29]). After that, the stability of the optimal
filter has received considerable attention in many years, e.g. . Atar and Zeitouni
[2] showed the exponential stability of the nonlinear filter in the compact space.
Budhiraja and Ocone [3] proved the exponential stability of discrete time filters for
bounded observation noise. Atar [1] considered one dimensional nonlinear filtering
with linear observations in a noncompact domain. Recently, Van Handel [14] partially
solved Kunita’s problem by checking Von Weizsdacker’s conditions for exchange of
intersection and supremum of o—fields.

Another problem in the filtering theory is numerical methods for solving optimal
filter. Even though, the filtering problem has been studied in the literature
extensively, there are only a few cases which have explicit solutions. Therefore, to
solve the filtering problems, we have to resort to numerical approximations.

An efficient way is to use random particle systems to approximate the filtering
problem numerically. Such approximation of the optimal filter was studied in heuristic
schemes in the beginning of the 1990s by Gordon et al [28], Kitagawa [18], Carvalho
et al [13]. The rigorous proof of the convergence results for the particle filter were
published in 1996 by Del Moral [23], and indepently, by Crisan and Lyons [8] in 1997.

Since then, many improvements have been made, e.g. Crisan et al [5] [11] [6] [10], Del

4



Moral and Miclo [26]. There is one thing is common in these methods: the number of
particles doesn’t change along the time line. So it always require a lot on computation
ability.

A different type of particle system is introduced by Crisan and Xiong in [9] and a
central-limit-type theorem was proved. In [9], Crisan and Xiong studied a branching
particle system to solve the continuous time filtering problem. In their construction,
particles move according to the law of the signal, conditionally (given the observation)
independent of each other, in a small time interval whose length tends to 0 while the
initial number of particles tends to co. At the end of each time interval, the particles
die and give birth to random numbers of offsprings. The offsprings move from the
positions of their mothers with weight 1. The expected numbers of offsprings are
the weight of the corresponding particles decided according to the paths during the
period prior to that time step. In this setting, the number of offsprings decreases
to a small number with a large probability. Therefore, the approximation is easy to
calculate after the long time period.

Uniform convergence of particle filter with fixed number of particles was first
studied by Del Moral and Guionnet in [25]. It was also studied by some other authors
(e.g. Crisan and Heine [7], Del Moral [24]) for discrete time filters. In [9], since the
numbers of offsprings are random numbers at each time step, the proof of uniform
convergence is not trivial. In fact, as mentioned above, the number of particles is
more likely small number after a long time. From the reference above, we see that
at the discrete-time setting, there is a close connection between the stability of the
filter and the uniform convergence of its (particle) approximation. We will study
the uniform convergence of the particle filter defined by the particle system under
the some stability condition. In [22], a scheme without integration in weights of the

particles is defined. The uniform convergence is also proved for this case.



1.3 The filtering model with Poisson observations

Zeng [35] proposes a general Filtering Micromovement model for asset price (FM
model, as we simply call it), where the sample characteristics of micro- and macro-
movements are tied in a consistent manner. FEconomically, the proposed model
has the structure similar to a class of time series structural models developed in
many early market microstructure papers (see [15], a survey paper on this topic,
and [16]). Namely, price can be decomposed as a permanent component and a
transient component. The permanent component has a long-term impact on price
while the transient component has only a short-term impact. In FM model, there is an
unobservable intrinsic value process for an asset, which corresponds to the usual price
process in the option pricing literature and in the empirical econometric literature of
macro-movement. The intrinsic value process is the permanent component and has
a long-term impact on price. Prices are observed only at random trading times
which are modeled by a conditional Poisson process. Moreover, prices are distorted
observations of the intrinsic value process at the trading times and trading (or market
microstructure) noise is explicitly modeled. It is the transient component and only
has short-term impact (when a trade happens) on price.

The most prominent feature of FM model is that trade-by-trade prices are viewed
as a collection of counting processes of price level and the model is framed as a filtering
problem with counting process observations. Then, the unnormalized and normalized
filtering equations, which correspond to Duncan-Mortensen-Zakai, and Kushner-
Stratonovich or Fujisaki-Kallianpur-Kunita equations in classical nonlinear filtering,
are derived by [35]. These equations characterize the evaluation of the integrated
likelihoods and the conditional distribution of the intrinsic value process (the signal).
The Markov chain approximation method is applied to numerically solve the filtering
equations. Then Bayes estimation via filtering for the intrinsic value process and the
related parameters in the model is developed in [35]. Bayesian hypothesis testing or

model selection via filtering for this class of models is developed in [19]. Furthermore,



a risk minimization hedging strategy for a FM model is considered in [21], and a
mean-variance portfolio selection for a FM model is studied in [34].

The short interest rate process could be modeled by an asymptotically stationary
process, e.g. the Vasicek model and the Cox-Ingersoll-Ross model. For short interest
rate process, the stationary assumption is natural and there are ultra-high frequency
data for short interest rate, too.

The underlining intrinsic process X (¢) is modeled by an asymptotically stationary
diffusion process. The observation process Y (¢) is a counting process and it describes
the numbers of trades at each price level. The filtering problem is established
the same as in [35]. We will study the stability of the filtering with counting
process observations and numerical method for approximation. The following is the
mathematical model:

X (t), the intrinsic interest rate process follows a diffusion process:
dX(t) = p(X(#)) + o (X(1))dB(1),

where B(t) is a standard Brownian motion. The generator associated with X is

1 o0 f af
Lf(z) = =0%(2) =5 (z) + p(z)==(z).
f(2) = 502 @) = (@) + p@) oL @)
The intrinsic rate process can only be partially observed through the price process, Y.
Due to price discreteness, Y is in a discrete state space given by the multiples of tick,
the minimum price variation set by trading regulation. Y is a distorted observation
of X at some random times. We view the transaction prices in the levels of price due

to price discreteness. That is, we view the prices as a collection of counting processes



in the following form:

Y(t) = ' , (1.4)

Nl fy MulX(5))ds)

where Y (t) = Nk(fg (X (s),8)ds), k =1,2,...,w, is the counting process recording
the cumulative number of trades that have corrupted at the kth price level (denoted
by yx) up to time t. The stability of the filter is studied and the exponential stability
is derived. A branching particle filter is introduced by J. Xiong and Y. Zeng in
[34] and the convergence on the finite time interval is proved. We prove the uniform

convergence on the whole time line for a diffusion intrinsic process with linear growth.



1.4 Notational conventions

Many of our notational conventions are outlined in the following table.

Notation

Meaning

(Qv‘F?PwFt)
Rd

log x

stochastic basis

d-dimensional vector space over R

hyperbolic tangent function of x

the space of all nonnegative-definite symmetric d x dmatrices
all positive real numbers

the space of all continuous mappings from R, to R?

the collection of all the Borel sets in R?

the space of finite measures on R?

the space of probability measures on R?

total variation metric on P(R?)

the collection of all bounded continuous mappings on R?
with bounded partial derivatives up to order k

the collection of all functions on R? with generalized partial
derivatives up to order k with both the functions and all its
partial derivatives being p-integrable

natural logarithm of z



Chapter 2

Nonlinear filtering model with

Brownian motion

2.1 Stability of the filtering

As mentioned in chapter 1, the exponential stability has been studied a lot. In this
section, some assumptions are stated and they are used in the proof the uniform
convergence of the numerical method in the next section. Furthermore, two examples

are presented for the assumptions check.

2.1.1 Assumptions

First, let’s recall our model. The signal process X; follows
dXt = b(Xt)dt + C(Xt)th + U(Xt)dBt,
and observation process Y; is given by

t
n—/m&m+m.
0

10



Therefore,
dW; = dY; — h(X;)dt.
Rewrite the SDE for signal process X;, we have
dX; = (b(Xy) — c(Xp)h)Xy)) dt + e(Xy)dY: + o(X:)dBs.

The following assumptions are made on the parameters in the above model.

Assumption 2.1.1. The mappings o,b,c, h are in CF(R, X) with k = [g] +2and X
being R4 R4 R>*™ gnd R™.

let K be the uniform bound of functions mentioned above. Since h is bounded,

Mt = e (= [meo.amy -1 [ ecpe)

=em(A%%&mm—§AWm&W@)

is a martingale. Let P be the measure on €2 that is absolutely continuous with respect

to P and the Radon-Nickodym derivative on (€2, F;) is

dP .
@ Fi - Mt .
Then,
(Vi, ) = E(M.f (X,)|Gy),
and
(Vi )
<7Tt7f> - <V;, 1>

where f € Cy(RY).



The followings two theorems are two main equations in filtering theory. The first

one is a linear equation of unnormalized filter V.

Theorem 2.1.1. (Zakai’s equation) The unnormalized filter V, satisfies the

following stochastic differential equation:

Vi f) = (Voo f) + /0 (Vi Lf) ds + /0 (Vi V' f 4+ f17) dY,s, (2.1)

where

d d
Lf= % Z a;; 05 f + Zbiaif

ij=1

is the generator of the signal process, and the d x d matriz a = (a;;) is given by

a=cc*+oo*.

We define the innovation process v; by
th = d}/t — <7Tt7 h> dt. (22)
Then, for t > s, we have
t
E(4|G,) = E (Y; — / (7, h) dr|gs)

0

t

= E (Y;_Yts_/ <7Trah> dr|gs) + Vs

_E (Wt W — /Ot (h(X,) = (m, 1)) dr|gs> +u,

- / E (h(X,) — E(h(X,)[G.)[G.) + v
= V. (2.3)

As Y; is Brownian motion under P, its quadratic variation is given by

<Yi,Yj>t == (Sijt, ’L,j = 1, ...,d,

12



where

1 ifi=j

0 ifij.

5ij -

Since the quadratic variation of the second term in (2.2) is 0, we get
(FA), = (V1 Y9), = bt ij=1,..d

Therefore v, is a G;-Brownian motion under the probability measure P.

Theorem 2.1.2. (Kushner-FKK equation) The optimal filter m; satisfies the
following stochastic differential equation: for all f € CZ(RY),

(70, f) = (o f) + / (o, L) ds + / (70, V° F - 1)) — (o, f) (s ) . (2.4)

Let Mp(R?) be the collection of all finite Borel measures on R? Denote by
dry (-, -) the total variation distance on Mp(R?). For any pu,v € Mp(R?), dry (i, v)

is defined as following:

drv(p,v) = sup [{u, ) = (v, f)] (2.5)

I flI<1
The exponential stability assumption for the optimal filter is made as following;:

Assumption 2.1.2. The filter is stable in the following sense: There exist constants
C >0 and p € (0,1) such that Ve > 0, whenever Edpy (mo, 7o) < €, there exists T > 0

such that when t > T, we have
Edry (m, 7)) < Cg(t)Edry(mo, o),

where m, and T, are the optimal filters with initial 7y and Ty, respectively and g(+) is

a function on R which satisfies Y .~ g(n) < oo.

13



2.1.2 Examples

In this section, we state two examples that satisfy the assumption 2.1.2. First example

is the Kalman-Bucy filtering. The filtering model whose signal is given by
dX; = bXdt + cdW; + od By (2.6)
and the observation process is
dY, = hX,dt + dW, (2.7)

where X, is a d—dimensional normal random vector with mean Xo € R? and
covariance matrix 79 € R%, the space of the all non-negative-definite symmetric
d x d—matrices, (W, By) is an m + d-dimensional Brownian motion, the coefficients

b, c, o, h are matrices of dimensions d X d,d x m,d x d and m X d, respectively.

Theorem 2.1.3. Foranyt > 0 andw € Q) being fized, m;(w) is a multivariate normal

probability measure on RY.

Proof. Let Dy = {0 = s¥ < -+ < s = t} be an increasing sequence of sets
whose union is dense in [0,¢]. Since (X, Y;) is a Gaussian process, the conditional
distribution ¥ = P(X; € ‘|Y,,s € Dy) is normal with conditional mean XtN
and conditional covariance matrix 7{. We now consider the characteristic function

corresponding to 7¥. For A € R?, we define

on()) = / VTN ()
R’i
= E (ei’\*XtIY;, s € DN) .

Note that for A € R? fixed, {¢ny(\) : N > 1} is a martingale. By martingale

convergence theorem (see Theorem 27.3 in [17]), we have

lim ¢n(A) = doo(A) a.s.

N—o0

14



Since the characteristic function of a multivariate normal distribution 7" is given by

A 1
on(A) = exp <)\*XtN — 5/\*75\[)\) ,

we have the convergence of va and ¥ as N — co. Denote the limits by X, and ,,

respectively. Then

. 1
Poo(N) = exp <)\*Xt - 5)\*’%)\) .

