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Figure 19.  Singles MLEM reconstruction of the object’s sinogram (top) and tomograph 

(bottom) after 50 iterations. 
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Figure 20.  Doubles MLEM reconstruction of the object’s sinogram (top) and tomograph 

(bottom) after 50 iterations. 
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Figure 21.  Overlay of the MLEM tomograph reconstruction for singles (top) and doubles 

(bottom) coincidence data.  Red indicates high values, yellow mid values, and white low 

values of fission sites.  
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Once it was determined that there was HEU and DU present, the doubles tomograph in 

Figure 20 was used to determine the boundary between these two material regions. The FBP and 

MLEM transmission images could not be used for this purpose because of the similar attenuation 

coefficients of DU and HEU, and thus to determine the outer radius of HEU, the outer radius of 

the doubles tomograph was examined as follows.  A slice of the doubles tomograph was taken at 

the centerline (i.e. slot 90) which formed a plot of doubles counts against detector slot (Figure 

22).  The radius was then approximated to be halfway between the maximum amount of doubles 

(corresponding to HEU) and near zero doubles (corresponding to DU), as this approximated the 

location of slope change.  Due to the fact that HEU formed a cylinder, there were two such 

locations on the abscissa (54 and 127); converting these into cm (through dividing by 6) and then 

averaging the two together yielded an outer radius of HEU of 6.08 cm.  

 

 

 

Figure 22.  Centerline slice of the MLEM fission reconstruction doubles tomograph with 

the two peaks corresponding to the cylindrical region of HEU shielded on the outside by a 

region of DU.  This plot was used to determine the radius of HEU in Object 1. 
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Synthesis of Neutron and Photon Data into an Initial Estimate of Object 1 

 

Synthesis of the gamma and neutron information gathered thus far led to the formation of 

a guess of the geometry and composition of Object 1, which was which was the basis for a 

MCNP-PoliMi model.  This geometry was constructed as follows: a central void inside of HEU 

(enrichment unknown), which was inside of DU (0.2 wt% 
235

U) and polyethylene material 

regions (Figure 23).  

To quantify the unknown enrichment of the HEU region, an interpolation process needed 

to be conducted.  This will be further detailed in the next section, but this process required the 

creation of four MCNP-PoliMi models were created of varying enrichment: 40, 60, 80, and 93 

wt% 
235

U.  The reference time coincidence distribution data could then be compared to that from 

four models to determine an estimate of the enrichment of the HEU present in Object 1.   

 

 

Figure 23.  MCNP-PoliMi geometry, with void (white), HEU (blue), DU (red), and 

polyethylene (dark red) material regions shown.  The stainless steel measurement table is 

also illustrated (green).  
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Interpolation for HEU Enrichment Determination 
 

Time Distribution of Coincidences between Detectors and Source Pixels  

 

Once the four MCNP-PoliMi models of varying enrichment had been created, the first 

step in the interpolation process for HEU enrichment determination was to examine the time 

distribution of coincidences between detectors and source pixels, known as time-of-flight (TOF) 

distributions.  The time distributions of coincidences between the detectors and each source pixel 

were generated using the singles and doubles from the induced fission radiation detectors.  These 

plots consisted of the sum of the number of all coincidences (over all rotations) versus the time 

they were detected, with one graph for each of the sixteen detector pixels.  For each pixel, the 

four models of varying enrichment and the reference data were plotted, yielding five curves per 

figure.   An example of such a plot can be seen in Figure 24, which shows the TOF plot from 

pixel 9 to illustrate this point.  

 

 

Figure 24.  Pixel 9 TOF plot of the total singles counts vs. time for the four MCNP-PoliMi 

models (red, black, green, and pink) and the reference data (blue).  Gamma (γ), and direct 

and late neutron (n) peaks are labeled.  