Thus, m;(w) is a multivariate normal distribution on R?. O

Let X, = E(X¢|G:) and v = E((X; — Xt)(Xt — Xt)*) Then X, and ~; satisfy the

following equations:

dX, = (b— ch — ~yh*h) X,dt + (¢ + v,h*)dY,, (2.8)
and

Yt = (b —ch) 4+ (b —ch)y + 00 — vch*hye. (2.9)

For any z € R? and R € R‘i, we define the d—dimensional stochastic process Z;

and R%-valued function P, by

dZ; = (b— ch — Ph*h) Zydt + (c + Ph*)dY, 210

ZO =z,
and

P, = Py(b—ch) + (b— ch)P, + 0*c — P,h*hP,
(2.11)

Py = R.

15



Note that for z = X, and R = Yo, we have Z; = X, and P, = Y. Thus (Z;, P,)
can be regarded as the linear filter with ”incorrect” initial.

First, we define the asymptotically stable matrix.

Definition 2.1.1. Let A be a d x d— matriz, A is asymptotically stable if all its

eigenvalues have negative real parts.
We make the following assumption on the coefficients of the system.

Assumption 2.1.3. There exists a matriz vy € R% such that
ool — ch)* + (b= ch) oo + 00 — Ak B = 0,

and b — ch — voh*h is asymptotically stable.

Let
0 < Ao < inf{—ReX : X is an eigenvalue of b — ch — y,h™h}.

Note that

— (P =) = (b —ch — %(Pt - %o)hh*> (Pt = 7o)

4 ((b—ch— %(Pt—%o)hh*))*.

Thus, there exists a constant K; such that
| Py — Yool < Ki|R —ole™". (2.12)
Similarly, we have

|P,— v < K2|R—’Vo\€7/\0t7 (2.13)

16



and
Yoo — | < K3|R —7ole™™". (2.14)

By (2.8) and (2.10), we get

A

d( Xy —2Z;) = {(b — ch —yh™h) (X - Zt) + (Voo — %)h*hXt
(a0 — Pt)h*th}dt + (% — P)h*ady;.

Applying Ito’s formula, we have

(0 -zt
= e (bmchrechTh)t {(’Yoo - ’Vt)h*hXt + (Yoo — Pt)h*hzt}

_ 6—(b—ch—'yooh*h)t(% _ Pt)h*dY;.
Then,

ElXt - Zt’2 S 3‘)20 — Z|2|€2(b_5h_’Yooh*h)t|

t
—|—6tE/ |62(b—ch—~/o<,h*h)(t—s)|h/Oo . %||h*h|2|X5|2ds
0

t
+6tE/ ‘62(bfch7%oh*h)(t—s)||,yoo . Ps||h*h|2|Zs’2dS
0

2

t
+3E / Ol () — PR dY,
0

(2.15)

17



By (2.7)and (2.13), we have

2

t
E / e(bfchf'yooh*h)(tfs) (71& o Pt)h*d}/;\
0

IN

t
QE/ 2(b—ch—~ooh*h)(t— )l(’}/t —Pt)|2|h*|2d8
0

IN

t
QﬂE/ 62(b_0h_%°h*h)(t_s)‘(’yt . Pt)‘th*h‘2|X5’2dS
0

IN

t
K4|R . 70'2 / 6—2>\0(t—s)6—2)\05d8
0

= K4|R - ’70|2t672)\0t (2].6)
Combining (2.14), (2.12) (2.16) and (2.15), we get
ElX, - Z* < K; (yf(o — 2+ |R—70|2) e~ 2ot (2.17)

Proposition 2.1. Under assumption 2.1.3 , the optimal filter for the model (2.6-2.7)

1s exponential stable in the following sense:
Edry (my, 7)) < Kdpy (mo, To)e 20!

Proof. Let ¢(u) be the probability density function of the d-dimensional standard

normal random vector. Then, for f € Cy(R?) with || f|ls < 1, we have

[ t@mtin) - [ f@mid

— ‘/Rd (X + ) d(u)du — /d f(Zi + / Pau)(u)du

< K- Z)+ i - ¢m/hw
< |X:— Z| + VdlyA — VB

18



By the definition of d(-, -) discussion above, we have

dry (e, Tt)
|Xt—Zt\+\/E|\/%— V B
< Kie VY Xy — Zo| + V| — VP)).

IA

Note that the convergence in distribution is equivalent to the convergences of mean
and variance for normal random variable. Therefore, for Ve > 0, when drv (g, 7o) < €,

we have
| Xo — Zo| + Vd|\/Ao — VPo| < Kadpy (o, o).
Hence
Edpy (mp, ) < Ksdpy (m, To)e /220,

O

Next we consider a nonlinear filtering in one dimension. The model for the state

and observation processes is as follows:

dY; = Xydt + Ny2dW,, Y, € R, Yy =0. (2.19)

Here (By)i>o and (Wy)i>o are independent standard Browian motions.

Assumption 2.1.4. The function V(z) = f'(x) + f?(x) is twice continuously

differentiable with a bounded second derivative.

19



Assumption 2.1.5. There exists an initial density p, such that under PP, X, is

stationary and ergodic.

Assumption 2.1.6. For some t > 0, the marginal law of X; under P is absolutely

continuous with respect to that under PP.
Assumption 2.1.7. One has that EF" X? < co.
Examine the proof of the Theorem 1 in [1], it’s easy to get the following:

Proposition 2.2. Under assumptions 2.1.4, 2.1.5 and 2.1.6, there exist nonrandom
constants C', C7 and Cy, independent of Ny and of the initial distributions my and 7,

such that P — a.s.,
]EdTv(’/Tt, ﬁt) S CE(dTv(Wo, ﬁo)) exp {(Cl log Ng -+ 02) t} . (220)

As a consequence, the optimal filter is exponential stable when Ny is small enough.

Proof. Let pp(+,-) be Hilbert metric on Mz(R?) (see definition on page 6 of [12]). By
Corollary 1 in [1] and Lemma 3.4 in [12], for n — 1 <t < n, we have
- pu(m, Te)

dry(m, ) < Kdry(mo, T T
v (Te, ) v (7o O)th(ﬂ'k_hﬂ'k—l)

Let 7 be an linear operator on M g(R?), that possesses a kernel T'(-,-). By Lemma
10.31 in [33], we have

H(T)
T

{ph(T,ua TV)
sup § ——————~

(0 < pr(p,v) < oo} = tanh
P, v)

— T(a:,y)T(a:’,y’) o o — —
where H(T) = log eSSSUPT, Ty With convention 0/0 =1 and 1/0 = oo. The
supremum above is strict over x, 2’ € R?, and is essential over v,y € R? with respect
to the distribution at the beginning of each time interval.

To obtain the exponential decay, it’s sufficient to show the boundness of the kernel

in the time interval [0, 1] which is proved in [1]. O
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2.2 Numerical method

2.2.1 Branching particle system

In this section, we introduce the branching particle system and the particle filter
studied by Crisan and Xiong [9]. The main idea of using branching mechanism is to
reduce the variance of the weight of the particles in the system. We divide the time
interval into small subintervals, and the weight for each particle is restarted at every
partition time.

Now we proceed to defining the branching particle system. Initially, there are
n particles of weight 1 each at locations z7,7 = 1,2,...,n, satisfying the following

condition:

Assumption 2.2.1. The initial positions {x' : i = 1,2,....n} of the particles are

i.i.d. random vectors in R with the common distribution my € P(R?).

Let § =0, =n"2*0<a<1. Forj=0,1,2,.., there are m’ number of particles
alive at time ¢ = j9. Note that m{ = n.
During the time interval [, (j+1)d), the particles move according to the following

diffusions: For ¢ =1,2,...,m7,

t t

b(X1)ds +/ c(XHdY, (2.21)

t
X = ;ﬁ/ a(X;')dB;'+/
j .

J 7o

where b = b — ch.

At the end of the interval, the ith particle ( = 1,2, ..., m}) branches (conditionally
independent of others with F{;1)s given) into a random number 5} 1 of offsprings such
that the conditional expectation and the conditional variance given the information

prior to the branching satisfy

E(& | Fyeyse) = M (X7,
and
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VGTP(5;+1|]:(J'+1)57) = ”Y;L+1(Xi)>

where 77, (X*) is arbitrary,

. M? (X
(00 = )
iy 1 M (X
and
4 Gros 1 [U+Ds -
M (X) = exp /6 n(XHaY; - /5 Ih(X) Pt (2.22)

J J

To minimize v}, (X*), we take

[M;Zrl(Xi)] with probability 1 — { ]H( 91,

§+1 - ‘
[MJ”H(XZ)] + 1 with probability { jH(XZ)}

where {z} = = — [z] is the fraction of z, and [z] is the largest integer that is not

greater that x. In this case, we have

Y (X = (M7 (X H(L = {M7, (X)),

Now we define the approximate filter as follows:

:_Z P (XS0, o <t < (5 +1)0,

]zl

where

t
M} (X', t) = exp (/ h*(XH)dY, — / |h(XD)| ds) (2.23)
J

)

and
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Mp(X' 1)
L Y M (XL )

MIMXt) =

Namely, the ith particle has a time-dependent weight M ]”(X ©'t). At the end of the
interval, i.e. ¢t = (j + 1)d, this particle dies and gives birth to a random number
of offsprings, whose conditional expectation is equal to the pre-death weight of the
particle. The new particles start from their mother’s position with weight 1 each.
The process 7' is called the hybrid filter since it involves a branching particle
system and the empirical measure of these weighted particles.
To show the uniform convergence, we also define the approximation for the

unnormalized filter V;* as following: For kd <t < (k + 1)d,

Vit = E"?k ZMk+1(X 7t)5xg’7

=1

where

mn

M = i ZM"
]

We state the following lemmas whose proof can be found in [33].

Lemma 2.2.1. Let ¢ € CF(RY)NWE(RY) and 1) is a solution of the following backward
SPDE:

dipy = —Lapyds — (V*ihse + h*1h,) dY,
wt = ¢7

(2.24)

where d denotes the backward Ito integral. Than, for every t > 0, we have

wt(Xt)Mt_wO(XO)_/O M \V*s0(Xs)dBs, a.s.
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Lemma 2.2.2. There exist constants K and K’ such that for any i = 1,2,...,m}, we

have
E((M](X",8))|Fjs V Fs i) S €% j6<s < (j+1)0
and
E(|My (X7) = 1P| Fj) < K6,
where ]:96(g+1 s = 0{Bl — Bjs : jo < s < (j+1)0} is the o-filed generated by the

increments of B} in t € [j0, (7 + 1)9)].

Lemma 2.2.3. There exists a constant K" such that for any 7 > 0 and i =

L,2,...,m}, we have

i 77]+1
i (%mx )y

J

j6> < K"V5.

Remark 2.3. In [22], another branching particle filter is defined to avoid the
stochastic integral in (4.1) and (4.2). We describe it for the convenience of the reader.
Let m7 be the number of particles at time jé. During the time interval [jd, (j+1)6),

the particles move according to the following equation:
X} = Xl B(XLp)(t = 8) + e(Xip) (Y = Yis) + 0 (Xip) (Bl = Bly), i =1, .o

At the end of the interval, the ith particle (i = 1, ...,m}‘) branches into a random
number §;+1 of off-springs such that the conditional expectation and the conditional

variance are given by:
E(£;+1|~F(j+1)6 ) M]TLH(Xi)a
and

Var' (€l Fgns-) = 7 (X) = (L (X} (1= (M (X)),
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where

Mn (Xz) _ Mjn+1(Xi)
e S My (X

1
and

M (X = exp (°(X0) Yigans = Vi) — 5 (X5
The branching particle filter is defined by

1 &
= 25)9%’ jo<t<(j+1)0. (2.25)

Similar convergence result can be proved for this branching filter by using the idea

which will be given in the next section.

2.2.2 Uniform convergence

Define the distance on Mp(R?) by
dp,v) =Y 27 ([ {n—v, f) A1), Yu,v e Mp(RY), (2.26)
=0

where fo = 1 and for i > 1, f; € CFT2(RY) U WFT2(R?) with || fillx12.00 < 1 and also

| fille+2,2 < 1, where k = [4] + 2 is given in assumption 2.1.1.

Theorem 2.2.1. Under assumptions 2.1.1, 2.1.2 and 2.2.1, the branching particle

filter uniformly converges to the optimal filter in the following sense:

lim sup Ed(m, 7}') = 0. (2.27)
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Remark 2.4. Note that many exponential stability results are proved in compact state
space case. Similar convergence results hold true and our proof can also be applied to

them.