 

Direct 

n 

γ 

Late 
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There are several significant facts that can be obtained from these plots.  Photons, 

produced by inelastic scatter within the object and traveling at the speed of light, arrive much 

faster than direct neutrons and are detected first (gammas arrive at about 7-10 ns); thus, two 

distinct peaks are visible in any TOF plot (Figure 24).  There is also often a slight rise in counts 

after the sharp initial neutron peak from “late” neutrons.  Its position in time is the result of the 

time it takes for the source neutrons to reach the HEU and time-of-flight of induced fission 

radiation to the detectors.  Its magnitude is indicative of fission multiplication.  For this reason, 

this region is an indicator of enrichment level, everything else being the same; the higher the 

counts in this region, the greater the enrichment or fissile mass that is present.  It can be seen in 

the TOF plot in Figure 24 that the “late” neutrons are detected from approximately 35 to 80 ns.  

 

Creation of Enrichment Curves for Interpolation for Enrichment Determination 

 

With TOF plots thus generated for every pixel, enrichment curves could be created for all  

sixteen pixels, as well.  However, as was established earlier with the fission mapping studies, 

only alpha pixels 5 through 12 were associated with the neutrons incident on the HEU region 

(Figure 17); therefore, these were the only pixels used for this analysis.  The reasoning for this is 

similar to the logic for integrating between 35 and 80 ns and is derived from the fact that the 

effects (i.e., neutron scatter instead of fission) of other materials present in Object 1 needed to be 

limited. 

Thus, eight enrichment curves were generated as follows.  As was stated previously, each 

TOF plot had five curves: four for the four MCNP-PoliMi models and one for the reference data 

(Figure 24).  All five were integrated between 35 and 80 ns to obtain the induced fission 

radiation fission counts resulting from the HEU.  The four integrated counts resulting from the 

four MCNP-PoliMi models of varying enrichment were then plotted against their enrichment in 

weight percent to produce an enrichment curve for interpolation for enrichment determination for 

pixels 5 through 12.  An example of such a curve can be seen in Figure 25.  The uncertainty was 

taken to be the square root of the counts, and enrichment curves were fit with a second-order 

polynomial which is detailed in Appendix E. 
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Figure 25.  Pixel 9 enrichment curve generated from the integral of the four MCNP-PoliMi 

models’ TOF plots from 35 to 80 ns.  Error was taken to be the square root of the counts.  

 

The next step in determining the enrichment of Object 1 was to use the integral of the

reference counts to interpolate from the eight enrichment curves.  With the integral of the 

reference data (and therefore a value on the y-axis of the enrichment curve) and the equation of 

the line of best fit both known, the quadratic formula was used to determine the enrichment.  

This was equivalent to drawing a horizontal line at a height equal to the integral of the total 

reference counts from the y-axis to the enrichment curve, and then drawing a vertical line from 

this intersection point down to the x-axis to determine the enrichment.  This is illustrated for 

pixel 9 in Figure 26, which had an integrated reference counts value of 8783 counts and resulted 

in an enrichment of 86 wt% 
235

U.   

Upper and lower bounds of enrichment were similarly found for pixels 5 through 12 by 

using the respective upper and lower endpoints of the error bars, which corresponded to 1σ.  

Enrichment values for the eight pixels in question, as well as their average values, can be seen in 

Table 6.  It was therefore determined that the average enrichment (averaged over the eight pixels 

in question) of the HEU present in Object 1 was 84.7 wt% 
235

U, with 1σ (68.3%) probability of 

being between 82.8 and 86.6 wt% 
235

U.   



36 

 

 

Figure 26.  Illustration of the interpolation method equivalent to the quadratic formula 

used to determine the enrichment of the HEU region of Object 1.  Here, the plot and 

numbers provided are for Pixel 9.  Error was taken to be the square root of the counts.   

 

 

Table 6.  Bounds of enrichment (1σ) for pixels 5 through 12 for Object 1  

Pixel Number Elow (wt%) E (wt%) Ehigh (wt%) 

5 78.6 80.9 83.1 

6 84.4 86.3 88.3 

7 84.1 85.8 87.4 

8 85.1 86.7 88.3 

9 85.5 87.5 89.5 

10 85.4 87.2 89.0 

11 81.5 83.1 84.7 

12 77.9 80.3 82.6 

Average 82.8 84.7 86.6 

 

 

 

 

 

8783 counts 

0.88 (x 100 wt%) 
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CHAPTER V  

DESCRIPTION OF THE UNKNOWN OBJECT 

 

After the completion of the examination of the simulated neutron and gamma data 

outlined above, the final estimate of Object 1 was a cylindrical object with the dimensions and 

material regions listed in Table 7.  DU and HEU were 0.2 wt% and 84.7 wt% 
235

U, respectively.  

The true geometry of Object 1 was later revealed (also included in Table 7).  The mass of 
235

U 

was also calculated for the HEU and DU regions for the final estimate and actual geometry 

(Table 8).   

Uncertainty analysis of radial and height dimensions, as well as of the volume of each 

material region, can be seen in Table 9. Most of the error results from the heights of the 

components of Object 1, which were derived from the vertical scan.  This is because the vertical 

scan image is less clear than the radial scan.  Enrichment estimates (and therefore 
235

U mass) 

would have also been more accurate with more accurate radial and height dimensions; 

enrichment would have decreased to compensate from 84.7 wt% toward the actual enrichment of 

80.0 wt% 
235

U due to multiplication [Ref. 18].  Additional data that could increase the speed and 

accuracy of geometry analysis are detailed below in Chapter VI. 

 

Table 7.  Final estimate and actual geometry of Object 1  

 Final Estimate Actual Geometry 

Material Region Radius (cm) Height (cm) Radius (cm) Height (cm) 

Void 4.609 17 4.445 15.24 

HEU 6.080 17 6.350 15.24 

DU 7.500 19 7.620 17.80 

Polyethylene 12.352 25 12.700 25.40 

 

Table 8.  Mass of 
235

U in the final estimate and actual geometry of Object 1 

Fissile 

Material 

Final Estimate Mass 
235

U  

Actual Geometry Mass 
235

U  

Percent Error 

(%) 

HEU 13.43 kg 14.89 kg -9.7 

DU 52.29 g
 

49.76 g
 

-5.1 
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Table 9.  Percent difference between final estimate and actual geometry of Object 1 

Material Region Radial Percent Error (%) Height Percent Error (%) 

Void 3.69 12 

HEU -4.25 12 

DU -1.58 7 

Polyethylene -2.74 -2 
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CHAPTER VI 

ANALYSIS OF THE ITERATIVE METHODOLOGY 

 

Further Analysis of Auto- and Cross-Correlations 
  

 A similar analysis of Object 1 should be performed using the auto- and cross-correlation 

functions between detectors to determine the enrichment.  These functions yield plots similar in 

shape and meaning to TOF plots in that they have an initial gamma peak followed by a neutron 

peak that is comprised of direct and late neutrons.  However, auto- and cross-correlations plot the 

time behavior of coincident neutron doubles, whereas TOF plots are for neutron singles. As a 

result, auto- and cross-correlations may be a better measure of multiplication than TOF plots and 

therefore may be better at estimating through interpolation the enrichment of the fissile material 

present in the unknown object.  

Fission Mapping Along the Vertical Axis 
  

Another piece of information that should be examined for future use with NMIS 

measurements and simulations of measurements is fission mapping along the vertical axis.  This 

would have shown that there was DU on the top and bottom of the HEU region, instead of that 

being assumed.  This would alleviate the problem outlined previously that has been encountered 

with transmission imaging: DU and HEU appear the same in a transmission image due to their 

similar attenuation coefficients.  By mapping fission sites along the vertical axis of an unknown 

object, this could have been more concretely determined.  

 

Further Analysis of the Method to Determine the Radius of the HEU Region 
  

 When determining the HEU-DU boundary from the slice of the doubles MLEM fission 

reconstruction, it had been assumed that a valid approximation was the halfway point between 

the maximum amount of doubles (corresponding to HEU) and near zero doubles (corresponding 

to DU).  Further attention should be given to this methodology to optimize it, if possible, and 

increase accuracy with respect to dimensions and enrichment.  
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CHAPTER VII 

SUMMARY AND CONCLUSIONS 

 

Simulated transmission neutron imaging data, induced fission radiation detector data 

(MCNP-PoliMi), and passive and active gamma spectroscopy data (MCNPX version 2.6.0) were 

provided for analysis to determine the geometry and material composition of an unknown object 

(Object 1).  Using a previously determined procedure, the passive gamma spectrum was first 

analyzed for the presence of fissile material peaks. These peaks were then used to estimate 

enrichment and compared to the results of GADRAS, a multiple regression iterative analysis 

code.  The active gamma spectrum was then inspected to determine the presence of non-fissile 

material in Object 1.  The results of these two steps were next combined to form a list of possible 

materials comprising the unknown object: DU and polyethylene.   