Let p(t,z, A) be the transition probability of the Markov process X;. There exists
a probability measure P, , on C(R,R?) such that for t > s and A € B(RY),

P, (& € A|.7-"§) =p(t—s,2,A4), Ps,—a.s.,

and

Ps,x(fu:$70§u§3):1

where & is the co-ordinate process on C(R,,R?), i.e. &(0) = 0, for all § € C(R,,R?).
Then ) is the initial distribution of X; and € C(R,, R™). We define an M p(R%)-
valued process I's;(\) and a P(R?)-valued process A, () on C'(Ry,R™) as

Ty = [ [ @O0 PN @),
and

<Fs,t(/\) (77)7 f>

At = 10 ") 1)

where gy (0,7) = exp (f; h(&.(0))*dBu(n) — 3 [} |h<su<9>>|2du) and f3,(n) = 7, is the
co-ordinate process on C'(R,, R™).

Let Agsk1)5(A)(Y) be the optimal filter at time (k 4 1)d using the observation
o(Yy, ké <t < (k+ 1)) starting with \ at time k5. We define the following P(R%)-

valued processes, for j < k

Tisks = Njss(Mj5)(Y) = Ag—1)sps © - 0 Njs 1) (m55) (Y),
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The following is our strategy of the proof. For kd <t < (k + 1)d, we estimate the
distance between m; and 7}* by the sum of three distances: d(mys, m¢), d(mks, 7)) and
d(mys, ) through the triangle inequality. To estimate the distance of ms and 7},
we bound it by a sum of k£ distances. Each term in the sum is the distance of two
filters at the same time with different initials which are not far away from each other.

Namely, for k§ <t < (k+ 1)d, we have

d(me, 7)< d(me, mhs) + d(mhs, mrs) + d(mps, 7))
k-1
< d(me, Trs) + Z A(Ti5 k5> Ti1y6.86) T ATrs, T1') (2.28)
=0

Remark 2.5. Note that, in the definition (2.25), m} = w5 for kd < t < (k + 1)J.
Then the third of (2.28) vanishes for the filter studied by [22].

We start with the estimate of the first term on the right side of (2.28).

Lemma 2.2.4. There exists a constant K such that
Ed(ﬂ't,ﬂ'k(;) S Kl\/g

Proof. Since m; satisfies Kushner-FKK equation, we have, for f; € CF*(R?) N
Wy (RY),

1= (s ) — (s, f2) = / (me, Lfi) ds+ / (s 7 fi+ ") — (e, £3) (e ),

0 ko

Then

E(I7) < 35E/t <7TS7Lfi>2dS+3E/t(<7TS7V*fiC+fih*> — (ms, fi) (ms, h7))?ds
ké ké

< Kyl
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Thus

Ed(m, mrs) < Y 27/ Kz = 2/ K. (2.29)
=0

We now estimate the third term on the right side of (2.28).

Lemma 2.2.5. There exists a constant K5 such that
Ed(xl, 7%) < K3V

Proof. Let f € CFP2(RY) NWET2(R?) with || f|lss2.00 < 1. By the definition of 7, we

have
T . TR .
(= mis D = | DMK = — > f(Xiy)

k=1 k=1
T . . . ,

= | IO 0 £ = 70X + () - 1(Xis)

i=1

T . A 1k . }

< D IMIXLOF(X) = FXDI+ 2 D () = F(Xi)]
k=1 k=1

- k

1 i 1 i i
KE— > " |M(X' 1) = 1]+ K— Y " |X{ — X,
my 7 My =

By the proof of Lemma 3.1 in [9], we have

t
N (XE ) = 1 +/ N (XF, ) (W (XT) — B)(dY, — ha)ds,
ko

where h, = ”%Z Zzzl M}L(Xi> $)h(X7).
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Since h(X) < K and S M (X', s) = m?, we have |hy| < K. Thus,

E|M™ (X, )[?

By Gronwall’s inequality,

Then

On the other hand,

E|X; — Xil*

IN

IN

IN

IN

IN

IN

IN

3+ 3K

t
+351@:/ |M™(XT, s)(h*(XT) — hY)hs|?ds
ké
t
3436 / M (X, )2 (R (XE) — B)2ds
jé
t
+35E/ |M™(X?,s)(h* (X)) — hY)h|?ds
ko

t
3+ K/ EM™(X?, s)2dr.
jé

E|M™(X't)]> < K.

E| [ MM(X?,s)(h*(XT) — B (Y, — hyds)
) két ~ | | ) ,
28] [ W) (1 (X)) - B)a,
ko

At~ . . o 2
+2E‘ M(XE s) (R (XE) — h;‘)hsds‘
ké
t
o / NI (X, $)2(h*(X7) — *)2ds
ké
t

+20E [ M™MX',s)2(h (X)) — hY)2h3ds
ko
K;50.

t

t t
E|/ b(X;’)ds+/ c(X;)dY;+/ o(XHdB!?
Jo jo j

3o

o , , _ 2
/ N, ) (b (XT) — Rt)ay,
s

(2.30)

t t t

35]E/ \b(X§)|2ds+3E/ \c(X;)|2ds+E/ lo(X?)|*ds
jo 3o 3o

Kg0.
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Therefore,

n

. L1 L , ) ,
E (r — w5, £)° < KE—mnE E(|M™(X", ) = 11 + [ X} — Xis|*| Frs)
S

IN

K79.

Let

Ms,tzexp(/ W (X dY——/ (X st
Then
EMZ, = Eexp (2/ h*(X,)dY, — /|h yds
= ]Eexp( 2h* dY——/ 12h(X 2ds exp /|2h
< e, (2.32)
By Cauchy-Schwarz inequality, we have
Ed(r}',mi) = E(d(r}, mis) Mis,)
< (Bd(my,mis)?) 2 (EMEs,) 2
< Q2 Eay i, 1)) EME )

< K3Ve.

]

To estimate d(j; 5, T(; 4 1)515) I (2.28), we will use the stability assumption. Note

that, 77; .5 is the optimal filter at time kd starting at time (j + 1)0 with measure

s (+1)5" Similarly, 7T 1)0,k0 is the optimal filter at the same time but with initial
T(j41)s ab the initial time (j + 1)d. For any j € N, we have
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Lemma 2.2.6. There exists a constant Kg such that
Ed(mjs 16 Tr415) < Ko

Proof. Note that =
70. Let V.

have the same initial distribution 77 at time

)5 and 7r 1)

35(J+1

5 G4y and V(j )5 be the unnormalized optimal filter and unnormalized
particle filter, respectively, with the same initial distribution 7j;. Note that for ¢

bounded by 1, we have

!<W%Hm—wﬁmﬂ>h)<W%Hﬁ—wﬁmw>
<Vj§,(j+1)5, 1> <Vj7<§,(j+1)5’ 1>

‘< 36,415 W@+1)5’¢>’§

As
dlog (VJ5,, 1) = (w5, h*) dY, — |<7r;?5,t,h*>|2dt, jo<t<(j+1)6

we have

1 Gtns - o
(Vs 36,(j+1)8> > = (Vi5:1) exp|— . (s h7) dYe + 2 /s [ (o0 1) [Pt
J J

Then
2
N <V(j+1)6_vjé,(j+1)5’¢>
i |
(Viigrs1)
X <VT.L s — Vi 5,¢>> (G+1)8 (G+1)o
o VB~ Vi 2/ (mﬁﬂMQ+/ [ (e, ) [2dt
(Vi3 1) 3 7
Vs = Ve 0) 2
- ki G+1)s — Vi (Gi+1) ’ (2.33)
< jor >
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where f € CF2(R%) N W5 T2(RY) is any test function. Now we show

2

g (Vs = Voo 8)

<J<5’>

( < K6'2, (2.34)

Then, by corollary 6.22 in [33], we get

<V(?+1>6’ ¢> N <Vj% (G+1)8° ¢>
(V5. 1)
<‘/(?+1)6’¢J'+1 > v 5a%5>
(Vs 1)
<V<?+1>6 Pu+ns > B E( <V<?+1>aa ¢<j+1>6> ‘f<j+1>6—)
(Vs 1)
E(<V(7f+1)57¢(j+1 > (+1)5— ) (Vi ¥is)
(Vs 1)

+ (2.35)

By the definition of V", we have

<V(?+1)5a ¢(j+1)5> -k <<V(?+1 8 ¢(j+1)5> ‘f(jﬂ)é*)
< jé» >

77J+1 Zz 1¢( (J+1 )( j+1 M;n+1(Xi))

‘773
n 1 & i n i
= —57“ N (X ) €y — ML (X)
J j i=1

Ji.

Note that

’Y;H(X) < | g+1(Xi> - 1|-
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By (4.15), we have

By (X)) Fis) < E(IM]4(XY) — 1)|F)
< KoVs.

It follows from the independent increment property of Y that

E(& — MM(XY)|Fis= V Gy) = E(& — MP(X")|Fjs-) = 0.

2

A

E(J}) = E

. ) Zw(X(J”rl)J)(ngrl - Mj+1(X )
KERL Rt

s i i rn i Nj+1
= BB | 150Xl § = (X)) | 1Fgens- VG | (L)

1
m
i=1 J

<3

n
m;

" 1 i n ing T+l
= E—x Z¢2(X(j+1)a)7j+1(X ) Z; )?
J 1 J

J

ny2 E <¢2(ng+1)6)7?+1(Xi)(n;+ >2|‘7:J'5) :

By Lemma (2.2.3) and note that m} > 1, we can continue the above estimate with

E(J7)

IN

~ 1
K”||¢(j+1)5||(2),ooEm\/g

J

< KioVo. (2.36)
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On the other hand,

E(<V(?+1)571/’(j+1)6> [ Fl+1)0-) < 6=¢35>

<ng, 1)
B 77]+1 Zz 1 w( (j+1)6 )Mjn+1(Xi) - %"b’ 211]1 ¢<X]Z:6)
_77]

- Z X{1s) M (X7) = (X))

=1

1 " (§+1)6 ) )
- Ly / M? (X', 5)V*1,0(X)dB!
m” -
j =1 YJ6

Ja.

mm

Note that

=

(+1)8 . . .
/] M (X, )V 4h,0(X1)dB:

j&

55‘6) =0

Thus, we have

R . 1 J+1)é ) )
BlAP = B / MP(X, 8% V4o (X0) Pds
j J

2
i 6
. mj +1)6
i 2 * 7\ |2
=k ZZ ) X 8)* [V s (X sl Fis V Fis 1)
i=1"YJ
A m? ‘7+1 /\
i 2 3
- E )2 Z 5 X', 8)°[ Fjs v}?é,(ﬁl)é)
i=1 "7

B (\v*wsamr 1BV Fis o) ds)
s (2.37)

IN

where the last inequality follows from # < 1 and the boundness of E(|V*¢S|2|ﬂ5)

which is showed on page 146 in [33].
Combine(2.35), (2.36) and (2.37), we prove (4.37). By (4.37) and (4.37), we have
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~

Ed(7s (115 7T@‘+1)5)2 < KpV/o.

Then by (4.17), we have

IN

IAE(GZ(W?(S (j+1)6> 7T6‘+1)5)Mj6,(j+1)5>

< (Bd(s e 7o) )P (EMs 11ys)*)
(2[(12\/5)1/261(6

Kgo'/™.

]Ed(ﬂgné,(jﬂ)av W@H)é)

IN A

IN

In fact, we can prove a stronger result for total variation distance as following;:

Lemma 2.2.7.

hm ]EdTV( ]5 J+1)57 7T(j+1) ) O (238)

Proof. For continuous f bounded by 1, we have

K 78,(j+1)8 6’+1)6=f>| < ‘<7T§L6,(j+1)67f>_<7rj6= >’+|< J5’f> < g+15=f>|

Similarly to lemma 2.2.7, by using Kushner-FKK equation, we have

E ’<7T§L6,(j+1)57f> - <7T;~15, f>’ < K§'/?

On the other hand,

SO )| (v )|

B (w5, £) = (mfyne 1| < vany Vi 1)
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Now we show

N VG5 = Visgrne
<(JH kAR >) — 00, asn — 0o. (2.39)
< Jér >
By the definition of V", we have
i <V(?+15>f>_< j%’f>‘
< 3o >
s (f(X(ZH) JMP (X) = F(X)) |
— o
N 1 e )
< E o (‘f (+1)8 Mjn+1(Xz)_f(X(j+l ‘+|f J+1) f( ;§)|)
J i=1
” 1 & n z
= B — > B (| ) O (X)) = ]+ (X ) = S| | Fis)
J i=1
1 & 1 1O ;
< B o SR (M 00 =1l [7s) + 1 B (17 (XK) = ) |7s)
< e(9),

where the last inequality is from Lemma 8.6 in [33], (2.21) and the continuity of f,

and e(0) approaches 0 as d tends to 0.