Next, neutron transmission imaging data was studied.  The FBP vertical scan of the 

object was examined to determine the heights of material regions at which to conduct a radial 

neutron transmission image.  Two radial neutron transmission images of Object 1 were then 

formed using algorithms which implement the FBP and MLEM iterative reconstruction 

transmission imaging methods.  These images were studied to determine the number of material 

regions and their material attenuation coefficients (and thus material type, cross-referenced with 

the list resulting from the gamma spectra).  The radii of these material regions were then found 

using TAKE, an iterative fitting algorithm that determined the dimensions and attenuation 

coefficients.  It was also at this point that it was determined that Object 1 had a cylindrical 

geometry. To ascertain whether HEU was present and being shielded by an outer region of DU, 

MLEM fission site reconstruction was employed.  Since most of the fissions were occurring 

inside of the DU metal, this indicated that HEU metal was on the inside.   

At this point, an estimate of the geometry of Object 1 was formed: a central void 

surrounded by HEU of unknown enrichment, nested inside of DU (0.2 wt% 
235

U), with an outer 

shell of polyethylene.  This geometry was entered into a MCNP-PoliMi model that had four 

different enrichments of HEU to compare the calculated time distribution of coincidences as a 

function of enrichment between the induced fission radiation detectors and the alpha pixels to the 

reference data.  Fission mapping also determined which pixels induced fission in the HEU 

(pixels 5 through 12).  The Feynman variance as a function of pixel number was also calculated 
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for each pixel to corroborate the assumption that pixels 5 through 12 were associated with 

neutrons that were incident on the HEU region of Object 1. 

After integrating these corresponding TOF plots between 35 and 80 ns (the time at which 

induced fission neutrons reach the fission radiation detectors) and plotting the integral of the 

counts against the enrichment, the integral of the counts from the reference data was used to 

interpolate and find a pixel-specific enrichment of the HEU in Object 1.  This was then averaged 

to yield an overall estimate of 84.7 wt% 
235

U.  Statistical uncertainty (taken to be the square root 

of the counts) was used to find upper (86.6 wt%) and lower (82.8 wt%) bounds of 1σ on this 

estimate.  The actual enrichment was 80 wt%, so the estimate was within 2.5σ of the true value.  

This estimate could be improved by longer count times which would reduce error. 

Comparing the final estimated dimensions to ground truth, error between the estimated 

and actual geometry varied.  Radially, relative error varied from 1.58% to -4.25%, with the 

greatest error in the HEU region; height-wise, relative error ranged from -2% to 12%.  Relative 

error in the amount of kilograms present of 
235

U in the HEU was -9.7% which corresponded to 

an error in the estimate of the enrichment of 5.9 wt%.  The bulk of the error was introduced 

through systematic error introduced by the algorithm which conducted the vertical neutron 

transmission image reconstruction.  These accuracies may be adequate for possible use in future 

treaty verifications, but the specifics depend on the agreement between treaty partners. 

In summary, it is possible to quantitatively determine the materials present and their 

configuration by iterative analysis using passive and active gamma spectroscopy, FBP and 

MLEM neutron transmission tomographs (including radial and vertical scans), neutron 

coincidence and multiplicity counting, and fission mapping data.  The unknown object presented 

here represents a case that is particularly challenging because the fissile material was surrounded 

by DU.  Even so, the region that contains the HEU was identified, and its enrichment was 

determined within 2.5σ.  Therefore, with future work on more complicated material 

configurations, auto- and cross-correlations, and fission mapping along the vertical axis, it may 

be possible to reduce uncertainties further and apply this technology to treaty verification. 
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Appendix A: Process for the Analysis of NMIS Type Neutron Imaging and 

Gamma Spectroscopy 

 

The procedure for analyzing NMIS type neutron imaging and gamma spectroscopy data is 

quoted below from Ref. [6], with a flowchart below for ease of visualization (Figure A.1): 

 

1. Perform passive gamma-ray spectrometry measurements with no object to determine 

background.  