Then by (4.17), we have

IN

Edry (55 4106 T(541)s)

IN

Let ¢ tend to 0, we have (2.2.7).

E(dTV (7T

35,6405 T(541)8) M, (14+1)6)
(EdTV(W;LcS,(j—i-l)é? 776’+1)5)2)1/2(EMjé,(j+1)6)2)l/2

(KV0 + e(8))Y/2ef?
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By assumption 2.1.2 and lemma 2.2.7, choose large n such that Kgd'/* < € and
when (k — (j+1))0 > T, we have

Ed(’f(—?&k(g, 7TELj+1)57k5) < EdTV( T8,k (]+1)5,k6)
< OB T Rdry (775 14108 T(i41)0)
< K'BRITD(KVG + e(6))?

Now we are ready to prove the main theorem.

Proof of Theorem 3.1. By lemma 2.2.6, We have

lim Ed(77s j11)8 T(i41)5) = hm Kgn®? =0

n—oo

For any ¢t > 0, let k be such that k6 <t < (k+ 1)d. Then

Ed(m, m)")
k—1
< Ed(m, Ths —HEZd Tis ks> z+1)5k5)+Ed(7Tk5a7Tt)
1=0
k-1 k—jo
< Ed(m, ms) + E Z A5 g T z+1)6k:5 +EZd i ko (z—l—l)éké)
i=k—jo+1 =0
+Ed(7rk6>7rt)
k—1
< KiV6+E Z AT 35 k> T (i 1)5.08) +EZdTV Tis ko T (z+1)6k6>+K3\/5
i=k—jo+1 =0
k—1
< KWVO+E D dlmh s i) + KoKV +e(8))? + K3vs (2,40
i=k—jo+1

where jo is the smallest integer such that (kK — (j + 1))d > T, and the last inequality
follows Y 07, B* < o0.
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By Zakai’s equation, for any ¢ > 0 and f € CF(R?) U W§(R?), we have

[(me — 7, ) W — 7, 1)
Vol) ()

(Vo= Vos £ Jy (Ve = Vo L) ds + fy (V= Vo, V°f 4 JR7) aY,
B Vi, 1)
(Vo = Vo, 1) + Jy (Ve = Voo 7 ay,

! Vi)

|<7Tt—77rt7f>| S

Then by Gronwall’s inequality, for any ¢t bounded, we have

Ed(m, 7,) < Kd(mo, 7o) (2.41)

Therefore, by lemma (2.2.6), we get

k—1 k—1
E Z d(”ﬁs,ksaﬂaﬂ)&,ks) < Z KEd(WZS,(Hl)(sv7T8+1)5,(¢+1)5)
i=k—jo+1 i=k—jo+1
< Kyt (2.42)

Therefore,

lim sup Ed(m,, ") < lim (K} + K3)0"2 + Ko(KV6 + e(8))Y? + K, 6'/%)

n—00 () n—00

= lim (K + K3)n™® 4+ Ko(Kn™ + e(8)) + Kyn™?)

n—oo

= 0.

We state the uniform convergence theorem for the branching particle filter in [22]

and give a sketch of the proof.

Theorem 2.2.2. Under assumption 2.1.1, 2.1.2 and 2.2.1, the branching particle
filter which is defined in [22] uniformly converges to the optimal filter in the following
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sense.

lim sup Ed(m, 7)) = 0. (2.43)

N0 >0

The following lemma (see[22]) is needed in the proof. Let
O, (x) = E(Ws(@)f} (5)|F), Vo R,

where

Fo=G,VFE,

and
9= e (VED [ ravie g [ 1nas)

Lemma 2.2.8. Let 1y be the solution of (2.24). Then for every t > 0, we have

XM =X = [ M (X~ [ MBCR)RCK) ~ XY,
- Msv*wuc(Xu)(h(Xu) - h<Xs))*du7

where

M= exp {1 (00 - Y2) = AR — 9}

To prove Theorem 2.2.2, we use the similar idea to the proof of Theorem 4.3.1.
By Remark 2.3, we only need to estimate d(7”, T, (j41)6° (]+1)6). The proof follows the
same procedure. But to estimate Jy, we have to do more work. So we only give the

proof for this part.
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Proof. By Lemma 3.1 in [22], J, can be divided into three parts.

1 J (+1)0 ) ) )
b= e [ v ek,
My 5= Jis

J

T8 . , . Ny
+—Z/ MMX', s)e(X2) (M(XY) — h(Xy)) ds

1 J (G+1)é ) ) ) )
s Y [T M 9erx ) (X - (X)) Y,

mj =3 Jjs
Jo1 + Jag + Jos (2.44)

Note that

i rGHDe , . A
/ M (X", s)V*9s0(X;)dB,
——

J

TGS , , .
ZE(/ M (X", )V hso (X{)dB(| F;6)
J

I Grs . o
E(J)® = E IE((—nZ/(S M7(X', )V o (X1)dBY)? | Fis V Gir1)s))
Joi=1 Y7
s , ‘
S / MI(XE, 5)? V4o (XF)[2ds

. j
i=1 730

IN

~ (0
K25 * 2 2
E{—|V*,
e (mnH ¢ ” ||0||0,oo>

J

Ko (2.45)

IN
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Note that h is bounded, we get

E(Ja2)?
n 2
I B R . , , -
= E 72/5 MI(X?, s)e(XD) (R(X]) — h(X(s))" ds
J i=1YJ
2
o 1 o [ <& Ut . 4 4 o
= E||—3E|D> / MMXY s)e(XE) (R(XE) — M(XLs) ds | | Fjs
(mj) i—1 Jjo
A 1 L [utns . . 4 o
< B o > [ MO () - b () ds
(mj) ey /o
< K7 (2.46)
Since O4(X"?, s) is bounded, by the similar argument to Jas, we have
E(Jys)? < Kgb? (2.47)
Combine (2.44), (2.45), (2.46) and (2.47), we get
E|J}f* < Ko (2.48)
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Chapter 3

Stability of filtering with Poisson

observation

In this section, we study the stability of the filtering which is mentioned in section

1.3 and the exponential stability is derived.

3.1 Filtering model

Let’s recall the intrinsic interest rate process X (¢) and observation process Y (¢) in

the model. X (t) follows a diffusion process:

dX(t) = p(X(t))dt + o (X (t))dB(1),
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and Y (¢) is defined as following:

Nl(ft A (X (s), s)ds)

0

No(fo Aa(X (s), 8)ds)

Nu(Jo (X (5), 5)ds)
The following four mild assumptions are invoked.
Assumption 3.1.1. N, ’s are unit Poisson processes under the physical measure P.
Assumption 3.1.2. X, Ny, No, ..., N, are independent under P.

Assumption 3.1.3. The intensity at price level k, \e(z,t) = a(x,t)p(yg|x), where
a(x,t) is the total trading intensity at time t with x = X(t) and p(yg|z) is the
transition probability from x to vy, the kth price level. Moreover, \.’s are increasing

in x and there exist two constants C7 and Cy such that C7 < A\, < Co,k=1,2,...,w.

Remark 3.1. Under this setup, X (t) becomes the signal process, which cannot be
observed directly, and ?(t) becomes the observation process. Hence (X, 37) s framed

as filtering problem with counting process observations.

We assume that (X, )7) is in a filtered complete probability space (2, F,F,P)
where F := (F;)o<i<oo 1S a given filtration. There is a reference measure P under
which, X and Y become independent, the probability distribution of X remains the
same and Y7, Ys, ..., Y, become unit Poisson processes. The Radon-Nikodym derivative

1s:

L= ﬁexp {/Ot log A (X (5))dYi(s) — /Ot[/\k(X(s)) _ 1]ds} (3.2)

k=1

P
M =L
dpP
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Note that M (t) satisfies the following SDE:
= (A = )M(t=)d(Yi(t) —t). (3.3)
k=1

Let G, = o{Y (s)|0 < s < t} be all the available information up to time ¢ and let 7,
be the conditional distribution of X (¢) given G,. Define

(Vi /) = B[f(X()M1)IG] and  (m, f) = E[f(X(1))|G].

By Kallianpur-Striebel formula, the optimal filter in the sense of least mean square
error can be written as (m, f) = (Vi, f) / (Vi, 1).
The following proposition is a theorem from [35] summarizing both filtering

equations.

Proposition 3.2. Suppose that (0, X 57) satisfies assumptions 3.1.1, 3.1.2 and 3.1.35.
Then, V; is the unique measure-valued solution of the following SDE, the unnormalized

filtering equation,

Wi fy = Vo [ VLD + 3 [ Ve (om= DD 0 =), (34)

fort > 0 and f € D(L), the domain of generator L, where a = a(X(t),t), is the
trading intensity, and py, = p(yx|x) is the transition probability from x to y, the kth
price level.

¢ 1S the unique measure valued solution of the SDE, the normalized filtering

equation,

(i f) = (o f) + / (70, Lf) — (e, fa) + (7o, f) (may a)]ds

(me faps) .
e~ (T 1) | A% (35)

+
NE
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When a(X (t),t) = a(t), the above equation is simplified as:

(me, £) = (w0, f) + / (me, Lf) ds+z / [”S o) o plavies) 36

7Ts 7apk

3.2 Examples

In this section, we make an assumption for the signal process X(t). We give four

examples which satisfy this assumption.

Assumption 3.2.1. For any a,b and ¢ > 0 and a large positive number x, X (t) is
an asymptotically stationary process with the following property:

P ( inf X(s) < C‘X(b) = x) < K(c)(b—a)’g(z), (3.7)

a<s<b

where K (c) is a positive constant depends on ¢ and > 0. g(-) is a real function with
)

The following examples are the diffusion processes which satisfy the above

assumption.
Example 1.

In finance, the Vasicek model (see [32]) is a mathematical model describing
the evolution of interest rates. Vasicek’s model was the first one to capture mean
reversion, an essential characteristic of the interest rate that sets it apart from other
financial prices. Thus, as opposed to stock prices for instance, interest rates cannot
rise indefinitely. This is because at very high levels they would hamper economic
activity, prompting a decrease in interest rates. Similarly, interest rates can not
decrease below 0. As a result, interest rates move in a limited range, showing a
tendency to revert to a long run value. The model specifies that the instantaneous

interest rate follows the stochastic differential equation:

dX (1) = 0(p — X(t))dt + odB(t), (3.8)
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where B(t) is a Brownian motion and 6, p and o are parameters. The typical
parameters 6, u, and o can be quickly characterized as follows:

p: long term mean level. All future trajectories of X will evolve around a mean
level i in the long run;

0: speed of reversion. 6 characterizes the velocity at which such trajectories will
regroup around g in time;

o: instantaneous volatility, measures instant by instant the amplitude of
randomness entering the system. Higher ¢ implies more randomness.

The interest rate process is an Ornstein-Uhlenbeck process. Applying Ito formula

to function f(X;,t) = X,e?, we get
df (X (t),t) = " Opdt + o dB(t).

Let x( be the initial value of the process. Integrating the above equation from s to t,

we have
t
X(t)e” = X (s)e” + (e’ — &%) + / oe’dB(u).
Then we have the following estimate:

IP( inf X(s)<c

a<s<b

X(b) = x) < K(c)(b—a)?e K%, (3.9)

where K’ is a constant.
The proof of above property is given in Appendix. Therefore, the process satisfies

the assumption 3.2.1.
Example 2.

In mathematical finance, the CoxIngersollRoss model or CIR model (see [4])
describes the evolution of interest rates. It is a type of "one factor model” (short

rate model) as it describes interest rate movements as driven by only one source of
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market risk. The model can be used in the valuation of interest rate derivatives. It
was introduced in 1985 by John C. Cox, Jonathan E. Ingersoll and Stephen A. Ross
as an extension of the Vasicek model. The CIR model specifies that the instantaneous

interest rate follows the stochastic differential equation, also named the CIR process:

dX(t) = 0(u— X(t))dt + o/ X (t)dB(t), (3.10)

where B(t) is a standard Brownian motion and 6, p and o are the parameters. The
parameter  corresponds to the speed of adjustment, u to the mean and o to volatility.

The drift factor, 6(u — X (t)),is exactly the same as in the Vasicek model. It
ensures mean reversion of the interest rate towards the long run value u, with speed
of adjustment governed by the strictly positive parameter . The standard deviation
factor, a\/m , avoids the possibility of negative interest rates for all positive values
of § and p. An interest rate of zero is also precluded if the condition 20y > o2 is met.
More generally, when the rate is at a low level (close to zero), the standard deviation
also becomes close to zero, which dampens the effect of the random shock on the rate.
Consequently, when the rate gets close to zero, its evolution becomes dominated by
the drift factor, which pushes the rate upwards (towards equilibrium).

X (t) is an ergodic process, possesses a stationary distribution, which is a gamma.
The process satisfies the assumption 3.2.1 and the proof is given in Appendix. This

process is widely used in finance to model short term interest rate.
Example 3.

The Rendleman-Bartter model (see [31]) in finance is a short rate model describing
the evolution of interest rates. It is a “one factor model” as it describes interest rate
movements as driven by only one source of market risk. It can be used in the valuation
of interest rate derivatives. The model specifies that the instantaneous interest rate

follows a geometric Brownian motion:

dX (t) = 0X (t)dt + o X (1)dB(t), (3.11)
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where B(t) is a Wiener process modeling the random market risk factor. The drift
parameter, 0, represents a constant expected instantaneous rate of change in the
interest rate, while the standard deviation parameter, o, determines the volatility of
the interest rate.

For any initial value xy, we apply ito formula to function f(X(¢)) = log X (¥)

0.2

dlog X (t) = (9 - 7) dt — odB(t).

Integrating the above equation from s to ¢, we get:

X(t) = X(s) exp { (9 - ";) t— aB(t)} . (3.12)

This is one of the early models of the short term interest rates, using the same
stochastic process as the one already used to describe the dynamics of the underlying
price in stock options. Its main disadvantage is that it does not capture the mean
reversion of interest rates (their tendency to revert toward some value or range of
values rather than wander without bounds in either direction). When 6 < "72, X(t)
is asymptotically stationary and approaches 0 as t tends to co. This process satisfies
the assumption 3.2.1. The proof is given in Appendix. On the other hand, when
0 > %2, X (t) blows up as t tends to co. But the inequality in the assumption 3.2.1
still holds.

Example 4.

In this example, we consider more general diffusion processes which are defined

as following:
dX(t) = (X (t))dt + o(X(t))dB(t), (3.13)

where pu(-) and o(+) are bounded.
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It can be shown that the process defined as above satisfies the assumption 3.2.1.

We give the proof in the Appendix.

3.3 Exponential stability

In this section, we state the stability theorem and give its proof.

Theorem 3.3.1. The optimal filter is stable in the following sense: for any 0 < a <

1, we have

1
lim sup m log dpy (7, ) < 0, (3.14)

t—o00

where T, and 7, are optimal filters with initials o and 7Ty respectively and dry is the

total variation distance.

The idea of the proof is to use the truncated filter to approximate the optimal
filter. The interest rate process is truncated by a finite interval with length 2A. The
stability of the truncated filter is derived by using Hilbert metric on the compact
space. Then we replace A by A; which depends on time ¢. Choosing a proper A,
the truncated filter could be a good approximation for optimal filter. The truncated
filter is defined as following:

Let A > 0 be given. Define B(A) = {x € R : |z|] < A}. For § > 0, let
n = [£]. We divide the time line into small subintervals with the length . We define

Ii1yss(x, o }7) on the subinterval ((i — 1), ) as following:

Ii—ysis(x, ' Y):=E (M(i—l)é,ié Gii-1)s46, X ((1 — 1)6) = x, X (i0) = l’/) :

where

M—1ysi5 = ﬁexp {/(“5 log A\ (X (5))dYy(s) — /

k=1 i—1)o (i—1)8

0

(X (s) — 11ds} ,
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and

—

Ginse = (Vo= Vs : (1= 1)6 <t <00).

For ;1 € P(R), we define Q; and Q%, i = 1,....,n on P(R):

. _ fRd fRd f(@)ps(x, da’) L-1)5,5(w, 2 17’),U(d?’?)
- f Jia Jpa F@)ps (@, da) Tivys is(x, 2/ Y ) p(der)
and
(3w, f) = Jo Ja F@ s, de) g5, V)pldr) (3.15)

fR fR ps(w,dz’! )](¢_1)57,‘5(x7 ' ?)u(dl’)

where I@-1)5,i5($=x/3}7) = 1{I/€B(A)}I(i_1)5,~5(x x'; )7) It’s easy to prove that m;s =
Qi(m—1)5) and by induction, we define 7 8 = Qi(rf TG1)s s)-  Let <V;A,f> be the
unnormalized truncated filter.

We start with two truncated filters with different initial distributions.

Theorem 3.3.2. ForY € C(R,RY) fized and o € (0,1), we have

1
lim sup . log dry (72, 7) < 0, (3.16)

t—o0
where Ay = K+/logt and K is a constant.

To prove the theorem, we adapt the approach in [2] for the compact space case to
the current step. First, we introduce the Hilbert metric p, on Mpg(R), where Mg(R)

is the collection of all finite Borel measures on R. We need the following definition:

Definition 3.3.1. i) For A\, u € Mp(R), A < p means that \(A) < u(A) for all
A € B(R).
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it) Two measures A, i € Mp(R) are comparable if there are two positive constants

K, and K5 such that

Then,for A\, u € Mp(R), pp, is defined as

(
sup{A(A)/u(A):AEB(S),u(A)>0} -
log in?{/\(A)/;lj(A):AeB(S),;lj(A)>O} if \, p are comparable,
pr(As 1) =40 ifA=p=0,
00 otherwise.

\

Note that for any positive constants K; and K, we have
pr(E1A, Kop) = pr(A, ).
Thus,
pn(me, ) = pr(Vi, Vi), VE> 0.

The following lemma will be useful in the proof of the stability of truncated filter (see

lemma 10.31 on page 214 of [33]).

Lemma 3.3.1. Let T be a linear transformation on Mp(R) which has the kernal

representation

(Tw, f) :/R/RG(m,x')f(x’)u(da:))\(dx'),

where G(x,2°) is non-negative. Then T is a contraction under the Hilbert metric and

10 < pp(Ap) < OO} = tanh H<4T>7

Ph()\, :u)

o1



where

G(r,y)G(2',y')

H(T) = logesssup GGy

with the convention 0/0 = 1 and 1/0 = oo. The supremum above is strict over

x, ' € R, and is essential over y,y € R with respect to \.

The next lemma shows the relationship between total variation distance and

Hilbert metric.
Lemma 3.3.2. For any A\, u € P, we have

drv(Ap) = 2 sup [A(A) — p(A)|
AEB(R)

9
A ). 1
Iog 3ph( It (3.17)

Proof. If A and v are not comparable, then pj,(\, ) = oo, and hence, equation (3.17)

clearly holds. Now, we suppose A and v are comparable.

let A={A € BR:AA) > pu(A)}. Then, for A € A with u(A) > 0, we have

AA) o AA)/u4)
V=@ T T A®u®
< sup{A(A)/p(A) : A € B(S), u(A) > 0} 1
— inf{A(A)/u(A) : A e B(S),u(A) >0}
— ePr() 1.
Hence
0 < A(A) = p(A) < p(em™ —1). (3.18)

It’s clear that (3.18) holds even if u(A) = 0 since A(A) = 0 by the comparability.
By symmetry, for A € A, we have

0 < A(A%) = p(A) < A(A) (e 1),
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Therefore,

dry(Ap) = sup (A(A) — p(A) + p(A°) — A(A9))

sup (u(4) + MA%Y) (e —1)

sup (A(A) + A(49)) (eph(/\vu) _ 1)
AcA
ePrAm) 1

INIA

Note that dry (A, 1) is bounded by 2. By the following inequality

2
IA(F 1)< ' Ve >0
log 3
we have
20n (A
dry (A p) <2A (eph(/\,u) ~1)< pr(A, 1)

Now we are ready for the proof of the Theorem 3.3.2.

Proof. Tt is well known that the transition probability for the diffusion process X (t)

exists and satisfies
K —KgA?til —d / _d
1€ t72 < pi(x,2) < Kst™ 2, (3.19)

where x, 2" € B(Ay).
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A
Let p(it_l)&ié(x, x')

3.3.2, we have
tOz
<
1 n
= log
tOé
=1
S 6712?170[
where
A
H(z ‘ D65

— log dry (7, ) — o

EZlogtanh(él 1Hft1 58) T
i=1

1 2

©8 log 3

1 _
w2 log (Vs V')

A¢ Y7A:
pr(Vis's Vis") 1
o + — log px (7o, o)
At At (0% ’
(Vz 1) é’vz 1)6) ¢

tOé

Ay Ay
p(z 1)9, z5<x Z)p(z 1)6, zé(x Z)
log esssup—x-

p(z 1)5z5(x Z)p(z 1)6@6('T Z)

I@ 15, (@, 25 Y)I(l 1)615(1‘,2”;1/)

1 _
—logph(wo,wo),

+ log esssup =
I(z 1)615(‘7" s Y)I(z 1)615(1'/,2;}/)

p(Az 1)525@ Z)p(Az 1)525@ Z')
log esssup x;

e 1)525(55 Z)p(z 1)515@ z)

1(171)5,15(95, Z3 Y)I(z 1), us( }7)
Y

+ log esssup =
I(i—l)é,iﬁ(xa 2 Y)[(z 1), i,

Let FX7 =G v {w € Q: X(i6) = 2/, X((i — 1)) = x}.

IN

Tii—1)s,6(x, 2 Y)

E (M(i—l)é,i6|‘/—';')£71};)

E(IlmmbgGMn@®—YM@—lﬁD—%Cr—D®Vfﬁ>
exp (log Co Z (Ye(i6) = Yi((i = 1)0)) — w(Ch — 1)5>
k=1

p (2wlog Col[ Vi 5l — w(Cy — 1)6).

o4

3

= pa-nss(z, 2 )1{z" € B(A)}. By lemma 3.3.1 and lemma

(3.20)

(3.21)



where [T sl = mas( IV sl 1< & <)
Let K4(Y,6) = max{wlog Cy || Y (Z ysllse —w(C2 —1)d : 1 < i < n}, then

Livsis(a, 25 Y) < exp(K4(Y,9)), (3.22)
Similarly, there exists K5(Y,d) such that
exp(K5(Y,0)) < Tivysis(z, 2’ Y). (3.23)
Therefore,
log esssup](zt DMS(% i Y)](ZA 1)526@/ Z/?) K.Y, 0)2K5(Y,6)> (3.24)
](Z 1)6726@ 2 Y)I(l 1)515(:10 z; Y)

On the other hand, by (3.19), when z,2’, z, 2’ € B(A;) we have

Kat=5 Kat—5
Ko KeAR =5 [ e KaAft =5
< log(K 2Kz exp(2K,AZ67h)).

p6 (:L',Z)p?t@:/,z/) < log
p5 (Iazl)péAt(Ilaz) B

log esssup=—%
(3.25)

Let Kg(Y,8,A,) = log(K;2K2 exp(2K,A2571)) + K4(Y, 6)2K5(Y, )%, by the defini-

tion of HZ 1)6,i60 We have

HE' i < Ke(Y,6,A,).

Note that

2
tanhx =1 —
anh x ErSEE
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then

tanh(4_1H@ﬁl)5,i6)

2
< 1- .
B exp{2-47'Ks(Y,d,A;) + 1}
2
T exp{2-llog(K T2 K2 exp(2K,A26-1)) + 2K,(Y, 6)2K5(Y, 0)2) + 1
2
_ (3.26)

B K7 exp{KgA?} + ]_7

where Ky = (K72K2)2 " exp {2 (m(?, 5)2K5(Y, 5)2>} and Ky = K»0~".
Combining (3.20) and (3.26), we have

1 1 2
o log dTV(ﬂtA‘, ﬁtAt) ~ e log

log 3

IN

il n B 1 _
5 - Z log tanh(4 IH(?Q)&J‘&) T log pn (o, o)
i=1

tlfoz

2 1
< §tlog|1— ! LA .
> 2 ( eXp(QilKG(Y’ 5, At)) + 1) to gph( 0 0)

tlfa

2 1
= lee(te 7 ) T 3.7
a o < K7 exp{ KgA%} + 1) + fa og pu (o, o) ( )

Let A? = Kylogt, where Ky = % Then

o 1
lim 5 = —.
t—o0 K7 GXp{KgAt} +1 K7

Take t — oo on (3.27), we have

(1 a1 2 L
tllglo (t—along\/(wtA TR — t—alog logB) < 0K
This implies that

L1 Ar =A
tgrgot—alongV(Wt L) <0

o6



Ay
Ty —=> T T3 1
Q/l
A A A A
AT A Q5 A Q5T A QY
0,0—— 10— —

Figure 3.3 The exact filter process and approximations base on truncation.