 

2. Perform passive NMIS time correlation measurements with no object to determine 

background and determine time coincidence distributions and multiplicities.  

 

3. Perform baseline I0 measurement with no object with the subsampling that will be used 

later for the vertical radiographic image scan and the tomographic slice image. (I0 is the 

neutron flux counted when no target is present, that is, a calibration of the efficiency of 

the transmission detection system.)  

 

4. Perform gamma-ray spectrometry measurements with the sources turned on to obtain the 

active background from the nearby materials. 

 

5. Locate the target object appropriately and measure its location.  

 

6. Perform passive gamma-ray spectrometry with object.  

 

7. Perform passive time correlation measurements to see if plutonium or HEU is present.  

 

8. Evaluate the passive data to make preliminary conclusions including running a 

GADRAS-like code.  

 

9. Perform a shadowgraph (radiograph) imaging scan to determine overall shape of the 

object and find location of interest for more detailed imaging.  

 

10. Perform detailed tomographic slice image measurements at heights of interest to 

determine the internal configuration. Measure at least two turntable rotary positions if 

possible.  

 

11. Perform time-tagged gamma spectrometry at the same time as step 10 at locations of 

interest to assist in the identification of materials.  

 

12. Reconstruct transmission data using MLEM algorithm. Use resulting images to create 

the initial guess for dimensions and attenuation coefficients of individual parts inside of 

the object.  
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13. Run TAKE to determine dimensions and attenuation coefficients of individual parts using 

information obtained in step 10.  

 

14. Reconstruct fission site images from multiplicity singles and doubles data using MLEM 

algorithm.  

 

15. Overlay singles and doubles reconstructions onto transmission reconstructions to identify 

which internal parts are composed of fissile material.  

 

16. Look at the neutron scattering time-of-flight data for each pixel to identify light 

materials.  

 

17. Look at passive and active gamma-ray spectra to determine the presence of and the 

relative amounts of isotopes of interest in the object. Subtraction of the passive data from 

the active should give the non-elastic gamma production to identify explosives and other 

materials.  

 

18. Come up with a simple 1-D model using the results from previous steps and fit the model 

parameters to the passive gamma spectra using GADRAS.  

 

19. Develop a MCNP model of the system based on the previous steps.  

 

20. Run MCNP simulations of measured quantities (possibly including transmission, fission 

mapping, neutron scattering, and active gamma spectrometry).  

 

21. Generate passive gamma spectrum using the GADRAS 1-D model.  

 

22. Compare results of steps 20–21 with measurements and generate a goodness-of-fit value.  

 

23. Check on the goodness-of-fit result for convergence. If converged, then end; otherwise, 

modify model dimensions and materials and return to step 20.  
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Figure A.1.  General flowchart depicting the steps necessary for analyzing NMIS type 

neutron imaging and gamma spectroscopy data [Ref. 6].  
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Appendix B: Estimation of Uranium Enrichment from 186-1001 Gamma 

Lines 
 

The equations below use the following variables, with their values listed in Table B.1:   

• # (s) is the live time of the passive gamma spectroscopy measurement 

• $�%&, $�		� are the net counts under the 186 keV and 1001 keV peaks, respectively 

• ���,��(, ���,��% (s) are the half-lives of 
235

U and 
238

U, respectively 

• ��%&, ��		� are the fraction of decays that produce the 186 keV and 1001 keV peaks, 

respectively 

• )��(, )��% are the number of 
235

U and 
238

U atoms  

• * (wt%) is the estimate of the 
235

U enrichment 

______________________________________________________________ 

 

Table B.1.  186 and 1001 keV net peak areas, fraction of decays, and half lives for 
235

U and 
238

U used to estimate enrichment of Object 1 

+,-. +,//, 0,-. �%� 0,//, �%� 2,3,345(s) 2,3,34-(s) 6 �7� 8 �96%� 
1157 29,724 57.2 0.839 2.22 x 10

16 
1.41 x 10

17 
900 0.056% 

 

______________________________________________________________ 
 

 

)��(  $�%&
��%&
:; <=>��2�#���,��( ?