Then we estimate the approximation of truncated filter for the optimal filter with same
initial distribution. Denote by Wé@ the initial distribution m. For any p € Mg(R),

let Qij = Q5 (Qjo1 (- - (Qis1(w)))) and Q7 (1) = Q7 (@7, (- -+ (R4 (1))))- Then,

we define

ﬂfj = Qi,j(ﬁfit)
= Qi Qi1 (- (Qixa(73}))))
and
ﬂ'jA,Z-t = Qﬁz‘t(ﬂfit)

QM (Q (- (@2 (75))) »

where 1 < 7 < n.

For any t € [nd, (n + 1)d), we have

dTv(ﬂ't,ﬂ'tAt) < ZdTV(Wét—prf) (3.28)

1=0
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Note that

A A A
T, 1= Qi—':l,t(ﬂ-i,it—l)’

and
Tty = Qi (i), (3.29)

So 7rtAl , and 7Tt ", are two truncated filters with different initial distributions 7TA )

Ay

and m; ' respectively. Then by the proof of stability of truncated filter, we have

Ay —Ko(t—16)> Ay Ay
dTV(”tz 1) 7r“) < Kpe dTV(Wi,z‘Aa i )-

- A A
Therefore, we need to estimate dry (7, 1, 73 ).

Theorem 3.3.3.

lim — log sup dpy(m2t |, 75 < 0. (3.30)

zz 1 e
t—oo t

Proof. For any function f bounded by 1, we have

[(miins £) = (i, £
i —in] [ - i)
- (V1) (Vi)

2,1 7 2,1 7

‘ fR fR f xi)l(i—l)d,id(xi—h Li; ?)1xi¢B(At)p6(xi—ly dl’i)m—1(d$i—1)
fR fR —7(1'71)5,15(951‘—1, T4; ?)pa(%—l, dwz‘)ﬂi—1(d$)
‘fR fR [(ifl)&ié(xi—laxi;}7)1zi¢B(At)p6($i—ladxi)ﬂi—l(dxi—l)
fR fR I(i—l)a,w(l‘i—h T, ?)p6($i—17 dl‘i)ﬂi—l(dﬂi)
2 o Ja I(i—l)&,i&(tri—laxi;}7)1xi§éB(At)p6(xi—1>dmi)ﬂ'i—l(dxi—l)
fR fR I(ifl)é,ié(xi—ly Ti; 37)?5(%—17 dwi)ﬂi—1(dﬂﬁ)

IN

(3.31)
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let Mi(6,Y) = L Ya(i6) =Y ((i—1)8) -8 and gi(z) := Ap(z) —1—log Mg (z), k =

1,2,...,w, we have
I(i,1)5,¢5(£17i—1> T5; 57)
=k <M(i—1)6i6 Jt)f?i)

= &([Tew { / RN ()~ 9}

k=1

e {= [ u0r) -1 hownxeas )
< p{log 2i|Yk 2—1))_5‘}'
k=1
<ﬁ1 eXp{ / iém gk(:v)dS} Xf)
= exp{wlog (L' (3.Y)} -
E (kf[l exp {—/jm gk.(x)ds} {f) . (3.32)

Let Ay = {w € Qinf(_1)5<s<is X(5) < A\ (1 + €2 O}, k=1,2,...,w. It’s easy
to check that gi(x) > 0 for all z and k and the equality can be reached only when

Ak(z) = 1. By the monotonicity assumption on \;’s, we have
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< exp{— Z(l + e — 1 —log(1 + 21))8}

k=1
+YE (1Ak = 2, X((i — 1)8) = xH)
k=1
= exp{—wd(e? P log(1 4 e Z <1Ak =z, X((1—1)d) = xi,1>
k=1
= U+ U, (3.33)

Therefore, we have
Livsis(wi, 73 Y) < exp {W10g Co M (6, ?)} (U} + U3)

Let 0, | (i — 1)6 and F} = 1{inf,<.<i5 X (s) < A\ 11 + e2?)}, by Fatou’s lemma, we

get
Ui = E(F@ (i6) = x4, X ((i — 1)0) :xi_l)
< limE (Fé ‘X (i0) = a1, X ((i — 1)0) = xH) (3.34)
n—oo
For any .7-")571.5 = o{Xj, ;L < s < id}-measurable random variable Z and Borel

measurable function ¢, it follows from the Markov property of X (¢) that

/R B(Z|X((i — 1)8) = z, X (i) = 2 \ps (. ') ()
= B(R(Z|X(i5), X(i6) = 2)(Xi)| X (i6) = 2')
— B(Z6(Xa)X(i0) = o)
= E(ZE(3(Xis)|FE)|X (i6) = 2')
(2 [ ps-vste XG0l X () =

Il
&>

= [ E(Zps-oonsle X(E)IX(i0) = o) o(z)da
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Thus,

E (an‘X(ié) — 20, X((i — 1)8) = xi_1> ps(i1, 1)
- & <F§np5%_(i_1)5(xi_1, X(é,i))‘X(ié) - x) .

Let bn—l(«ri—l; (L’z) = E (an_lp(;%_(i_l)(;(xi_l, X(é;))‘X(Z(S) = .TZ‘>, we have

|bn($z‘—1, l’z) - bn—l(xi—la Iz)|

B (178 = FE_ Ips—oonalzioa, X(01)
& k ko2 - V2 (s i\)\2 » 1/2

{E (\F5n —FFP|x(i6) = x)} {JE (p%_(i_l)g(xi,l,)((an)) X (id) = x)}

= RR.. (3.35)

IN

X (i6) = a:)

IN

By (3.19), we have

1/2
R, = {/p(sg—(i—l)a(fﬁi172)2P6n(27$i)dz}

1/2
Ks(afl - (Z - 1)5)71/2 {/pég—(z'—na(l’il, Z)pzsn(Z, xi)dz}
Ks(8, — (i = 1)8) " ps (i, )2, (3.36)

IA

IN

By the definition of Fy and assumption 3.2.1, we have

1/2
= {IE: (1{ inf  X(s) <A M1+ eA?)}’X(ia) = :c) } o > A}

5%§3§53171

< Kio(8h_y — 62) g(AN)1{z; > A}, (3.37)

where the last inequality is from the assumption 3.2.1.
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Choosing §,, = (i — 1)0 + 27§ and combining estimates (3.38), (3.36) and (3.37),

we get

by (zi—1, ;) — bn—l(xi—bxi)‘l{xi > At}

IN

K (6, = (i = 1)6) " Pps(iv, 2:)? (001 — 60) g(AD) 1 {m; > A}

< K12p5($z‘—1;%’)1/22_”59(A?)1{$i > A}
Note that, when z; > A, we have x; > /\,; (1+e ) by the boundness of \;. Therefore,

bo(Ii_l,Ii>1{xi > At}
- B (F;gpm,& (Xy5, 22| X (30) = :1:') x> A
= B (1o A0 A piss, (X, 20) | X (10) = 1) Uay > A}

Il
e

Therefore,
bn (i1, ) {mi > A} < Kiaps(wio1, )2 g(A7) (3.38)
By (3.34) and (3.38), we have
Uit{z; > A} < Kisps(zioy, 1) %g(A2). (3.39)
Combine (3.32), (3.33) and (3.39), we have

](i—l)éié(xi—ly Ti; ?)1{901 > At}pé(xz‘—h 901)

< {wlogC'gMZ (6,Y) } (U} + U x; > Ayps(xi_1, ;)

< {wlogCg }<p5 zi1, 7;) exp{—wd (e —log(1 + %))}
+K13ps (i1, xi)l/zg(A?)>

< {wlog GoM(6,¥) | pair, ) 2 Ka( ), (3.40)
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where K14(A;) = exp{—wd(e2f —log(1 + e2))} + Ki39(A2).
As A? = Kylogt,

1
tlim i log exp{—wd (e —log(1 + €2%)} < 0,
—00
and
lim ~ log g(A2) < 0
fim —log g(A7) < 0.
Therefore
1
lim n log K14(A) < 0. (3.41)

t—o0

On the other hand,we have

[(Z-fl)a,z‘é (xi—la Ti; ?)

. w ) i6
) (exp {Z ( /( N log Ar(X (5))dY3(s) — /( N (A(X(s)) —1) ds) }

k=1

XY
]:zlz>

> ( {i log C1(Yi (i) — Yi.((i — 1)0) — (Cy — 1)5)} gf?né)
k=1

where K(Y}w s) depends on Y (i0) — Yi((¢ — 1)6), 1 <k < w.
Note that [ [ ps(zi1, @ x3)?dx;m;_y (dr;_1) < co. Combining (3.31), (3.40) and

(4.31), we get

’<7T” 17f> < zz7f>‘

2fR fR (i—l)é,id(xiflaxiu?)1xi¢B(At)p6(xifladxi)ﬂ'z#l(dxifl)
fR fR ](¢—1)5,z’5($z‘—1, X, Y)pé(xz‘—la dxi)ﬂ'i—l(dx)
2 {w log O2Ml(5, }7)} K14(At f]R f]R pg(l’i_l, $i)1/2dl‘iﬂ'i_1(di‘i_1)
KV,

IN

. (3.43)
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Thus, by (3.41), we can prove (3.30). O

Similarly, we can prove

1
lim 7 log drv (mpy, mnd, t) < 0. (3.44)

t—00
Combining (3.28), (3.29), (3.30) and (4.36), we have
1 A
lim 7 log dpy (me, mpt) < 0. (3.45)

t—o00

Now, we are ready to prove the main theorem.

Proof. By triangle inequality, we have
dTV(’]rtyﬁ-t) S dTv(’/Tt,ﬂ'tAt) + dTv(’iTtAt,thAt) + dTv(ﬁ't,ﬁtAt) (346)
Combining (3.46), (3.3.2) and (3.45), we have

1
lim % lOg dTV(Tft, ’ﬁ't) < 0. (347)

t—o0
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Chapter 4

Numerical method for filtering

model with Poisson observation

4.1 Branching particle system

In [34], a branching particle filter is studied as a approximation of the optimal filter
mentioned in previous section. In this section, we introduce a branching particle
system without using the integration in the weight of the particles.

We proceed to defining the branching particle system. Initially, there are n
particles of weight 1 each at locations x',i = 1,2,...,n, satisfying the following

condition:

Assumption 4.1.1. The initial positions {x' : i = 1,2,....n} of the particles are

i.i.d. random vectors in R with the common distribution o € P(R?).

Let § =0, =n"2*0<a<1. Forj=0,1,2,.., there are m’ number of particles

alive at time ¢ = j0. Note that m{ = n.

During the time interval (54, (j+1)J), the particles move according to the following

n
70

equations: For:=1,2,....,m

X'(t) = X'(j0) + (X" (j0)(t = jo) + (X' (7)) (B'(t) — B'(40))
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where {B%,1 =1,2,...,n} are independent standard Brownian motions.

At the end of the interval, the ith particle (i = 1,2, ..., m) branches (independent
of others) into a random number &, of offsprings such that the conditional
expectation and the conditional variance given the information prior to the branching

satisfy

E(£§+1‘F(j+l)6—) = M;L+1(Xi>v

and

Var™(€ 1| Fiens-) = 7 (X7,

where 77, (X") is arbitrary,

- ; M? 1(Xi)
Mj+1(X): 1 ni;— . .
nT;LZl:l Mj+1(X)

and

M;-Erl(Xi) = Hexp{log ape(X'(50)) (Yi(j + 1)6) — Yi(j6)) — (apk(Xi(j(S)) — 1) d¥4.1)

k=1

To minimize v}, (X*), we take

. (M2 (X)) with probability 1 — {MP,(X?)},
j+1 —

(M7, (X)) +1  with probability {7, (X*)}

where {z} = = — [2] is the fraction of z, and [z] is the largest integer that is not

greater that x. In this case, we have

V(X = {M7 (XD} = {M7, (X)),

Now we define the approximate filter as follows:
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where

M(X' 1) = [ [ exp{log api(X7(j8)) (Yi(t) — Yi(j6)) — lapi(X'(j6)) — 1](t — j6)4.2)
k=1
and
L M (X', s)
o Y (X 8)

Namely, the ith particle has a time-dependent weight M]"(X ©t). At the end of the

interval, i.e. ¢ = (j + 1)d, this particle dies and gives birth to a random number
of offsprings, whose conditional expectation is equal to the pre-death weight of the
particle. The new particles start from their mother’s position with weight 1 each.
The process 7} is called the hybrid filter since it involves a branching particle
system and the empirical measure of these weighted particles.
To show the uniform convergence, we also define the approximation for the

unnormalized filter V; as following: For kd < ¢ < (k+ 1)0,

n 1 n ‘ n %
Vit = Enk ZMkH(X >t)5xg',

where

M = : ZM”

7’L
] 1 -
We derive some estimates for the branching particle system introduced above in the

following lemmas.
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Lemma 4.1.1. There exists constant K such that for any i = 1,..,m} and j 1s
bounded, we have

" n i 2
E(Mj (X', 1)

J—“jg> < 7, (4.3)

and

B (|My (X 1)

2 fj(;) < K§ (4.4)
Proof. 1t’s easy to show (4.3) by (4.1)

. Note that M (X"
SDE:

,t) satisfies the following

dAMP (X0 = S ape(X° (1)) — UM(X, £)dYa(t),
k=1

w 2

where Y, (t) = Yj,(t) — t for k =1,...,w. Thus,
D lape(XP(s)) — UMD (X", 5)| ds

t
30 | k=1

S (CQ — 1)2€K6(5

B (|My (X% 1)

[
The following lemma is proved in [34]
Lemma 4.1.2. For any finite j, we have
1) (mg‘(n?)Q) < Kn (4.5)
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4.2 Uniform convergence in finite time interval

In this section, we consider the uniform convergence of the branching particle filter

over finite time interval [0, S]. We consider the backward SPDE:

d)s = —Lipyds — Y1 (apy — D)papd(YH(s) —5), 0<s<t

Y=o

(4.6)

where d denotes the backward It6 integral and ¢ is a bounded function.

Let fr,k=1,2,...,w and g be bounded functions on [0, ], for r € [0, ¢], we define

6 (r) - kﬁfxp VA1 [Nron tsmgavico) - [ o) - vyas)

and

T 1 T
07 (r) = exp {\/—1/0 gsdB(s) + 5/0 ggds}
The following lemma plays an important role in the proof of main theory.

Lemma 4.2.1. Let M; = exp {>_,_, (log apx(X(0))(Yi(t) — Y%(0)) — (apx(X(0)) — 1))}
and ffk(t) =Yi(t) —t,k=1,2,...,w. Then almost surely, we have

Go(X () M; — %o(X(0)) = / Ml o(X (s))dB(s) (4.7)
n / M,0,(X(5) S (ape(X (0)) — api(X (s)))dVi(s),

k=1

where

O, =E (wréf(r)\ff A ]—"f)
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dy(r) = 05 (£)/67 () H p{v=T [ o fuls—)dYi(s) — / (fuls) - s},

Proof. By the proof of lemma 4.2 in [34], we have the followings:

w

do,(X(r)) = —V1 (Z(fk(r) — D(ape(X(r)) — 1)@r(X(7"))) dr + ©,0(X(r))dB(r),

k=1

and
Bl _ B
do, (r) = v—10,(r)g,dB(r).
Apply 1to’s formula to the four equations above, we have

d(©,(X () M, 8} (r)67 (1)

= VI Do(flr) = Dlapu(X(r)) — 1>er<x<r>>> M5 (r)07 (r)dr
+0)(X(r)) M6} ()67 (r)dB(r) + Y _[ape(X (1)) = 110, M,6} ()6} (r)dVi(r)
k=1
+V/—16Y (r— i — 1) ©, M0 (r)dY;,(r)

k=1
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+V/=10,(X (1) MY (107 (1) g.dB(r) + 0.0 (X (r))V/—167 (1) g, M, 6} dr
—|—Zapk ) = YM,V/=16F (r—) (fulr) — 1) ©,(X ()05 (r)dr

= @; (X (r)V/=107 (r)g, M, 0 dr
+V-1 ;w; (apr(X(0)) = ape(X (1)) (fi(r) = 1) ©:(X () M0} (r)02 (r)dr

+d(mart.)
Note that for r > 0,
E (0 (X ()M 8 (D02 (OFY A FE) = 0,(X (1) M6} (r)0F ().

Let Q2™M(t) = (app(X(0)) — api(X () ©,(X (t))M,;. Combining above two equa-

tions, we get

E (91X (6) M, — $0(X(0)))65 67(1))
= E (0.(X(r) M.} ()0 (r) — ©o(X(0))6} (0)02(0))

- /0 E (010(X(r)67 ()9 M, 0] ) dr

+T [ (Z SMm(fk(r)—1)9}’<r>ef<r>) @y

It is showed on page 23 in [34] that

/0 B (€40(X ()67 ()9 M0 ) dr = E ( /O t Msw;a(X(s))dB(s)ef@)ef(t)) (4.9)
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On the other hand, applying integration by parts, we have

/0 > QP a6 (047 )
- [>e > QP 6] ()0 ()it
/\/_ZQ r) —1) 6% (162 (r)dr

+ /0 - -dB(r)
Therefore,

( / v ZQ - 16 (r >05<r>dr>

( /O 3 (r)dYi(r )e}?(t)ef(t)) (4.10)
Combining (4.8), (4.9) and (4.10), we prove (4.7). O

By the definition of M}, almost surely, we have

Y10s(X (G + 1)0)MP (X7, (5 4 1)6) — ¢55(X7(46))
(j+1)5

_ / MI (X, )0 (X (s))o (X' (s))dB(s)

o
(J+1)0 w . .
+/ M} (X' J(X7(s Z apr(X — apr(X'(s)))dYr(s)(4.11)
30 k=1
By triangle inequality, for R§ <t < (R + 1), we have

Ed(m, m') < Ed(my, mrs) + Ed(mrs, 7hs) + Ed(mhs, 7).

Then we begin with the first term on the right side of (4.12).
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Lemma 4.2.2. There exists a constant K such that
Ed(my, mrs) < Ko (4.12)

Proof. Since m; satisfies Kushner-FKK equation, we have, for f; € C’f”(Rd) N
W21€+2<Rd>’

IE| <7rt,fi> - <7TR6>fi> ’ = E‘ /Ré [<7TsaLfi> - <7T87fa> + <7T5,f> <7T87a>] ds

+Z/ {”s - Jap) —<7rs,f>} aYi(s)|

7Ts ) apk

< Ki(t— Ré) + K, Z E(Yi(t) — Yi(k0))
k=1
< K;(t — RY)
Thus
Ed(m, mrs) < Y 27 K36 = 2K30. (4.13)
=0
O
We now estimate the third term on the right side of (4.12).
Lemma 4.2.3. There exists a constant K such that
Ed(x, 7l%s) < KV6 (4.14)
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Proof. Let f € CHRY) N W3 (R?) with || f|l4.00 < 1. By the definition of 7", we have

| (7" = Tes 1) |

IN

IA

1 ok Y i z i
O DELCLI(Cs Zf Xbs)

oo S (HCLDFCX) = £ + (X0 = £

mn
Ril

—ZIM (X" ) f(X3) = |+—Z|f F(Xgs)|

n

1 ~ i ]- 7 )
_nZ‘M(th>_1|+K1_nZ|Xt_XRzS‘
Mg 3 Mp 21

By the proof of Lemma 4.4 in [34], we have

t

MY Xty =14 [ M"(X's) Ew: P’“(X—(R(S)) - 1} dYy(s),

R6 — [ hi(s—) +1

where hy = -1 S M (XY, 5) (M (X(RS)) = 1),
Since C; < A\, < (5 and Zﬁi M(Xi, s) =my, we have C; < hy + 1 < Cy. Thus,

E|M™(X",t)[?

<

IN

IN

IA

2+2E‘ V(X (RS)) i{
=1

+
2+ 4B] ZMTZ(Xa 5y {“X—k"”i - 1} (dYe(s) — ds)
R k=1

[ e AR ] e
+4E) R (X,s)’; mq] ds
e (5 )

_ t, , 2
2+ 4wt + 0) Cl/ E(M”(X’,s)) ds
1 RS
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By Gronwall’s inequality,
E|M™ (X 1)]* < K.

Then

E|M™ (X' t) -1 = E

RS | hy(s—) +1
b i [ (XE(RY)) 2
< ZE‘ | (x ,s); [l_zk(s—)—i—l —1} (dYi(s) — ds)

(i ) [ B 1Y

< QE/M (M (X,s)) (;[h’;(s_)ﬂ —1D ds
+25I@1/B; (M"(Xi,s))2 g[%_l}) ds

< Kb, (4.15)

On the other hand,

BIX] — Xp? = E|u(X'(RO)(t — kd) + o(X'(R8))(B'(s) — B'(Ro)|”
t t
< 2F [ |uXHPds+2E [ |o(X7)|ds
Ré Ré
< K4, (4.16)

where the last inequality follows the linear growth condition of coefficients and
stationary assumption.

Therefore,

n

~

N A 4 . 4
B {nf — s /)7 < KB— S R(N (X, 6) = 1 + |X] = X P\ )
R =1

IN

K0,
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Let
M, = exp (Z / M(X)AYils) — 5 / [Ak<Xs>—1]ds>.

Then by the boundness of A\, we have
EM2, < X079, (4.17)
By Cauchy-Schwarz inequality, we have

Ed(n], mhs) = E(d(r], hs) Mpsy)
< (Ed(a), mhs)?) 2 (EME,) Y2
< O 27 (np — s, £i)) P (RMEs,)
=0

< KW,

]
Finally, we estimate the middle term of (4.12).
Lemma 4.2.4. There exists a constant K such that
sup Ed(7]s, ms) < Kn™*, (4.18)

0<I<R

where R is a finite number.

Proof. Let 1 be the solution of (4.6) with final condition ¢,s = ¢, where ¢ € Cit(R) N
WHR) with [|¢]ls00 < 1 and also ||@|ls2 < 1. Then

‘<V257¢>_<VZ§L?¢>’ |<‘/l671>_< lg>1>|
(Vis, 1) (Vis, 1)

(s, &) — (5, D)| < (4.19)

First we show that

sup Ed(V}}, Vis) < Kn™* (4.20)
0<I<R
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As Y5 = ¢, we get

(Vis, ¢) ((Vis, o) —
<V5, o) — Vo', o)

Z( Vi, is) —
Z( (Vs vse)

Iy -

_<VZ$L7¢> = vaqu)()

I - I3,

where G, = a(f}u —Y,:s<u< t).

By corollary 6.22 in [33], we have

l

Z 157 %6 <V(7;—1)5’ 1/’(j—1)5>)
j=1
<< 57%5> Jo— vgﬁ’c&))

Fis— V gjél«S) - <V(7}_1)5>¢(j71)5>>

E |(Vis, 0) = (V' 0o)l* = E|(Vo,vo) — V5", o)
< Kn! (4.21)
By the proof of Theorem 4.1 in [34], we have
2
E()° = Z Z s (X55)(& = Mj'(X)
L =
< EY 5 D B (Il oy (X052 Fins)
j=1 i=1
< Kn™! (4.22)
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By the definition of V™ and (8.26) in [33], we have
Iy = 2773 1 Z %5( ) (XZ) @b(jfl)é(X(ij—l)&))
i=1

_ Zml / Ml (X)aB,

3o w

[ MO Y (apn(XE) — apn(XD)di(s))
(4-1)8 k=1
Note that
VAL o
B[ Mo (DB 6| Fyms v G ) =0
(j—1)s
and
el v
E Z app(X3) — ape(X2))dYi(s ‘}"J s | = 0.
(j—1)5 —1
Hence,

+ (gj:)(s Ms@s<Xs)i<apk(X ) — api(X;))dY( >)>2
_ iE((nﬁl)Q%E(% ( fm Moo (X)dB'(s)
+ /(ji)& M,0,(X;) g(apk(Xz) — api(X7))dYi(s) ) ‘}—J ns Y g]5>2>

(4.23)
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Se(or sy ([
= S E(0*5 Mo(X))dB' (s
j=1 S =1 Z =18
jé w 2
[ MOUXD D (apk(XE) — apk(XD)dVa(s)) )
(j—1)é k=1
~ 2 1 = 7 2 i\ |2
< oY B0 3 (f MEwle(x)Pds
j=1 =1 J-1)s
7 2 2 -
[ MDD (ape(X) — apy(X7)Pds) )
(3-1)é k=1
< Kilén’E (m_(n}_1)?)
< Kn,

where the last inequality follows from (4.5).
Combining (4.21), (4.22) and (4.24), we have

E (| (Vis, ) — (Vit, ¢ [?) < Kn L.

Therefore,

sup Ed(Vjy, Vis)? < Kn™t.