@ $�%&��%&  

)��%  $�		�
��		�
:; <=>��2�#���,��% ?

@ $�		���		�  

*�A#%�  235�)��(�235�)��(� � 238�)��%� 
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Appendix C: Estimation of Uranium Enrichment from 186-258 Gamma Lines 
 

The equations below use the following variables, with their values listed in Table C.1:  

• # (s) is the live time of the passive gamma spectroscopy measurement 

• $�%&, $�(% are the net counts under the 186 keV and 258 keV peaks, respectively 

• ���,��(, ���,��% (s) are the half-lives of 
235

U and 
238

U, respectively 

• ��%&, ��(% are the fraction of decays that produce the 186 keV and 258 keV peaks, 

respectively 

• )��(, )��% are the number of 
235

U and 
238

U atoms  

• * (wt%) is the estimate of the 
235

U enrichment 

______________________________________________________________ 
 

Table C.1.  186 and 258 keV net peak areas, fraction of decays, and half lives for 
235

U and 
238

U used to estimate enrichment of Object 1 

 

+,-. +35- 0,-. �%� 035- �%� 2,3,345(s) 2,3,34-(s) 6 �7� 8 �96%� 
1157 2110 57.2 7.3 x 10

-2 
2.22 x 10

16 
1.41 x 10

17 
900 0.066% 

 

______________________________________________________________ 
 

 

)��(  $�%&
��%&
:; <=>��2�#���,��( ?

@ $�%&��%&  

)��%  $�(%
��(%
:; <=>��2�#���,��% ?

@ $�(%��(%  

*�A#%�  235�)��(�235�)��(� � 238�)��%� 
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Appendix D: Derivation of Feynman Variance 
 

The equations below use the following variables:  

• E�, E� are the measured singles and doubles counts, respectively 

• F�, F� are the singles and doubles with random counts removed, respectively 

• ���� is the Feynman variance 

Please note the following definitions that are used in the derivation:  

• �GH�  G!
H!�G�H�!  

• ����  �J�KKK�JL�JL = 1�  

_______________________________________________________________ 

 

 

F�  E� N �O1"
�
PQ� RP N O�

PQ� RP  SL 
F�  E� = F��2! N �O2"

�
PQ� RP = F��2 N �O2"

�
PQ� RP = �∑ O�PQ� RP��2  

F� N O�O = 1�RP2
�
PQ� = �∑ O�PQ� RP��2  12<N O�RP�

PQ� =N ORP�
PQ� = UN ORP�

PQ� V�? 

F�  12 �S�KKK = SL� = SL� 
F�F� 

12US
�KKK = S�SL = 1V  12���� 

W ����  2 �F�F�" 
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Appendix E: Enrichment Curve Fit Values  
 

 

The line of best fit equation used to form the enrichment curves to determine the enrichment of 

the HEU present in Object 1 employs the following variables, with their values listed in Table 

E.1:  

• Nintegrated is the number of integrated reference counts on the TOF plots of pixels 5 

through 12 over the window of 35 to 80 ns 

• * (wt%) is the estimate of the 
235

U enrichment 

•  a, b, and c are constants determined by Matlab to best fit the plotted data 

______________________________________________________________ 

 

 

Table E.1.  Integrated reference counts, Nintegrated, and line of best fit constants, a, b, and c, 

used to interpolate to determine the enrichment, E, of the HEU in Object 1  

Pixel Number Nintegrated a b c 

5 7463 98.81 -77.09 1220.84 

6 8948 -136.90 491.89 2448.59 

7 8957 -21.27 807.05 3644.96 

8 8861 1480.86 -504.12 4926.66 

9 8783 1350.36 1644.52 5248.53 

10 8944 1366.58 2523.02 5750.99 

11 8819 2912.10 898.96 6043.78 

12 7316 3010.97 771.00 5928.31 

 
______________________________________________________________ 
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