0<I<R
As

k=1
we have
d(Vi, 1) =Y (Vi_, ) dYi(t).
k=1
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By Ito’s formula (see page 78 of [30]), we have

o (V) = [ e =5 [0

+ Z {log (Vi, 1) —log (Vir, 1) — (Vo , 1) TH A (V4 1)}

0<s<t

= /(; df/k(s) + Z log <<V‘:S;711>>

k=1 0<s<t

- %W

0<s<t

— /OZ Toey (A = 1)) dVi(s) + Y log <<V‘:s,’11>>

k=1 0<s<t
¥ A (Vi 1)
0<s<t <Vs* 1>

= Il+]2—f3

S

By (4.26), we have

V1) = (Vi1 +/ti O — 1)) dYi(s)

1= p=1

ER

= Vi, )+ > (Vie, (M = 1)) AY(1)

T

1

Plugging (4.28) in I and I3, we have

V., 1 Y Ve, (O — 1)) AYa(t
I = 210g<< ES RIS k<>>
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and

Y Ve, (A — 1)) AY(t
L = sz,< (1(/:,1>)> k(1)

0<s<t

= E ( YD A (- 1>>Af/k<t>> (4.30)

0<s<t k=1
Combining (4.27), (4.29) and (4.30), we have

(Vi, 1) = exp {/Ot log (1 + Z (Ts—y Ay — 1>) dYy(s) + /Ot

k=1

(ms—, (A — 1)) ds}

1

Therefore,

sup E (V;, 1) < o0 (4.31)

0<t<S

By the boundness of A;, we have sup;<,<g EM} < oo. Therefore,

T WVs =Vis, D d(Vis, Vi§) }
sup Ed(ms,m5) < sup E M
ongR (s, ip) oglgR { (Vis, 1) (Vis, 1) 5

X 1/2 A2 1/2
< (sup B (Vis — lz,m?) (supE : )

0<I<R o<i<r  (Vis, 1>2

R 1/2 ) 9 1/2
+ < sup Ed(Vl(;,Vl?)Q) ( sup E—SQ)
0<I<R o<i<r  (Vis, 1)

< Kn!

Theorem 4.2.1. For any finite positive number S, we have

lim sup Ed(m, ') = 0. (4.32)

n—oo 0<t<S
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Proof. Combining (4.12), (4.12), (4.18) and (4.14), we have

sup Ed(m, m)') < n™ .
0<t<S

This implies (4.32). O

4.3 Uniform convergence over the real line

In this section, we consider the uniform convergence of the branching particle filter

over the real line.

Theorem 4.3.1. Under assumptions 3.1.1, 3.1.2, 3.1.83 and 4.1.1, the branching

particle filter uniformly converges to the optimal filter in the following sense:

lim sup Ed(m, 7)) = 0. (4.33)

n—oo t>0

Let p(t,z, A) be the transition probability of the Markov process X;. There exists
a probability measure P, , on C(R,,R?) such that for ¢ > s and A € B(RY),

P, (& € A|.7:§) =p(t—s,z,A), P,,—a.s.,

and

where & is the co-ordinate process on C(R,R9), i.e. &(0) = 0, for all § € C(R,,RY).
Let X be the initial distribution of X; and n € C(R,,R™). We define an M p(R%)-
valued process I ;(A\) and a P(R%)-valued process Ag(A) on C'(R,R™) as

a0 5= [ [ @0, Pa @),

82



and

where qo(8.m) = exp (£ B(E9)"dB,(n) — 3 J* 1h(E,(6))du) and 5(n) = n is the
co-ordinate process on C'(Ry, R™).

Let AR&(RH)(;()\)()?) be the optimal filter at time (R 4 1)J using the observation
o(Y;, RS <t < (R+1)d) starting with X at time Rd. We define the following P (R%)-

valued processes

W?%(S,(R-H)(S = AR&(RH)é(W?%)(Y):

and for j < R
Tisrs = Njsrs(m5)(Y) = Amr-1ysrs o -0 Njs ir1)s(mi5) (Y),
This =5 = Agnsgso- o Mos(m)(Y), (4.34)
Tisgs = s (4.35)

The following is our strategy of the proof. For Ré < t < (R + 1)d, we write the
distance between m; and 7] as a sum of three distances: d(mwpgs, m;), d(7Trs, Ths) and
d(mls, mit) by the triangle inequality. The estimates of d(mrs, m) and d(n}s, 7f') are
showed in previous section. The following lemma and exponential stability which is

proved in chapter 3 are used to estimate d(mgs, Ths).

Lemma 4.3.1. There exists a constant Kg such that
lim By (755 41950 T(54175) = 0 (4.36)

Proof. Note that T, (j+1)5 and T(i1)s have the same initial distribution 77 at time jd.

Let V}’}’( 1) and V(;L +1)6 be the unnormalized optimal filter and unnormalized particle
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filter, respectively, with the same initial distribution 77;. Note that for continuous f
bounded by 1, we have

(s vns — Tans Il < s gane £ = (s )]+ {705, £) = (7lans: )

By using Kushner-FKK equation, we have

E’<7T15(g+1 5 f)—(m 5,f>{ < Ko§'/2

On the other hand,

E[(s, f) = (Tne )] <

AV =V D] (Vs = Vi 1)

_|_
(Vi3 1) (Vi 1)

Now we show

Ve s =V f>‘
< (3+1)5< ]5(>j+1)5 < K52, (4.37)
Vie:

By the definition of V", we have

|(Vas 1) = (V1)
SR (7Y

_ gl T (X M0 105
gnjm
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< E mn (‘f G+ M7 (X)) = F(X {40y )|+ X (+13) — f&XGs))
J =1
N my .
= B o 3B (X A (X) = D]+ [ (K s) — £ [ )
J =1
1 & L '
< B 2B (P - 1\E>+ngE<\f i) = £ |75)
J =1 J i=1
< e(9),

where the last inequality is from (4.15) and e(9) approaches 0 as § tends to 0.
Then by (4.17), we have

Edry (7, 5. ]+1)577T(j+1)) < E(dTV(W;LzS,(jJrl)J?W@+1)6>Mj57(j+1)5)
< (EdTV(W%,(jH)(s?W&H)J)Q)m(EMJ'&(J‘H)B)z)l/Z

< (K\/5+6(5))1/26K6

Let § tend to 0, we have (4.36). O

To estimate d(mgs, Ths), We rewrite as
R
d(7Rs, Ths) = Z (75, s 7T?j+1)5,1«25)~ (4.38)

Jj=1

By the exponential stability which is proved in chapter 3, Ve > 0, there exist positive
constants K7, Ky and T'(€), such that when ¢t > T, we have

Edry (7, 7)) < KiEdpy (o, To)e 2. (4.39)

Note that, 7Js ps is the optimal filter at time R4 starting at time (j+1)d with measure

T jeys- ommilarly, mf s oy is the optimal filter at the same time but with initial
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T(j+1)s ab the initial time (j + 1)d.Therefore, when (R — j —1)6 > T'(¢), we have
Edrv (775 s 7TFj+1)6,R6) < Kje felB=i-l) ‘”aEdTv( T36,(j+1)8° (J+1)5)

< K (KV3 + e(6))/2eHe((FmimDd)® (4.40)
Let jo be the largest j such that (R —j —1)0 > T'(¢) , we have

Ed(m, ) < Ed(m, mgs) + Ed(mrs, mhs) + Ed(mhs, 7))
R—1

Ed(me, mrs) + D Ed(ms g5y W5 1)5.m5) + Ed(mhs, 77)

J=0

IA

IN

dE(my, TRs) + Z Ed(7js rs» T(j+1)0.r5)

Jj=R—jo
R—jo—1

+ Z Ed(775 rs» T(;+1)5,rs) + Ed(TRs, 7))

7=0

R
d(my, TRs) + E Ed(m 36R5> ]+1)6R6>
Jj=R—jo

+ Z Edrv (755 rss T(j11)6,rs) + Bd(TRs, 7))
=0

IN

R
+ K3V + Z Ed(7%s rss T(5+1)6.r5)

Jj=R—jo

IN

HEL(KVE +e(8))/2) e MR-00" L G (4.41)

j=0

where the last inequality follows from (4.12) and (4.14).

Similarly to (2.41), for finite time ¢, there exists a constant K such that

]Ed(ﬂ't, ﬁ't) S KEd(ﬂ'o, 77'0).
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Therefore, for R — jo < j < R, we have

IN

KEd(s (4115 T(j11)5.(4+1)5)

< Kn!, (4.42)

Ed(ﬁ%,ma W@H)&,Ra)

where the last inequality follows from (4.18).
Combining (4.41) and (4.42), we have

lim sup Ed(m, 7}') = 0.

n—00 >0
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Appendix A

Important estimates for interest

rate processes

Without loss of generality, we assume a = 0 in this section. The following tail
estimate (see remark 2.20 on page 54 of [27]) plays an important role in the proofs of

this section:

P(sup B(s) > a) < V2 exp {—CLQ} (A1)

0<s<t a~/m 2t

Theorem A.0.2. Let X(t) be an Ornstein-Uhlenbeck process defined by (3.8), we

have the estimate for large x:
P (Oi<n£bX(s) < C‘X(b) = 9:) < K(c)b"? exp{—K'2?},

where K(c) is a constant depends on ¢ and K’ is a constant.

Proof. 1t is well known that the solution of the SDE (3.8) can be represent

conditionally (given initial value z) as:

X(t)e” = X(s)e?” + p(e? — ) + ——
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where B is a standard Brownian motion.

Let K;(c)

IN

IN

IN

IN

= %ﬁ we have
: < _
P (()gslng(s) < C‘X(b) x)
~ 0(b—s) 0(b—s) O 5/ 20(b—s) <
P <02151£b:1:e + p(e 1)+ —2\/§B(e 1) c)
2v0
P ( inf B(e®t=) 1) < i(c - :c)))
0<s<b o
~ 2v0
P ( sup B(e2®~9 —1) > Ki(c) —\/_9(:)
a<s<b o
~ 2v0
P ( sup  B(s) > Ki(c) + ix)
0<s<e20b_1 g

(5 + o)/ 22— 1)
K(c)b'/? exp{—K'z?}.

2(e2 — 1) o {_(Kl(c) + %%)2}

]

Theorem A.0.3. Let X(t) be a CIR process which follows (3.10) with the initial

state o, then X (t) satisfies assumption 3.2.1.

Proof.

IN

IN

IN

P( inbes < c|X(b) =x)

0<s<

P(sup |X(s) —z|>x—¢)

s [ st xtan+ [ oyXan| 22 -)

P(sup

0<s<b
r—c
>
> 220

IP’(sup
0<s<b

/Sbe(u X (u))du + /: odB(u)

+P (02% /Sba(\/m —1)dB(u)| > > C)
L+
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Note that the process in [; is an Ornstein-Uhlenbeck process with initial value X (s) =
0. Similarly to the discuss in the previous theorem, we have the estimate of it as

following:

(g
By Doob’s inequality, we have

P (| [ VA - o] 2 =)

< e (' [ ot/ - vt

- ga([ o)

_ LQ)Q /0 "E(v/X(5) — 1)%s (A3)

(x—c

/Sbe(,,b — X(s))ds + /Sb odB(s)

> %) < K02 exp{—Ky1?} (A.2)

It’s known that 2a(t) X () follows a non-central chi-squared distribution with degree

, where a(t) = 02(13—6;_%. Therefore,

%ﬁ and non-centrality parameter 2a(t)ze?

E(y/X(s) — 1)? is bounded. Then, we have
I, < K3b(z — ¢)? (A.4)

Combining (A.2) and (A.4), we can prove the assumption 5. O

Theorem A.0.4. Let X(t) be a geometric Brownian motion which is defined by
(5.11), then X (t) satisfies assumption 3.2.1.
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Proof. By (3.12) and 6 < %-, we have

11»( inf X(s) < ¢

0<s<b

X(b) = :v)

— P (Ogibxexp (- %2)(19 —$) +a(B(b) - B(s))} < c)
< P (Oing bexp{a( b) — B(s)} < c:v_l)
_p (0251) B(b)) > —élog {cxl})

< K(c>b1/2exp{ /{10g{cx‘1}}2}

Notice that

lim exp{——{log {ca™'}} }

T—00
this means that X (¢) satisfies assumption 3.2.1.
Theorem A.0.5. The process defined as (3.13) satisfies assumption 3.2.1.

Proof. Let K; be the bound of two coefficients u and o.

P (Oi<r;£bX(s) < c‘X(b) - x)

< P(Oiggb | X(s) —z| >z —¢)
< p (oilii’b / X ()| + sup / (X () dB)| > o c)
< P (Klb + Osgli]gg)b /sba(X( ))dB(u)| >« — c)
< 9P <os<‘i§b /Osao(( )dB(w)| > ;(x—c—Klb)>
< & ( / o (X(u)dB() )
@ rbr |/,
3 Kb
S G c— Kby
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Therefore, assumption 3.2.1 is satisfied.
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